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Szemerédi’s theorem states that given any positive number B and natural
number k, there is a number a(k, B) such thatifn > n(k, B)and0 < @, < - < a,
is a sequence of integers with a, < Bn, then some k of the @, form an arithmetic
progression. We prove that given any B and k, there is a number m(k, B) such
that if m > m(k, B) and u,, u, ,..., uy, is a sequence of plane lattice points with
):;';1 |la; — w3 |l < Bm, then some k of the u, are collinear. Our result, while
similar to Szemerédi’s theorem, does not appear to imply it, nor does Szemerédi’s
theorem appear to imply our result,

1. INTRODUCTION

Recently, Szemerédi [17] gave a proof of an old and pretty conjecture of
Erd6s and Turdn [6]. Szemerédi proved that given any number B and any
positive integer k, there is a number ny(k, B) such that if » > n,(k, B) and
0 <ay <+ <a, are integers with a, < Bn, then k of the a; form an
arithmetic progression. Szemerédi’s proof, although elementary, is very
complicated. Furstenberg [8] has given a new proof involving ergodic
methods.

A well-known and old result of van der Waerden [18] is that if the natural
numbers are partitioned into two subsets, then one of the subsets has arbitra-
rily long arithmetic progressions. It is not very difficult to show (see [2]) that
van der Waerden’s theorem has the following equivalent formulation. For
every number B and positive integer k, there is a number n,y(k, B) such that if
n = nyk, B) and 0 < g, < -- < a,, are integers with each a,., — a, < B,
then &k of the a; form an arithmetic progression. Thus we can say that
Szemerédi’s theorem improves on van der Waerden’s theorem by replacing a
uniform upper bound on each difference in the sequence with an upper bound
for the average difference.

A possible arena for generalizations of the results of van der Waerden and
Szemerédi is Z2, the set of plane lattice points. We first notice that there are
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two directions we can take. First, we can consider subsets of 7 that are
“fairly dense” in Z2. Second, we can consider sequences in Z% with “fairly
small” gaps. Both concepts are the same if we are considering Z and not Z2.

On the first approach, we have the following result of Gallai (= Griinwald)
(See Rado [14]): if Z* is partitioned into two subsets, then one of the subsets
has for each k, a subset I x I where [ is an integer arithmetic progression of
length k. Gallai’s theorem is thus a van der Waerden analog for Z2 (actually
Gallai proved a more general result which holds in each Z™). A Szemerédi
analogue of Gallai’s theorem would read: given any B and k, there is a
number ny(k, B) such that if n == ny(k, B) and S is a subset of Z* with » points
and diameter at most B(n)'/2, then S has a subset / x [ where I is an integer
arithmetic progression of length k. This statement, generalized to eachZ™,is a
conjecture of Erdds. In [17], Szemerédi announced that he and Ajtai have
established Erdds’s conjecture for the case k =2. Choi [3] has shown
Erdos’s conjecture but with the weaker conclusion that § has a subset 7 X J
where I and J are integer arithmetic progressions of length k.

For the second approach of generalizing the van der Waerden and
Szemerédi results to 72, namely the consideration of sequences with “fairly
small” gaps, it is not immediately clear how the conclusion of a result should
read. However, it is obvious that a conclusion as in Gallai’s theorem is not
to be had. It is not so obvious that we cannot even expect to find long arith-
metic progressions as subsets of a slowly growing sequence. That this is the
case follows as an easy corollary of a theorem of Justin (See Brown [1]). Thus
it is possible to construct an infinite sequence uy , u, ,..., in Z2 such that each
u; — u,_, is (1, 0) or (0, 1) and such that no six of the u; form an arithmetic
progression. From a very recent result of Dekking [4], this last result can be
improved so that no five of the u; form an arithmetic progression.

One may think geometrically of an aithmetic progression in 72 as a set of
collinear points that are equally spaced on their line. Thus there are two
natural weakenings of the concept of arithmetic progression. First, we can ask
for points u, ,..., u; such that

[u, —w || = luy —wy [l = -+ = [lu, —w_ |f.
Second, we can ask for points u, ,..., u, that are collinear.
In Ramsey [15], the following result is proved. For each number B and
each k, there is a number my(k, B) such that if m = my(k, B)and u, , u, ,..., w,,
are points in Z2 with each

Ju, —w, | < B, 1 <i<Im,

then k of the w; are collinear. (Ramsey’s theorem for the case B =1 is
accomplished in [12], but with a stronger hypothesis: each u; — u,_, = (1, 0)
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or (0, 1).) Thus Ramsey’s theorem, like Gallai’s theorem, is a van der Waerden
analog for Z2

It is the purpose of this paper to prove a Szemerédi analog for 72 in the
direction opened up by Ramsey. Thus we prove that for every B, k there is a
number m,(k, B) such that if m = my(k, B) and u, , u ,..., u,, are points in 72
with

m
Z lw, —u,, i << Bm,
i=1

then k of the u; are collinear. Our proof is elementary.

