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Abstract

The ring of symmetric functions is used to obtain an explicit set of generators for the centre
integral group algebra of a symmetric group, different to those given by H.K. Farahat and G. Hi
This generating set is used to shows that the centre of the 2-modular group algebra is gene
certain sums of 2-classes.

Proper subalgebras of the centre of the 2-modular group algebra are studied in the con
symmetric functions. These include the algebra that is the span of the 2-regular class sums,
algebra that is generated by the involution class sums. Various related subalgebras of the
ring of symmetric functions are shown to be polynomial algebras, and furnished with explicit s
algebraically independent generators.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

LetSn be the symmetric group onn symbols. H.K. Farahat and G. Higman [1] exhibit
a set of generators for the centreZ(ZSn) of the integral group ringZSn, and introduced an
infinite-dimensional filtered algebra whose structure constants are integer valued r
functions. A.-A.A. Jucys [3] used their methods to show thatZ(ZSn) coincides with the
ring Λn−1 of integer symmetric polynomials in certain elements ofZSn. A different, and
independent, proof of the same result was given by G.E. Murphy in [6]. We will ref
these generating elements (whose definition is recalled in (6.1) below) as the JM-ele
of ZSn. Murphy’s proof shows that theQ-algebra generated by the JM-elements coinc
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with the Q-span of a complete set of primitive idempotents forQSn. Theorem 1.9 in [6]
also furnishesZ(ZSn) with an explicitZ-basis involving monomial symmetric function
in the JM-elements.

The Farahat–Higman generators are the elementary symmetric polynomials
JM-elements. As Jucys himself mentioned, any other set of generators for the a
of integral symmetric functions gives a corresponding set of generators forZ(ZSn). In
this paper we give an explicit generating set that is related to the complete sym
polynomials.

Let F be a field of characteristic 2. By ann-class we mean a conjugacy class wh
elements haven-power order, forn� 1. Using our generating set, we prove in Theorem
that the centreZ(FSn) of the group algebraFSn is generated by the 2-class sums ofSn.
Theorem 4.6 gives a method of finding an explicit set of 2-class sums that ge
Z(FSn). The only involution classes that occur in this set are products of powers
commuting transpositions. The modular representation theory ofSn shows that no se
of p-class sums can generate the centre of the group algebra ofSn over a field of odd
characteristicp > 0.

It is noteworthy that both the Farahat and Higman paper, and the Murphy paper, in
proofs of the so-called Nakayama Conjecture that gives a combinatorial classifi
of the p-blocks of Sn. Our results have some consequences for the 2-blocks oSn.
Specifically, we show in Section 5 that each 2-block idempotent can be expresse
polynomial, with coefficients inF , in the involution class sums ofSn.

The latter part of the paper is concerned with various proper subalgebras ofZ(FSn).
The author showed in [7] that, for eachN > 0, the span of the class sums of eleme
of Sn whose order is not divisible by 2N forms a subalgebra ofZ(FSn). WhenN = 1,
we obtain an algebra spanned by the sums of those conjugacy classes containing e
of odd order. We give explicit generators for this algebra in Section 7. There is a re
subalgebra of the modular ring of symmetric functions,Λ⊗F , which we call the 2-regula
class symbol algebra (an element in a group is said to be 2-regular if it has odd o
We show that this algebra is a polynomial algebra, and furnish it with an explicit s
algebraically independent generators.

There has been some interest in recent times in representing the operat
multiplication by the sum of all transpositions, by means of differential operators acti
symmetric functions. See [4], for instance. Here we are interested in all involution c
of Sn. In Section 8, we define and study the involution class symbol algebra. Thi
subalgebra ofΛ⊗F that is related to the algebra generated by all involution class sum
Theorem 8.9 we exhibit an algebraically independent subset of the involution class s
algebra. We suspect, but cannot yet prove, that this set actually generates the algeb

The final section of the paper is devoted to showing that the 2-regular class s
algebra and the involution class symbol algebra together generate a polynomial sub
of Λ⊗ F . This algebra is the span of the symmetric functions defined in (9.6). Alth
this is a theorem about the 2-modular ring of symmetric functions, we suspect th
corresponding conjugacy class sums span a subalgebra ofZ(FSn). Indeed, a central them
of this paper is that there is a closer than expected correspondence between the 2-
ring of symmetric functions and the centre of the 2-modular group algebra of a symm
group.
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2. The class symbol algebra

Throughout this paper,n denotes an arbitrary positive integer, andF denotes a field o
characteristic 2.

Let S∞ be the group of finitary permutations ofN = {1,2, . . .}, i.e., the group of
bijections of the set of positive integers that fix all but a finite number of integers
regardSn as the set of permutations inS∞ that fix {n + 1, n + 2, . . .} elementwise. So
S1 � S2 � · · ·, andS∞ =⋃∞

n=1Sn.
We employ the notation and methods of I.G. Macdonald [5]. A partition i

nonincreasing sequenceλ = [λ1 � λ2 � · · ·] of nonnegative integers whose sum|λ| =
λ1 + λ2 + · · · is finite. Callλ a partition ofn, and writeλ � n, if |λ| = n. The nonzero
terms ofλ1, λ2, . . . are called thepartsof λ. Let ai be the number of parts ofλ that equali,
for i � 1. The multi-index notationλ= [iai , jaj , . . .], wherei is omitted if ai = 0, will be
employed throughout. We usel(λ) to denote the number of parts ofλ. The number of ways
of arranging the parts ofλ is

uλ = l(λ)!∏
i ai ! .

Two elements ofS∞ are conjugate if and only if they are conjugate in any subgrouSn
that contains them both. The conjugacy classes ofSn and ofS∞ are labelled by partitions
but in different ways. Ifλ is a partition ofn, we letK(λ) be the conjugacy class ofSn
whose elements have cycle typeλ. Themodified cycle typeof the elements ofK(λ) is the
partitionµ= [λ1 − 1, . . . , λl(λ) − 1,0, . . .]. If σ ∈ Sn, the cycle type ofσ depends onn,
whereas the modified cycle type ofσ does not. We letcµ denote the set of elements ofS∞
that have modified cycle typeµ. Thencµ is a conjugacy class ofS∞, and each conjugac
class ofS∞ arises in this way. In particular, the identity permutation belongs toc[], where
[ ] is the empty partition. Form � 1, setcµ(m) := cµ ∩ Sm. Thencµ(n) = K(λ), while
cµ(m) is the empty set, if|µ| + l(µ) >m.

We identifyK(λ) or cµ(n) with the sum of the elements of the corresponding clas
Sn in Z(ZSn). The empty sum is, by fiat, zero. For partitionsµ andν we have

cµ(n)cν(n)=
∑
ρ

αρµνcρ(n),

whereρ ranges over all partitions andαρµν are integers that depend onn. Farahat and
Higman [1] have shown that the integerαρµν is zero if |ρ|> |µ| + |ν|, is independent ofn,
if |ρ| = |µ| + |ν|, and is a rational function ofn, if |ρ|� |µ| + |ν|.

