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An upper bound for the mean value of a non-negative submultiplicative
function by R. R. Hall [3] is sharpened and generalised. Hall’s inequality implies
a certain rather accurate upper sieve estimate, and this aspect of Hall’s result
is exploited in deriving good lower bounds for =(x) via the sieve.

1. INTRODUCTION

Throughout this note let 4 denote a non-negative arithmetic function that
is sub-multiplicative in the sense that

h(mn) < h(m) h(n) if (m, n) = 1. (1.1)
In [3], R.R. Hall proved the following elegant result:
If h is sub-multiplicative and satisfies also

(1) =1,0 < h(n) < 1 for all n,

then
I i) <o 1+ 0 (251EX))
il (1 p)(l L) h(P) h(ppj) 1 ) (1.2)
g
* In memory of P. Turdn.
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As Hall pointed out, special interest attaches to the following case: let K
be a positive integer none of whose prime factors exceeds x, and take

hK(n) =1, (n’ K): 1’
=0, (n, K) > 1.

Hall’s result evidently applies to &, and one derives easily from (1.2) that

, PK) log log x
(n,K)=1

Now (1.3) is an upper sieve estimate, admittedly of a special kind, which
has the remarkable feature of being best possible (apart from the error term)
as reference to the prime number theorem shows; to put it in another way,
the Selberg sieve applied to the sum on the left of (1.3) would lead to an
estimate which is (essentially) twice that given on the right of (1.3) (cf. van Lint
and Richert [6], or Halberstam and Richert [2], Chapter 3).

Such improvements of standard sieve estimates are potentially important,
as will be illustrated in a simple sieve application in section 3. Therefore it is
perhaps of interest to give a simpler and more transparent proof of Hall’s
inequality; this proof leads at the same time to a result which is more general
in several respects. Moreover, Hall used the prime number theorem in his
argument; this turns out to be unnecessary and we shall use instead (1.4)
below, which may be considered as a (generalized) upper Ceby&ev estimate.

THEOREM 1. Let h be a non-negative sub-multiplicative arithmetic function
such that h(1) = 1, satisfying also

) ._;y.._ ) =
T Hploep <+ 0 () (=D (1.4)

for some constant « > 0, and

E} Mg <o 22, (1.9
Let
z>=2
and define

P@):= T] p.

<z
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Then
x x xm(x, z)
néw ) < % fog % Togx " (_z_’ z) +o ( log? x )’ (1.6)
(n,P(Z))=1
where
m(x, z) == ) —h(:) .
(n.g§?)=1

The O-constant in (1.6) depends at most on « and on the O-constants implied
by (1.4) and (1.5).

If we put z = 2 in Theorem 1, the condition (#, P(z)) = 1 becomes void,
and we obtain as a special case

THEOREM 2. Under the assumptions of Theorem 1 we have

Y k) < k(140 ! ))z"g‘).

e log x log x ot

The main feature of (1.6) is of course the reduction to m(x, z), a function
which can often be evaluated asymptotically (cf. also Levin and Fainleib [5]),
as we shall demonstrate in one special case in section 4. However, it is
immediate from (1.1) that

5 M0 <1y K22,

ngx [ 2 p

and by a well-known result of Mertens

lo,:,’x =e ] (1 _A_)(l +0(lo;x))

LR

Hence Theorem 2 implies (1.2) on taking « = 1, and the factor loglog x in
the error term can be avoided, as had been conjectured (cf. [3]); in particular,
we now obtain (1.3) in the improved form

,ém ¢(K) (1 +0 ( loé x ))’
(r,K)=1

where the O-constant is absolute.
Condition (1.4) requires that 2(p) is at most « on average; and it is easy to
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verify that (1.5) holds (in even sharper form) if we impose the Wirsing
condition

h(pr) < '}’1')’2T (r = 25 3, 49--')

where y, , y, are constants satisfying 0 <y, , 0 <y, << 2.

If one requires a result like (1.6) but one attaches no importance to the
quality of the final error term one may replace the hypotheses (1.4) and (1.5)
by

T p)logp <y + 0 (L25)

and

y fl(_llp_ log p” < o0,
D,1>2

respectively, where g(y) is a positive function tending to infinity with y in
such a way that

[
Then one derives, in the same way, (1.6) with O(xm(x, z)/log? x) replaced by
o(xm(x, z)/log x).