Erdos’s conjecture and Choi’s theorem mentioned above are true generali-
zations of Szemerédi’s theorem in that both statements clearly imply
Szemerédi’s theorem. However the result in this paper does not appear to
imply Szemerédi’s theorem (nor does Szemerédi’s theorem appear to imply
our result). Thus properly speaking our result is an analog of Szemerédi’s
theorem, not a generalization.

An important defect in the proof of our theorem is that it is very indirect.
It would be nice to have an effective upper bound for our function m,(k, B),
but we are not very close to finding such a bound. In Gerver [9] and Ramsey
and Gerver [16] it is shown that there exist positive constants ¢, , ¢, with

Bexp(cy(log k)?) < my(k, B) < exp(c,B*K*),

where my(k, B) is the function in Ramsey’s theorem. Since my(k, B) <
my(k, B), the above lower bound also gives a result for m,(k, B).

In Ramsey and Gerver [16], an infinite sequence u,, U ,..., in Z3 is con-
structed such that each u; — u;_, is (1, 0, 0), (0, 1, 0), or (0,0, 1) and such
that no 5'' 4+ 1 of the u, are collinear. Thus our result (and even Ramsey’s
result) has no direct generalization to higher dimensions. However probably
our result does generalize directly to each 7™ if we replace the conclusion of
points being collinear with being co-hyperplanar. Ramsey’s theorem [15] is
so generalizable. If collinearity is insisted on in Z3, perhaps the following is
true. If in addition to assumptions about the sequence in 72 having small (or
average small) gaps, the additional hypothesis is made that the number of
points in the sequence is >CR where C is some large constant that depends
on k and B and where R is the diameter of the sequence, then for every k
there are k collinear points in the sequence.

In a letter, P. Erdos suggested the following problem. Find a weak condi-
tion on the rate of growth of the infinite integer sequence @, << a, << '-- that
assures for every k that there are k points (n, a,) collinear. Tt was work on
this problem that led me to the theorem in this paper. Our theorem has the
corollary that if {a,) has positive upper density, then for every k there are k
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points (n, a,) that are collinear. A more general corollary is that if for in-
creasing integer sequences {a,} and {b,} we have positive upper density for
{a,} and positive lower density for {b,}, then for every k there are k points
(a, , b,;) which are collinear. It is not hard to construct an example of se-
quences {a,}, {b,} both with positive upper density such that no three points
(a, , b,) are collinear. In [13] we proved that for every k there are k points
(n, p,,) collinear where p, denotes the n-th prime.

We leave as an open question the problem mentioned above of finding
hypotheses on plane lattice point sequences that would permit a conclusion
that there are & equally spaced points in a subset.

We take this opportunity to thank P. Erdds for suggesting his problem we
mentioned above, R. L. Graham for informing me of Brown [1], and E. R.
Canfield for critically listening to the details of the proof,

2. THE PROOF

If U denotes the sequence of plane lattice points (uy , u, ,..., u,), let
AUy = =Y = w
- m “ s -1 l .

We shall prove the following

THEOREM. Given any positive integer k and any positive real B, there is a
number m(k, B) such that if U is a plane lattice point sequence with more than
m(k, B) terms and if d(U) < B, then U has at least k collinear terms.

Let k be an arbitrary but fixed positive integer. For each positive integer m,
let

C(m) = {U e (Z%"**: no k points of U are collinear},
d(m) = min{d(U): U e C(m)},
d = lix}q inf d(m).

