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Abstract

The notion of a formally smooth bimodule is introduced and its basic properties are analyzed. In particular it is proven that a
B—A bimodule M which is a generator left B-module is formally smooth if and only if the M-Hochschild dimension of B is at
most one. It is also shown that modules M which are generators in the category o [M] of M-subgenerated modules provide natural
examples of formally smooth bimodules.
© 2007 Elsevier B.V. All rights reserved.

MSC: Primary: 16D20; secondary: 14A22

1. Introduction

The notion of a (formally) smooth algebra was introduced in [15]. It has been recognized in [6] that smooth
(or quasi-free) algebras can be interpreted as functions on non-commutative nonsingular (smooth) affine varieties
or as analogues of manifolds in non-commutative geometry. This point of view was then developed further in [10],
where an approach to smooth non-commutative geometry was outlined. In [11] this gave rise to the introduction of
formally smooth objects, morphisms and functors as main building blocks of non-commutative algebraic geometry.
Following on, the non-commutative geometric aspects of smooth algebras (or, more generally, R-rings or smooth
algebra extensions) such as tangent and cotangent bundles or symplectic structures were discussed in [7] (cf. [17]),
in the framework of double derivations. A general algebraic approach to formal smoothness in monoidal abelian
categories, including the cohomological aspects, was recently proposed in [2,3].

The aim of this paper is to find a common ground for the notions of formal smoothness which have attracted so
much attention in recent literature. The basic idea for this goes back to [16], where it is observed that properties of
an extension of algebras, such as separability, can be encoded more generally as properties of bimodules rather than
algebra maps. We thus propose the definition of a formally smooth bimodule, and show that this notion encodes smooth
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algebras and smooth extensions (which can be understood as smooth algebras in the monoidal category of bimodules).
Furthermore we show that a smooth bimodule can be interpreted as a smooth object in the sense of [11]. The definition
of a smooth bimodule is presented within the framework of relative homological algebra, making specific use of
tools recently developed in [2], and, in particular, developing the module—relative-Hochschild. cohomology. With
these tools we show that separable bimodules can be understood as (non-commutative, relative) “bundles of points”
(objects with zero relative-Hochschild dimension), while the formally smooth (generator) bimodules can be viewed
as (non-commutative, relative) “bundles of curves” or “line bundles” (objects with relative-Hochschild dimension at
most one). On a more module-theoretic side, we show that given a left B-module M with endomorphism ring S, M is
a separable B—S bimodule if and only if it is a generator of all left B-modules. On the other hand, if M is a generator
in the category o [M] of M-subgenerated left B-modules, then M is a formally smooth B—S bimodule.

Module-theoretic conventions. By a ring we mean a unital associative ring. g M, My, pM 4 denote categories of
(unital) left B-modules, right A-modules and B—A bimodules. Morphisms in these categories are respectively denoted
by pHom(—, —), Hom (—, —) and pHom4 (—, —). For a B—A bimodule M we often write g M, M 4, p M 4 to indicate
the ring and module structures used. The arguments of left B-module maps are always written on the left. This induces
a composition convention for the endomorphism ring S := gEnd(M) of p M, which makes M a B—S bimodule. Given
bimodules g M 4 and g N1, we view the abelian group pHom(M, N) as an A-T bimodule with multiplications defined
by

(m)(aft) := (ma) ft, forall f € pHom(M,N), ac A, me M, teT.
For a B—A bimodule M, *M denotes the dual A—B bimodule gHom(M, B).

2. Relative projectivity and separable functors
2.1. Relative projectivity and injectivity

A convenient description and conceptual interpretation of formally smooth or separable bimodules is provided by
relative cohomology. In this introductory section we recall the basic properties of relative derived functors. Most of
the material presented here can be found in [8, Chapter IX].

Let € be a category and let H be a class of morphisms in €. An object P € € is called f-projective, where
f : C; — C3is amorphism in €, if

C(P, f): &P, C1) = C(P, (Cr), g fog

is surjective. P is said to be H-projective if it is f-projective for every f € H.
The closure 'H of the class of morphisms H is defined by

H = {f € €| ifan object P € € is H-projective, then P is f-projective} .

Obviously, H contains 7 as a subclass and 7 is said to be closed if H = H. A closed class H is said to be projective
if, for each object C € €, there is a morphism f : P — C in H where P is H-projective.

If € is an abelian category and H is a closed class of morphisms in €, then a morphism f € Cis called H-admissible
if in the canonical factorization f = p o &, where u is a monomorphism and £ is an epimorphism, £ is an element of
‘H. An exact sequence in € is called H-exact if all its morphisms are H-admissible. Finally, an H-projective resolution
of an object C € € is an H-exact sequence

e —> Pnipn_l%—‘i-.-ﬁmﬁpoﬂceo,
such that P, is H-projective, for every n € N. If H is a projective class of epimorphisms in €, then every object in €
admits an H-projective resolution.