A Z-order is aZ-algebra that is free asZ-module. TheMacdonald class symbo
algebraG is theZ-order that is freely generated by theS∞-class symbols{cµ}, where
the multiplication is induced from

cµcν =
∑

αρµνcρ. (2.1)

ρ�(|µ|+|ν|)
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A typical element ofG has the formg = ∑
aµcµ, whereµ ranges over a finite set o

partitions, and eachaλ is an integer. We useg(n) to denote the element
∑

aµcµ(n) of
Z(ZSn). For i � n, let Z(ZSn)i be theZ-submodule ofZ(ZSn) that is spanned by thos
nonzerocλ(n) with |λ|< i.

Lemma 2.2. Suppose thatg1, g2, . . . are elements ofG that generateG as aZ-order. Then
the nonzerog1(n), g2(n), . . . generateZ(ZSn) as aZ-algebra.

Proof. It is enough to show thatcλ(n) ∈ Z[g1(n), g2(n), . . .] for each partitionλ. We prove
this using induction oni = |λ|. If i = 0, thenλ is the empty partition andcλ(n) = 1.
Suppose then thati > 0 and thatcµ(n) ∈ Z[g1(n), g2(n), . . .], wheneverµ is a partition
with |µ| < i. By hypothesis there existsf ∈ Z[x1, x2, . . .] such thatf (g1, g2, . . .) = cλ.
An inductive argument using (2.1) shows that

f (g1(n), g2(n), . . .)≡ cλ(n)
(
modZ(ZSn)i

)
.

The lemma now follows from the inductive hypothesis.✷
I.G. Macdonald has shown thatG is isomorphic to a polynomial ring in a countab

number of variables. Specifically, letΛ be the ring of symmetric functions in the variab
x1, x2, . . . over Z. Then there exists aZ-basis{gλ} for Λ such that the mapφ :Λ→ G,
defined byφ(gλ) = cλ, is a ring isomorphism. Leten ∈ Λ denote thenth elementary
symmetric function. Thene1, e2, . . . are algebraically independent overZ, and Λ =
Z[e1, e2, . . .]. From now on we will not distinguish betweenG andΛ, and we identify
cλ with the symmetric functiongλ.

If λ is a partition, letmλ denote themonomialsymmetric function of typeλ. The
nth completesymmetric functionhn is

∑
λ�nmλ. The symmetric functionsh1, h2, . . . are

algebraically independent andΛ = Z[h1, h2, . . .]. Indeed, the mapτ that interchangesei
andhi , for i � 1, is an involutary automorphism ofλ. For each partitionλ, sethλ :=∏

i�0hλi . The generating functionH(x) = ∑
n�0hnx

n is given (somewhat informally
by the following infinite product of power series:

H(x)=
∏
n�1

(1− xnx)
−1.

The power sumsymmetric functions are defined as follows. Setpn := m[n], and for
each partitionλ, definepλ :=∏

pλi . Then thepn are algebraically independent, and{pλ}
forms a basis forΛ⊗Q (but not forΛ). The power seriesP(x)=∑

pnx
n−1 satisfies the

equationP(x)=H ′(x)/H(x) (see [5]). In particular,

nhn =
n∑
i=1

pihn−i .

Let 〈 , 〉 denote the nondegenerate symmetric bilinear form onΛ such that

〈hλ,mµ〉 = δλµ
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for all partitionsλ andµ. Let fλ denote the symmetric function that is〈 , 〉-dual to eλ.
Thefλ are sometimes called theforgottensymmetric functions. Sinceτ (eλ)= hλ, and it
is known that〈 , 〉 is τ -invariant, we haveτ (fλ)=mλ.

The following theorem [5, I.2.24], which we restate here for the convenience o
reader, characterizes thecλ:

Theorem 2.3. Let {h∗λ} be theZ-basis ofΛ that is 〈 , 〉-dual to {cλ}. Seth∗n := h∗[n], for
n � 1. Then the maphn → h∗n induces aZ-algebra involutary automorphism ofΛ. In
particular h∗λ =

∏
i h

∗
λi

, for each partitionλ. LetH ∗(x)=∑
n�0h

∗
nx

n be the generating
function for theh∗n. ThenH ∗(x) is the Lagrange inverse ofH(x), i.e., ify := xH ∗(x), then
x = yH(y).

If {αλ} and {βλ} areZ-bases ofΛ, indexed by partitions, we letM(α,β) denote the
change of basis matrix from{αλ} to {βλ}, i.e.,

αλ =
∑
µ

M(α,β)λ,µβµ.

Note thatM(β,α)=M(α,β)−1. Also if {α′λ} and{β ′λ} are the〈 , 〉-dual bases to{αλ} and
{βλ}, andt denotes matrix transposition, then

M
(
α′, β ′

)=M(β,α)t , (2.4)

If n� 1, we useL(n) to denote the number of digits that equal 1 in the binary expan
of n. Son is a sum ofL(n) distinct nonnegative powers of 2. We useν(n) to denote the
highest power of 2 that dividesn. Note thatL(2n)= L(n) and thatν(n!)= n−L(n).

3. Generators for the class symbol algebra

Catalan numbers appear frequently in the combinatorics of symmetric functions
nth Catalan numberCn is the integer

Cn := 1

n+ 1

(
2n

n

)
=

(
2n

n

)
−

(
2n

n− 1

)
.

Lemma 3.1. Cn is odd if and only ifn+ 1 is a power of2.

Proof. This follows from

ν(Cn)= ν
(
(2n)!)− ν

(
(n+ 1)!)− ν(n!)

= (
2n−L(2n)

)− (
n+ 1−L(n+ 1)

)− (
n−L(n)

)
= L(n+ 1)− 1. ✷
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For each partitionλ, set

Cλ :=
∏
i

Cλi .

Our interest in theCλ arises from:

Proposition 3.2.

en = (−1)n
∑
λ�n

Cλcλ, hn = (−1)n
∑
λ�n

cλ.

Proof. Let λ be a partition ofn. Sinceen =m[1n], we have

M(e, c)[n],λ =M(m,c)[1n],λ
=M(h∗, h)λ,[1n], using (2.4)

=
∏
i

M(h∗, h)[λi ],[1λi ]. (3.3)

Macdonald has shown in [5, I.2.24] that

h∗n =
∑
λ�n

(−1)l(λ)

n+ 1

(
n+ l(λ)

n

)
uλhλ.

So

M(h∗, h)[n],[1n] = (−1)n

n+ 1

(
n+ n

n

)
u[1n] = (−1)nCn. (3.4)

The identity foren follows from (3.3) and (3.4).
Sinceτ (en)= hn andτ (m[1n])= f[1n], we havehn = f[1n]. So

M(h, c)[n],λ =M(f, c)[1n],λ
=M(h∗, e)λ,[1n], using (2.4)

=
∏
i

M(h∗, e)[λi ],[1λi ]. (3.5)

We adopt Macdonald’s methods to expressh∗n in terms of theeλ. Recall from Theorem
2.3 that ify = xH(x), thenx = yH ∗(y). So

dx =
∑

(n+ 1)h∗nyn dy.

n�0
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It follows that (n+ 1)h∗n equals theresidue(coefficient ofy−1) of dx/yn+1. Let E(x)=∑
n�0 enx

n be the generating function for theen. Then H(x) = 1/E(−x). So y =
x/E(−x), whence dx/yn+1= dxE(−x)n+1/xn+1. Thus(n+ 1)h∗n equals the coefficien
of xn in E(−x)n+1. Since theen are algebraically independent, we deduce that

h∗n =
(−1)n

n+ 1

∑
λ�n

(
n+ 1

l(λ)

)
uλeλ. (3.6)

In particular

M(h∗, e)[n],[1n] = (−1)n

n+ 1

(
n+ 1

n

)
u[1n] = (−1)n. (3.7)

The identity forhn follows from (3.5) and (3.7). ✷
We use this to prove a result about the 2-modular group algebra ofSn.

