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Abstract

This work deals with braneworld scenarios in the presence of real scalar field with standard dynamics. We show that the first-order formalism,
which exists in the case of flat brane, can be extended to bent brane, for both de Sitter and anti-de Sitter geometry. We illustrate the results with
some examples of current interest to high energy physics.
© 2006 Elsevier B.V.
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1. Introduction

In this work we focus attention on the braneworld scenario
described in five-dimensional space–time with warped geom-
etry involving a single extra dimension. The issue is to con-
sider branes in five-dimensional anti-de Sitter (AdS) geometry,
embedding four-dimensional AdS, Minkowski (M), or de Sit-
ter (dS) geometry. The scenario was set forward in Refs. [1,2],
and in the presence of dynamical bulk scalar fields in Ref. [3].
The five-dimensional warped model of Randall–Sundrum [2],
the RS2 model, requires a single infinite extra dimension, and
has raised an impressive amount of attention.

Among the important issues, an interesting methodological
concern has appeared with the possibility of investigating the
equations of motion via first-order differential equations. This
issue is addressed for instance in Refs. [4–11], and it is nicely
solved in case the four-dimensional embedded geometry is flat.
In the more general case, if the braneworld engenders four-
dimensional embedded dS or AdS geometry, some progress was
shown in Refs. [11–13] and in references therein.

The present investigation examines the issue of extending
the first-order formalism to the case of bent brane, that is, we
deal mainly with the possibility of obtaining first-order equa-
tions in braneworld scenario driven by scalar field, with embed-

* Corresponding author.
E-mail address: bazeia@fisica.ufpb.br (D. Bazeia).
0370-2693 © 2006 Elsevier B.V.
doi:10.1016/j.physletb.2006.02.017

Open access under CC BY license.
ded geometry of the AdS, M, or dS type. We open a new route
to investigate the subject, which we explain below. The main
result is related to the recent study of Friedmann–Robertson–
Walker (FRW) model for scalar fields coupled to gravity in
the four-dimensional cosmological environment [14], with di-
rect interest to dark energy. Evidently, the motivation arises
together with the importance of finding first-order formalism,
which directly simplifies analysis of the problem and opens new
avenues of investigations, both of them contributing to a better
understanding of the questions the subject has raised. With due
care, our result can be used to generalize the investigation done
in Ref. [14]. Thus, it is of interest to cosmology, and also to
braneworld cosmology [15–19].

Our investigations inspect Einstein’s equation and the equa-
tion of motion for the scalar field in a very direct way. We con-
sider models described by real scalar fields in five-dimensional
space–time with AdS geometry, which engenders a single extra
dimension and generic four-dimensional space–time with AdS,
M, or dS geometry. The power of the method that we develop in
this Letter is related to an important simplification, which leads
to models governed by scalar field potential of very specific
form, depending on two functions, W = W(φ) and Z = Z(φ).
As we show below, we relate the functions W and Z to the
warp factor, and this leads to scenarios where the scalar field
may also be connected with W and Z, unveiling a new route
to investigate the subject. We illustrate our findings with some
examples of current interest to high energy physics.
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2. Formalism

The model that we investigate is described by the action

(1)S =
∫

d4x dy
√|g|

(
−1

4
R +L(φ, ∂iφ)

)
,

where φ stands for a real scalar field and we are using 4πG =
1, together with dimensionless fields and coordinates. The line
element of the five-dimensional space–time is AdS, and can be
written as

(2)ds2
5 = gij dxi dxj = e2A ds2

4 − dy2

for i, j = 0,1, . . . ,4. Also, the line element of the four-dimen-
sional space–time can have the form

(3)ds2
4 = dt2 − e2

√
Λt

(
dx2

1 + dx2
2 + dx2

3

)
or

(4)ds2
4 = e−2

√
Λx3

(
dt2 − dx2

1 − dx2
2

) − dx2
3

for dS or AdS geometry, respectively. Here e2A is the warp
factor and Λ represents the cosmological constant of the four-
dimensional space–time; the limit Λ → 0 leads to the line ele-
ment

(5)ds2
5 = e2Aημν dxμ dxν − dy2,

where ημν , μ,ν = 0,1,2,3, describes Minkowski geometry.
As usual, the brane is bent for AdS or dS geometry, and flat
for Minkowski space–time.

