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Abstract

Under certain conditions, solutions of the boundary value problem, y” = f(x, y,y’), y(x1) = y1, and
y(xp) — szzl r;y(n;) = y2, are differentiated with respect to boundary conditions, where a < x| < 1 <
c<Nm <xp<b,ri,...,rmeR,and y1, y; € R.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we will be concerned with differentiating solutions of certain nonlocal boundary
value problems with respect to boundary data for the second order ordinary differential equation,

"=f(x,y,y), a<x<b, (1.1)
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satisfying
m
Y=y, ) =Y riy(m) =y, (12)
i=1
wherea < x| <np <---<n, <xp<b,and y;, y2,r1,...,ry € R, and where we assume:

() f(x,u1,u2):(a,b) x R = R is continuous,
(i) g—i(x, u,u2): (a,b) x R - R are continuous, i = 1, 2, and

(iii) solutions of initial value problems for (1.1) extend to (a, b).

We remark that condition (iii) is not necessary for the spirit of this work’s results, however, by
assuming (iii), we avoid continually making statements in terms of solutions’ maximal intervals
of existence.

Under uniqueness assumptions on solutions of (1.1), (1.2), we will establish analogues of a
result that Hartman [8] attributes to Peano concerning differentiation of solutions of (1.1) with
respect to initial conditions. For our differentiation with respect to boundary conditions results,
given a solution y(x) of (1.1), we will give much attention to the variational equation for (1.1)
along y(x), which is defined by

"= ﬁ ! i / /
7 = s (x, y(0). y'(0))z + "™ (x, y(), ' (0))z7. (13)

Interest in multipoint boundary value problems for second order ordinary differential equa-
tions has been ongoing for several years, with much attention given to positive solutions. To see
only few of these papers, we refer the reader to papers by Bai and Fang [1], Gupta and Trofim-
chuk [7], Ma [15,16] and Yang [23].

Likewise, many papers have been devoted to smoothness of solutions of boundary value prob-
lems in regard to smoothness of the differential equation’s nonlinearity, as well as the smoothness
of the boundary conditions. For a view of how this work has evolved, involving not only boundary
value problems for ordinary differential equations, but also discrete versions, functional differ-
ential equations versions and smoothness versions concerning solutions of dynamic equations on
time scales, we suggest the manifold results in the papers [2-6,8—12,14,17-22]. In fact, smooth-
ness results have been given some consideration for (1.1), (1.2) when m =1, r; = 1; see [13].

The theorem for which we seek an analogue and attributed to Peano by Hartman can be stated
in the context of (1.1) as follows:

Theorem 1.1 (Peano). Assume that with respect of (1.1), conditions (1)—(iii) are satisfied. Let
X0 € (a, b) and y(x) = y(x, xg, c1, ¢2) denote the solution of (1.1) satisfying the initial condi-
tions y(xg) = c1, ¥'(x0) = ¢. Then,

dy

(a) e and ;Ty exist on (a,b), and a; = a_cy-’ i = 1,2, are solutions of the variational equa-
1

tion (1.3) along y(x) satisfying the respective initial conditions,

a1 (xg) =1, o) (x) =0,
W) =0, o) =1.

(b) ;Tyo exists on (a, b), and B = ;—);vo is the solution of the variational equation (1.3) along y(x)
satisfying the initial conditions,
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B(x0) = —y'(x0),
B (x0) = —y" (x0).
(c) 3 L (x) = = (x0) 52 (x) — ¥ (x0) 325 (x).

In addition, our analogue of Theorem 1.1 depends on uniqueness of solutions of (1.1), (1.2),
a condition we list as an assumption:

(iv) Given a < x1 <n; < -+ < < x2 < b, if y(x1) = z(x1) and y(x2) — Zlm:] riy(ni) =
z(xp) — Z;"zl riz(n;), where y(x) and z(x) are solutions of (1.1), then y(x) = z(x).

We will also make extensive use of a similar uniqueness condition on (1.3) along solutions y(x)
of (1.1).

(v) Given a <x; <n < -+ <y < x2 < b, and a solution y(x) of (1.1), if u(x;) =0 and
u(xy) — Z;"zl riu(n;) =0, where u(x) is a solution of (1.3) along y(x), then u(x) =0.

2. An analogue of Peano’s Theorem for (1.1), (1.2)

In this section, we derive our analogue of Theorem 1.1 for boundary value problem (1.1),
(1.2). For such a differentiation result, we need continuous dependence of solutions on boundary
conditions. Such continuity was established recently in [11], which we state here.

