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Abstract

The generalised Oberwolfach problem requires v people to sit at s round tables of sizes
l1; l2; : : : ; ls (where l1 + l2 + · · ·+ ls = v) for successive meals in such a way that each pair of
people are neighbours exactly � times. The problem is denoted OP(�; l1; l2; : : : ; ls) and if �= 1,
which is the original problem, this is abbreviated to OP(l1; l2; : : : ; ls). It was known in 1892,
though di5erent terminology was then used, that a directed terrace with a symmetric sequencing
for the cyclic group of order 2n can be used to solve OP(2n + 1). We show how terraces
with special properties can be used to solve OP(2; l1; l2) and OP(l1; l1; l2) for a wide selection
of values of l1, l2 and v. We also give a new solution to OP(2; l; l) that is based on Z2l−1.
Solutions to the problem are also of use in the design of experiments, where solutions for tables
of equal size are called resolvable balanced circuit Rees neighbour designs.
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1. Introduction

In 1892 Lucas [17] posed (and solved, giving credit to Walecki) the round-dance
problem of arranging for an odd number, v, of children to dance in (v−1)=2 successive
rings, each of size v, in such a way that each child has every other child as a neighbour
exactly once. The Oberwolfach problem, due to Ringel (see [13]), requires an odd
number, v, of people to dine at a set of round tables of individual capacity at least
3 and total capacity v for (v − 1)=2 successive meals in such a way that each person
has every other person as a neighbour exactly once. Both problems are equivalent to
decomposing the complete graph Kv on v vertices into mutually isomorphic 2-factors—
the round-dance problem requires that the 2-factors are Hamiltonian cycles, whereas in
the Oberwolfach problem each 2-factor must be a union of cycles where the sum of
the lengths of the cycles is v. Following [1] we denote the problem where there are m
cycles of lengths l1; l2; : : : ; lm by OP(l1; l2; : : : ; lm).
Gvozdjak [14] considered the more general problem of decomposing the complete

multigraph �Kn+1 into mutually isomorphic 2-factors—here n+1 may be even or odd
provided that, if n+1 is even, then so is �. Again following [1] we denote this problem
OP(�; l1; l2; : : : ; lm) where l and m have the same meaning as above. Gvozdjak showed
that if �, m and l are positive integers with l¿ 3 then OP(�; l1; l2; : : : ; lm), where
l1 = l2 = · · ·= lm = l, has a solution if and only if neither of the following holds:

• � is odd and ml is even;
• � ≡ 2 (mod 4), m= 2 and l= 3.

Solutions to the problem are also of use in the design of experiments, where solutions
for tables of equal size are called resolvable balanced circuit Rees neighbour designs
[19].
Clearly, if OP(�; l1; l2; : : : ; lm) has a solution then so does OP(k�; l1; l2; : : : ; lm);

in particular the results concerning OP(l1; l2; : : : ; lm) extend immediately to OP
(�; l1; l2; : : : ; lm) for any positive integer �. These results are surveyed in [1].
Kaplan et al. [16] consider a version of OP(2; l1; l2; : : : ; lm) having the additional

restriction that each person must have every other person as a neighbour exactly once
on each side.
We start by looking at the case �=2. In this case we decompose 2Kn+1. We say that

a decomposition is based on a group G (where G has order n) if it may be obtained
by labelling the vertices of 2Kn+1 by all the elements of G ∪ {∞} and, if given a
2-factor of the form

F = [a1; : : : ; al1 ]; [al1+1; : : : ; al1+l2 ]; : : : ; [al1+···+lm−1+1; : : : ; al1+···+lm−1+lm];

where ai ∈G ∪ {∞}, the other 2-factors are obtained by premultiplying by the non-
identity elements of G. It is convenient to use the notation g∞ =∞ and ∞−1 =∞.
Given a circular arrangement [h1; h2; : : : ; hn] we say that hi+1 is to the right of hi, for
16 i6 n− 1, and that h1 is to the right of hn. Such a 2-factor F will give a solution
to the problem if and only if, for adjacent vertices a and b, with b to the right of a,
the elements a−1b include exactly two occurrences from each pair {g; g−1} for each
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g∈G such that g 
= g−1, exactly one occurrence of each g∈G such that g has order
2, and two occurrences of ∞. A 2-factor of this type is a generalisation of Kaplan et
al.’s [16, p. 4] notion of an “(l1; l2; : : : ; lm)-sequencing”. In the case where G is cyclic
we also call the solution cyclic.
We use square brackets to denote circular arrangements and round brackets to denote

linear arrangements.