Theorem 3.8. LetF be a field of characteristic2, and letL(n) be the number of digits tha
equal1 in the binary expansion ofn. For i = 1, . . . , n−L(n), set

Ki :=
∑

K ∈Z(FSn),

whereK ranges over the2-classes ofSn whose cycle decomposition containsn− i cycles.
ThenK1, . . . ,Kn−L(n) generate theF -algebraZ(FSn).

Proof. It is enough to prove the result forF = GF(2). We haveΛ = Z[e1, e2, . . .]. So
the nonzero terms ine1(n), e2(n), . . . generate theZ-algebraZ(ZSn), by Lemma 2.2.
Reduction modulo 2 induces an epimorphismZ(ZSn) � Z(FSn). Using Lemma 3.1 and
Proposition 3.2, we see that the image ofei(n) in Z(FSn) coincides withKi , for i � 1.
Suppose thatSn has a 2-class whose cycle type containsn− i parts. Thenn is a sum of
n − i powers of 2. Son − i � L(n), whencei � n − L(n). It follows thatKi = 0, for
i > n−L(n). This completes the proof of the theorem.✷

4. Generators for the modular group algebra

In this section we prove a more precise form of Theorem 3.8. Our first result tran
Theorem 4.3 of [1] into the language of symmetric functions.

Proposition 4.1. Letλ be a partition ofn. Then

M(c,h)λ,[n] = (−1)l(λ)
(
n− 1+ l(λ)

n− 1

)
uλ.
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Proof. We have

M(c,h)λ,[n] =M(m,h∗)[n],λ =M(p,h∗)[n],λ. (4.2)

Recall thatP(x)=H ′(x)/H(x), and that ify = xH(x), thenx = yH ∗(y). Thus

dy

y
= H(x)+ xH ′(x)

xH(x)
dx =

(
1

x
+ P(x)

)
dx.

It follows that pn is the residue of dy/yxn = dy/yn+1H ∗(y)n, which in turn is the
coefficient ofyn in H ∗(y)−n. WriteH ∗(y)= 1+H ∗+(y). Then

H ∗(y)−n =
∑
l�0

(−n
l

)
H ∗+(y)l.

Since theh∗r are algebraically independent, it follows that

pn =
∑
λ�n

(−1)l(λ)
(
n− 1+ l(λ)

n− 1

)
uλh

∗
λ. (4.3)

The proposition follows from (4.2) and (4.3).✷
Next we show that each positive integer has a particular representation as a sum o

of the form 2i − 1, for i � 1. We begin with some technical results.
Let S denote the set of sequencess = . . . s2s1s0, where eachsi is one of the symbols

{1,0,−1,−2, . . .}, and there are only a finite number of occurrences of 1. For eachi > 0,
let s�i denote the subsequence. . . si+2si+1si of s. We associate two numerical values tos.
These are

|s| := ∣∣{i � 0 | si = 1}∣∣, and
∑

s :=
∞∑
i=0

sgn(si )2i
(
2|si | − 1

)
, a formal sum.

Lemma 4.4. Let s ∈ S be such that for eachi � 0, either

(i) si = 1 or
(ii) si =−|s�i |.

Then
∑

s = 2|s| − 1.

Proof. Since|s| is finite, there is a minimalN =N(s)� 0, such thatsn = 0 whenn�N .
We prove the lemma using induction onN . The base caseN = 0 is trivial.

Suppose thatN > 0. ThenN(s�1) < N . The inductive hypothesis gives
∑

s�1 =
2|s�1| − 1, and the definition gives

∑
s = 2

∑
s�1 + sgn(s0)(2|s0| − 1). If s0 = 1, then

|s�1| = |s| − 1, and
∑

s = 2(2|s|−1− 1)+ (21 − 1)= 2|s| − 1. Otherwises0 =−|s| and
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|s�1| = |s|. In this case we have
∑

s = 2(2|s| − 1)− (2|s| − 1)= 2|s| − 1. This completes
the proof. ✷
Lemma 4.5. Let s ∈ S be such that for eachi � 0, either

(i) si = 1 or
(ii) sj �= 1, for somej < i, andsi =−|s�i | or
(iii) sj = 1, for all j < i, andsi =−|s�i | − 1.

Then
∑

s =−1.

Proof. There existsi � 0 such thatsj = 1 for all j < i, ands�i has initial termsi =
−|s�i | − 1= i − |s| − 1. Let x be the word that is obtained froms by replacingsi by
−|s�i |. Thenx satisfies the criteria of Lemma 4.4, and|x| = |s|. We compute

∑
s =

∑
x + 2i

(
2|s|−i − 1

)− 2i
(
2|s|+1−i − 1

)
= 2|s| − 1+ 2|s| − 2|s|+1, using Lemma 4.4

=−1. ✷
Theorem 4.6. There exist nonnegative integerse1, e2, . . . such that λ = [2e1 − 1,
2e2 − 1, . . .] is a partition ofn andM(c,h)λ,[n] is odd.

Proof. SinceP(x) = H ′(x)/H(x) andH(x) = 1/E(−x), we have−P(−x) = E′(x)/
E(x). Also τ (hn) = en. It follows that τ (pn) = (−1)npn. Thus frompn = m[n], and
τ (m[n])= f[n], we getf[n] = (−1)npn. Now forµ a partition, we have

M(c, e)µ,[n] =M(f,h∗)[n],µ = (−1)nM(p,h∗)µ,[n]
≡M(c,h)µ,[n] (mod 2), see (4.2).

The first statement of Proposition 3.2 then implies that
∑

µM(c,h)µ,[n] is odd, where
µ runs over all partitions ofn with µi + 1 a power of 2, for alli. The theorem follows
immediately from this. As an alternative proof, we will explicitly construct a partition on

with the desired properties.
Let b denote the sequence. . . b2b1b0 such thatn− 1=∑

bi2i is the binary expansio
of n−1. As before,b�i is the truncated sequence. . . bi+2bi+1bi . We construct a sequenc
s = . . . s2s1s0 ∈ S as follows. Fori � 0, set

si :=



1, if bi = 1;

−|b�i|, if bi = 0, for somej < i;

−|b�i| − 1, if bi = 1, for all j < i.

Thens satisfies the criteria of Lemma 4.5.
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For eachi � 0, set ai :=∑{2j | j � 0 andsj =−i}. Lemma 4.5 shows that

∑
i�0

bi2i −
∑
i�0

ai
(
2i − 1

)=∑
s =−1.

But
∑

bi2i = n− 1. It follows that

∑
i�0

ai
(
2i − 1

)= n.

Note thatn− 1+∑
ai = 2r − 1, where 2r−1 � n < 2r . The construction of ai shows that

r = L
(
n− 1+

∑
ai

)
= L(n− 1)+

∑
L(ai ).