Let B, € be abelian categories and let { be a projective class of epimorphisms in B (so that every object in B
admits an H-projective resolution). Given a contravariant additive functor T :*8 — € and given an H-projective
resolution in ‘B

P,— B —0



1074 A. Ardizzoni et al. / Journal of Pure and Applied Algebra 212 (2008) 1072—-1085

of B, the object H*(T(P,)) depends only on B and yields an additive functor
HT:B — ¢, 4 T(B) :=H"(T(P,)).

The functor RY, T is called the n-th right H-derived functor of T.
As in the absolute case, one can show that any short H-exact sequence

0— By — B, —> B3—0

in ‘B yields a long exact sequence
0 — R), T (B3) - R}, T (By) - R}, T (By) - Ry T (B3) — - -
-+ — RY,T(B3) - R T(By) — R4 T (B) = Ry 'T(B3) > -

of H-derived functors (cf. [8, Theorem 2.1, page 309]).

Let B, € be abelian categories and let H be a projective class of epimorphisms in 8. A contravariant functor
T : B — C is said to be left H-exact if, for every H-exact sequence By — B, — B3z — 0, the sequence
0 — T (B3) —> T (B2) — T (By) is exact. By [8, pages 311-312] a contravariant left H-exact functor T : B — €, is
additive and naturally isomorphic to Rg{T. Furthermore, R}, T (P) = 0, for every n > 0 and for every H-projective
object P.

We now provide the main example of a closed projective class that we are interested in.

With any functor H : B — 2 we associate the class of H-relatively split morphisms:

Ey = {f € B | H(S) splits in 2A}.

Theorem 2.1 ([2, Theorem 2.2]). Let (T,H) be an adjunction between the categories A and B, with counit
¢ : TH — Idsg . For any object P € ‘B, the following assertions are equivalent:

(a) P is Eg-projective.

(b) Every morphism f : B — P in &y has a section.

(c) The counit ep : TH(P) — P has a section.

(d) There is a splitting morphism 7 : T(X) — P for a suitable object X € 2.

In particular all objects of the form T(X), X € 2, are Eg-projective. Moreover Ey is a closed projective class.

Thus & is a projective class. Note that since, for any object Y € B, the morphism H (sy) is split by npy), the
counit of adjunction ¢y is in the class &y. To apply the derived functors one needs to determine when &y is a class
of epimorphisms (in which case any object in B admits an Eg-projective resolution). The necessary and sufficient
conditions for this are given in the next proposition, which is the only (mildly) new result in this section.

Proposition 2.2. Let (T, H) be an adjunction, where H : B — 2 is a covariant functor. Let ¢ : TH — Idsg be the
counit of the adjunction.
The following assertions are equivalent:

(a) &m is a class of epimorphisms.
(b) The counit ey : TH(Y) — Y is an epimorphism for every Y € B.
(c) H : B — U is faithful.

Proof. (a) = (b) For all objects ¥ € B, ey € &p. Since & is assumed to be a class of epimorphisms, ey is an
epimorphism.
(b) < (c) This is a standard description of a right adjoint faithful functor; see e.g. [13, Section 2.12, Proposition 3].
(c) = (a) It follows by the fact that faithful functors reflect epimorphisms. [

By Theorem 2.1, & is always a projective class, and it is a class of epimorphisms, provided the equivalent
conditions of Proposition 2.2 hold. In this case any object in ‘B admits an &p-projective resolution which is
unique up to a homotopy. Thus, for every B’ € ‘B, one can consider the right Ey-derived functors R%HFB/ of

Fp = B(—, B') : B — 2b. These functors play a special role in what follows.
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Definition 2.3. Let 2, B be abelian categories. Let (T, H) be an adjunction, where H : 8 — 2[is a covariant functor.
If &y is a class of epimorphisms and the functor Fpr := B(—, B’) is left Eg-exact for every B’ € B, then for every
B, B’ € %8, we set

Ext%H(B, B) = REHFB/(B).
The study of relative injectivity can be carried out in a dual way, i.e. working in the opposite category of € (note

that if a category is abelian, so is its opposite category). In particular, the dual of Theorem 2.1, [2, Theorem 2.3], states
that the class of relatively cosplit morphisms,

It = {g € A | T(g) cosplits in B},
is a closed injective class. Dualizing Proposition 2.2 one concludes that Zt is a class of monomorphisms iff T is a
faithful functor.

2.2. Separable functors

The notion of a separable functor was introduced in [12]. Following the formulation in [14], a covariant functor
H : B — 2 is said to be separable if and only if the transformation B(—, —) — A(H(—), H(-)), f — H(f), isa
split natural monomorphism.

As explained in [12, Lemma 1.1], any equivalence of categories is separable, and a composition of separable
functors is separable. Furthermore if a functor H o T is separable, then so is T. By [12, Proposition 1.2], a separable
functor reflects split monomorphisms and split epimorphisms. This then implies that, for a pair of functors T : 2 — ‘B
and H : B8 — ¢, with H separable, the class of H o T-relatively split morphisms (resp. H o T-relatively cosplit
morphisms) is the same as the class of T-relatively split morphisms (resp. T-relatively cosplit morphisms), i.e.

