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1. INTRODUCTION

In a 1967 paper ‘“Nonharmonic Fourier Series in the Control Theory
of Distributed Parameter Systems’ [14] we have shown that the classical
results of Paley and Wiener [12], Levinson [10], Schwartz [17], and others
can be used to advantage in studying the controllability of the wave equation
in a single space dimension. The purpose of the present article goes beyond
such a simple application of existing results in harmonic analysis to control
problems. We wish to show in addition that the study of control problems for
certain hyperbolic partial differential equations leads to some interesting,
and perhaps unexpected, consequences in harmonic analysis. Thus there is a
two-way interplay between these two subjects, only recently becoming
apparent, and we may hope for deeper studies of this relationship in the
future.

Because our purpose is to uncover this relationship, we will not attempt
great generality in our presentations. Many of the results which we will
obtain are valid for any second order linear hyperbolic partial differential
equation in two independent variables x and # whose coeffictents depend only
upon x. However, such a complete treatment would introduce complications
which would obscure our main points. Hence we shall focus our attention in
this paper on systems related to partial differential equations of the form

0% o 0 %
p(x) S — (%) 5 + 9®) 7 + (%) 5 =0,
(1.1)

0<x<, 0<t < oo,
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where the coefficient functions p, p, ¢ and r are twice continuously differen-
tiable for 0 << x <1 and

p(x) =2 pe >0, pa)>p, >0, 0L

If (1.1) is thought of as a model for small vibrations of a flexible string, p is the
linear mass density and p is the modulus of elasticity.
We shall impose boundary conditions of the form

08(0t)+B = 0,5)=0, 0<t< o, (1.2)

4200 F B 1=, 0<t<ow,  (13)

with the proviso that

Lol Bos(BI

If we again use the physical analogy of the flexible string, the boundary
condition (1.2) corresponds to a fixed end (B, = 0), an end free to move in
the direction of the w axis (4, = 0), or an end free to move but with positive
or negative friction (4, 7 0, By # 0). The reason for the restrictions (1.4)
will become clear later. The boundary condition (1.3) at ¥ = 1 can be inter-
preted similarly with f(z) a “‘control” force at our disposal with which we
attempt to influence the evolution of solutions of (1.1).

We will find it convenient to put our problem in a certain standard form.
The change of independent variable

OIS
=] (5) 4
carries (1.1) into an equation of the form

82w 8w
(1.5)
<E<t=H1), 0<t<om.

The coefficients a(£), b(£) are now continuously differentiable functions of £.
This second-order scalar equation can be replaced by the first-order two-
dimensional system

GO0 DR -0 oo
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where u = dw|dt, v = ow/d¢. Every solution of (1.5) in class C™, m > 2,
corresponds to a solution of (1.6) of class C™-1. It should be noted, however,
that two solutions of (1.5) differing by a nonzero constant are carried into the
same solution of (1.6). Otherwise the correspondence is complete in both
directions. The appropriate boundary conditions are now

aou(0, 1) -+ Boz(0,2) = 0, (1.7)

aqu(4, 1) + Bo(f, 1) = f(1), (1.8)
with the condition

) I O (1.9)

/80 1

We have arrived at the system (1.6) because we wished to introduce our
topic by means of the familiar scalar equation (1.1). But all of the work which
we do is done just as easily if we generalize (1.6) slightly to

o 0 1y 0 (u ay(€) ay(E) (w\ _

o (o) G&%Q*@maMMJw’ (1.10)
where the real coefficients a,;(€) are continuously differentiable for 0 < £ < /.
We retain the boundary conditions (1.7), (1.8).

By studying the controllability of the system (1.6)-(1.8) we will be able
to prove certain theorems about the operator

u 0 1\ d u an(€)  ap(6)\ (v

L (’v) o (1 0) dé (7}) - (azl(f) a22(§)) (fv) (L11)
with boundary conditions of the type (1.7), (1.8). In particular, if the (in
general complex) eigenvalues of L are {A;}, we will be able to establish that
{e**} form a Riesz basis for L%[0, 2/] in a way very different from that pursued
by Paley and Wiener, Levinson, Schwartz, and others. Moreover, by showing
that the controls of which bring solutions of (1.10), (1.7), (1.8) to zero at
time ¢t = 2/ can be synthesized by means of a linear feedback control law, we
prove a rather unusual characterization of the dual basis of L2[0, 2£] relative

to {e™*} which has possible application to numerical computation of the
functions {g,(¢)} which are biorthogonal to {e**}.

2. PrincipAL RESULTS
In this section we state our theorems for the system (1.10), (1.7), (1.8) and

supply proofs where they are reasonably short. The proofs of Theorems 1 and
3 are long and are given in Sections 3 and 4.
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The basis of our work is the question of finite time controllability. This
topic has been studied earlier by the author [14, 15] and in a thesis by
J. Grainger [7]. The present work begins with a statement of these results in
terms of “finite energy”’ solutions, i.e., generalized solutions of (1.10), (1.7),
(1.8) for which

fz [ u(é 0+ o(& )P dé <o, t=0.

Appropriate existence, uniqueness and regularity theorems for such solutions
may be found in [9] and [11]. Although we have taken all of the coeflicients
in our partial differential equation and boundary conditions to be real, we
will find it convenient to consider complex solutions.

THEOREM 1. Let initial and terminal states (u,, v,) and (u, , v,) be given
at the times t = 0 and t = 2/, respectively, with uy , v, , #, , v, all in L¥0, /].
Then there is exactly one function f € L¥0, 2£] such that the solution (u, v) of
(1.10), (1.7), (1.8) which satisfies

u(€,0) =uy(€), v 0)=19if) aein[0,/] 2.1
also satisfies
wé, 20) =u(f), o 20)=v(f) aem[0, /] (2.2)

and there is a positive constant P, independent of uy , v, , 4, , v, such that

ﬁﬂmwm<Pﬂu%@v+w&w+¢mthm®m&. 23)

Moreover, there is a second positive constant P such that when u, = v; =0
¢ 2
[ (@ + 1O at <P [ | f(o)e . (2:4)

Also, when u, = v, = 0 the condition (1.9) can be replaced by the weaker
restriction
%o %
Bo P
and the existence of [ satisfying (2.3) is still assured. However, (2.4) cannot be
proved in this case.