Let λ denote the partition ofn, whose parts are all of the form 2i − 1, for i � 1, where the
multiplicity of 2i − 1 is ai . It follows from Proposition 4.1 thatM(c,h)λ,[n] is odd. ✷
Corollary 4.7. LetF be a field of characteristic2, and letr be the largest positive intege
such that2r � n < 2r+1. Then there exist2-classesL1, . . . ,L2r−1 of Sn, whose sum
generate the algebraZ(FSn). These classes can be chosen so thatLi containsn− i cycles,
andLi is an involution class if and only ifi is a power of2.

Proof. For i � 1, letλi be the partition ofi, constructed by the method of Theorem 4
such thatM(c,h)λi,[i] is odd. Then clearly{cλi | i � 1} form a set of algebraicall

Table 1

n b s λ Class ofS16

1 0 0 0 0 0 0 0 −1 [1] K[2,114]
2 0 0 0 1 0 0 −1 1 [12] K[22,112]
3 0 0 1 0 0 0 1 −2 [3] K[4,112]
4 0 0 1 1 0 −1 1 1 [14] K[24,18]
5 0 1 0 0 0 1 −1 −2 [3,12] K[4,22,18]
6 0 1 0 1 0 1 −2 1 [32] K[42,18]
7 0 1 1 0 0 1 1 −3 [7] K[8,18]
8 0 1 1 1 −1 1 1 1 [18] K[28]
9 1 0 0 0 1 −1 −1 −2 [3,16] K[4,26]

10 1 0 0 1 1 −1 −2 1 [32,14] K[42,24]
11 1 0 1 0 1 −1 1 −3 [7,14] K[8,24]
12 1 0 1 1 1 −2 1 1 [34] K[44]
13 1 1 0 0 1 1 −2 −3 [7,32] K[8,42]
14 1 1 0 1 1 1 −3 1 [72] K[82]
15 1 1 1 0 1 1 1 −4 [15] K[16]
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independent generators forΛ. It follows that the images of the nonzerocλi (n) generate
Z(FSn).

Let t be the largest positive integer such that 2t � i. The proof of Theorem 4.6 show
that l(λ) = 2t+1 − i. SetLi = cλi (n). ThenLi is a conjugacy class ofSn if and only if
i+ l(λi)= 2t+1 � n. This occurs if and only ifi < 2r . NowLi is an involution class if and
only if all parts ofλi are 1. The construction ofλi shows that this occurs if and only ifi is
a power of 2. ✷

Table 1 demonstrates the construction of the 2-classes ofS16 that is given in the proo
of Theorem 4.6.

5. 2-blocks of symmetric groups

Each finite-dimensionalF -algebraA �= 0 has a decomposition

A= B1⊕ · · · ⊕Br

into a direct sum of a numberr of nonzero indecomposableF -algebrasBi . These are calle
theblocksof A. Let ei denote the multiplicative identity of the algebraBi , for 1� i � r.
Thenei is called the block idempotent ofBi . It is known that

1A = e1+ · · · + er

is a decomposition of 1A into a sum of pairwise orthogonal primitive central idempote
WhenA is a group algebra, each block ofA has associated to it a family of 2-subgrou
of the group, known as itsdefect groups. These groups can be defined using the suppo
the block idempotent.

Suppose now thatA is split overF . Then the centreZ(A) decomposes into

Z(A)=N ⊕E,

asF -algebras, whereN is the nilradical ofZ(A), andE = Fe1+· · ·+Fer is the maximal
semisimple subalgebra ofZ(A). The projection mapρ :Z(A)→ E, with respect to this
decomposition, is given by

ρ(z)=
r∑

i=1

ωi(z)ei, for z ∈ Z(A),

whereωi :Z(A)→ F is the unique irreducibleF -representation ofZ(A) whose kerne
does not containBi . The mapωi is called thecentral characterof Bi . It is known thatρ(z)
is contained in the subalgebra ofZ(A) that is generated byz.

In this section we prove two results about the block algebras ofFSn. Our first result
is known. It is a consequence of the Nakayama Conjecture, the theorem that classi
p-blocks of symmetric groups using thep-cores of partitions.
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Proposition 5.1. LetF be a field of characteristic2 and letD be a2-subgroup ofSn. Then
FSn has at most one block with defect groupD.

Proof. We use standard block-theoretic notation. See, for instance, [8]. LetG be an
arbitrary finite group, letp be a prime, and letk be a field of characteristicp. Suppose
that B is a block of kG, with central characterωB and defect groupP . The Brauer
correspondentb of B is a block ofkNG(P), whose central characterωb satisfies

ωB(K)= ωb ◦BrP (K)= ωb
(
K ∩CG(P)

)
, for all classesK of G,

where BrP denotes theBrauer homomorphsimwith respect toP . A result of J. Green
implies thatωb vanishes on class sums of elements whosep-parts are not contained inP .
Also ωb(L

+) = |L|, for each conjugacy classL of NG(P) that is contained inZ(P). It
follows that ifK is a class ofp-elements ofG, then

ωB(K)= ∣∣K ∩Z(P)∣∣1F . (5.2)

This argument is due to G.R. Robinson.
We specialize toG= Sn andP =D. The previous section shows that the 2-class s

generateZ(FSn), and the previous paragraph shows that the values ofωB on the 2-class
sums are determined byD. It follows thatωB is determined byD. ButB is determined by
ωB . We conclude thatB is the unique block ofFSn that has defect groupD. ✷

We now present the main result of this section.

Theorem 5.3. LetF be a field of characteristic2. Then each idempotent inZ(FSn) lies in
the algebra that is generated by the involution class sums ofSn.

Proof. Let B be a 2-block ofSn. The Nakayama Conjecture endowsB with a positive
integerw � n/2 called itsweight. Let w = ∑

i 2ai be the 2-adic decomposition ofw.
Let W0 denote the cyclic group of order 2, and defineWi for i > 0, inductively by
Wi :=Wi−1 �W0. SetD :=∏

i Wai . ThenD is isomorphic to a Sylow 2-subgroup ofS2w,
and each defect group ofB is isomorphic toD. An inductive argument shows thatZ(Wi)

is cyclic of order 2, whenceZ(D) is elementary abelian. In fact, the centre of a de
group contains exactly one involution that is a product of 2ai commuting transpositions
for eachai �= 0, and these involutions form a basis for the centre. It follows from (5.2)
ωB vanishes on the sum of any 2-class whose elements have order divisible by 4.

Let Z(FSn) = N ⊕ E andρ :Z(FSn)→ E be as above. Suppose thatL1,L2, . . . are
2-classes ofSn whose sums generate the algebraZ(FSn). Then clearlyρ(L1), ρ(L2), . . .

generate the algebraE. The previous paragraph shows thatρ(Li)= 0 unlessLi is a class
of involutions. It follows thatE is contained in the algebra generated by the involu
class sums in the listL1,L2, . . . . ✷

Corollary 4.7 can be used to strengthen this theorem, in an obvious way.
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6. Murphy–Jucys elements

For positive integersi �= j , let (i, j) denote the permutation inS∞ that transposesi and
j . Define the JM-elements ofZS∞ as

lu := (1, u)+ (2, u)+ · · · + (u− 1, u), for u= 2, . . . , n. (6.1)

If f is a polynomial in the variablesx1, x2, . . . , we usef (l;n) to denote the evaluation o
f at x1= l2, . . . , xn−1 = ln, xn = 0, xn+1 = 0, . . . . Sof (l;n) lies in ZSn. A.-A.A. Jucys
[3] has shown the following:

Lemma 6.2. Z(ZSn) coincides with the ring of symmetric polynomials inl2, . . . , ln. In
particularZ(ZSn)= Z[e1(l;n), . . . , en−1(l;n)]. In terms of the class sums,

ei(l;n)=
∑
λ�i

cλ(n) for i = 1, . . . , n− 1.