&ior = &1 (resp. Zpor = I1).
A particularly useful criterion of separability of a functor with an adjoint is provided by the Rafael theorem:

Theorem 2.4 ([14, Theorem 1.2]). Let T be a left adjoint of a covariant functor H.

(1) T is separable if and only if the unit of the adjunction is a natural section.
(2) H is separable if and only if the counit of the adjunction is a natural retraction.

Combining Theorem 2.4 with Theorem 2.1 (and its dual) we obtain

Corollary 2.5. Let T : 24 — B be a covariant functor with right adjoint H.

(1) If H separable, then any object in B is Eg-projective.
(2) If T separable, then any object in U is I-injective.

3. Module-relative-Hochschild cohomology

In this section we introduce and compute (in a special case) the Hochschild cohomology relative to a bimodule.
This cohomology is used in the description of separable and formally smooth bimodules.
Let A, B and T be rings. Given a bimodule g M 4, consider the following adjunction:

Ly : aMr — pMr, Ry : pMp — aMr
Lr(X) =M®4u X, Rr(Y) = pHom(M, Y).
Note that the counit ¢” of this adjunction is, for all Y € pMr,
ey :M®4 pgHom(M,Y) > Y,  m®a [ (m)f.
We would like to compute the cohomology relative to the class
Em,r = Er, = {f € pMr | pgHom(M, f) splitsin 4 Mr}

To apply the derived functors we need to determine when &y, 7 is a class of epimorphisms.
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Proposition 3.1. Let ¢ : LyRy — Id g pqp e the counit of the adjunction (ILt, Rr). The following assertions are
equivalent:

(@) Em.r is a class of epimorphisms for every ring T.
(a/) Em. B is a class of epimorphisms.
@) & M.z s a class of epimorphisms.
(b) The counit 8)7; :LrRy (Y) — Y is an epimorphism for every ring T and for every Y € pMr.
(b)) The counit 85 :LgRp (Y) — Y is an epimorphism for every Y € pMp.
(") The counit 8% :LzR7z(Y) — Y is an epimorphism for every Y € gpMz = g M.
(©) Ry : pMr — s My is faithful for every ring T.
(c/) Rp : pMp — s Mp is faithful.
") Ry : pM — s M is faithful.
(d) The evaluation map
evy : M®4*M — B, evuy(m®a f) = (m) f,

where *M := gHom (M, B) is an epimorphism (of B-bimodules).

(e) M is a generator in g M.

Proof. The equivalences (a) < (b) < (¢), (3') & (V') & (¢/) and (") & (b”) & (¢”) follow by Proposition 2.2.
The implication (c) = (c’) is obvious, while (a’) = (d) follows by identifying ev,; with the counit of adjunction (at
B) sg € Eum. p- The latter is in the class £y p, and hence is an epimorphism (by assumption (2’)). The equivalences
() & (d) & (e) are standard characterizations of generators in the category of modules (cf. [19, 13.7]). Finally,
since, for all f € gHomy (Y, Y’), Ry (f) = gHom (M, f) = Ry (f), the condition (¢”) implies (¢). O

Clearly, for every Y’ €g Mp, the functor Fy, := gHomp(—, ¥Y’) : pMp — b is left £y p-exact so, in view of

equivalent conditions in Proposition 3.1 we can propose the following:

Definition 3.2. Let M be a B—A bimodule which is a generator as a left B-module, and let £y p be the class of all
B-bimodule maps f, such that pgHom(M, f) splits as an A—B bimodule map. The M-Hochschild cohomology of B
with coefficients in a B-bimodule N is defined by

Hj, (B, N) :=Exty (B, N).

(cf. Definition 2.3 for the explanation of the relative Ext-functor).
If the number

min{n e NU{0} | H' (B, N) = O forevery N € BMB}

exists, then it is called the M-Hochschild dimension of B and is denoted by Hdimy,(B). Otherwise B is said to have
infinite M-Hochschild dimension.

Similarly to the non-relative case, M-Hochschild cohomology can be equivalently described as the cohomology
of a complex associated with the standard resolution. The standard resolution can be described in general as follows.
Start with an additive functor H : B — 2 of abelian categories with a left adjoint T. This defines a comonad F := TH
on B with the counit given by the counit of adjunction (T, H), ¢ : TH — Idgs. For an object B € ‘B, one considers
the associated augmented chain complex

d d,
B B -2 F2(BY - F(BY - FO(B) = B — 0,
where

d, = Z (=D F' (epn-i(g))

i=0
(see [21, 8.6.4, page 280]).
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Proposition 3.3. Let 2, B be abelian categories. Let H : B — 2 be a faithful covariant functor with a left adjoint
T. For all objects of B, the associated augmented chain complex is an Ey-exact sequence.