Theorem 2.1. Assume (1)—(iv) are satisfied with respect to (1.1). Let u(x) be a solution of (1.1)
on(a,b),andleta <c<xy<ny <---<ny <xy<d<b be given. Then, there exists a 5 > 0
such that, for |x; —t;| <6, i =1,2, |pi — 7| <6, i=1,....,m, |ri —pi| <6, i=1,...,m,
and u(x1) — y1] <8, lu(x2) — > i riu(n;) — y2| < 8, there exists a unique solution us(x)
of (1.1) such that us(t1) = y1, us(t2) — Y _r—, pius(ti) = y2, and {ug")(x)} converges uniformly
to u(j)(x), as 8 — 0, on[c,d], for j =0, 1.

We now present the result of the paper.

Theorem 2.2. Assume conditions (1)—(v) are satisfied. Let u(x) be a solution (1.1) on (a,b).

Leta <x1<n < <Ny <Xx2 <b be given, so that u(x) = u(x, X1, X2, U1, U2, N1, -+ Nm>
..., m), where u(x1) =uy and u(xp) — Zf":l riu(n;) = uy. Then,
(a) (,i—[”l and 337”2 exist on (a,b), and y; = g—;‘[_, i = 1,2, are solutions of (1.3) along u(x) and

satisfy the respective boundary conditions,

m

nen=1,  yix) =Y riy@) =0,
i=1
m
NG =0,  yx) =Y riym) =1
i=1
(b) W and 3” exist on (a,b), and z; = e?Tu-’
satlsfy lhe respeclive boundary conditions,

i = 1,2, are solutions of (1.3) along u(x) and
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21(x1) = —u'(x1), 21(x2) = Y _rizi(n;) =0,
i=1

20 =0, 2@ =Y rnm)=—u'(x).
i=1
(c) For1 <j<m, 087 exists on (a, b), and w; = 317 ,j=1,...,m,isasolution of (1.3) along
u(x) and satisfies
m
wiG) =0, wj(x) — Y riw;(m) =rju (n)).
i=1
(d) For1<j<m, - > exists on (a,b), and v; = a -, j=1,...,m, is a solution of (1.3) along
u(x) and satlsﬁes

vj(x1) =0, vj(Xz)—Zrivj(ni)=u(nj).

i=1

Proof. For part (a) we will give the argument for 33—”, since the argument for 38—“ is some-
uj uz

what similar. In this case we designate, for brevity, u(x, X1, X2, U1, U2, N1y --ey Mms T 1s---»Fm)
by u(x, uy).
Let § > 0 be as in Theorem 2.1. Let O < |i| < § be given and define

1
yin(x) = E[u(x, wy+h) —u(x,up].

Note that u(x1,u1 +h) =u1 + h, and u(x1,u1) = uy, so that, for every h # 0,

1
yin(x1) = E[ul +h—u]=1.

In addition, for every i # 0,

m

1
Yin(e2) = Y riyin(ni) = ;L2 —u2] =0.

i=1
Let

Bo=u'(x1,u1),
and

e =e(h) =u'(x;,u1 +h) — fa.

By Theorem 2.1, €3 = €3(h) — 0, as h — 0. Using the notation of Theorem 1.1 for solutions of
initial value problems for (1.1) and viewing the solutions u as solutions of initial value problems,
we have

1
Yin(x) = E[y(x,xmtl +h, B2+ €2) — y(x, x1,u1, B2)].

Then, by utilizing a telescoping sum, we have
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1
Yin(x) = [{y(x xi,ur+h, B+ €) — y(x,x1,u1, f2r + €2)}

+ {y, x1,u1, B2+ €2) — y(x, x1,u1, B}

By Theorem 1.1 and the Mean Value Theorem, we obtain
1 _
Yin(x) = o (x, y(x,x1,u1 +h, B2+ €2)) (w1 +h —uy)

1
+ Zaz()h y(x, x1,u1, B2 +€)) (B2 + €2 — fa).

195

where o; (x, y(+)), i = 1, 2, is the solution of the variational equation (1.3) along y(-) and satisfies

in each case,

aj(xy)) =1, o) (x1) =0,

az(x1) =0, oh(xy) = 1.

Furthermore, u; + / is between u; and u; + h, and B + &> is between B> and Bo + €. Now

simplifying,
- €2 _
yin(x) =aj(x, y(x, xi,u1 +h, B2+ €2)) + Eaz(x, y(x, x1,u1, B2+ €)).

Thus, to show limj_,q y15(x) exists, it suffices to show limy,_,¢ éh—z exists.