The following result gives a connection between the ring of symmetric polynomia
the Jucys elements and Macdonald’s class symbol algebra. Recall thatτ is an involutary
automorphism ofΛ that interchangesei andhi , for i � 1.

Theorem 6.3. Letg ∈Λ be a homogeneous symmetric function of degreei. Then

g(l;n)≡ (−1)iτ (g)(n)
(
modZ(ZSn)i

)
.

Proof. Proposition 3.2 and Lemma 6.2 imply thatei(l;n) = (−1)ihi(n), for eachi � 1.
Let λ be a partition. An inductive argument using (2.1) gives

eλ(l;n)≡ (−1)|λ|hλ(n)
(
modZ(ZSn)|λ|

)
.

But hλ = τ (eλ). The proposition follows, as theeλ form aZ-basis forΛ. ✷
Corollary 6.4. Letλ be a partition. Then

mλ(l;n)≡ (−1)|λ|fλ(n)
(
modZ(ZSn)|λ|

);
hλ(l;n)≡ (−1)|λ|eλ(n)

(
modZ(ZSn)|λ|

)
.

In particular, if i � 1 then

hi(l;n)≡
∑
λ�i

Cλcλ(n)
(
modZ(ZSn)i

)
.

Proof. The first statement uses the fact thatτ (mλ) = fλ. The other statements u
Proposition 3.2. ✷
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7. The 2-regular class symbol algebra

Recall thatF is a field of characteristic 2. A conjugacy class ofSn is said to be 2-
regular if all its elements have odd order. The author showed in [7, Corollary 5] tha
F -span of the class sums of the 2-regular classes forms a subalgebra ofZ(FSn). We call
this algebra the 2-regular algebraof Z(FSn). (More generally the centre of thep-modular
group algebra ofSn has ap-regular subalgebra, for each primep.)

We call a partition with all parts even a 2-partition. So a class ofSn is 2-regular if
and only if its modified cycle type is a 2-partition. It follows from (2.1) and the prev
paragraph that theF -span of{cλ | λ is a 2-partition} forms a subalgebra ofΛ⊗ F , which
we shall call the 2-regular class symbol algebra. The purpose of this section is to show th
this is a polynomial subalgebra ofΛ⊗F . This fact will be used to give explicit generato
for the 2-regular subalgebra ofZ(FSn).

We extend the notation for Catalan numbers slightly by settingCq = 0, whenever
q ∈Q\Z. For each pairλ/n, with λ a partition andn a positive integer, define

Cλ/n :=
∏
i

Cλi/n.

Proposition 7.1. h2
n ≡

∑
λ�2n Cλ/2cλ (mod 2).

Proof. We haveen =m[1n]. Soe2
n ≡m[2n] (mod 2). Applying the automorphismτ , we get

h2
n ≡ f[2n] (mod 2). Now ifλ is a partition of 2n, then

M(h, c)[n2],λ ≡M(f, c)[2n],λ (mod 2)

=M(h∗, e)λ,[2n] by (2.4)

=
{∏

i�1M(h∗, e)[λi ],[2λi/2], if λi is even for alli � 1;

0, otherwise.
(7.2)

Equation (3.6) gives

M(h∗, e)[2n],[2n] = (−1)2n

2n+ 1

(
2n+ 1

n

)
u[2n] = Cn. (7.3)

The proposition follows from (7.2) and (7.3).✷
Corollary 7.4. LetF be a field of characteristic2. Then the2-regular class symbol algebr
coincides with the polynomial algebraF [h2

1, h
2
2, . . .].

Proof. Lemma 3.1 implies that ifj � 1, thenCj/2 is odd if and only ifj + 2 is a power
of 2. It then follows from Proposition 7.1 that

h2
i ≡

∑
cλ (mod 2),
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for eachi � 1, whereλ ranges over the partitions of 2i, with each partλj of the form
2a − 2, for somea > 0. This shows that the subalgebra ofΛ⊗F generated by the image
of h2

1, h
2
2, . . . is contained in the 2-regular class symbol algebra.

There is an obvious bijection between the 2-partitions of 2i and the partitions of 2i
whose parts occur with even multiplicities. It then follows from a consideration oZ-
ranks, and the previous paragraph, that the images of{h2

1, h
2
2, . . .} form an algebraically

independent generating set for the 2-regular class symbol algebra.✷
Theorem 7.5. LetF be a field of characteristic2. For i = 1, . . . , �n/2�, set

Ri :=
∑

K ∈ Z(FSn),

whereK ranges over the conjugacy classes ofSn whose cycle decomposition consists
n − 2i cycles, each of length2e − 1, for somee � 0. ThenR1, . . . ,R�n/2� generate the
2-regular algebra ofZ(FSn).

Proof. The elementRi coincides with the image ofh2
i (n) in Z(FSn). Suppose thatSn has

a conjugacy class that contains 2i cycles. Then 2i � n. So i � �n/2�. Since{h2
1, h

2
2, . . .}

generate the 2-regular class symbol subalgebra inΛ⊗ F , it follows that{R1, . . . ,R�n/2�}
generate the 2-regular subalgebra ofZ(FSn). ✷

8. The involution class symbol algebra

Let tn denote the conjugacy class ofS∞ containing the involutions that are products
n commuting transpositions. Sotn = c[1n]. For convenience we sett0 := 1, andti := 0 for
i < 0. If λ is a partition, set

tλ :=
∏
i

tλi .

Also put t[] := 1. Recall thatF is a field of characteristic 2. The images of{tλ |
λ a partition} span a subalgebra ofΛ⊗F . We call this algebra theinvolution class symbo
algebra. We do not know whether it is a polynomial algebra. In Theorem 8.9 we exh
set of algebraically independent involution class symbols. It is possible that these ele
actually generate the involution class symbol algebra. In Section 9 we will show
slightly larger subalgebra ofΛ⊗ F is a polynomial algebra.

Proposition 8.1. tn = (−1)n
∑

λ�n Cλmλ.

Proof. The map that interchangeshn andh∗n is an involutary automorphism ofΛ. (But
note that it does not preserve the bilinear form〈 , 〉.) It follows that

M(c,m)=M(h,h∗)t =M(h∗, h)t =M(m,c).
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M(t,m)[n],λ =M(c,m)[1n],λ =M(m,c)[1n],λ =M(e, c)[n],λ.

The result now follows from Proposition 3.2.✷
SetDn :=

(2n−1
n−1

)
. Our interest inDn is partially due to the next lemma.

Lemma 8.2. LetC(x)=∑∞
n=0(−1)nCnxn. ThenC′(x)/C(x)=∑∞

n=1(−1)nDnx
n−1.