5&1: ‘7é —1

The proof will be given in Section 3. The time period 27 is “‘critical.” We
have shown in [14] and [15] that it is in general impossible to satisfy the
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given initial and terminal conditions if less time is allowed, while the control f
is not unique if more time is allowed.
The system (1.10), (1.7), (1.8) with f == 0 has the form

d u u

dt (‘v) =L (v) ’
where L is the differential operator defined by (1.11) with domain 4 in
L0, £] @ L0, 2¢/] consisting of pairs of functions (u, v) whose first deriva-

tives, taken in the sense of the theory of distributions, lie in L*[0, /] and which

satisfy
2g(0) + Byo(0) = () + Byol(£) = 0. (2.5)

The adjoint of L is the operator
()= - (G B

defined on the domain 4* which differs from 4 in that (w, 2) belonging to it
satisfy

oq(0) — By3(0) = xal(?) — Bu=(£) = 0. (2.6)

Very general results due to Birkhoff [1], Schwartz [16], Kramer [8], and
others show that L is a spectral operator; in particular it has a sequence of
complex simple eigenvalues {A;} such that the associated normalized eigen-
vectots (g , ¥;,) form a Riesz basis in L2[0, /] & L?[0, /], i.e., each (%, ) in
that space has a unique development

()~ (z) e
with
m¥ el <| ()] <mElar (28)

for fixed positive constants m, , m, . The adjoint operator L* has eigenvalues
{Ax} which are the complex conjugates of the {A,} and eigenvectors (¢, *, 1;*)

such that
* (1, k=<
((z:) ’ (Z*))Lz[o,emiﬁ[o,t] == 3(1)’ k¢ @)

Now let (, v) be a (possibly complex) solution of (1.10), (1.7), {i.8) and
(=, 2) a (possibly complex) solution of

Z0-0 0z -+ =93,  ewo
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satisfying boundary conditions of the form (2.6). If %, , v, , % , v; all belong
to C1[0, /] one easily justifies the following computation in the rectangle

D={&|0<E<L0<t <2
o= MC) L (-0 o (-G D
a6 -0 ozl + G @ e ()

:fjb g%—(uﬁ—i—vé)—@(uz“-}—vw)

d¢ dt

de dt @.11)

= f; [(u(§, 2¢) W(§, 20) + v(é, 2¢) 3(€, 2£))
— (u(6, 0) (£, 0) + o(¢, 0) £(¢, 0)] ¢
+ [ 1@0.950, 1) + 40, 1 @(0, 1)
— Wl 151 + ol Dl ) dr

If we expand the solution (u(¢, t), v(£, t)) as in (2.7),
u(g) t) — (Pk(f)
(e, ) =20 (e)

-

is a solution of (2.10), we may substitute in (2.11) and use (2.9) and the
boundary conditions satisfied by (x, v) and (w, 2) at 0 and £ to see that

and note that

J . &;(Q T f(ydt, By #0
(T) — cx(0) e = 2.12)
2 ‘/Jk:(/) e—z\k(T—t)f(t) dt, Bl =0.

0

w(é, 0)\ _ (u(€)) _ Px(£)
(ote.0) = o) =24 (e) 1)
be steered by means of the control f to the zero terminal state

() = v,(§) = 0.

Now let
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Then in (2.12) ¢,(T) = 0 and thus

2 o F( /)
[Desma, g,
0 1
—(0) = B (2.14)
2/ * /
[ED e swya p—o
0 1
for all .
In order to perform the calculations (2.11) we assumed #, , v, belong to
CYO, £]. One may verify easily, however, that (2.14) wil also hold for %, , ,
in L¥[0, £] through approximation of (2.13) by finite partial sums and use of

the inequalities of Theorem 1. We leave this to the reader. Then it follows
from (2.8) that if {c,(0)} is any sequence of complex numbers with

2 laOF < oo

the moment problem (2.14) has a solution f € L?[0, 2¢]. Moreover, using (2.3),
(2.4) and (2.8) we see that there are positive numbers K; and K, , independent
of {¢,(0)}, such that

KYlaOr <[ ford<KYla0n @19

It is an easy consequence of Lemma 2.1 in the proof (Section 3) of Theo-
rem | that when 8; # 0, | ¢, *(¢)| is bounded away from 0 and co and when

By, =0, | . *(¢)| is bounded away from O and co. Then (2.14) and (2.15)
together prove

THEOREM 2. Let the eigenvalues of L be {\,} and let {c,} be any sequence of
complex numbers with Y | ¢, |> <C co. Then the moment problem

27
¢ = f et f(t)dt  for all k, (2.16)
0
has a unique solution of f < L¥[0, 2£] such that
2¢
KYlals< | [fOrd<KY|ob

Jor certain positive constants K, and K, independent of {c,}.

This theorem implies that the functions {e**!} form a Riesz basis for the
space L2[0, 2/], i.e., every function g € L2[0, 2¢] has an expansion

g(t) - z YkeAkta
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convergent in L2[0, 2/], with the property

K5z | Vk ‘2 < Hg H[_2[0,2g] < K(; Z I Yk \2

for positive constants K; and K, . The coeflicients y, are given by
2¢ B
v = [ e ana,
0

where g,(t) is the solution of (2.16) with ¢, = 1, ¢, = 0, £ # k. The sequence
{q.} 1s the biorthogonal sequence for {e*+*}, or the dual basis for L2[0, 2¢] relative
to the basis {e*'}. Another interpretation is that ¢, is the unique control
function steering the initial state

B,
—_—, By #0
)

W) . (e® ) #

loe) = MM&"“'% . e
aoa o

to zero in time ¢ = 2/.

Now one could also prove all of these results by the Fourier-transform
methods of Paley and Wiener [12], Levinson [10] and Schwartz [17], provided
one had sufficiently good asymptotic estimates of the location of the eigen-
values {A,}. In this respect the interesting thing about Theorem 2 is that it has
been proved without detailed reference to the location of these eigenvalues.
Even the necessary information that L is a spectral operator can be proved
rather easily with the partial differential equations methods we employ
together with a general theorem in [16]. Of course our work is quite special
since it applies only to sequences {A;} consisting of eigenvalues of operators L
defined above, whereas the work of the authors cited applies to much more
general sequences.

The familiar results to the effect that the functions {¢*} are excessive in
L0, T] if T <2/ and deficient but linearly independent in L2[0, T if
T > 2/ can also be proved using methods like these. How this would be done
should be clear from the work in [14] and [15] together with what we have
already written here so we will not go into details.

While the proof of Theorem 1 in Section 3 is constructive, the method
used is not particularly well adapted to computation. Thus it is significant
that this control f can be synthesized by means of a linear-feedback control
law, provided a linear relationship holds between the initial and terminal
states. This, and other consequences, follow from
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THEOREM 3. Let uy and v, lie in L2[0, /] and let y be any real number. Let
, o

ot = exp ('—']j Jo [@11(€) + a15(€) + an(£) + ax(€)] d§) ) (2.18)
, ‘

o = exp (=4 [ [au(®) + au@) + auld) — an(@N &), @19)

where the a,;;(§) are the coefficients appearing in (1.10). Let (u, v) be a solution of
(1.10), (1.7) and (1.8). Then

ué, 20) = yu(€),  v(§, 20) = yu(€) (2.20)
if and only if the solution (u, v) satisfies the boundary condition

ot

(ﬁo_% I30+<¥)

ut,t) + ( o4, 1)

/30 ) /30 + ) ) (221)

- () u(E, 1) + hal8) (6, )] d

where hy and h, are certain continuous functions depending only upon the a;;
& , Bo and y. When the a;; are all zero, by and hy vanish identically. Wheny = 0
it is sufficient to assume «o[By # | and the term yo=[(By 4 o) disappears.