It is easy to see that the theorem for k is equivalent to the assertion that
d = +oo. Indeed, if the theorem is true, then for each B and m > mf(k, B),
we have d(m) > B. Hence d = 4 0. Conversely, if the theorem is false, there
is a number B and arbitrarily long plane lattice point sequences U with no k
points collinear and d(U) < B. Thus there are infinitely many m with
d(m) < B,sod < B.
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In what follows, we shall assume the theorem is false for k. Thus d < oo.
Our method of attack will be to look at members of C(m) for which d(U) is
close to d. Then we shall consider a subset consisting of sequences which are
as “stretched out” as possible, length being measured as the distance from
the first to the last term. Then among these “stretched out” sequences we
shall pass to a subset consisting of sequences which are as “steep” as possible,
slope being computed from just the first and last terms of a sequence. We
then show that at least half the points of one of our “stretched out”, “steep”
sequences are near the line joining the first and last terms. We then use a
pigeon hole argument to show that these sequences have many collinear
points, thus providing a contradiction and establishing the theorem for k.

For each t > 0, let
D(m,t) ={Ue C(m): | d(U) —d| <t}
IfU=(u,.,u, and 0 <<j<<m, let

U]' = (uo serey “5)’
jU = (ll,- garey llm).

LEMMA 1. For each € > 0, there is an my(€) such that for all m = my(e), if
U e D(m, €/7) and m/4 < j < 3m/4, then U; € D(j, €) and ;U € D(m — j, €).

Proof. There is an my(€) such that for all m = my(e), d(m) > d — €/7.

Let my(e) = 4my(e) and let m = my(e). Suppose U< D(m, €/7) and m/4 <
J < 3m/4. Since U; € C(j) and ;U € C(m — j), we have

d(U) > d — &7, dGU) > d — €.
Say d(U;) = d + €. Then
d+ o1 > d(U) = -Lawy + (1 = L) dov)
j j
>L@t 9+ (1 —7)@1_ ¢/7)
> (d + /4 + 3d — ¢/Nj4 = d + €1,

a contradiction. We similarly have ,Ue D(m — j, ¢). |

If U is a finite sequence of plane lattice points, let A(U) denote the line
segment joining the first and last points of U if these points are not the same,
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and let () denote this point if they are the same. If U has m + 1 points, let
I(U) denote 1/m times the length of A(U). Let

max{l(U) UeDGm, t)), if Dim 1)+ &

Kom, 1) = if D(m,t) = o,

(1) = '1”19310 sup I(m, 1),

I = lim ).

t>0*

We note that for any fixed ¢ > 0, there are infinitely many m for which
D(m, t) = . Moreover, if 0 <t < ¢, then D(m, t’) C D(m,t), (m,t') <
< l(m, t), and I(t") < K(t).

Lemma 2. 1/3k <I1<d
Proof. 1f Ue D(m, t), by the triangle inequality we have

Uy <d(U) <d+t.

Hence each I(m, t) < d 4 ¢, sothat I(t) <d+t,and / <

Let € > 0 be arbitrary and let m4{e) be as in Lemma 1. Let m = mg(e) be
such that D(m, €/7) = @. Let Ue D(m, €/7), U =(u,,..., u,). Then the
points u; , m/4 < j < 3m/4, cover a horizontal breadth of at least m/2k. For
if not, at least &k of these points u; lie on the same vertical line, contradicting
U e C(m). Thus u, is at least distance m/4k from one of these u; . That is, for
some j, mf4 < j < 3mf4,

I(U;) = mjakj = 1/3k.

But U; € D(j, €) by Lemma 1. Hence /(j, €) > 1/3k. There are infinitely many
m for which the above argument holds. Hence there are infinitely many values
of j for which I(j, €) = 1/3k. Hence /(¢) > 1/3k. Since € > 0 is arbitrary, we
have I > 1/3k. |

Now let

Lim,t) ={UeD(m, t): | I(U)— 1] <1},

It is easy to see that for each ¢ > 0, there are infinitely many m such that
L(m, t) #+ o. Indeed there is an € with # > e > 0 such that 0 << /(e) — I <
t/2. There are infinitely many m such that | I(m, €) — I(¢)| < t/2. For these m
we have | I(m, e) — I| << t. If we choose ¢t < 1/3k, by Lemma 2 we have
I(m, €) > 0 for these m. Thus for each such m, there is a U e D(m, €) with

582a/28/2-3
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I(U) = l(m, €). Since D(m, €) C D(m, t) we have U e L(m, t). If t > 1/3k, we
note that L(m, 1/3k) C L(m, ¢).

If U = (uy ,..., uy,) is a sequence of plane lattice points, let x(U) denote 1/m
times the maximal distance of a w; , m/4 <j < 3m/4, from A(U).