Proof. The binomial theorem can be used to show that

C(x)= −1+√1+ 4x

2x
.

SoxC(x)2+C(x)− 1= 0. Differentiating, we get

C′(x)
C(x)

= −C(x)
1+ 2xC(x)

= 1−√1+ 4x

2x
√

1+ 4x
= (1+ 4x)−1/2− 1

2x
.

The result follows from another application of the binomial theorem.✷
Let T (x) = ∑

n�0 tnx
n and setD(x) := T ′(x)/T (x) = ∑

n�1 dnx
n−1. So {dn} are

symmetric functions that satisfy

ntn =
n∑
i=1

ditn−i . (8.3)

Recall thatpn =mn. Our next result was inspired by Proposition 1.2 of [9].

Proposition 8.4. dn = (−1)nDnpn.

Proof. ClearlyT (x)=∏
i�1C(xix). So

T ′(x)
T (x)

= d

dx

[
lnT (x)

]=
∞∑
i=1

d

dx

[
lnC(xix)

]

=
∞∑
i=1

C′(xix)
C(xix)

xi =
∞∑
i=1

D(xix)xi by Lemma 8.2

=
∞∑
n=1

(−1)nDnpnx
n−1. ✷

The above proposition can be used to show that{tn | n � 1} is a set of algebraicall
independent generators ofΛ⊗Q. We omit the details.



J. Murray / Journal of Algebra 271 (2004) 725–748 741

es of

.4
Next we determine the parity ofDn.

Lemma 8.5. Letn be a positive integer. ThenDn is odd if and only ifn is a power of2.

Proof. This follows from

ν(Dn)= ν
(
(2n− 1)!)− ν

(
(n− 1)!)− ν(n!)

= ν
(
(2n)!)− ν(2n)− ν(n!)+ ν(n)− ν(n!)

= (
2n−L(n)

)− 2
(
n−L(n)

)− 1= L(n)− 1. ✷
This allows us to prove the following:

Corollary 8.6. Then the involution class symbol algebra is generated by the imag
{tn | n� 1, n is even orn= 1} in Λ⊗ F .

Proof. Suppose thatn� 0. We use induction onn to show that

t2n+1 ≡
∑
i�1

t2
i−1

1 t2n+2−2i (mod 2).

If n= 0 this equality is trivial. So suppose thatn > 0. Equation (8.3) and Proposition 8
imply that

(2n+ 1)t2n+1=
2n+1∑
i=1

(−1)iDipit2n+1−i .

It then follows from Lemma 8.5 that

t2n+1 ≡
∑
i�0

p2i t2n+1−2i (mod 2).

But p2n ≡ t2
n

1 (mod 2). So the inductive hypothesis gives

t2n+1≡
∑
i�0

∑
j�1

t2
i+2j−1

1 t2n+2−2i−2j (mod 2).

Let i �= j be positive integers. The terms in the above sum arising from(i, j) and(j, i) are
the same. So they cancel. We conclude that

t2n+1 ≡
∑
i�0

t2
i+2i−1

1 t2n+2−2i−2i (mod 2)

=
∑

t2
i−1

1 t2n+2−2i . ✷

i�1
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Next we refine our knowledge of the parity ofDn.

Lemma 8.7. Let n be a positive integer. Then(D2
n −D2n)/2 is an integer. This integer i

odd if and only ifn is a power of2 or a sum of two distinct powers of2.

Proof. SinceL(n) = L(2n), it follows from Lemma 8.5 thatDn andD2n have the same
parity. In particular(D2

n −D2n)/2 is an integer.
Suppose thatL(n)� 3. Then(D2

n−D2n)/2 is even, since bothDn andD2n are divisible
by 4.

Suppose thatL(n) = 2. ThenDn andD2n are congruent to 2 modulo 4. SoD2
n is

divisible by 4 and(D2
n −D2n)/2 is odd.

Finally, suppose thatn is a power of 2. ThenDn is odd. SoD2
n is congruent to 1

modulo 4. We prove thatD2n is congruent to 3 modulo 4 by induction. The base c
isD2= 3. The inductive step follows from

D2n = (4n− 1)(4n− 3) · · · (4n− (2n− 1))

(2n− 1)(2n− 3) · · · (2n− (2n− 1))
Dn

≡ (−1)(−3) · · ·(−2n+ 1)

(−1)(−3) · · ·(−2n+ 1)
Dn ≡Dn (mod 4).

We conclude that(D2
n −D2n)/2 is odd in this case. ✷

If α andβ are partitions, letα ∪ β denote the partition that is formed by arranging
parts ofα andβ in nonincreasing order.

If |α| = |β| = n, write α ≺ β if l(α) > l(β) or l(α) = l(β) andα precedesβ in the
reverse lexicographic order. Then≺ is a total order and

(i) every partition ofn precedes[n];
(ii) [n2] is the immediate predecessor of[2n]. (8.8)

Moreover, ifα,β, γ, δ are partitions withα ≺ γ andβ ≺ δ, thenα ∪ β ≺ γ ∪ δ.
Suppose thatn is 1 or an even integer. Define the partition

ε(n) :=
{ [n], if n is a power of 2;

[(n/2)2], if n is not a power of 2.

Forλ a partition with each part even or equal to 1, set

ε(λ) :=
⋃
i�1

ε(λi).

Then the mapλ→ ε(λ) is injective.
We now prove the main result of this section.
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Theorem 8.9. LetF be a field of characteristic2. Then

{tn | n is a power of2 or a sum of two distinct even powers of2}

is algebraically independent, when considered as a subset ofΛ⊗ F .

Proof. Let n� 1. ThenM(t,h)[n],[n] =M(c,h)[1n],[n] = (−1)nDn, using Proposition 4.1
It then follows from Lemma 8.5, and (i) of (8.8), that, modulo 2,

tn ≡
{
hn +∑{certainhµ with µ≺ [n]}, if n is a power of 2;∑{certainhµ with µ≺ [n]}, otherwise.

(8.10)

Now suppose thatn is not a power of 2. We havem[n2] = (p[n2] − p[2n])/2. So

M(t,h)[2n],[n2] =M(c,h)[12n],[n2] =M(m,h∗)[n2],[12n] by (2.4)

= (
M(p,h∗)[n2],[12n] −M(p,h∗)[2n],[12n]

)
/2

= (
D2
n −D2n

)
/2 using (4.3).

It then follows from Lemma 8.7, (ii) of (8.8), and (8.10), that, modulo 2,

tn ≡



h[(n/2)2] +

∑{certainhµ with µ≺ [(n/2)2]},
if n is a sum of two distinct even powers of 2;∑{certainhµ with µ≺ [(n/2)2]}, otherwise.

(8.11)

Let λ be a partition, such that each partλi is a power of 2 or a sum of two even powe
of 2. It follows from (8.10) and (8.11) that

tλ ≡ hε(λ)+
∑

{certainhµ with µ≺ λ} (mod 2).

The theorem now follows from the injectivity ofε. ✷

9. A polynomial subalgebra of the class symbol algebra

Recall thatF is a field of characteristic 2. In this the final section we show that
smallest subalgebra ofΛ ⊗ F that contains both the involution class symbol alge
and the 2-regular class symbol algebra is a polynomial algebra. We furnish it w
set of algebraically independent generators in Theorem 9.8. In view of Theorem
Corollary 9.9 provides evidence that the involution class symbol algebra is its
polynomial algebra.