Now a2 (x, y(-)) is a nontrivial solution of (1.3) along y(-), and oz (x1, y(-)) = 0. So, by

assumption (v),

m

2(x2, () = D rica(mi, y()) #

i=1

However, we observed that yj,(x2) — Z:'n=1 riyin(mn;) = 0, from which we obtain

e YiLiriai (i, y(x, xi,ut+hy Bo 4 €) —ai (o, y(x, X1, ut + 1 B2 + €2))

h (o, y(x, xi,ur, fo+ &) — i rico(ni, y(x, X1, u1, B2 + €))]

As a consequence of continuous dependence, we can let 7 — 0, so that

m €2 —[ai(x2, y(x, x1,u1, B2)) — Yry rio (i, y(x, x1, ut1, B2))]
h—0 h loa (x2, y(x, x1, w1, B2)) — D7 rica (i, y(x, x1, u182))]
_ o (o, u()) = 30 rien (i, u ()]
o (e, u() — Y0 rien (i, u(-)]
=D.

Let y;(x) =1limjy_ 0 y14(x), and note by construction of yjj(x),

ou
yi(x) = —(x, uy).
ouy
Furthermore,

i) = lim yip () = @1 (¥, y(x, x1, 11, 2) + Do (x, u(x, x1)),
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which is a solution of the variational equation (1.3) along u(x). In addition because of the bound-
ary conditions satisfied by yj;(x), we also have

m

yitxp) =1, yi(2) =Y riyi(ni) =0,

i=1

This completes the argument for 0‘)—“
uj

In part (b) of the theorem, we will produce the details for 5’7"1, with the arguments for E?T“z
being somewhat along the same lines. This time, we designate u(x, X1, X2, U1, U2, N1, - -, Nm,

Flye-oy¥m) by u(x, x1).
So, let § > 0 be as in Theorem 2.1, let 0 < || < § be given, and define

1
Z1n(x) = E[M(val +h) —u(x, x1)).

Note that

—

zin(xn) = —[u(xr, x1 +h) — u(xi, x1)]

—_

= E[u(xl,xl +h) —u(xi +h,x1 +h)]

L,
= —E[u (Cxy,n> X1+ h) ~h]
= _u/(c)q,hsxl + h)v

where ¢y, ; lies between x| and x1 + A. In addition, we note that

m

2in(x2) = Y rizun(ni)

i=1

1 m m
= —[u(xz,m +h) =Y riu(ni, xi+h) — ulx, x) - Zriu(m,xl)H

h 4 ‘
i=1 i=1
1

= Z[uz —uz]

= O’
for every h # 0. Next, let

Bo=u'(x1,x1),

er=€1(h) =ulxy,x; +h) —uy,
and

e2=¢ey(h) =u'(x1,x1 +h) — Ba.

Let us note at this point that
€1

5 = amtn) = —u'(Cxy.n, X1+ h).

By Theorem 2.1, both € — 0 and €3 — 0, as & — 0. As in part (a), we employ the notation

of Theorem 1.1 for solutions of initial value problems for (1.1), and viewing the solutions u as

solutions of initial value problems, we have
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1
z1p(x) = %[y(xﬁq,m +e1, B+ €)= y(x,x1,u1, Br)]

1
= E[)’(X,xl,ul +er, Bo+e)—y(x,x1,ur, B2+ e€)

+ y(x, x1,u1, B+ €2) — y(x, x1,u1, f2)].
By the Mean Value Theorem,

1
21 (x) = —[ero1 (x, y(x, x1, us + €1, B2 4 €2)) + e2aa (x, y(x, x1,u1, B2 + €2))].
h

where u1 + €1 lies between u1 and u; + €1, B2 + €2 lies between > and B> + €2, and a1 (x, y(-))
and oz (x, y(-)) are the solutions of (1.3) along y(-) and satisfy, respectively,

ay(x)) =1, o) (x1) =0,
a(x) =0,  ayx)=1.
As before, to show limy,_, ¢ 715 (x) exists, it suffices to show limj, ¢ % and limy, ¢ eh—z exist. Now,

from above

€1
}}l_r)rbﬁ = 1111})Zlh()61) =-— hm u'(Cxy o, X1 +h) = —u'(x1).