An immediate consequence of Theorem 3 is the feedback law for the
control f. If we put

at yo~ ot Yo~

:80*‘“0—/304‘0‘0, BZ:Bo_a0+ﬁo+“o

2.22)

Qg =

we verify readily that

s (aye (o) (yo)?
(P + B =2 [ g s g ) 7

If the vector («, , Bp) is a multiple of (o , 81), 83y (2, B2) = (g, Bu), € # 0,
then (1.8) and (2.21) together yield

10 = [ [ uge, 1) + M8 ot )] 4.

If (op , By) and (o, By) are linearly independent, then one can find a third
vector («, , B) in R? such that (a, , 8;) and (o, B5) are linearly independent
and

(az, Ba) = exo , By) — o s Bs)
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with ¢; # 0. Then
f(t)—— 20‘3 u(/ t)‘I‘ B (( t)+f [l(f) (5 t)+ 2(5) (E’ t)]
Thus we have proved

THEOREM 4. Let initial and terminal conditions (u,,v,) and (u,,v,) be
given satisfying (2.20). Then the control f steering the solution (u, v) of (1.10),
(1.7), (1.8) from (uy , v,) to (u, , v,) = y(u, , v,) satisfies a feedback law

£ = gty ) 4+l 1)+ [ D6 1) + RO (6, )],

where k, and k, lie in CY[0, £] and (u, v) is either the zero vector or else (o, , B;)
and (u, v) are linearly independent.

If we take y == 0 in Theorem 3 we see that a solution of (1.10), (1.7) and
ut, 1) + ot 1) = L “”fM@M@0+%®d£M% (2.23)

always satisfies u(&, 2¢) = o(€, 2¢) = 0. Then from (2.17) and the remarks
accompanying it we see that the functions {g,(¢)} biorthogonal to {¢**!} can be
computed by solving (1.10), (1.7), (2.23) with the initial state (2.17) and then
using (1.8). Since the computation of A, and Ak, can be carried out once and
for all (see Section 4) by solving a relatively simple partial differential equa-
tion, we have here a possible method for the numerical calculation of the
functions {g,()}. We remark that (1.10), (1.7) and (2.23) is a system whose
solutions can be approximated rather easily using the method of charac-
teristics [3].

Now we will make some comments about the implications of Theorem 3 in
a general mathematical sense, not particularly related to control problems.
Fixing y as in Theorem 3, we consider the unbounded operator L, defined in
the Hilbert space L0, /] @ L0, £] by (1.11) but with domain 4, consisting
of pairs of functions (u, v) satisfying

a(0) + B,(0) = 0 (224)
and [cf. (2.21), (2.22)]

)+ Bio(0) = [ IO uO +hO O dE  (229)
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and having first derivatives in L2[0, /]. It is not difficult to verify that 4, 1s
dense in L0, /] & L0, £].
Solutions (u, v) of (1.10), (2.24), (2.25) have the form

U L U
(-
v Uy

where el1t is the strongly continuous semigroup (group if y 7 0) generated by
the operator L; . Theorem 3 gives us certain information about this semi-
group (group) which in turn indicates some interesting properties of the
operator L, .

If y = 0 the semigroup e“1? has the property

RACY (“0) -0

Yo
for all (4, , v,) in L0, £] @ L3O, £]. Thus
et =0

for ¢ > 2/. Thus we have a somewhat unusual example of a strongly con-
tinuous semigroup which vanishes identically after a certain time, in this
case 2¢. From results in [5] we see that the spectrum of L, must be empty
in this case.

This result can be proved more or less directly when the a;; are all zero
(so that h; and h, are also zero). In this case the boundary condition (2.25)
becomes

w(¢) + o(¢) = 0. (2.26)

When the g;; are not all identically zero the properties of the operator L
with a right-hand boundary condition of the form (2.26) are rather elusive.
This is one of the singular cases encountered by Birkhoff [1] and others in
their pioneering work on the spectral properties of such operators. The
significance of our work lies in the fact that we have shown that if in this
singular case we replace the boundary condition (2.26) by

)+ oty = L2220 [ (e ) + h) wien ot

ot

[%ZBzzmifV:O],

then once again we have an operator whose spectrum is empty. We remark
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that one can give examples to show that this is not generally true for the
boundary condition (2.26) when the a,; are nonzero.
Now we take up the case y # 0. Theorem 3 then shows that the group

el1t has the property
— (%o
=7 (g

_logly|
P 27

eL1(2/ ) (uo)
Yo

so that el1®) = yI. Letting

it is clear that the group e'f1—#D is periodic with period 2¢ when y > 0:
e(L1—pI)2¢’ =1, y > 0, (227)

and antiperiodic when y <0, i.e.,

e(Ll—pI)zl =1, y <O0.

Consider the case y > 0. We define a new inner product {, > in
270, 7] ® L0, /] by

< (uo) ’ (ﬁ0)> _ fzf (e(Ll—pI)t (llo) , ot Liel)t (’fo)) d,
Ty \Up 0 Yo Ty

where (,) is the usual inner product in that space. Because the operators
e'f1-#Dt are uniformly bounded and have uniformly bounded inverses [the
latter a consequence of (2.27)] we see that the norm ¢ ) associated with the
inner product {, » is equivalent to the usual norm || || associated with (, ) in

ZSCHEIRIEAE

for certain fixed positive constants 7, , 7,. The periodicity of the group
e'li—el}t when y > 0 shows that the inner product {, ) is invariant under the
action of the group. Thus e‘Z1—°D? is a unitary group with respect to this
inner product in L0, £] ® L0, /]. Stone’s theorem [13] then shows that
L, — p!I is anti-Hermitian with respect to this inner product with a repre-
sentation

Li—pl = [ indB(),
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where E(u) is the spectral measure associated with L; — pl. Since e‘Li-el)t
is periodic, however, we can show easily that the support of E(x) must be a
subset of the points

kar

0’ iz 47)

B==1,2,3,...