For anyσ ∈ S∞, we may writeσ = σ2σ2′ = σ2′σ2, whereσ2 has order a power of 2 an
σ2′ has odd order. We callσ2 the 2-part of σ , andσ2′ the 2-regular partof σ . The 2-regular
parts of the elements of a class ofS∞ form a single 2-regular conjugacy class. We call
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set of classes whose 2-regular parts lie in a given 2-regular classK the 2-regular section
of S∞ that containsK.

Let λ be a partition and letN � 1. Extending the notion of a 2-partition, we call
partitionλ a 2N -partition if

λi �≡ −1
(
mod 2N

)
, for all i � 1.

Then{cλ | λ is a 2N -partition} are the conjugacy classes ofS∞ whose elements have ord
not divisible by 2N . It follows from (2.1), and the remark after Corollary 5 in [7], that the
symbols form anF -basis for a subalgebra ofΛ⊗ F . We call this algebra the 2N -regular
class symbol algebra.

Let≈ be the equivalence relation generated on the set of partitions by:

(i) If n� 1 then[2n+ 1] ≈ [n2,1].
(ii) If α,β, γ, δ are partitions, withα ≈ γ andβ ≈ δ, thenα ∪ β ≈ γ ∪ δ.

Both of the following lemmas are fairly obvious consequences of the definition of≈.

Lemma 9.1. Each≈ equivalence classes contains a unique partition with all odd p
equal to1.

Lemma 9.2. Letλ,µ be partitions ofn. Thenλ≈ µ if and only ifcλ andcµ are contained
in the same2-regular section ofS∞.

Following Farahat and Higman, we define

m(σ) :=
∑(|N | − 1

)
, for σ ∈ S∞,

whereN runs over all orbits ofσ on N. We call any expressionσ = σ1 · · ·σm, where
σ1, . . . , σm ∈ S∞, and

∑
m(σi) = m(σ), a minimal factorizationof σ . Every σ has a

minimal factorization into transpositions. IfN is an orbit ofσ on N, we will useσN for
the element ofS∞ that agrees withσ onN , and fixes all element ofN\N . SoσN ∈ SM ,
whereM =maxi∈N i.

The next two lemmas can be deduced from Lemma 3.5 of [1].

Lemma 9.3. Let σ = σ1 · · ·σm be a minimal factorization ofσ . Then each orbit ofσ is a
union of orbits of theσi .

Lemma 9.4. Letσ = σ1 · · ·σm be a minimal factorization ofσ . Suppose thatN is a union
of orbits ofσ . ThenσN = σN1 · · ·σNm is a minimal factorization ofσN .

We also need a technical lemma that concerns the multiplication of the class sy
cµ. Let {µi} be a sequence of partitions with

∑ |µi | = n. We may write

∏
cµi =

∑∣∣P ({cµi }; cλ)∣∣cλ,

λ�n
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where, forσ a fixed element ofcλ,

P
({cµi }; cλ)=

{
(σ1, σ2, . . .) ∈ cµ1 × cµ2 × · · ·

∣∣∣ ∏
σi = σ

}
.

Lemma 9.5. Suppose thatλ= α ∪ β , whereα andβ are partitions. Then

∣∣P ({cµi }; cλ)∣∣=
∑∣∣P ({cρi }; cα)∣∣× ∣∣P ({cνi }; cβ)∣∣,

where({ρi}; {νi}) range over all pairs of sequences of partitions for whichρi ∪ νi = µi ,
for all i � 1, and

∑ |ρi | = |α| and
∑ |νi | = |β|.

Proof. We demonstrate a bijection

P
({cµi }; cλ)←→

⋃
P

({cρi }; cα)× P
({cνi }; cβ).

Let σ ∈ cλ. Then there exists a partitionN = N ∪M, with Nσ = N andMσ =M,
such thatσN ∈ cα and σM ∈ cβ . Suppose that(σi) ∈ P({cµi }; cλ). Thenσi = σNi σMi
for i � 1, andσN = ∏

σNi and σM = ∏
σMi , using Lemma 9.4. NowσNi ∈ cρi and

σMi ∈ cνi , for some partitionsρi, νi . Clearlyρi ∪ νi = µi and(σNi ) ∈ P({cρi }; cα) and
(σMi ) ∈ P({cνi }; cβ). The map

(σi)−→
((
σNi

)
,
(
σMi

))

is reversible. This establishes the required bijection, and completes the proof.✷
We now concentrate on 4-partitions. Letν be a 4-partition. Set

kν :=
∑

{cµ | µ is a 4-partition of|ν| andµ≈ ν }. (9.6)

The first example wherekν �= cν occurs withν = [5]. Thenk[5] = c[5] + c[22,1].

Proposition 9.7. Let F be a field of characteristic2. Let λ be a partition and letµ be a
2-partition. Then the producttλcµ lies in theF -span of

{kν | ν is a 4-partition of |λ| + |µ|}.

Proof. Since[1n] andµ are 4-regular, it follows thattλcµ is contained in the 4-regula
class symbol algebra. Also, ifα andβ are partitions withα ∪ β = [1n], thenα = [1m] and
β = [1n−m], for somem. Similarly, if α ∪ β = µ, then bothα andβ are 2-regular. Using
Lemma 9.5, and the definition of≈, it is enough to show that

∣∣P(tλ, cµ; c[4n+1])
∣∣≡ ∣∣P(tλ, cµ; c[(2n)2,1])∣∣ (mod 2),

whenever|λ|+ |µ| = 4n+1, for somen� 0. This follows from Claims 1 and 2 below.✷
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Claim 1. Let |λ|+|µ| = 4n+1. We claim that eitherP(tλ, cµ; c[4n+1]) has even cardinality
or there is a uniquej � 1 such thatλj is odd, in which case

∣∣P(tλ, cµ; c[4n+1])
∣∣≡ ∣∣P(tλ1, . . . , tλj−1, . . . , cµ; c[(2n)2])

∣∣ (mod2).

Proof. Let σ ∈ S∞ have modified cycle type[4n+ 1]. We may assume thatσ ∈ S4n+2.
Thenσ has a single orbit on{1, . . . ,4n+2}. Now |µ| is even, since all parts ofµ are even,
while 4n+1 is odd. It follows thatλj is odd, for somej � 1. By a slight abuse of notation
we may assume thatλ1 is odd.

Let a = σ 2n+1. Then a ∈ t[2n+1] is an involution. Moreover,a generates a Sylow
2-subgroup of the centralizer ofσ in S4n+2. There existsb ∈ t[2n] that invertsσ . Clearly
K = 〈a, b〉 is elementary abelian of order 4. Assume that 4n+ 1,4n+ 2 are the unique
symbols fixed byb. ThenK acts without fixed points on{1, . . . ,4n}.

Let ({σi}, h) ∈ P(tλ, cµ; c[4n+1]). For i � 1, setbi := σi−1σi−2 . . . σ2σ1b. Define

({σi}, h)a = ({
σai

}
, ha

)
,

({σi}, h)b = ({
σ
bi
i

}
,
(
h−1)σ−1b)

.