Example 1. Consider OP(2; 4; 5) and let G = Z8, the cyclic group of order 8 written
additively. Take the 2-factor

F = [0; 1; 3; 5]; [2; 6; 7; 4;∞]

of K9. The Nrst cycle of F gives di5erences 1, 2, 2 and 3 and the second cycle gives
di5erences 4, 1, 5, ∞ and ∞, so the 2-factors g + F for g∈Z8 are a solution to
OP(2; 4; 5).
Note that OP(4; 5) has no solution [1].

For a given n, solutions to OP(2; l1; l2; : : : ; lm) based on Zn may, in practice, be more
convenient than solutions based on other groups, or solutions not based on groups, as n
of the diners/children take the same diner’s/child’s place for the subsequent meal/dance
and the remaining diner/child (perhaps the host or the most forgetful child) stays in
the same position.
Section 2 gives a new solution, based on Zn, for some of the cases considered by

Gvozdjak [14]. Sections 3 and 4 show how the idea of a terrace, introduced by Bailey
[10], may be used to give new solutions for OP(2; l1; l2; : : : ; lm) and OP(l1; l2; : : : ; lm),
respectively; we illustrate the ideas with the well-known LWW terrace (to be deNned
in Section 3). Section 5 gives examples of terraces which, between them, provide many
solutions to the Oberwolfach problem.

2. A solution to OP(2; l; l)

Gvozdjak [14] used graph theoretic methods to obtain a solution to OP(2; l; l) for all
l¿ 4 and used this as a platform from which to extend to OP(2; l; l; : : : ; l). Theorem
1 gives a new and cyclic solution to OP(2; l; l) for all l¿ 4.

Theorem 1. If l¿ 4 then OP(2; l; l) has a solution based on Z2l−1.

Proof. The constructions vary as l varies modulo 4. In each case we give the initial
2-factor F , the numbers beneath the braced terms indicating the number of elements
included. In each case, the Nrst cycle is obtained by truncating the LWW terrace to be
described in Section 3, appending ∞ and joining the ends.
If l= 4t, take F to be

[1; 8t − 2; 2; 8t − 3; : : : ; 2t
︸ ︷︷ ︸

4t−1

;∞];
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[6t − 1; 2t + 1; 6t − 2; 2t + 2; : : : ; 5t
︸ ︷︷ ︸

2t−1

; 5t − 1; 3t; 5t − 2; 3t + 1; : : : ; 4t − 1
︸ ︷︷ ︸

2t

; 0]:

If l= 4t + 1, take F to be

[1; 8t; 2; 8t − 1; : : : ; 6t + 1
︸ ︷︷ ︸

4t

;∞];

[2t + 1; 6t; 2t + 2; 6t − 1; : : : ; 3t
︸ ︷︷ ︸

2t−1

; 3t + 1; 5t + 1; 3t + 2; 5t; : : : ; 4t + 1
︸ ︷︷ ︸

2t+1

; 0]:

If l= 4t + 2, take F to be

[1; 8t + 2; 2; 8t + 1; : : : ; 2t + 1
︸ ︷︷ ︸

4t+1

;∞];

[6t + 2; 2t + 2; 6t + 1; 2t + 3; : : : ; 3t + 1
︸ ︷︷ ︸

2t

;

3t + 2; 5t + 2; 3t + 3; 5t + 1; : : : ; 4t + 2
︸ ︷︷ ︸

2t+1

; 0]:

If l= 4t + 3, take F to be

[1; 8t + 4; 2; 8t + 3; : : : ; 6t + 4
︸ ︷︷ ︸

4t+2

;∞];

[2t + 2; 6t + 3; 2t + 3; 6t + 2; : : : ; 5t + 4
︸ ︷︷ ︸

2t

;

5t + 3; 3t + 2; 5t + 2; 3t + 3; : : : ; 4t + 2
︸ ︷︷ ︸

2t+2

; 0]:

Gvozdjak’s methodology can be applied to the Theorem 1 solutions to OP(2; l; l) to
obtain solutions to OP(2; l; l; : : : ; l), but these latter solutions will not be cyclic.