Thus, with respect to the usualinner product (, ), L, is a spectral operator with
spectrum a subset of the points

p,piif}, k=1,2,3,... (2.28)

When y << 0 we can argue in much the same way to show that L, is a
spectral operator whose spectrum is a subset of the points

1
ot i(i_/_f)i’, k=1,2,3,... (2.29)

When the a;; are all zero, which implies ¢ = o~ = 1 and %, and A, are
zero, one can verify directly that the spectrum of the operator L with boundary
conditions

(0 02(0) = 0,
u(0) + B,yv(0) (2:30)

L Y )+ (L) =0
Bo — Bo — % Bo — Bo +

consists of precisely the points (2.28) or (2.29), depending upon whether
y >0 or y < 0, respectively, and that each such point is an eigenvalue of
single multiplicity. If the a,; are not zero and we consider the operator L with
boundary conditions (2.30), the eigenvalues are again simple and approach the
values (2.28) or (2.29) asymptotically. The perturbation in L brought about by
introducing the nonzero a;; gives rise to a perturbation in the eigenvalues.
Thus it is of some interest to be able to prove that this perturbation of the
eigenvalues can be ‘““‘undone,” not by removing the a;; , but by changing the
right-hand boundary condition. Specifically, our result is

THEOREM 5. There exist continuous functions b, and hy such that the opera-

tor
L= o)) - (=9 =)
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with boundary conditions
2o(0) + Bov(0) =0, 2.31)
ot

(Igo_“o ﬁo+°‘)

) + (= of)
(B — % ,30+ 0) (2.32)

= _[0 [2i(€) w(€) + ho(€) v(E)] d€, 1y 7eal,

is a spectral operator whose spectrum coincides (multiplicity included) with that

of the operator
0 1) d
L"(Z):(l 0)22(:)

with boundary conditions (2.31) and

1 1 Y
£ 9(£)=0. 2.33
(Bo—ao :30 )u()+(/30—°‘o+lgo+°‘o)() ( )
Remarks. When ay,(£) + a5(£) =0, ot = o~ and the boundary condi-
tions (2.32) and (2.33) differ only by an integral term.
If we want the boundary condition (2.33) to have a given form

oa(¢) + Bo(£) =0 (2.34)

we can do so by setting

v= §+a(§2i32)-

The only boundary condition (2.33) which cannot be realized in this way is
W) — v(f) =

Proof of Theorem 5. We have already established that the spectrum of L,
is a subset of the spectrum of L, . When y = 0 the spectra of L, and L have
been shown to be empty in both cases so there is nothing to prove. Hence we
need only show that when y 5 0 each point in (2.28) or (2.29) belongs to the
spectrum of L; and that each of these points is a simple eigenvalue.

Let us consider a boundary-value control system

o (u 0 Iy 2 (u a1(€)  ay(E)\ (u
ot (v) - (1 0) o¢ (w) + (a;(f) azz(f)) (v) =0, (2.35)
(0, ) + Bo0(0, 1) = 0, (2.36)
il t) + ol t) = [ (@ ul ) + BO o€, N dE =g, 3T
where a, and B, are given by (2.22) and g € L0, 2/].

409/40/2-6
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Now consider the following adjoint system:

a0 o)D) (g ) (@)=L o

(2.38)
aw(0) — By2(0) = 0, (2.39)
w,w(£) — Bp2(£) = 0. (2.40)

[If B, = O we replace w(Z, t)/B, in (2.38) by 2(Z, t)/a, .] Then we compute,
using (2.36) and (2.39),

S0 (00)
(8 =) () ()
)+

LG 050 -
()0 o)z 2+ (G emd) 5" g
)

(2 ) I (Y )

w(ﬂi ) &),

+

_ % JZ [B(&) u(€, t) + ho(€) V(& t)] d€ =

the last equality following immediately when we integrate the term
0 1\ 0 jwy (w
((1 0) o0& (11) ’ (z))
by parts and then use (2.37) and (2.40). [Again, if 8, =0 we replace
w(Z, t)/Bs by 2(Z, t)/xy .] Thus, if (%) and () satisfy (2.35) and (2.38) and the

given boundary conditions, we have
u(-, w(-, u(, w(-, 2{T
() GO () ) - [ 0n o

Suppose now we set u({,0) = ©v(£,0) =0 and consider the following
problems:

(a) Letting () solve (2.35)-(2.37) for these zero initial data and for
arbitrary g eL?0, 2/], are the terminal states (u(-, 2¢), v(", 2¢)) dense in
Lo, T3¢

(b) Can the zero state (u(, 2¢), v(-, 2£)) = (0, 0) be reached using some
g # 01in L2[0, 2/]?
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We will show that the answer to (a) is “yes” and the answer to (b) is “no.”
Assuming this for the moment, we can complete the proof of Theorem 2.

Suppose A; were an eigenvalue of L, with multiplicity greater than 1. Since
L, has been shown to be similar to an anti-Hermitian operator, there must
then exist two independent eigenvectors (w; , 2;) and (@; , 2;) of L,*—cor-
responding to the eigenvalue A; of L *. Then both

Y-y oo
and

(Ge0) =4 (8) es)
solve

d (w « (W) _
dt (z) +1 (z) =0

which is the abstract form of (2.38)—(2.40). Indeed, (see [2] for related mate-
rial) L, * is the operator

«(®y _ (01 O (wy ay(§) an(é)\ (w w(?) (h(€)

L () == oz (%) (am(f) azz(f)) (5 + B (hz(f))
with domain boundary defined by conditions of the form (2.39), (2.40).
Substituting (2.42) and (2.43) into (2.41) and recalling that we are taking
%(-, 0) = o(-, 0) = 0, we have

(30 (32N = [} 252 essrngty ar

o, 20)) * \2(-, 2¢) o B
(32 (a0 = 552t

Then for all states (%:'39) reachable from zero via (2.35)~(2.37) with controls
g L0, 2¢/] we have

w(, 200 Ba (w(, 2 Bo (#(-,2¢
((v(-,2/))’ B,(¢) (zg-,zz’;)  w(f) (Zézf;))

But this cannot be so if, as we claim, the answer to (a) is “yes.” Thus,
assuming the positive answer to (a), L,*, and hence L, , has simple eigen-
values.

If some number p 4+ i(jn/f) [or p 4+ (j — 4)w/{] is missing from the
spectrum of L, , assume it is p + i(jm/£) for definiteness, then we note that

gi(t) = el-otitin/O]t
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has the property that
f2l ejktgj(t) dt — J‘Zf evi(kn/{)tei(fﬂ/[)tdt =0
0 0
for all A, which are eigenvalues of L, . Letting () be the eigenvector of L, *
corresponding to its eigenvalue A, and setting

(wk(f, t)) — M-D) (wk(f)) ’

w6ty 2x(€)

we find, after substitution in (2.41), again with (u(-, 0), ©(-, 0)) = (0, 0), that
u( 200\ (wr\y
((v(', 2/)) ’ (zk)) =0

for all &. Since the eigenvectors of L, * span L0, £] ® L?[0, /], we conclude

that
u(-, 2¢) 0
(v(-, 2/)) - (0)
and thus g,(¢) is a nonzero control taking (0, 0) into (0, 0). Hence if, as we will
show, the answer to (b) is “no,” we conclude that each of the numbers
(2.28) is an eigenvalue of L, when y > 0 and each of the numbers (2.29) is an
eigenvalue of L, when y < 0.