Proof. Let ¢ : TH — Idgg be the counit of the adjunction and let 1 : Idg — HT be the unit of the adjunction. For all
integers n > —1, define

Sn = N a1yt HF"TH(B) — HF""(B).
Then, H (dy) o s—1 = H (¢B) o ng(p) = Idp(p). Furthermore, for all n > 0, d,, = epn(p) — F (dy—1), so that
H (dn+1) oSy = H (EF"+1(B)) o nHF”Jrl(B) —HF (dn) o nHF”+1(B)

= H (epnt1(5)) © g+ gy — NP B) © H (dn)
= ldypn+1(py — Sn—1 0 H (dn) .
where the second equality follows by the naturality of the unit of adjunction. Hence s, is a contracting homotopy

for the complex (H(F*(B)), H(d,)), which implies that the augmented chain complex (F*®(B), d,) is an Ey-exact
sequence. [

In the case of the adjunction (Lp, Rpg), the comonad is F = M ®4 pHom(M, —). Application of the functor
pHomp(—, N) : pMp — b to the associated augmented chain complex results in the cochain complex

(gHomp(F*(B), N),d* := pHomp(ds, N)),

whose cohomology is Hj, (B, N).

The M-Hochschild cohomology has a particularly simple description in the case where M is a progenerator left
B-module. In this case it can be identified with a (relative-)Hochschild cohomology of the endomorphism ring of M.
This can be described as follows.

Given a ring extension A — S (or an A-ring S), the A-relative-Hochschild cohomology of S with values in an
S-bimodule W [9], H*(S|A, W), is defined as the cohomology of the cochain complex

0 1 2 3
0 — sHoma(A, W) 5 sHomu(S, W) 2> sHomu(5®42, W) 2 sHomu(5®43, wy % ...

where, for all f € sHomu (§®4" W),n=0,1,2,...,

B'(f) =y o (S®af)+ Y (=D fo(S¥ ' @ams®a S ) + (=" ufy o (f ®4 S).

i=1

Here MZW, uy, denote left and right S-multiplication, respectively, on W and mg : S®4 S — S is the product
map. Also, in the case n = 0, the obvious isomorphisms A ®4 S >~ S®4 A =~ § are implicitly used. H*(S|A, W)
can be understood as the Hochschild cohomology of the algebra S in monoidal category of A-bimodules (cf. [3,
Theorem 4.42]). The Hochschild dimension of S over A is then defined by

Hdim(S|A) := min {n € NU {0} | H'*! (S|A, W) = 0 for every W €5 MS} :
provided that the minimum on the right hand side exists.

Theorem 3.4. Let A, B be rings. Consider a bimodule gM s such that pM is a progenerator. Let S be the
endomorphism ring of the left B-module M. Then, for all B-bimodules N,
Hj},(B,N) =H* (S|A,*"M ®p N ®p M)
Furthermore, for a fixed n € N, the following assertions are equivalent:

(a) H},(B, N) =0, for every B-bimodule N.
(b) H" (S]1A, W) = 0, for every S-bimodule W.

In particular

Hdim, (B) = Hdim(S|A).
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Proof. Since M is a finitely generated and projective left B-module, the functor Rp is isomorphic to *M ®p (—)p -
The comonad comes out as

F(N)=LgRp(N)=C®pgN, forall N € gpMgp,

where C := M ®4 *M = LgRp (B). The counit of adjunction at B is simply the evaluation mapevy : M @4 *M —
B, m®a f — (m)f. Using the standard isomorphisms C ®p B ~ C, and applying the Hom-functor to the
augmented chain complex associated with B, we can identify H}, (B, N) with the cohomology of the cochain complex

% 4 ®p2 Ay & ®p3 A B
0 — gHompg(B, N) — gHompg(C, N) — gHompg(C®?“, N) > gHomg(C®2°, N) > .-,

where, for all f € gHomg(C®3" N),n=0,1,2,...,

n

d¥(f) =Y (=1) fo(C® @pevy ®pCZ" ).
i=0

Since M is a finitely generated and projective left B-module, S can be identified with *M ® g M. Under this

identification, the product is given by *M ®p evy ®p M and the unit is the dual basis element Zae 1 fea Qpeg.
Furthermore, one can consider the isomorphisms

@, : gHomp(C®E"! N) — 4Homa(S®A",*M ®p N ®p M),
defined by
[0 ()1 (x) = (*M®p f®p M) (1s®4x®4 ls), forevery x € S¥4".

Using the definitions of cochain maps and above identification of S, one easily checks that these isomorphisms fit into
the commutative diagrams

a’*
zHompg(B, N) BN gHompg(C, N)
~| 1 P
—1
NB—={neN|bn=nbVbeB) 2> A Homy(A *M®zN Q5 M)
and
d*
gHomp (C®8" N) N pHomp (C®8"+1 N)
Dp1 L &

n—1

4Hom (S®4"~! *M @5 N @5 M) 2>  sHom,(S®4",*M @5 N @5 M)
This immediately implies that
H}, (B, N) =H* (S|A,*M ®p N ®p M),

as required.
It remains to prove that the statements (a) and (b) are equivalent. The implication (b) = (a) is obvious. To prove
the converse, take any S-bimodule W and define a B-bimodule N = M @5 W ®gs *M. Then

*MRENQRQpBM="MRIPMISWR*MRIppM=SQW®RsS=W.