The scalar field dynamics is governed by the Lagrange den-
sity

(6)L= 1

2
gij ∂

iφ∂jφ − V,

where V = V (φ) represents the potential, which specifies the
model to be considered. The standard scenario is to suppose that
both A and φ are static, depending only on the extra dimension.
That is, we set A = A(y) and φ = φ(y), and now the equation
of motion for the scalar field has the form

(7)φ′′ + 4A′φ′ = Vφ,

where prime denotes derivative with respect to y, and Vφ =
dV/dφ. We first consider Einstein’s equation for Minkowski
four-dimensional space–time. This leads to the flat brane case,
and we get

(8a)A′′ = −2

3
φ′2,

(8b)A′2 = 1

6
φ′2 − 1

3
V (φ).

To get to the first-order formalism, we introduce another
function, W = W(φ), which can be used to see the warp factor
as a function of the scalar field. We do this writing the first-order
equation

(9)A′ = −1

3
W.
We use this equation and Eq. (8a) to get to

(10)φ′ = 1

2
Wφ

and now the potential in Eq. (8b) has the form

(11)V = 1

8
W 2

φ − 1

3
W 2.

Evidently, Eqs. (9) and (10) solve Eqs. (7) and (8) for the above
potential (11). We can also change W → −W to get another
possibility without changing the potential. This result is very
interesting, since it simplifies the calculation significantly. As
one knows, it was already obtained by other authors in for-
mer works [5,6]. See also Refs. [20–22] for other comments
concerning the first-order formalism in arbitrary dimension in
supergravity.

We illustrate this case with the example

(12)Wp(φ) = 2p

2p − 1
φ(2p−1)/p − 2p

2p + 1
φ(2p+1)/p,

where p is odd integer. The case p = 1 is special, and repro-
duces the φ4 model in flat space–time. This model was first
introduced in [23], and it was recently considered within the
braneworld context in [24]. The scalar field is now given by
φ(y) = tanhp(y/p), and this gives

A = −1

3
C+ tanh2p(y/p)

(13)

+ 2

3
p(C+ − C−)

{
ln

[
cosh(y/p)

] −
p−1∑
n=1

1

2n
tanh2n(y/p)

}

with C± = p/(2p ± 1).

Another interesting example, which leads to analytical in-
vestigation of its stability (see below) is given by the superpo-
tential W = 3a sinh(bφ). It gives the potential

(14)V (φ) = 9

8
a2b2 cosh2(bφ) − 3a2 sinh2(bφ)

and the solutions

(15a)φ(y) = 1

b
arcsinh

[
tan

(
3

2
ab2y

)]
,

(15b)A(y) = − 2

3b2
ln

[
c sec

(
3

2
ab2y

)]
,

where a, b, and c are real constants. Here we see from A(y) that
the metric has a naked singularity at the value y∗ = π/3ab2.
See also Refs. [25–28] for other examples of branes supported
by scalar fields.

We now consider the general case of four-dimensional AdS,
Minkowski or dS geometry. This leads to the bent brane case,
and we use Einstein’s equation to get

(16a)A′′ + Λe−2A = −2

3
φ′2,

(16b)A′2 − Λe−2A = 1

6
φ′2 − 1

3
V (φ)
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for dS geometry. The case of Minkowski space–time is obtained
in the limit Λ → 0, which leads us back to Eqs. (8), and for
AdS, we have to change Λ → −Λ.

The presence of Λ makes the problem much harder. Inter-
esting investigations have been already appeared in Refs. [6,7,
12,13] and in references therein. Here, however, we follow an-
other route. The key issue is that the presence of Λ signals the
need of new constraints, and we suggest that

(17)A′ = −1

3
W − 1

3
ΛαZ

and

(18)φ′ = 1

2
Wφ + 1

2
ΛβZφ,

where Z = Z(φ) is a new and in principle arbitrary function of
the scalar field, to respond for the presence of the cosmological
constant, and α and β are real parameters. These parameters
lead to interesting possibilities: if we compare (9) and (10) with
(17) and (18) we see that α = 0 makes no change in the equation
for the warp factor, and β = 0 does not modify the equation
for the scalar field. The general extension is inspired in a very
recent work [14], in which a first-order formalism was shown
to work for cosmology, to describe scalar field in curved space–
time. However, the investigation done in Ref. [14] corresponds
to the case α = 0 and β �= 0. The present procedure is clear,
concise, and direct, and can be easily used to provide solutions
to specific problems, as we show below.