Now to complete the proof of Theorem 5, we take up questions (a) and (b).
Let initial and terminal states (%, , v,), (#, , v,) be given, u,, ¢y, %, , v, all in
L#[0, £]. By Theorem 1 there is a unique f in L2[0, 2¢] such that if (#, v) solves
(2.35), (2.36), (2.1) with

(4, 1) + Bty 1) = 12, (44)
then (u(¢, 2¢), v(€, 2¢)) = (u,(£), v,(£)), a.e. Then let
80 =F0) = || n(8) e, ) + hol) o(6, 0]
and we have

ool 1) -+ Bio(6, 1) = [ Th(8) e, 1) + ulf) (6, )] dE = ()

so g, which clearly lies in L2[0, 2/], steers (2.35)«2.37) from (u,, v,) to
(#; , v1). Thus the answer to (a) is, indeed, “yes.”
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Passing to question (b), if g steers a solution of (1.10), (2.36), (2.37) from
(0, 0) to (0, 0) then

10 = g0 = || (e (6, ) + 1l8) o6, 0] e

steers a solution of (2.35), (2.36), (2.44) from (0, 0) to (0, 0). Then Theorem 1
shows that f(t) = 0 a.e. in [0, 2£] so that

80 = — [[ (&) (6, 1) + h(e) ol 0] (245)

a.e. in L0, ¢]. Then the solution (u, v) satisfies
agté(f, t) + Bov(£,8) =0  ae. in [0, 2]
which implies (#(¢, ), (¢, 1)) = (0, 0) a.e. and we have, from (2.45),
git)=0  ae. inL?0, 27),

showing that the answer to (b) is “no.” With this the proof of Theorem 5
is complete.

3. ProoF oF THEOREM 1

The theory of hyperbolic partial differential equations is discussed in detail
in [6] and [4], to which we refer the reader if a treatment of basic material
is desired. The characteristics for the system (1.10) are families €+ and €~ of
straight lines with slopes 1 and —1. A member of ¥+(’ will be denoted by
ct=)(€, 1), (£, t) being a point on the line in question which serves to specify
that line. The quantities

H=u+ v, b=u—v

satisfy linear ordinary differential equations along characteristics in the
families -, €, respectively. We may parametrize characteristics ¢*(0, £,),
¢(0, ty) by arc length o, 7:

c+(0,to)=z(s‘,t)l£=%,t=to+é,0<a<\/2/;,
c-(o,to)={(f,t)lf=§5,t=to~§5,o<r<«/zf}.
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Then we compute without difficulty

et T T T T
Tl e (50 (0 ) o
+at ()0 (a0t p) <O
(Gt )+ ()0 (500 + )
(3.2)
+a () 9‘(:/§’t°+70§) =0,

where

2, *(8) = 3 (@u(é) + an(é) + a(§) + ax(f)),
a_*(§) = % (au(é) + an() — a1(é) — an(f)),
a,7(€) = 3 (—anu(é) + ax(§) — a15(€) + ax($)),
a_~(€) = 3 (—au(é) + an(é) + ax(€) — ax()),

are continuously differentiable. Because the equations (3.1) and (3.2) are valid
on different characteristic lines the coupling between them is more compli-
cated than that usually encountered in the theory of ordinary differential
equations.

The construction of the control f of Theorem 1 was first described in [15].
Assuming for the moment that %y, v,, #; , v; are functions in C'[0, /], we
direct the reader’s attention to Fig. 1. The basic domain D :0 < ¢ </,

t

28
Mo, )
[
) A
[~ N
¢ {0, 8)
Do
0 72t

FiGure 1
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0 < t < 2/ is divided by the characteristics C*(0, £) and C—(0, £) into three
closed triangular domains which we have denoted by 4, , 4, and 4 as indicated
in the diagram. The differential equations (3.1) and (3.2) can be used to prove
certain existence and uniqueness theorems. In particular, the initial data %, ,
v, together with the boundary condition (1.7) satisfying ay/8, 7 1 [cf. (1.9)]
uniquely determine a solution (u(¢, t), v(¢, t)) of (1.10) which lies in C*(d,).
In the same way the terminal data %, , v; given at ¢ = 2/ together with (1.7)
and the restriction /B, 7= —1 determine (u(¢, ¢), (€, t)) as a solution of
(1.10) in CY4,). If 4,(£) = vy(€) = O we just set u({, ) = 2(§,t) =01in 4,
and the condition «yf, = —1 can be dispensed with.

The next step is the extension of the solution into 4. The portions of the
solution already constructed in 4, and 4, determine 6+ and 6~ on C+(0, £) and
C—(0, £). The problem of constructing a solution of (1.10) in 4 agreeing with
these data on C+(0, £) and C~(0, /) is the Goursat, or characteristic initial-
value, problem. Again the equations (3.1) and (3.2) can be used to establish
the existence and uniqueness of a solution (#(¢, t), v(¢, t)) of (1.10) in 4. See
[6, 4] for details. Then u(Z, t) and o(, t) determine the control f(t) via (1.8).
Standard uniqueness results show that (#(¢, t), ©(¢, t)) as now constructed in
D is the unique generalized solution of (1.10), (1.7), (1.8), (2.1) in D and it
clearly has the desired terminal values at t == 2/. We say “generalized”
solution because the limiting values at (0, ) of (u(¢, t), v(¢, t)) as defined in
4, and 4, may not agree, resulting in §+ and 8- having jump discontinuities
across C(0, £) and C—(0, £), respectively. The solution is of class C! in each
of 4,, 4, and 4 separately.

It remains only to prove the inequalities (2.3), (2.4). This is done with the
aid of two lemmas.

Lemma 2.1. Let (u, v) be a solution of (1.10), (1.7) lying in CY4). Then
there are positive constants P, , P, such that

P [ 0wl 0 + o4 0
N R R M [ SN

2¢
<P [ 146 OF + | ol4, 0P dr. (3.3)

2

dr

Proof. We begin with the first inequality of (3.3). Let 4({) denote that
portion of 4 lying to the left of the line ¢ =, 0 << { < £. Since u and v
satisfy (1.10) in 4({) they also satisfy

Z0O-0 05— (9 = =0
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Therefore, with

4 — (“21 azz)

b
ayp Qg

0= L 020 -G oz -4()
() =0 o) =4(). ()] «ce 34

= Jf Gl +1om = Zno+on—((“), 4+ 49 ()]

Using the divergence theorem,

dé dt

[],, tur+ 10— 5 o+ om
o (2,0~ ) [

V2t V2
=_f0 6 do—fo (75, ~7§) d
+ [ v o + o, o (33

el

Substituting (3.5) into (3.4), setting

48
BQ =] [0 + o 0F de
and differentiating with respect to {, we obtain

£0 = [ (g 1) @ + a0 (i D)

+ V210G + DR + V26, £ — D)

Since the a;; are in C*[0, £] there is a positive number M,, such that

(3.6)

£4L u({ t) - (4L, t)
‘L  \e(g, t) » (A(8) + A(2) )(v(c ) dt' < ME()

for 0 < < 7. Thus, since E(0) = 0
EQ<v2 | Z MO 0¥E, £+ O + 1676, £ — &) de

and, setting { = £ we have the first inequality in (3.3) with

P, = ¢ M
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To get the second inequality in (3.3) we note that (3.6) implies

~E@ <~ [ ((H2 D), @@ + 407 (7 ) e < MEQ

so that
E(C) < eMo((—C)E(/).