This completes the proof. [
4. Separable bimodules

The aim of the section is to supplement (and extend) the functorial description of separable bimodules in
[4, Corollary 5.8] with the cohomological description of such bimodules. First recall from [16] the following:
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Definition 4.1. Let A, B be rings. A B—A bimodule M is said to be separable, or B is said to be M-separable over
A if the evaluation map

evy : M®4*M — B, evy(m®a f) = (m)f,
is a split epimorphism of B-bimodules.

Throughout this section, M is a B—A bimodule, and L7, Ry, £y 7 are the functors and the class of morphisms
(associated with M) described at the beginning of Section 3.

Proposition 4.2. The following assertions are equivalent for a B—A bimodule M.

(a) M is a separable bimodule.

(b) Forall rings T, Ry : pM71 — s Mr is a separable functor.

(¢c) Rp : pMp — s Mp is a separable functor.

(d) Rz : M — g4 M is a separable functor.

(e) Any B-bimodule is Eyr, p-projective.

(f) B is Ey p-projective.

(g) M is a generator in pM and H}; (B, N) = 0, for every N € g Mp and for every n > 1.
(h) M is a generator in pM and H}VI(B, N) =0, for every N eg Mp.

(1) M is a generator in g M and Hdimy;(B) = 0.

Proof. (a) = (b) For any B—T bimodule Y, there is a (natural in Y) A-T bimodule map
E:*M®pY — gHom(M, Y), m®py > [mi> (m)*myl,

(cf. [1, Proposition 20.10]). Tensoring this map with M, we obtain a B—T bimodule map
EMR1*™MRpY - M®4 gHom(M, Y).

It is clear from the definition and naturality ofé that, forallx € (M @4 *M)8 :={x e M @4 *M | Vb € B, xb = bx},
themap E(x ®p —) : Y — M ®4 pHom(M, Y) is natural in ¥ and B-T bilinear.

If M is a separable bimodule, then there exists s € (M ®4 *M )8 such that evy(s) = 1. One easily checks that
&(s ® 4 —) is a natural splitting of the counit of the adjunction (L7, R7). Hence, by Rafael’s theorem (Theorem 2.4),
R7 is a separable functor.

Implications (b) = (c) and (e) = (f) are obvious, while the equivalence (a) < (d) is proven in [4, Corollary 5.8].
The implication (c)=> (e) follows by Corollary 2.5.

Since evyy is the same as the counit of adjunction (Lp, Rp) evaluated at B, the implication (f) = (a) follows by
Theorem 2.1. Thus, if B is 7, p-projective, then ev,y is an epimorphism, and hence M is a generator in 3 M by Propo-
sition 3.1. Therefore, the equivalences between (f), (g), (h) and (i) follow by the definitions of M-Hochschild coho-
mology of B with coefficients in N and M-Hochschild dimension of B, and by the properties of EX%M,B (-, —). O

Recall that a ring morphism A — S is called a separable extension if the product map mgs : S®4 S — S has an
S-bimodule section.

Proposition 4.3 ([16, Theorem 1]). Let A, B be rings. Consider a bimodule g M 4 such that M is a finitely generated
and projective left B-module. Let

S=3pEnd (M) =Rs (M) ~*M®p M.
The following assertions are equivalent:

(a) pM 4 is a separable bimodule.
(b) M is a generator in g M and the canonical morphismi : A — S, a — [m +— mal is a separable extension.

Proof. By Proposition 4.2, a separable bimodule M is a generator in g M. Thus, in both cases, M is a progenerator
and, by Theorem 3.4, Hdim, (B) = Hdim (S| A). Since the extension A — S is separable if and only if Hdim (S|A) =
0 (cf. [3, Theorem 4.43]), the assertion follows by Proposition 4.2.
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The proposition can also be proven directly as follows. In both cases M is a progenerator left B-module, and hence
S is isomorphic to *M ® g M (M is finitely generated and projective) and B is isomorphic to M ®s*M (gM is a
generator). These isomorphisms allow one to identify the product mg in S with *M ®p evyy ® g M, and evy with
M ®gsmgs Qs *M. With these identifications, the mutual equivalence of statements (a) and (b) is clear. [

Remark 4.4. For a left B-module M, let S = gEnd (M). For the B—S bimodule M, the map i of Proposition 4.3 is
the identity and hence it trivially defines a separable extension. Still 3 M g needs not be a separable bimodule unless
g M is a generator in g M (see Corollary 5.11).

5. Formally smooth bimodules

In this section we introduce the notion of a formally smooth bimodule, give a cohomological interpretation and
describe examples of such bimodules. Throughout this section, M is a B—A bimodule, and, for any ring 7', L7, Rr,
Em. 1 are the functors and the class of morphisms (associated with M) described at the beginning of Section 3.