The general extension will be further examined in a longer
work, in preparation. In the present Letter, we take α = 1 and
β = 1 − s, which suffices to illustrate the procedure. In this
case, in the braneworld scenario generated by scalar field, the
potential V (φ) is given by

V = 1

8

(
Wφ + Λ(1 − s)Zφ

)(
Wφ + Λ(1 + 3s)Zφ

)
(19)− 1

3
(W + ΛZ)2

and we now have to include the constraint

WφφZφ + WφZφφ + 2Λ(1 − s)ZφZφφ − 4

3
WZφ

(20)− 4

3
ΛZZφ = 0

which opens new routes for braneworlds driven by scalar field
under the presence of the cosmological constant.

To illustrate the power of this procedure, let us consider the
case given by Z = W . This possibility leads to

(21)
3

2
cWφφ − W = 0,

where c = (1 + (1 − s)Λ)/(1 + Λ). This makes W bounded
or not, depending on the sign of c. We consider an example,
described by W = 3a sinh(bφ), for b = ±√

2/3c, and for c pos-
itive. In this case we have

V = 3

4
a2(1 + Λ)

[
1 + (1 + 3s)Λ

]
cosh2(bφ)

(22)− 3a2(1 + Λ)2 sinh2(bφ).

The scalar field has the form

(23)φ(y) = 1

b
arcsinh

[
tan

(
a(1 + Λ)y

)]
and now A is given by

(24)A(y) = −1

2
ln

[
sa2(1 + Λ) sec2(a(1 + Λ)y

)]
,

where we have to take s(1 + Λ) > 0. Here we see from A that
the metric has a naked singularity at the value y∗ = π/2a(1 +
Λ). This is similar to the model studied in the second work in
Ref. [7], which investigates the second-order differential equa-
tions of motion. Our investigation is much easier, thanks to the
first-order formalism introduced above.

3. Stability

The study of stability of the solutions can be done choosing
a gauge were the general metric fluctuations have the form

(25)ds2 = e2A(y)(gμν + εhμν) dxμ dxν − dy2.

Here gμν = gμν(x, y) represents the four-dimensional AdS, M,
or dS metric, hμν = hμν(x, y) represents the metric perturba-
tions, and ε is a small parameter. We follow Ref. [6], introduc-
ing the coordinate z to make the metric conformally flat with
the choice dz = e−A(y) dy. In this case, stability of the solu-
tions leads to the Schrödinger equation for metric perturbations,
under the choice of transverse and traceless gauge,

(26)−d2ψ(z)

dz2
+ V (z)ψ(z) = k2ψ(z)

with

(27)V (z) = −9Λ

4
+ 9

4
A′2(z) + 3

2
A′′(z)

for dS geometry; for AdS, we change Λ → −Λ, and for
Minkowski we take Λ = 0. For Λ = 0, the Schrödinger equa-
tion factorizes in the form [6]

(28)

[
− d

dz
+ 3

4
A′(z)

][
d

dz
+ 3

4
A′(z)

]
ψ(z) = k2ψ(z)

and so there is no bound-state with negative energy; the zero

mode is the zero-energy state ψ0(z) = e− 3
4 A(z), which identifies

the ground-state of the quantum mechanical problem.
In the case of Λ �= 0, the stability is more involved and

should be studied very specifically. For simplicity, however, we
firstly examine the case with Λ = 0. We consider Eq. (15b), for
b = ±√

1/3. In this case we have

(29)A(z) = 2 ln 2 − ln
(
4c2 + a2z2/c2)

which leads to

(30)V (z) = 12
a2

2

a2z2/c2 − c2

2 2 2 2 2
.

c (a z /c + 4c )
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This is a volcano-like potential which supports the zero mode
and no other bound state. The braneworld scenario is stable,
and the graviton is the zero mode which binds to the brane [6–
9]. This is the standard scenario in the absence of cosmological
constant, and it also appear when we deal with scalar field that
engenders unconventional self-interactions [24] or with two-
field models [29].