Then from (3.4), (3.5) we have
IZK’O VQ’/*‘VQ)rd“*"fjulﬁ(ié”"éé)rd’

80— ], (4 49 ) s

< eM"("‘)E(/) + f: MOE(f) d¢
< [eMo(l—-c) + Mo f: eMo(l—f) df] E(f)
0

Setting { = ¢ we have the second inequality in (3.3) with
P, = Mo,

Thus the proof of Lemma 2.1 is complete.

Actually, Lemma 2.1 is a rather standard estimate for hyperbolic equations
and can be found, in some form, in good texts. The next lemma is no harder
to prove but somewhat harder to find in the literature.

LemMA 2.2. Let (u, v) be a solution of (1.10), (1.8) in CY(4). Then there are
positive constants Py and P, such that

g

“ f+v)|

<P3f0 10—(—\;—2, \/2)|df+P4f£|f(t)12dt-

Proof. In order to do this it will be convenient to employ a different
representation of the differential equations (3.1), (3.2), which are given there
in parametric form. If we introduce coordinates

thé—¢  _t—ft!
=7 V2 =T
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the characteristics of the partial differential system (1.10) become lines
parallel to the 5 and { axes. If we put

0 =0 (G50~ 0+ 4z D).

F0 ) =0 (G50 =0+ 4 50+0),
the equations (3.1), (3.2) are equivalent to
@ +ar(J30-0 40460

3.7)
ot (50— 0+ kD0,

)
Lod+a(50-0+)w00

(3.8)
+a(Z50 =0 +4) s =o0.

The domain 4 now becomes the region 0 <7 < {, 0 < { < 4, and we are
asked to show that

¢ 3 4
[ 19 Opdn <Pu [ (970,08 + V2P [ IfQOPE (39)

The boundary condition (1.8) now becomes

P = (B3 w0 + g re

= ey (4, C) + ¢ f(20)-

+ i (3.10)

Let us set

4
FQ) = [ 14+, it dn

and compute

FO=|

Using (3.7) and (3.10) we have

a‘l'+(7h 9]

D+ 0D ) iy 1100 0

4
F() = JO [2a,* |4+ 2 — a @t + o) dn + [ep (G, L+ e f QD)
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Letting M be a common bound for the absolute values of all of the coefficients

af{l(€) in 0 < £ < £ we have

PO < 3MFQ + M [ [, D dy 42 146 O
(3.11)
+216 | fRUPE

Now we make use of (3.8) to obtain the estimate

|9 D1 < M0 1y(0, 1)+ M [ Mo 1G5, )] ds
from which it follows that
| o 2. 2e2Mn | (0, )2 M2 "2M(n—s)d i , )12 d:
o, D < 260140, O + 2002 ([ exmoo i) ([, ) )

< 2MeM | 40, {2 + M(eM — 1) F())
= M, |40, DI + M,F({)

uniformly for 0 < 5 <{{, 0 < ¢ < 7. Then going back to (3.11) and sub-
stituting,

(PO < 3MFQ) + M [ [My 1470, )2 + MyP Q)] d

+ 216 F[My 470, O + MF(D)] + 2| e, [P | fDP
< [BM + MMyl + 2 | ¢, |P M) F(0)

+ [MM,4 4 2| e, P M] [ 47(0, 12 + 2] ¢ [P | FROI?
= M:F(0) + My |40, I + M, | fQD)

uniformly for 0 < { < 7. This implies, since F(0) = 0,

¢
F(O) < [ M0, 1470, OF + M | £(20)7] dt
which proves Lemma 2.2 with
Py = M, /2 P, = MM’

We can proceed now to complete the proof of Theorem 1. As shown in
Fig. 2, we divide the basic rectangle into five triangular subregions. In 4,; we
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22
AH
A12
2 A
A02
AOi
[§) 2 ¢
Ficure 2

use, essentially, Lemma 2.1, but with the roles of # and ¢ interchanged, to
show that

fth
0

<Py [ (u(e,O)F + | (6, O)F) .

2

2 Vet
do + dr

(vl e,

6_(\_;5’/“““\;—2‘)

Then we apply, essentially, Lemma 2.2 to the region 4, (instead of 4) with
(u, v) satisfying oqu(0, ) + B2(0, £) = 0 in place of (1.8) (here f is zero) to
show that

£/v/2

[, 1

0
Therefore,

fvzf
0

Arguing similarly in 4y, and 4, ,

2

do.

(ot < o ()

T

b (Z50 ¢ =) [ ar <o [ (e, 008 + ot 0 g

] V| " (720 |2 do <P, | (| ul¢, 20)12 + | w(¢, 20)%) €.

We combine these two inequalities with precisely the first inequality of
Lemma 2.1 to get inequality (2.3) of Theorem 1.



CONTROL THEORY OF HYPERBOLIC EQUATIONS 361

To get inequality (2.4) of Theorem 1 we note that #, = v, = 0 implies,
together with the boundary condition (1.7), that

(\/2, £+ \/2) 0 ae, o€[0,12/].

Then essentially the same argument as used in Lemma 2.2 shows that
vt - |2 L 2
S P o < 2 3
[, |0 (=) [ <] 1soma

A similar argument using the boundary condition «qu(0, t) + By2(0, t) = 0
in 4, shows

f:/‘/z e+(\_;’§\_‘/’5) 2da<133fz/vz 0—(-\-/7—2,1—-\%) i,
so that
fzwz o (\;2 \/2) d“+f::,: 0_(772’/_\';5) rd’

<p [ I fpa

Then we use Lemma 2.1 again with the roles of ¢ and ¢ reversed to get (2.4).
In the above work we have assumed u, , v , #, , v, all in C1[0, £]. To get the
result for u,, vy, #;, v, in L?[0, /] it is sufficient to consider sequences
{to}s {Vorehs {1} {vne} in CY0, £] converging to , , v, , %, , v, , respectively,
in L0, £].
That (2.4) cannot be proved if we require only oy/By # 1, o/By # —1 is
easily illustrated by taking all a;; = 0 in (1.10) and letting oy = B, = 1. The

solutions (u, ) of
o (u 0 1\ 0 (u
E(v)—(l 0)6_§(v)=0’
ag(0, t) + Bw(0,£) =0,  u(/,t) + o(£,1) =0

vanish at ¢ = 2¢ no matter what initial conditions are prescribed. But here
Jf(2) = 050 (2.4) could not hold.
4. ProoF oF THEOREM 3

We shall again assume that u, , v, lie in C'[0, /] so that («, v), the corre-
sponding solution of (1.10), (1.7), (1.8) is likewise of class C in each of the
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domains 4,, 4,, 4 as described in the proof of Theorem 1. We define
domains

A ={EDI0<E<h/+r—E<t<l{trt g, 720,

observing that 4(0) = 4. The domain A(7) is the domain of determinacy for
data given along the line £ = ¢, + <{ ¢ <{ 2/ + 7, as far as solutions of (2.10)
[or (1.10)] are concerned.