Definition 5.1. Let A, B be rings. A B—A bimodule M is said to be formally smooth or B is said to be M-smooth
over A whenever the kernel of the evaluation map

evy : M®4*M — B, evy(m®a f) = (m) f.
is an &y, p-projective B-bimodule.

Following [11] a pair of functors Uy : 2 — 2, U* : 2 — A such that U* is fully faithful and left adjoint to U, is
called a Q-category. As explained in [11, Section 2.5], with any category € and any class of morphisms H in € which
contains all the identity morphisms, one can associate a Q-category as follows. First construct the category ), whose
objects are elements f, g of H and morphisms are commutative squares

M—N
fi lg
M/ > N/

where the horizontal arrows are in €. The inverse image functor U* : € — §) is

M—L=nN
U*: M+ idy, <ML>N)+—> idMi J{idN
M*f>N
The direct image functor U, :  — € is defined by
M M —>N
U, : if — M, fl J{g > (M——=N).
M’ M —— N’

We denote this Q-category by 23, and call it a Q-category induced by the class H. Following [11, Sections 3.7 & 4.5]
an object P € € is said to be formally 23-smooth if and only if, for every f € H, the mapping €(P, f) is a strict
epimorphism (i.e. a surjective map) of sets. Thus P is formally 2A3/-smooth if and only if P is H-projective. This
leads immediately to the following lemma, which also explains the choice of the terminology.

Lemma 5.2. A bimodule pM 4 is formally smooth if and only if Ker(evy) is a formally smooth object in the
Q-category induced by the class of morphisms Ey p.

The following proposition gives the first examples of formally smooth bimodules.
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Proposition 5.3. A B—A bimodule M is formally smooth whenever one of the following conditions holds:

(1) M is a separable bimodule.
(2) The map evy, is injective.

Proof. (1) If M is a separable bimodule, then Proposition 4.2 implies that any B-bimodule is £y p-projective. In
particular Ker(evys) is £y, p-projective.
(2) If evyy is injective, then Ker(evyy) is trivial, and hence £y p-projective. [

The cohomological interpretation of formally smooth bimodules is provided by the following:

Proposition 5.4. Let A, B be rings. Take a B—A bimodule M which is a generator in gM. Then the following
assertions are equivalent:

(a) M is a formally smooth bimodule.

(b) H},(B,N) =0, forall N € pMp and alln > 2.
(c) H3,(B,N) =0, forall N €y Mp.

(d) Hdimy,(B) < 1.

Proof. The equivalences (b) < (¢) < (d) follow by the definitions of the M-Hochschild cohomology of B with
coefficients in N and the M-Hochschild dimension of B, and by the properties of ExtéM R (=, —).

(a) < (c). Write (L, i1) for the kernel of ev,s, and consider the following exact sequence of B-bimodules:
0—>1L—t>Mer M p— o

Note that evy; is surjective as M is a generator in g M. Also, since evy, is the same as the counit of adjunction
(Lg,Rp),evy = eg, the map evyy is in the class £y, . Hence the above sequence is £y, p-admissible and, for any
B-bimodule N, gives rise to a long exact sequence, a part of which is

ExtlgMVB(M ®4*M, N) — ExtéMyB(L, N) — ExtéMyB(B, N) — Exti«M‘B(M ®a*M, N).
By Theorem 2.1, M ®4 *M = LLg(*M) is £y, p-projective so that ExtlgM‘B(L, N) ~ Exth_B(B, N) = H3,(B, N).
Hence the £y, p-projectivity of L = Ker(evyy) is equivalent to the property (c). [

Examples of formally smooth bimodules can be obtained from smooth extensions.

Definition 5.5. Let A, B berings and leti : A — B be a ring homomorphism. Consider the adjunction

T:aMs — pMs, H:pMp— aMay
T(X) =B®4X®4 B, H(Y) =Y.

Then i is called a formally smooth extension whenever Ker(mp) is Eg-projective. Here mp : B®4 B — B is the
multiplication map and & is a class of H-relatively split morphisms as in Theorem 2.1.

By [3, Corollary 3.12], ring extension A — B is formally smooth provided B is formally smooth when regarded
as an algebra in the monoidal category (4 M4, ® 4, A).

Lemma 5.6. Let A, B be rings and let M be a B—A bimodule that is finitely generated and projective as a left
B-module. Let S=pEnd(M) = Ra(M) >~ *M ®p M be the endomorphism ring. Write ms : S®a S — S for the
multiplication map and (L, i1) for the kernel of evys. The sequence

*MQpip@pM

0—=*"MQ®pLQp M S®A5ﬂ>54>0.

is exact.
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Proof. Start with the exact sequence

0— =1L Mmes*M M p. (%)

Since M is a finitely generated and projective left B-module, * M is a finitely generated and projective right B-module.
By tensoring sequence () on the left with * M and on the right with M, we obtain the following exact sequence:
*M®piL@pM M® ®sM
00— *MRLRFM —— "> MM @ MM ———"> *MQBRsM.