It would be interesting to know to what extend the conditions in both
theorems can be weakened without affecting the outcome. Also, it would be
both interesting and important, to derive corresponding results for arbitrary
intervals of length x, and/or for arithmetic progressions, at some level of
generality (cf. Hall’s remarks on p. 348 of [3] concerning the twin primes
problem and #(x + y) — m(x)). This has been underlined recently by the
successful application of the sieve by Iwaniec and Jutila [4] to the location of
primes in short intervals.

2. PROOF OF THEOREM 1

Throughout the proof we indicate by X’ that the variables of summation
have to be coprime with P(z). Let

M(x,z):= Y  h(n) =Y hn),
nga ngs
(n,P(2))=1
and
e, 7) 1= fﬂ(’—’?ldt = Y hn) log -5 .
1 t "

ngw

641/11]/1-6
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We observe at once that

M(x, 2) + Kx,2) = 3 h(n) (log % + 1) < Y h(n) %

nge nge
so that
M(x, 2) + I(x, z) < xm(x, z),
which implies both
M(x, 2) < xm(x, z),
and

I(x, z) < xm(x, z);

.0

©.2)

and we remark at this stage also that m(x, z) is monotonic increasing in x, a

fact that will be used often in the argument below.
The proof depends on the identity

M(x, ) log x = ¥ h(n) log n + ¥ h(n) log —’;—
n<x nge

= Y h(n) Y, logp" + I(x, 2)

nge pin
= 2(x, z) + I(x, 2),

say. We begin by showing (cf. (1.6)) that
X
M(x, Z) < T(;é—)c— m(x, Z).

‘We have immediately that

Zx,2) = Y h(p'm)logp" < Y’ h(m)h(p")logp

Pme Pme
(p.m)=1

by (1.1), so that

Zx,2) < Y hn)yk(p)logp + Y hn) h(p7)log p

e prage
r>2

< Y hw) T Hplogp+ T Hp)logs M (2, z)

ngx/z PN [af<
r>2

(2.3)

2.4)

2.5
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We now apply (1.4) in the more convenient equivalent form

1
h(p)logp < xy + O =7 (y 2 2);
ﬂ%’ = (Zgzl;y log? ] )

then

Y hm Y h(p)logp

nge/z << /n

<wm(Z,z)+0( X hw) ¥ T,—éé-,“)

nge/z 2ILe /n
M(x/],
< kxm (-’;C- , z) 4+ 0 (22’:@ *——————lgxg/z IZ) );

and therefore, from (2.5),

29 < mom(3.7) 0 3 Kt

h(p™) log p" M (==, z).
+,,Z;x (p7) log p (p, Z)
2

If now we apply the trivial bound (2.1) we have

21 , < . 1) M
(x, 2) < wexmix, z) + (x 25@ Tlog? ] )

h(pr)logp™ ( x
+xp’2<m r m(Pr’Z)
72

and, since m(y, z) is monotonic increasing in y,

81

(2.6)

Z(x, 2) < xm(x, 2) (K +om+ Y IL(PQ log p') < xm(x, z) (2.7

2,132

provided only that

s A tog pr <,

2,732

which certainly is implied by (1.5). Now (2.3) with (2.7) and (2.2) proves

(2.9).
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We are able to complete the proof of the theorem on the basis of (2.3) and
(2.4). First of all, by (2.4)

Itx, z) <f log(2t dt <mlx, 2) 155 logx

Hence, by (2.3),

2(x, z)

M(x, 2) = log x

i, 2) ) (2.8)

+0 ( log? x
We deal with 2'(x, z) on the basis of (2.6). Take first the O-term. We have, by
(2.4) and (2.1) (in that order) that

M(x(l, z) M(x/l, z)
Y Tlogl — ( ) Tog?/
2Ll g acicel’? gelice g
xm(x, z) 1
< logx , iCar llog2 it xm(x, ) ;/g llog?!
xm(x, z)
< log x (2.9)
Finally, the last expression on the right of (2.6) is at most
x
( Yy + ¥ )h(p')logp’M( -, z)
prall? wtltprgnl - P
r>2 r>2
xm(x, z) h(p") h(p7)
4 lo xm(x, z log pr
< log x =V I gp" 4 xmlx, 7) ,,,Z; pr &p
r>2 r>2
xm(x, z)
< Togx (2.10)

on the way we have used once more first(2.4),then (2.1) and, at the last stage,
(1.5). Hence, from (2.6), (2.9) and (2.10),