We let (w, , 2,) be the unique solution in 4(r) of (2.10) correponding to
constant real data

wl(l, )=, z(lt)=F T<t<2+r .1)

Because these are constant data and the coefficients of the partial differential
system (2.10) are functions of ¢ only, @, and 2, are functions of £ only:

wlé ) =w(), (1) = 2(¢)
Thus, from (2.10),

w'(§) = —an(é) w(§) — ay(£) (§),

F(€) = —aa(€) w(€) — ax(£) %(£),
which implies that w(£) = @ and 2(£) = # can be chosen so that

o@(0) — Be3(0) = 1. (4.2)
We now extend the real solution (w, , 2,) from A(r) into the rest of
D)= {600 E<br<t<2+7)

by solving two characteristic-boundary-value problems [6] for (2.10) in the
domains

dfr) ={(EDN0<ES L <t <+ 40— &,
AI(T):{(fyt)|0<f</,T—{—/+§<t<2f+,r},

corresponding to the boundary condition
aq0,(0, 1) — Boz,(0, 1) = 0 43)

and the values of
bt =w + 2, b-=w — = 4.4)

already provided on C*+(0, = -+ ¢), C~(0, 7 -+ £), respectively, by the solution
(w, , 2,) already constructed in 4(7). Because the system (2.10) has C* coef-
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ficients, the complete solution (w, , 2,), now constructed in all of D(z), is of
class C1 in A(r), d4(r) and 4,(7) individually, but §+ and §- will suffer dis-
continuities across C~(0, 7 + ¢£), CH0, 7 + £), respectively, because (4.1)
does not agree with the boundary condition (4.2) which we imposed on
(w, , 2,) when we extended the solution into dy(r) and 4,(7). These discon-
tinuities are essential to our proof.

Because we have related the terminal state to the inital state by means of the
constant y, we may set

u(é, t 4+ 2k() = y*u(¢, t), (€, t + 2k() = yFou(€, 1) (4.5)

and obtain a solution of (1.10), (1.7) for 0 < € < 4 0 <t < @
(—oo <t < o if y # 0). Of course the control function f appearing in the
boundary condition (1.8) is extended similarly:

f(t 4 2kt) = ¥ (1).

Now consider Fig. 3 where we have shown D(7), 4(7), 44(r) and 4,(7) for
T >0 as subregions of 0 < £ </, 0 <t < . The discontinuities of
(w,, 2,) lie along C+(0, v + £), C~(0, 7 + £), whereas those of (u, v) lie along
CH0, (2 — 1) £), C~(0, 2k — 1) £). In the polygonal regions bounded by
these characteristics and the lines = 0, £ = 0 and £ = ¢ both solutions are
of class CL

1
|
~r+2£r~-———-———,—7l ------
I e .
| s ¢ (0,7 +2)
1 // [
28] N
| 7/ )
| /7 i
s
'V/ I
T+ £*0,8)! Aln)
- ~ !
\ ]
| \\ i
I
! A
\
INe— N /7
] ¢ (0, 8) \\ c (0, T+ 2)
Tle o = =N e — N __ .
o] I3 ¢

Ficure 3



364 RUSSELL

We proceed now as in (2.11) with (w, ) replaced by (w, , 2,) and the region
D replaced by D(7). [Strictly speaking, the integration should be done indi-
vidually over each of the polygonal regions which make up D(7) (see Fig. 3)
followed by cancellation of boundary terms. We leave this detail to the reader.]

IR [ I -y e e P T Wy e e 1)
([FG-C el + oG ee  «@s

Il

Using the boundary conditions (1.7), (4.3) and (4.1) together with the fact
that

dé¢ dt.

0 0
W (uw'r + ‘Z)z.,-) - a—f (uz‘r + vw.,)

u(f) T + 2{) = ‘)’u(f, T)) 'U(f, T + 2/) = '}"v(f, T))

(4.6) is seen to imply

0= [ e, + 20— e, w(t, )
T byl 7 +20) — (6 ] ol6, ) @)

T+2¢
— [ 1wt 1) + oot 1 .

Because the initial data for a solution (w, , 2, ) are the same as those for
(w,,, 2,) but given on [, 7, + 2/] instead of on [ry, 7, + 27], it is clear
that

w7 +20) =), wlf 1) =T,

€, 7 + 2¢) = £(§), z(€, 7) = &(£),

are C! functions of ¢ alone and do not depend upon 7.

We now differentiate (4.7) with respect to 7. In doing so we must take
account of the discontinuities of # and ». In our work below we assume
0 < 7 < £. Other cases are handled in the same way. We obtain, noting (4.5),

(y — 1) éu(/, T) + (‘)/ — 1) zi'm(/, 7)
= [ e — an(@1 5y (6 7) + ban(e) — 5@ 55 6 ) ",

+ [ydy(f — 7) — (£ — TN [W((£ — 7) +, 1) — w((£ — ) —, 7)]
+ [y&i(€ — 1) — & — ] [o((£ — 7) +,7) — (£ — 7) — 7))
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Using (1.10) and then integrating by parts, the integral in (4.8) becomes
o . ov

f g[}"wl(f) — @y(€)] (a_g (¢ 1) — an(§) ul(é, 7) — ay(§) o(§, T))
0

T BAE) — 8 (5 (6 7) — am(6) e, ) — anfE) ol )| a2

-] {lau(€) (i(€) — Bu(9) + an(é) (E(&) — £(8)

+v#(6) — 5O wé, 7)

+ [@1a8) (vB:(€) — Bo(€)) + el €) (¥E:(€) — %(£))

+ i, (§) — @' (§)] w(§, 7)} d€

—lya(l — 1) — @ — ] [/ —7) +,7) — o — 7) =, 7)]

— A — ) — &L — D] (£ —7) +, 1) —u(£ — 7) —, 7)]

+ [yan(4) — By(£)] 24, 7) + [v&(f) — 2()] w(Z, 7). (4.9)
In (4.9) we have also used the boundary conditions satisfied by u, v, @, , @, ,

%,, % at £ = 0. Taking account of the fact that §#~ = u — v is continuous
across ¢=(0, £}, the substitution of (4.9) into (4.8) yields

(v — 1) 2u(t, 7) + (y — 1) do(7, 7)
=— fz {[an(€) (yda(€) — @e(€)) + an(€) (Y3i(€) — £,(£))
+75'(6) — &' (] u(é, 1)
+ [412(8) (v(€) — Bo(£)) + anal€) (vE(€) — 2o(£))
+ @ (€) — @/ (€)] v(¢, 1)} d¢
+ [ydi(4) — Bo()] o7, 7) + [v4(4) — Z(O)] wl?, 7).