The isomorphisms *M @ BQp M ~ *M ®yz M =~ S allow one to identify the map *MQpevy ®p M with mg.
Being a multiplication of unital rings the latter is surjective. [

Proposition 5.7. Let A, B be rings and let M be a B—A bimodule that is finitely generated and projective as a left
B-module. Let S = gEnd(M) = Ra(M) =~ *M ® z M be the endomorphism ring. Write i for the canonical ring map

i:A— S, ar [m— mal.

(1) If the bimodule p M 4 is formally smooth, theni : A — S is a formally smooth extension.

2) If M is a generator in pM and i : A — S is a formally smooth extension, then gM 4 is a formally smooth
bimodule.

Proof. (1) In view of Theorem 2.1, to prove thati : A — S is a formally smooth extension, it suffices to prove
that Ker(mg) is a direct summand (in s Mg) of S®4 X ®4 S, for a suitable object X €4 M 4. Write (L, iz ) for the
kernel of evy. Since M is formally smooth, L is €y, p-projective. By Theorem 2.1, this means that the counit of the
adjunction (L, Rp) evaluated at L

el LpRp(L) > M @4 *M®@pL — L

has a sectiono : L - M ®4*M ®p L in g Mp. Since M is a finitely generated and projective left B-module, the
functor Rp can be naturally identified with the tensor functor *M ® p —. Furthermore, evy, is in the class £y p, and
hence *M ®p evy >~ Rp(evy) splits in 4 M g. Thus applying Rp to the defining sequence of (L, iy) we obtain the
split exact sequence of A—B bimodules

*M@ . *M@
00— "M @p L —— > *M @5 M @4 *M B S sy 0

In particular *M ®p i is a section in 4 M g, and, consequently M ® 4 *M ®p iy, is a section in g M p. Therefore, the
map

MRA*M®piy
>

a;:<L*g>M®A*M®BL M®A*M®BM®A*M>

splits in g M p. This implies that,

*M@pa®@pM
MRpLRpM ————"> M@ M @4 *M @5 M @4 *M@pM ~ S®@4 S @4 S
splits in g M. In view of Lemma 5.6, Ker(ms) ~ *M ®p L ® g M, and hence *M ®p o ® p M is the required S-
bimodule section of amap S®4 S®4 S — Ker(mg).
(2) By [3, Theorem 3.8 & Theorem 4.42],ifi : A — S is formally smooth, then Hdim(S|A) < 1. Since M is a
generator in g M, Theorem 3.4 implies that Hdimy; (B) < 1. Proposition 5.4 then implies that M is a formally smooth
bimodule. [

Proposition 5.8. Let B be an algebra over a commutative ring k. Consider the functor

F: Mp—p Mg (V, /f) —> (V, /Ll, ,Mr),
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where the left k-multiplication is defined by pu' (A @i v) = u (V@ A), for all A € k and v € V. Furthermore,
consider the adjunction
T : My — pMsp, H : pMp — My
T'(X) = B®x F(X) ® B, H'(Y)=7Y.
The following assertions are equivalent.
(a) The bimodule p M} = p By, is formally smooth.

(b) Ker(mp) is Egr-projective.
(¢) The extension k — B is formally smooth.

Proof. Clearly the B-module B can be identified with both its dual and its endomorphism ring. With this identification
the evaluation map evp = mp. Hence the equivalence (a) < (c) follows by Proposition 5.7. The implication (b) =
(c) is an immediate consequence of the observation that any B-bimodule map that splits as a k-bimodule map splits
also as a right k-module map (i.e. &g € Er, where H is a functor in Definition 5.5).

(a) = (b) We need to show that L := Ker(evp) is Egp-projective. The counit of the adjunction (T’, H') is given by
the two-sided multiplication

ey : B FH' (N)®r B — N, forevery N ep Mp.
Note that €}, € & as it is the counit. Consider the adjunction

T : My - Mp, H : Mp — M

T"(X) = X ® B, H'(Y) =Y.
By the standard argument (cf. e.g. [6, Proposition 2.5]), L =~ % ®i B = T” (B/k). The latter is Egr-projective by
Theorem 2.1. Since ¢; € & C Emr we conclude that ¢ splits in M g, thatis ¢, € Ey p (note that L = FH'(L) as it

is a subbimodule of B ®; B). By hypothesis L is £y, p-projective so that €} splits in 3 M . By Theorem 2.1 (c)=>(a),
we thus conclude that L is &gy-projective. [

In view of Proposition 5.8 a formally smooth algebra B over a field k is a formally smooth (B, k)-bimodule. In
this way one can construct examples of formally smooth bimodules which are not separable. For example, the tensor
algebra T (V) of a vector space V is formally smooth but not separable in view of Proposition 4.3. In fact it is well
known that any separable extension of a field k is finite dimensional over k (cf. [18, Proposition 1.1]).