A long but routine check establishes that both({σi}, h)a and ({σi}, h)b are elements o
P(tλ, cµ; c[4n+1]), and that this induces an action of the groupK on P(tλ, cµ; c[4n+1]).
This generalization of the Brauer homomorphism was discovered by R. Gow. See
further details.

Since K is a 2-group, the cardinality of the setP(tλ, cµ; c[4n+1]) is equivalent,
modulo 2, to the number of ordered tuples({σi}, h) ∈ P(tλ, cµ; c[4n+1]) such thatσai = σi ,

σ
bi
i = σi , for all i � 1, andha = h andhbσ = h−1.

Assume that there is such a tuple({σi}, h). Then σ1 ∈ tλ1, and σa1 = σ1 and σb1 =
σ
b1
1 = σ1. The 4-groupK hasn orbits on{1, . . . ,4n}, and it acts regularly on each orb

Let x be one of these orbits. Sinceσ1 ∈ C(K), eitherσ1 fixes each element ofx, or σ1
fixed no element ofx. We deduce that the number of elements of{1, . . . ,4n} that are fixed
by σ1 is divisible by 4. But

λ1=
(
4n+ 2− #{fixed points ofσ1}

)
/2.

Sinceλ1 is odd, it follows thatσ1 contains the transposition(4n+ 1,4n+ 2) in its cycle
decomposition. Now

∏
σih= σ is a minimal factorization ofσ . So(4n+ 1,4n+ 2) can

only occur in the cycle decomposition ofσ1. We deduce thatλi is even fori � 2. Also
(4n+1,4n+2)σ has modified cycle type[(2n)2], and(4n+1,4n+2)σ1 ∈ tλ1−1. Claim 1
follows easily from this. ✷
Claim 2. Let |λ| + |µ| = 4n + 1. We claim that eitherP(tλ, cµ; c[(2n)2,1]) has even
cardinality or there is a uniquej � 1 such thatλj is odd, and that

∣∣P(tλ, cµ; c[(2n)2,1])∣∣≡ ∣∣P(tλ1, . . . , tλj−1, . . . , cµ; c[(2n)2])
∣∣ (mod2).
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Proof. As in Claim 1, we may assume thatλ1 is odd. Let σ ∈ S∞ have modified
cycle type[(2n)2,1]. We may assume thatσ ∈ S4(n+1) and thatx = {1, . . . ,2n + 1},
y = {2n + 2, . . . ,4n + 2} andz = {4n + 3,4n+ 4} are the 3 orbits ofσ . Let a ∈ t2n+1
be an involution that centralizesσ . Soa interchanges the elements ofx andy, and fixes
both elements ofz.

Suppose thatP(tλ, cµ; c[(2n)2,1]) has odd cardinality. By an argument simpler than t
used in Claim 1, there exists({σi}, h) ∈ ∏

tλi × cµ with
∏
σih = σ , andσai = σi , for

all i � 1, andha = h. Let j ∈ x. Setk = a(j). Suppose thatσ1(j) �= j . Thenσ1(k) =
a(σ1(j)) �= k. Also k ∈ y. We deduce that the cycle decomposition ofσ1 contains the pai
of transpositions(j, σ1(j))(k, σ1(k)). As σ1 has an odd numberλ1 of transpositions in its
cycle decomposition, it follows thatσ1 contains the transposition(4n + 3,4n + 4). The
proof of Claim 2 now proceeds along the same lines as that of Claim 1.✷

We now prove the main result of this section.

Theorem 9.8. Let F be a field of characteristic2. Then the smallest subalgebra
Λ⊗F that contains the involution class algebra and the2-regular class algebra coincide
with theF -span of{kν | ν is a 4-partition}. This algebra is a polynomial algebra wit
algebraically independent generating set

{tn | n� 1 is a power of2} ∪ {
h2
n | n� 1 is not a power of2

}
.

Proof. It follows from (8.10) that the images of the elements of{tn | L(n) = 1} ∪ {h2
n |

L(n) > 1} form an algebraically independent set inΛ⊗ F .
LetA be the subalgebra ofΛ⊗F generated by the involution class symbol algebra

the 2-regular class symbol algebra. LetΛn be theZ-span of{cλ | λ � n}. Forλ a partition,
andi � 1, recall thatai(λ) denotes the multiplicity ofi as a part ofλ. The first paragraph
shows that dimF (A∩Λn) is not smaller than the cardinality of the set

{
λ � n | L(i)= 1 orai(λ) is even, for eachi � 1

}
.

There is an obvious bijection between this set and the set

{ν � n | all odd parts ofν equal 1}.

This bijection sendsλ→ ν, where

ai(ν)=


ai(λ), if i is a power of 2;

0, if i > 1 is odd;

ai/2(λ)/2, otherwise.

It now follows from Proposition 9.7 and Lemma 9.1 thatA coincides with theF -span of
{kν | ν is a 4-partition}. Moreover,A is generated by the elements of{tn | L(n)= 1}∪ {h2

n |
L(n) > 1}. This completes the proof of the theorem.✷
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Note 1. A similar argument shows that

{t2n | n� 0} ∪ {t2n+2m | n >m> 0} ∪ {
h2
n | n� 1, L(n) > 2

}

also form a set of algebraically independent generators for theF -algebra spanned b
{kν | ν is a 4-partition}.

Corollary 9.9. t14 lies in theF -algebra generated byt1, t2, t4, t6, t8, t10, t12.

Proof. We haveL(14)= 2. Note 1 implies thatt14 can be written as anF -polynomial in
{t1, t2, t4, t8} ∪ {t6, t10, t12} ∪ {h72}. However (8.10) and (8.11) show thatM(t,h)λ,[72] = 0,
for each partitionλ of 14. The result follows immediately from this.✷

Acknowledgments

I thank Arun Ram for alerting me to the existence of Farahat and Higman’s result
for providing me with a copy of Jucys’ paper. Thanks are also due to the organizers
Representations of Finite Groups meeting held at the Mathematisches Forschungs
Oberwolfach, in March 2001.

References

[1] H.K. Farahat, G. Higman, The centres of symmetric group rings, Proc. Royal Soc. London (A) 250
212–221.

[2] R. Gow, Real 2-blocks of characters of finite groups, Osaka J. Math. 25 (1988) 135–147.
[3] A.-A.A. Jucys, Symmetric polynomials and the center of the symmetric group ring, Rep. Math. Phys. 5

107–112.
[4] A. Lascoux, J.Y. Thibon, Vertex operators and the class algebras of symmetric groups, in: Zap. Nauch

S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), Vol. 283, Teor. Predst. Din. Sist. Komb. i Algoritm. Me
Vol. 6, 2001, pp. 156–177, 261.

[5] I.G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd Edition, Clarendon, Oxford, 1995.
[6] G.E. Murphy, The idempotents of the symmetric group and Nakayama’s conjecture, J. Algebra 81

258–265.
[7] J. Murray, Squares in the centre of the group algebra of a symmetric group, Bull. London Math. Soc.

(2002) 155–164.
[8] H. Nagao, Y. Tsushima, Representations of Finite Groups, Academic Press, Boston, MA, 1989.
[9] G. Walker, Modular Schur functions, Trans. Amer. Math. Soc. 346 (1994) 569–604.