(4.10)

Consider now the quantities

(v — D& — &) — ()] = o,
v =D& — [y#() — D)) =B, -

These can be written in another way, namely,

WE— 2l =7+ 2) — (-2l —, 7)) =,
AD —w(f — 7+ 20)) — (B — w6 —, 7)) =B,

409/40/2-7
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If (w, , 2,) were a continuous solution of (2.10) throughout D(7) these quan-
tities would be zero. However, because of the discontinuities of (w0, , z,)
propagating along ¢*(0, v + /), ¢7(0, 7 + /), this is not so. The quantities
f+ and #- satisfy coupled linear first order differential equations similar to
the equations (3.1), (3.2) satisfied by 6+ and 6~ along characteristics ¢ and ¢+,
respectively. Using the continuity of 6+ and 8- across ¢* and ¢, respectively,
one can show that the jump discontinuities exhibited by 8+ and §- across
¢0, 7 + /) and ¢*(0, 7 + £), respectively, i.e.,

A r+ (= =0+, r+ (= =0 —r+—9),
0 < &<,
M7+ L= =0+, 7+ L+ 8 — (¢ — 7+ /4 9),
0<é<t

(and defined by continuity at { = 0 and ¢ = £), satisfy uncoupled linear
first order homogeneous differential equations

b+ — 8
= — 3 (@u(é) + a12(8) + axn(§) + ax($)) Aé+(f» T+ {8,
d ~
dE (d0-(§, 7+ £+ §))
— 3 (— ay(§) + a1(€) + an(é) — ax(§) Aé+(§» T+ L+ §).

Thus, with ot and o~ defined by (2.18) and (2.19), respectively,

ay + By = —ABH(, 7) = —o+A0+(0, + + £), (4.11)
B — oy = yAO~(£, 7 + 2£) = yo=A8-(0, = + £). (4.12)

Using the boundary conditions (4.3) we can readily calculate

2(0‘070(0) Bo2(0))

4040, 7 + ) =

— B

Hence, from (4.11), (4.12), (4.2),

2yo

R BT TR
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s0 that

ot yo~
= — , 4.13
% (Igo_% O‘()"‘/30) ( )

ot Yo~
= . 4.14
e (130_% + °‘0+/30) ( )

If we put

hy(€) = — [an(8) (y@(€) — B(€)) + an(é) (¥E(€) — 24(£))
+v&'(€) — &'
hy(€) = — [a15(€) (yau(€) — B(€)) + @l ) (¥a(€) — 20(£))
+ @ (§) — @' (€)),
then (4.10) has the form

otly 1)+ Biolir) = [ (@ u(E, ) + O e, . (419

This takes care of the “only if” point of Theorem 3. To prove the “if”
part we note that not both of the coefficients

at vo~ ot yo~

Bo_%__/go"‘%, Bo_“0+ﬁo+°‘0

are zero. For definiteness, assume the first is not zero. Then consider the
control problem (1.10), (1.7), (2.1), (2.20) with control

u(t, t) = f(2).

By Theorem 1 there is a solution to this control problem and, by the “only if”’
part of the present theorem, (7, t) must satisfy (4.15).

Next we consider the mixed initial-boundary-value problem (1.10), (1.7),
(4.15), (2.1). Existence and uniqueness are as easy to prove here as in the case
of a standard boundary condition of the form ou(f,t) + B2(Z,t) =0.
Therefore the solution of this initial-boundary-value problem coincides
with the solution of the control problem posed in the preceding paragraph.
Hence (2.20) must be satisfied and we have taken care of the “if”’ part of
Theorem 3.

When y = 0 the rectangle D(7) used in (4.6) can be replaced by the region

Rir)={&nI0<é<hHr <t <7+ 7+ €L

The analysis proceeds as above, provided we note that 8+ = u - v vanishes
along t =7 + £+ £ for r == 0. The solution (w, , 2,) of (2.10) only needs
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to be constructed in R{r) rather than in D(7) in this case and the condition
oe/By 7 1 is sufficient to carry out this construction.

Thus the proof of Theorem 3 is complete, provided we recognize that the
inequalities of Theorem 1 imply that we can readily extend the results
proved above for u,, v, & C1[0, /] to the general case %, , v, € L¥0, /].

REFERENCES

1. G. D. BirxkHOFF, Boundary value and expansion problems of ordinary linear
differential equations, Trans. Amer. Math. Soc. 9 (1908), 373-395.

2. R. H. CoLg, General boundary conditions for an ordinary linear differential
system, Trans. Amer. Math. Soc. 111 (1964), 521-550.

3. L. CoLraTz, “The Numerical Treatment of Differential Equations,” John Wiley
and Sons, New York, 1960.

4. R. Courant anp D. Hiisert, “Methods of Mathematical Physics, Vol. I,
Partial Differential Equations,” Chapter V, Interscience, New York, 1962.

5. N. Dunrorp anD ]J. T. Scuwartz, “Linear Operators, Part I, General Theory,”
Interscience, New York, 1958.

6. P. R. GaraBEDIAN, “Partial Differential Equations,” John Wiley and Sons, New
York, 1964.

7. J. J. GRAINGER, Boundary-value control of distributed systems characterized by
hyperbolic differential equations, Doctoral thesis, Electrical Engineering Dept.,
Univ. of Wisconsin, Madison, 1969.

8. H. P. KRaMER, Perturbation of differential operators, Pacific J. Math. T (1957),
1405-1435.

9. P. D. Lax, On Cauchy’s problem for hyperbolic equations and the differentiability
of solutions of elliptic equations, Comm. Pure Appl. Math. 8 (1955), 615-633.

10. N. LevinsoN, Gap and density theorems, Amer. Math. Soc. Collog. Publ. 26
(1940).

11. J. L. Lions anD E. Magenes, “Problémes aux limites non-homogenes et applica-
tions,” Vol. I and II, Dunod, Paris, 1968.

12. R. E. A. C. PaLey anD N. WiENER, Fourier transforms in the complex domain,
Amer. Math. Soc. Colloq. Publ. 19 (1934).

13. F. Riesz anD B. Sz.-Nacy, ‘“Functional Analysis,” I. Ungar, New York, 1955.
(See pp. 380 ff.)

14. D. L. RussieLL, On boundary-value controllability of linear symmetric hyperbolic
systems, in ‘“‘Mathematical Theory of Control,”” Academic Press, New York, 1967.

15. D. L. RusseLL, Nonharmonic Fourier series in the control theory of distributed
parameter systems, J. Math. Anal. Appl. 18 (1967), 542-560.

16. J. T. ScuwaRTZ, Perturbations of spectral operators and applications, Pacific J.
Math. 4 (1954), 415-458.

17. L. Scuwartz, “Etude des sommes d’exponentielles,” deuxiéme édition, Hermann,
Paris, 1959.