LeEMMA 3. For each € > 0, there is a 8() > 0 and an my(€) such that for all
m 2= my(e), if U e L(m, 8(¢)), then x(U) < e.

Proof. Assume the lemma is false. Then there is an € > 0 and an infinite
sequence £(1) > #(2) > --- of positive numbers converging to 0 such that for
each #(i) there are infinitely many m for which there is a U € L(m, t(i)) with
x(U) = e. Let m(1) > my(#(1)) (cf. Lemma 1) such that there is a U' e L(m(1),
1(1)) with x(UY) = e. If m(l),..., m(i — 1), UL,..., U*! have already been
defined, let m(i) > max{my(t(i)), m(i — 1)} such that there is a U?e L(m(i),
t(i)) with x(U?) = €. Say U? = (uy,..., ufm,-)). Let j(i) € [m(i)/4, 3m(i)/4] be such
that the distance of uj'-(i) from A(U?) is at least € - m(i).

From Lemma 1, we have each Uj;, € D(j(i), 7¢(i)) and each ;) U* € D(m(i)
— j(@), 7t(¥)). Since (i) is monotone decreasing to 0 and m(i) — oo, we have

lgn; sup [(Ujy) < 1, llgg sup U < L (1)
Since each U? e L(m(i), t(i)), we have
lim [(U?) = 1. @)
Consider for each i the triangle with vertices

A; = uy'Im(i), B; = uj/m(i), C; = wyp/m(i).

By (1) and (2), for each p > 0, there is an iy(u) such that for i > i(u) we have

a8 =L ivig) < L+, &)
BC— (1= L0 wouy < (1 = Loy av . @
| — o < IU) = A4,C; <[+ p (5)

Now the altitude of triangle A4,B,C; from B; is, by assumption, at least e.
Then if we take p = €2/l and use (3), (4), (5), we have for i > iy(u)

> (U~ - A =1+,

a contradiction. |
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Let
X(m, 1)y ={Ue Lim, t): x(U) < t}.

Tt follows from Lemma 3 that for each ¢ > 0, there are infinitely many m such
that X(m, t) # @. Indeed, there are infinitely many m such that m > my(t)
and L(m, 6'(t)) # o, where 8'(t) = min{z, 8()}. But if Ue L(m, §'(t)), by
Lemma 3, x(U) < t. Since L(m, 8'(t)) C L(m, t), it follows that U € X(m, t).

Let s(U) denote the slope of A(U) (if A(U) is vertical, let s(U) = + 05 if A(U)
is one point, let s(U) = —o0). For each ¢ > 0 and each m, let

max{s(U): U € X(m, 1)}, if X(m, 1) # @,

stm, 1) = o it X(m, 1) = .

s(t) = Iiggo sup s(m, 1),

s = lim s(¢).
[

Note that if 0 <t' <<t, then X(m,t)C X(m,t), s(m, t') < s(m,t), and
s{t) < s(8).

LEmMA 4. 1 <s <2kl

Proof. Note that if Ue X(m, t) and 0 << ¢ <</, then A(U) is not a single
point. Also, by reflecting U in the line y = 0 and/or in the line y = x we get
a congruent copy U’ of U that is also in X(m, t). Thus s(m, t) > 1. Since
there are infinitely many m with X(m, t) ¢ @, we thus have s(¢) > 1. Since
0 <<t < lis arbitrary, we have s > 1.

Let¢ < 1/dk and let U = (u, ..., u,,), U X(m, £), s(U) > 1. Now as in the
proof of Lemma 2, the horizontal breadth of the points u; for m/4 <j <
3m/4 is at least m/2k. But each of these points has distance from A(U) less
than mr << m/4k. Hence the segment A(U) has horizontal breadth at least

m2k — 2mt > 0.

Thus

m-lU) 2% -IU) _ 2k( + D)

SO S o — i =1 — @kt < T — 4kt *

Thus s(t) < 2k(I 4 t)/(1 — 4kt), so that s < 2kl. ||

Let now 1 < b, < b, < -+ be integers for which there exist integers
a, , dy ,..., such that

[s — ai[b; | <1/b.
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(Note that if s is irrational, the existence of the a;/b; is a well-known result,
while if s is rational, we can let each a,/b; = s, since we do not insist that
(a; , b;) = 1.) Then there are integers m, < m, < --- and sequences U2, U2,...,
such that each

Ute X(m;, 1/8,%), | s(UH) — s | < 1/b2

(The proof that such U’ exist is similar to the proof above that for each ¢t > 0
there are infinitely many m for which L(m, t)  @.)