Let M be a left B-module and write § for its endomorphism ring. Recall that a left B-module N is said to be
M -static provided the evaluation

evy Ny : M Qs pHom(M, N) — N, meaf— (m)f

is an isomorphism (see e.g. [20, 2.3]). Recall further that the image of the evaluation map evy y is called the trace
of M in N and is denoted by Try, (N). Finally, denote by o[M] the full subcategory of p M, whose objects are all
modules subgenerated by M (cf. [19, Section 15]).

Proposition 5.9. Let B be a ring, M be a left B-module and set S =p End (M), so that M is a B—S bimodule. The
following assertions are equivalent:

(a) The evaluation map evy : M ®s *M — B is injective.
(b) The B-module Try;(B) is M -static.

In particular these conditions hold whenever M is a generator in o[ M].
Proof. Since
pHom(M, Try (B)) = pHom(M, B),

the equivalence follows by observing that evu Tv),(B) is exactly evy corestricted to its image. The last assertion
follows by [22, Lemma 1.3]. [

Combining Proposition 5.9 with Proposition 5.3 we immediately obtain
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Corollary 5.10. If a left B-module M with endomorphism ring S generates o [M], then M is a formally smooth B—S
bimodule.

Corollary 5.11. Let B be a ring, M be a left B-module, and let S=p End (M). The following assertions are
equivalent:

(a) pM is a separable bimodule.
(b) M is a generator in g M.
(¢) The evaluation map evy : M ®s *M — B is an isomorphism.

Proof. The implication (a) = (b) follows by Proposition 4.2. If M is a generator of g M, then it is also a generator of
o [M]. By Proposition 5.9, B = Trp;(B) is M-static. Hence evy, is an isomorphism. This proves that (b) implies (c).
The implication (¢) = (a) is obvious. [J

The following proposition explains how two formally smooth bimodules can be combined to give a formally

smooth bimodule, and thus can be seen as module version of [6, Proposition 5.3].

Proposition 5.12. Let A, B and T be rings. Let Y be a T—A bimodule and let X be a B-T bimodule such that the
evaluation map evy : X Q7 *X — B is injective and that X is flat as a right T-module. Assume that one of the
following conditions (1) or (2) is satisfied:

(1) Y is a separable T—A bimodule.

(2) () *X is flat as a right T-module,
(i1) Y is finitely generated and projective as a left T-module, and
(iii) Y is a formally smooth T—A bimodule.

Then
BMA =X Q71 Ya.

is a formally smooth bimodule.
In particular, if a left B-module X is a generator of o[X], T =p End(X), and either (1) or (2) hold, then
M = X ®7 Y is a formally smooth B—A bimodule.

Proof. Associate with Y the tensor—Hom adjunction,

T:aMp — 7 Msp, H:7Mp—> aMgp

TU)=Y®aU, H(W) = rHom(Y, W),
and denote its counit (the evaluation map) by . Use the natural isomorphism

¢ :*M = pHom(X ®7 Y, B) — 7 Hom(Y, *X), ey f(=®ry)l,
to write the evaluation map evy : M ® 4 *M — B as

evy = evy o (X ®7exx)o (M Q4 D).

Since, by assumption, X7 is flat and evy is injective, and since @ is an isomorphism, there is an isomorphism of
B-bimodules

Ker(evy) >~ X @7 Ker(exy). ()

Assume that condition (1) is satisfied, i.e. that Y is a separable bimodule. By Proposition 4.2, H is a separable
functor, and hence, by Corollary 2.5, any object in 7 M p is Eg-projective. In particular Ker(e=y) is Eg-projective. By
Theorem 2.1, Ker(exy) is a direct summand in 7 M p of T (U) for some U €4 Mp, and hence X ®7 Ker(exy) is a
direct summand of

X@rTW)=X®7YR@4U =M®4U =LgU)

in pMp. Theorem 2.1 implies that Ker (evyy) is £y, p-projective, so M is a formally smooth bimodule.
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Assume that conditions (2) hold. Since Y is a finitely generated and projective left 7-module, the functor H is
naturally isomorphic to the tensor functor *Y ®7 —, and the counit ¢ evaluated at W can be identified with evy @7 W.
In particular, Ker(exyx) =~ Ker(evy ®7 *X). Since *X is a flat left T-module, the isomorphism (x) yields

Ker(evy) >~ X @7 Ker(evy) @7 *X .

Since 7Y 4 is a formally smooth bimodule, Ker(evy) is Eg-projective, which, as in the case (1), implies that M is a
formally smooth B—A bimodule.

To prove the final statement observe that if g X is a generator of o[X] and T = pEnd(X), then by Proposition 5.9,
evy is injective. Furthermore by [19, Section 15.9], X7 is flat; hence the main assumptions about X are satisfied. [

In [5, Section 2] several ways of constructing separable bimodules are described. Combined with Proposition 5.12
these can provide a source of examples of smooth bimodules.
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