As the next example, let us consider the same model, by now
with b = ±√

2/3. This choice leads to

(31)A(z) = ln

[
1

c
sech

(
a

c
z

)]

and the potential has the form

(32)V (z) = 9

4

a2

c2
− 15

4

a2

c2
sech2

(
a

c
z

)
.

This is a modified Pöschl–Teller potential. It supports the zero
mode and another bound state, massive, with eigenvalue k2 =
2a2/c2, inside the gap between the zero mode and the con-
tinuum, which starts at k2 = 9a2/4c2. We notice that both the
continuum and the massive bound state may be far away from
the zero mode for a � c.

We now turn attention to the case of Λ �= 0. We consider an
interesting example, given by the result obtained in Eq. (24),
which leads to

(33)A(z) = −1

2
ln

[
sa2(1 + Λ) cosh2(qz)

]
.

The potential is now given by

(34)V (z) = 9

4

(
q2 − Λ

) − 15

4
q2 sech2(qz),

where q2 = (1 + Λ)/s. The model supports two bound states,
with the labels k2

0 = −9Λ/4 and k2
1 = 2q2 − 9Λ/4. For Λ neg-

ative we get to AdS4 geometry, and the two bound states have
positive eigenvalues, making the solution stable. The absence
of zero mode indicates that there is no massless graviton, in
accord with the Karch–Randall model [30]; see also [31,32].
On the other hand, we can introduce a massless mode with the
restriction q2 = (1 + Λ)/s = 9Λ/8, but this leads to a bound
state with negative eigenvalue, a tachyonic state with energy
−9Λ/4, which shows that now Λ has to be positive. This re-
sult indicates that the possibility of a geometric transition from
AdS4 to dS4 would not occur stably. It is interesting to notice
that in the above model, the limit Λ → 0 changes the potential
(34) to (32) under the identification s = c2/a2. Other interest-
ing comments concerning the above braneworld scenario with
non-zero cosmological constant can be found in Ref. [7], and in
references therein.

We remark that the first-order procedure introduced in Sec-
tion 2 has very directly led to the model studied in Ref. [7], there
examined by means of second-order differential equations. The
example introduced with W(φ) = 3a sinh(bφ) very clearly il-
lustrates the importance of the first-order procedure set forward
in the present work.
4. Ending comments

In this work we have shown how to write a first-order formal-
ism, to describe scenarios where the braneworld is supported
by scalar field, including the possibility of the brane to have
AdS, Minkowski, or dS geometry. The crucial ingredient was
the introduction of W = W(φ) and Z = Z(φ), from which we
could express both A and φ in terms of first-order differen-
tial equations, for the potential engendering very specific form.
The first-order equations have the general structure dA/dy =
−(1/3)(W + ΛαZ) and dφ/dy = (1/2)(Wφ + ΛβZφ), where
Λ is the cosmological constant and α and β are real parameters.
The importance of the procedure is related not only to the im-
provement of the process of finding explicit solution, but also
to the opening of another route, in which we can very fast and
directly investigate the subject.

The approach used in this work focuses on the equations of
motion, and provides a direct way to investigate the subject. The
procedure used in [6,12] is more sophisticated. In particular, in
Ref. [12] there is an interesting investigation based on fake su-
pergravity. The power of the methodology there employed leads
to important improvements, concerning both the construction
of solutions and the non-perturbative study of stability, valid
in arbitrary dimensions. The procedure of the present study
is simpler. It is inspired on a former work on FRW cosmol-
ogy [14], and offers a concise and direct manner to investigate
the problem. Its simplicity poses interesting issues, in partic-
ular the investigation of the connection between our approach
and the general methodology of Ref. [12], for instance, the un-
veiling of plausible relations between the pair of parameters
α and β , introduced in the first-order equations, with different
gauge choices for the complex, SU(2)-valued matrix W which
appears in Section IV of Ref. [12]. Another interesting issue
concerns extensions of the present work to models described by
two or more scalar fields, which are of direct interest to branes
and strings. Although the formal steps may appear straightfor-
ward, the simplicity of the present approach allow practical im-
provements, concerning the explicit solution of more involved
models. These and other related issues are presently under con-
sideration, and will be the subject of another work.
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