Since a2 (x, y(+)) is a nontrivial solution of (1.3) along y(-) and since a3 (x1, y(-)) =0, it follows
from assumption (v) that

m

2(x2. () Z 2(nis y () #

From z1;,(x2) — /L, rizin(n;) =0, we have
€ < 61) A
h h ) oaz(x2, y(x, x1,u1, B2+ €)) — Y ity rica(ni, y(x, x1,u1, fo + €))’

m

A=ai(x2, y(x, x1, 11+ €1, B+ €2) = D ricti (ni, y(x, x1,u1 + €1, 2 + €2)).
i=1

And so,

lim &2 — w' (xp)ar (xa, y(x1, x1, 1, B2)) — Y oimy rio (i, y(x, x1, ut, £2))]
h—0 h a2 (x2, y(x, x1,u1, B2)) — DLy rica(ni, y(x, x1, u1, B2))
' (en)la (e, u () = D07 e (i, ()]
(o, u() = Y rien(ni, u(-)
=FE.

From the above expression,
€1 €2 -
2 = - (x, y(x1,x1,u1 + €1, B2+ €2)) + ;az(x, y(x,x1,u1, B2+ 62)),

and we can evaluate the limit as &7 — 0. If we let z;(x) =limy_¢ 215 (x), then z; (x) = 3x , and
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z1(x) = ;}i_r)l})zm(x)
=—u'(xp)ar(x, y(x, x1,u1, B2)) + Eoz(x, y(x, x1,u1, B2))
= —u'(xp)az(x, u(x, x1)) + Eaz(x, u(x, x1)),

which is a solution of (1.3) along u(x). In addition, from above observations, z>(x) satisfies the
boundary conditions,

z1(x1) = lim z1,(x1) = —u'(x1),
h—0

() = ) riza (i) = lim (zmo@ ZriZIh(fli)) =0.

i=1 i=1

This completes the proof for 3"’7"

The proofs of (c) and (d) are in very much the same spirit.

For (c), we fix 1 < j < m, and this time we designate wu(x, Xy, X2, U1, U2, N1s---, Nm,
T1,..., ) by u(x,n;). Let § > 0 be as in Theorem 2.1, let 0 < |h| < § be given, and define

wijp(x) = %[u(x, nj+h) —ux,n)].
Note that for every h # 0, w;(x1) = 0. Next, let
Bo=u'(x1,n}),
and
ex=exy(h) =u'(x1,n; +h).

By Theorem 2.1, ¢ — 0, as h — 0. Again, we use the notation of Theorem 1.1 for solutions of
initial value problems for (1.1), and viewing the solutions u as solutions of initial value problems,
we have

1
wip(x) = E[Y(X, xi,u1, B2 +€) — y(x, x1,u1, B2)].
By the Mean Value Theorem,
€2 _
win(x) = Eaz(x, y(x, x1,u1, B2+ €)),
where a>(x, y(-)) is the solution of (1.3) along y(-) and satisfies

ar(x1) =0, asy(x)) =1,

and B, + € lies between B and B, + €. Once again, to show limy, o w5 (x) exists, it suffices
to show limy, .o $ exists.

Since oy (x, y(-)) is a nontrivial solution of (1.3) along y(-) and since a3 (x1, y(-)) =0, it
follows from assumption (v) that

2(x2,¥()) Zrzaz ni,y()) #

i=1
Hence,
€2 _ wjn(x2) — Y iy riwin(ni)
b an(xa, y(x,x1,u1, B2+ €)) — Yit  riaa(ni, y(x, x1,u1, B2 + €))
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We look in more detail at the numerator of this quotient. Consider

wp(x2) —Zriwj'h(m)

i=1
1 m m
= |:u(x2, nj+h)— Zriu(m, nj+h) |:u(x2, nj)— Zriu(nh ﬁji|i|

i=1 i=1

1
=z|:u(x257)j +h) — Z riu(mi,n; +h) —rju(m; +h,nj+h)
ie{l,...mN\{j}

Uz
+rju(nj+h,r;j+h)—rju(nj,77j+h)i|—7
_Q_Q+rju(nj+h,nj+h)—rju(nj,nj+h)
h h h
Py
:ﬁ][’/‘(flj+h,77j+h)_u(77j,rlj+h)]
nj+h
:% / u/(s,nj—l-h)ds
nj
o
=h—"u/(cj-,h,nj+h)(nj+h—nj)

=rju'(cjn nj+h),
where c; j, is between 7 and n; + h. So, as h — 0 we obtain
riu'(cp,nj+h) —rju'(nj,n;) =u'(n)).