Z(x, z) < kxm (_ch_ , z) + 0 (_x_'%;fzizl_),

and Theorem 1 now follows from (2.8).
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3. A Lower ESTIMATE FOR 7r(x)

It has often been said in criticism of sieves that not even the most sophisti-
cated sieve can give so much as Ceby&ev’s lower estimate

m(x) > TS;;? . 3.1)

Iwaniec remarked to one of us a year ago (in conversation) that if Hall’s
inequality is admissible as a sieve result then this criticism is no longer
justified. We shall now show how to obtain a result of type (3.1).

Define

a(x,z):= ) 1 z =2

Igngx
(n,P{z))=1
so that (for x % m?)
w(x, x1%) = 7(x) — 7(x1/?) + 1.

By Buchstab’s identity ([2], Lemma 7.1), applied to the sequence o =
{n: 1 < n < x}, and assuming x > x, from now on, we therefore have

m(x) = w(x, X! = #lx, x1) — Y o« (ir—,p) (2 < X < x11%)
wtlugpagllz 14
(3.2)

and by Theorem 8.4 of [2], which, so far as information about the distribution
of primes is concerned, requires nothing deeper than Mertens’ prime number
theory,

x

X, x4 >
mx, x1) > log x

(euf(v) + O(u log—1/14 x)) u>2 (3.3

(for f see below). It is clear that (3.2) and (3.3) will lead to a lower bound for
m(x) provided that upper estimates of sufficient quality are available for
w(x/p, p), XM* <p < xM2,

Now Theorem 1, with A(n) = 1, reduces this problem to estimating

mu(x,z) 1= Y 1,

nee N
(n,P(z))=1

for (1.4) is in effect a Ceby&ev upper bound estimate of a quality determined
by « and (1.5) is easily checked. Hence, by (1.6),

m(x, z) < « —l(_)Jgi)? m, (_ch_ s z) + 0 (%%i)) 3.9
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Put
y = log x .
log z

Without appealing to the prime number theorem, we shall show in section 4
that uniformly in # > 0

(D) =40 + 0 (o) =2 (39

with a continuous function J(u) defined by
pw) =1, 0<u<l, (3.6)

') = ﬂ"—u"—l—) u> 1. (3.7

From (3.6) and (3.7) we see immediately that y(u) is always positive and
increasing, and by induction we infer that

bu—1)<u, uw>1. (3.8)

Y(u) is linked with the above function f(x) via the Buchstab functions w(u)
and p(u) (cf. [2], Chapter 8):
e~uf (u) = uw(u) — p(u), u >0, (3.9)
where
uw@)=1,p)=1if0 <u<2, (3.10)
@) =wu—1),u—Dpw)=—pu—1,ifuz=2 (3.11)
(at u = 2 the right hand derivative has to be taken).
From these definitions it is easily checked that for # > 1
P () = wu)
and

P — 1) = uw(u). (3.12)
From (3.4), (3.5) and (3.8) we infer now that

X

xlogx)
log x

¢(u—1)+0(-1Tg3—z—

w(x, 2) < @>2. 313
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This should, in view of (3.12), be compared with the result of Buchstab [1]
who proved, on the basis of the prime number theorem, that

m(x, z) = (1 -+ o(l)) Te—’gf—x uw(u).

From (3.13) it follows that for u > 2

(2, p) < wx Uogxflogp =), o (lostxlp)

gl pegliz % p log(X/p)

allupagtie p .plog’p
3.19)
Using Mertens” well-known formula
Z— loglogx+c+0( ! ) (3.15)
ol log x

and Stieltjes integration, we obtain readily from (3.14) and (3.8) that

( )<K

. ' 2172 1
=0 (o) + 0[], Viogrs @]

lo;x J.lu—l Pt t—~ D 4 4o (lolg;cx)

2" J(log x/log v — 2) de
LA Ulog o log(x/v)

xl/u<p<m1/z

Wu—D-D+0o(5) 61

log X
where, at the last stage, we have used (3.7) and (3.6).
We substitute (3.3) and (3.16) in (3.2) and obtain by (3.9) and (3.12)

m(x) = To_g; () + O(ulog=1/* x) + O(u® log™ x)) forany u > 2,

3.17)
where

(W) = uw(u) — p(u) — x(uw(u) — 1).