For each i, consider the set of lines with slope a;/b; which pass through
lattice points and whose distance from A(U?) is less than m;/b2. Since x(U?) <
1/b2, it follows that these lines touch at least m;/2 points of U’ We now
count the number of lines we are considering.

Note that

| (U9 — a;[b; | < 2/b}
and that
(U >s— 12 >1— 1/b2 = 3/4.

Since ((U?) << I+ 1/b/% an elementary calculation shows that each of our
lines is within horizontal distance less than

(4 + 4y m;[b*
of uy?, the first point of U Indeed, the exact distance is
(1 + s(UHH 2 [(s(UY) + bifa) M + | 1 — s(U?) bifa; | (U],

where M is the maximal distance of one of our lines from A(U?). Hence there
are at most
8ay(1 + 1) m;[bs?
such lines.
From the above considerations it follows that at least one of these lines has

at least
m;/2 - b2
8a,(1 + ) my/b2 ~ 16a,(1 + 1)

b,
“ 166+ DA LD

points of U’ on it. Since b, — o0 as i — oo, this last expression is eventually
bigger than &, contradicting U? € C(m;). This contradiction establishes our
theorem for &. i



10.

12.

13.
14,

15.

16.

17.

18.

LATTICE POINT SEQUENCES 149

REFERENCES

. T. C. BRowN, Is there a sequence on four symbols in which no two adjacent segments
are permutations of one another ? Amer. Math. Monthly 78 (1971), 886-888.

. T.C. BrRowN, Variations on van der Waerden’s and Ramsey’s theorems, Amer.
Math. Monthly 82 (1975), 993-995.

. 8. L. G. Croi, On arithmetic progressions in sequences, J. London Math. Soc. (2)
10 (1975), 427-430.

. F. M. DekkING, Strongly nonrepetitive sequences and progression-free sets, J. Com-
binatorial Theory Ser. A 27 (1979), 181-185.

. R. C. EnTRINGER, D. E. Jackson, anD J. A. ScHATZ, On nonrepetitive sequences,
J. Combinatorial Theory Ser. A 16 (1974), 159—164.

. P. ErDOs AND P. TURAN, On some sequences of integers, J. London Math. Soc. 11
(1936), 261-264.

. P. ErRDGs, R.L: GraHAM, P. MONTGOMERY, B. L. ROTHSCHILD, J. SPENCER, AND
E. G, StrAUs, Euclidean Ramsey Theorems 1, II, HI, J. Combinatorial Theory Ser. A
14 (1973), 341--363; Colloq. Math. Soc. Janos Bolyai 10 (1973), 530--558, 559-583.

. H.FURSTENBERG, Ergodic behavior of diagonal measures and a theorem of Szemerédi on
arithmetic progressions, J. Analyse Math. 31 (1977), 204-256.

. J. L. Gerver, Long walks in the plane with few collinear points, Pacific J. Math.,

in press.

R. R. HaiL, T. H. Jackson, A. SUDBERY, AND K. WILD, Some advances in the no-

three-in-line problem, J. Combinatorial Theory Ser. A 18 (1975), 336-341.

. J. JusTiN, Généralisation du théoréme de van der Waerden sur les semi-groupes

répétitifs, J. Combinatorial Theory Ser. A 12 (1972), 357-367.

P. L. MONTGORMEY, Solution of problem 5811 (proposed by T. C. Brown), Amer.

Math. Monthly 79(1972), 1143-1144,

C. POMERANCE, The prime number graph, Marh. Comp. 33 (1979), 399-408.

R. Rapo, Note on combinatorial analysis, Proc. London Math. Soc. (2) 48 (1943),

122--160.

L. T. Ramsey, Fourier-Stieltjes transforms of measures with a certain continuity

property, J. Functional Analysis 25 (1977), 306-313.

L. T. Ramsey anD J. L. GERVER, On certain sequences of lattice points, Pacific J,

Math., in press.

E. SzemereDI, On sets of integers containing no k elements in arithmetic progression,

Acta Arith. 27 (1975), 199-245,

B. L. vAN DER WAERDEN, Beweis einer Baudetschen Vermutung, Nieuw. Arch. Wisk.

15 (1928), 212-216.