When we return to the quotient defining Gh—z, we compute the limit,

lim € riu'(nj)
im — = o
h—0 h OlZ(XZ» y(-xa-xlv ur, /32)) - Zi:] Viaz(ni, y(X, X1,U1, 52))
_ riu'(n;)
s (xo, u(-)) — 3L rica(ni, u(-))

= Ej.
From w jj, (x) = Faa(x, y(x, x1, u1, B2 + &)), if we let w;(x) = limy o w (x), then w;(x) =
rj%,and
nj
i(x)=lim w;
w;(x) hLOwjh(X)
= Ejaz(x, y(x, x1,u1, £2))
= Ejas(x, u(x, n))),

which is a solution of (1.3) along u(x). In addition, from above observations, w (x) satisfies the
boundary conditions,

w;(x1) =;}ig%)wjh(xl) =0,
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and

m
w;j(x2) — Zriwj(ni) =rju'(n).
i=1
This concludes the proof of (c). ‘
It remains to verify part (d). Fix 1 < j < m as before. We consider 5’7”/ To thisend, let § > 0
be as in Theorem 2.1 and let 0 < || < §. Define '

1
Ujh(x)ZZ[”(X,T’j‘i‘h)—u(xvrj)],
where, for brevity, we designate u(x, X1, X2, U1, U2, 01, .., M, F1, - - ., Fy) by u(x, r;). Note that
1
Vip=— — =0,
ih h(ul up)
for every h # 0. Also, we see that
m
Ujh(x2)—zrivjh(ni)
i=1

1 m
=7 [M(XL rj+h) —u(xa,rj)— ;ri (u(mi,rj+h) —un;, Vj))]

1 m m
= E|:M(x2, rj+h) —u(x,rj)— Zriu(’?iﬂ’j +h)+ Zriu(m‘,rj)]

i=1 i=1

1 1 — Uus
:Eu(xz,rj-l—h)—ﬁlzl:riu(ni,rj +h)—7
=7 u(x,rj . .rlu(n,,r] ) —rju(n;j,r; )
iefl,..., mi\{j}

u
— hu(nj,rj+h) +hu(nj, r; +h)} - 72

1
=E|:u(x2,rj+h)— Z Viu(ﬁi,rj+h)—(rj+h)u(rlj,rj+h):|
ie(l....m\{j}
u
+uj,rj+h)— 72
us us
= 7+M(77j,”j +h) — N
=u(nj,rj+h).
And so by Theorem 2.1,
m

vin(x2) = Y rivjn(n) = ulnj, ), h—0.

i=1

Now recall that, u(x1,7;) = u1, and define

Bo=u'(x1,r}),
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and
e2=e(h)=u'(xi,rj+h) — pa.

As usual, e — 0 as 1 — 0. Once again, using the notation for solutions of initial value problems
for (1.1), we have

1
vjn(x) = Z[y(x,xl, ui, o+ €) — y(x, x1,u1, f2)].
By the Mean Value Theorem,

1
vjn(x) = Eaz(x,y(x,m, ui, B2+ €2)) (B2 + €2 — B2)

> B}
= ;az(x, y(x, x1,u1, B2 + €2)),

where a2 (x, y(+)) is the solution of (1.3) along y(-) and satisfies

) =0,  ay@x)=1,
and B, + €, lies between B> and B, + €. As in previous cases considered, it follows from as-
sumption (v) that

m

2(x2, () = D rica(mi, y()) #
i=1
Hence,
€ _ vjn(x2) = 27ty rivin(ni)
h o on(xa, y(x,x1,u1, B +€)) — Y rica(ni, y(x, X1, u1, fo +€))
and so from above,

lim €2 riju(n;,r;)
im = = o
h—0 h  ax(xa, y(x, x1,u1, B2)) — Doiey rica(ni, y(x, x1, u1, B2))
_ riu(n;,r;)
an(x2,u () — i rica(ni, u(-)

= Ej.
From v, (x) = eh—zaz(x,y(x,xl,ul,ﬁz + €)), if we set v;(x) = lim,_ovj,(x), we obtain
vi(x) = g—fj, and in particular,

vj(x)= ;}g% vjp(x)

= Ejas(x, y(x,x1,u1, f2))
= Ejo(x,u(x,n))),
which is a solution of (1.3) along u(x). In addition, v;(x) satisfies the boundary conditions,

vj(x1) =I}i£})wjh(X1) =0,

and
m

vj(x2) = Y _riv;(m) =u;).
i=1
This completes case (d), which in turn completes the proof of the theorem. O
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We conclude the paper with a corollary to Theorem 2.2, whose verification is a consequence
of the two-dimensionality of the solution space for the variational equation (1.3). In addition, this
corollary establishes an analogue of part (c) of Theorem 1.1.

Corollary 2.3. Assume the conditions of Theorem 2.2. Then, fori =1, 2,
ou , ou

=—u(x;)7—,

axi au[

andfor 1 < j <m,

du u'(n;) du
— =7 —.
a7 uny) or;
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