With (3.17) we have obtained a result of type (3.1) : for (3.11) and (3.10)
yield

uw@)=1+loglu — 1), plw) =1 —loglu—1), 2<u<3,
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so that
Iw)=Q2—r)logu—1), 2<u<3;

in particular,
I3) = 2 — «)log 2,

which is already positive for all kin 1 <« < 2. The interval 3 < u < 4 leads
for all kin 1 << k < 2 to a sharper estimate; here we obtain

—~1 _—
1(u)=(2—x)1og(u—1)—xf“ 135(—’[——1—)(1:, 3<u<4

2

We finally mention that for « = 1
1) =1 — p(u)
so that (cf, [2], Chapter 8)
Iw) =1+ 0™,
and here we have in fact

I(4) > 09513, I(5) >0.9950, I(6) > 0.9997.

4. PrOOF OF (3.5)

We put again for brevity

_ log x
T logz

For a proof of (3.5) we may assume that for some sufficiently large constant ¢
1 1/2
u < (7 log x) . @.1)
To see this, observe that a crude sieve estimate (cf. [2], Theorem 2.2) gives
t
7T(t, Z) < m for z<1¢

therefore, since w(t,z) = 1if t < z,

s =D [ D a1 B
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so that, with (3.8),

u3
Mo, 2) — ) < 1 < e
if u > (1/c log x)V2.
It further sufficies to consider the function
m(x, z) := Y i
v ' n<w n’
(1. P(z))=1

since m(x, z) differs from m,(x, z) by at most 1/x. Then
m(x,z) = 1 for z = x. 4.2)

It can be shown in the customary way (cf. [2], Chapter 7) that m(x, z) satisfies
a Buchstab relation
x

m(x, z) = m(x, x1/") + Z L m (—— R p), z <xlr < x. (4.3)
zcpeatlt P p

As in (3.16), we obtain from (3.15) and (3.8) for

xl/(r+1) < z < xl/r

21/r

o ey — 1) = [0 e e 0 ()

2<pal/T p IOg X
e —1) ‘ r:
*f, t dt*‘O(]ng)
= $@) — #0) + 0 (o ). @.4)

by (3.7). Introducing
P(xs Z) = m(x, Z) - lp(u),

we therefore have from (4.3) and (4.4) that

P2 = ps )+ Y o (L p) 4 0 (1hs)

zg’p<a:1/" p P 10g X
or
1 X r?
| o, 2)1 < | plx, X + o (5. )| + :
Pl 2 < e ) zl/(r+1ép<xllr p P (p P ) log x

XU L 7 < X p =1, (4.5)
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with some absolute constant B. We shall now prove by induction that with
this absolute constant B

r3

| p(x, 2)| < Bm

for xUrh Lz <X, r=1,2,.... (4.6
By (4.2) and (3.6) we see that p(x, z) = O for z > x, so that (4.6) follows from
(4.5) for r = 1. Let r > 2, and suppose that (4.5) has already been proved up
to r — 1. Then, for the interval x'/¢"+V < z < x/7, on noting that each p on
the right-hand side of (4.5) can be estimated by (4.6) with r replaced by
r — 1, we obtain from (4.5)

— 1)3 2
o, ) < BEL=D0 | g — 1y L L.
IOg X wl/(r+l)<ﬂ<x1/r 14 IOg(x/P) IOg x

4.7
For the sum we obtain, again from (3.15), “7

1 atlr dv r
- = _ L0
xl/(mép@l/r p log(x/p) Llum) v log v log(x/v) + (Ing x)

= lo;lgx log(r—r—l)—}_o(—lgg%Y)

1 1 r

= log x r~1+Bllog2x'
Hence (4.7) yields
-——18;— — 1) — 1) u 2
IP(x’ Z)I < log x (r 1) + (r 1) + Bl log x + ree, (4'8)

and since, by (4.1),

log x 1 12
< log z —ug(?logx) ’

we have

u <_£1r(r — 1) <r(r_ l)s

B log x ¢

if only ¢ > B, . It therefore follows from (4.8) that

B
log x

rs,

{r—1D*+0—D*+rr—1)+r =

B
| p(x, 2)] < Tog x

This proves (4.6), and (3.5) follows because of r < u.
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