3. Sectionable terraces

Let G be a group of order n, let a, where a= (a1; a2; : : : ; an), be an arrangement of
the elements of G and let b = (b1; b2; : : : ; bn−1) where bi = a−1

i ai+1. If b contains one
occurrence of each g∈G such that g has order 2 and two occurrences from {g; g−1}
for each g∈G such that g has order greater than 2 then a is a terrace for G and b is
the 2-sequencing associated with a, in the terminology of [2,10]. If b consists of one
occurrence of each non-identity element of G then the terrace a is directed and the
2-sequencing b is a sequencing. (Some authors prefer to adjoin the identity element
to the beginning of b before calling it a 2-sequencing or sequencing, but it is more
convenient for our purposes to omit the identity element.)
Let a∗, where a∗ = [a1; a2; : : : ; an+1], be a cyclic arrangement of the elements of

G∪{∞} and let b∗=(b1; b2; : : : ; bn+1) where bi=a−1
i ai+1 and the subscripts are taken
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modulo n + 1. If b∗ contains one occurrence of each g∈G such that g has order 2,
two occurrences from {g; g−1} for each g∈G such that g has order greater than 2 and
two occurrences of ∞ then we say that a∗ is a circular terrace for G ∪ {∞} and we
call b∗ the circular 2-sequencing associated with a∗.

Clearly, as a∗ is circular we may assume that an+1=∞. Then a∗ is a circular terrace
for G ∪ {∞} if and only if a is a terrace for G.

Example 2. The following is a terrace for Zn:

(0; 1; n− 1; 2; n− 2; 3; n− 3; : : :)

with 2-sequencing (1; n−2; 3; n−4; 5; n−6; : : :). If n is even then this terrace is directed.
As with any terrace of Zn, adjoining ∞ to the end and considering it to be circular
gives a circular terrace of Zn ∪ {∞}.

The terrace in Example 2 appears in the literature in many guises; the earliest known
to the authors are Lucas’s use of it [17] for even n (with credit to Walecki) and
Williams’s [22] for odd n. We thus call it the LWW terrace, and the circular terrace
obtained by appending {∞} the LWW circular terrace.
We now consider some procedures for obtaining new terraces from given ones; the

methods in the following paragraph may be found in [10].
Let a, where a=(a1; : : : ; an), be a terrace for G. If � is a group automorphism and c

is an element of the group deNne �(a)=(�(a1); : : : ; �(an)) and ca=(ca1; : : : ; can). If the
group is Abelian, written additively, then we use the notation c+a=(c+a1; : : : ; c+an).
If a is a terrace then so is a′, where a′ = c�(a). Terraces a and a′ related in such
a way are said to be essentially the same. If a1 is the identity of the group then we
say that the terrace is basic; every terrace is essentially the same as at least one basic
terrace. If a is a terrace then we may obtain a further terrace by reversing a to give
rev(a)=(an; an−1; : : : ; a1) or, if a−1

i−1ai=(a−1
n a1)±1, for some i satisfying 26 i6 n, by

translating a to give (ai; ai+1; : : : ; ai−1). A set of terraces obtainable from each other
by reversing, translating, premultiplying by a constant or applying an automorphism,
or any combination of these operations, is called an orbit. Unless otherwise stated, the
terraces considered in this paper are basic, so that, in specifying a terrace, it suQces
to specify the associated 2-sequencing.

Theorem 2. There is a solution to OP(2; l) based on Zl−1.

Proof. Take F to be the LWW circular terrace of Zl−1. This is a Hamiltonian cycle of
2Kl, and because it is a circular terrace we may take the 2-factors g+ F for g∈Zl−1

to decompose 2Kl in the required fashion.

The next deNnition is the one which enables us, in certain situations, to take a terrace
construction for a solution to OP(2; l) and produce a terrace construction for a solution
to OP(2; l1; l2; : : : ; lm).
Let a∗, where a∗ = [a1; a2; : : : ; an+1], be a circular terrace for G ∪{∞}. We say that

a∗ is m-sectionable, with parameters (l1; l2; : : : ; lm), if there are integers i1; i2; : : : ; im,
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with 16 i1¡i2¡ · · ·¡im6 n+1, such that the two multisets S and T, deNned by

S= {a−1
i1 ai1+1; a−1

i2 ai2+1; : : : ; a−1
im aim+1}

and

T= {a−1
i1 aim+1; a−1

i2 ai1+1; : : : ; a−1
im aim−1+1}

contain the same number of elements from {g; g−1} for each g∈G ∪ {∞} and
ij+1 − ij = lj for j = 1; 2; : : : ; m, where im+1 = i1 + n+ 1 (and an+2 = a1). We call the
sequences [aij+1; aij+2; : : : ; aij+1 ] (taken to be cycles) sections. We denote that a circu-
lar terrace is sectionable by putting vertical lines between the sections. The parameters
(l1; l2; : : : ; lm) are the lengths of the sections. If the sectioning occurs immediately after
the last element then we write the vertical sectioning line after the last element, rather
than before the Nrst. If the circular terrace is written with ∞ as the last element then
l1 is the length of the section after the Nrst vertical sectioning line.

Example 3. The following circular terrace for Z8 ∪ {∞} is 2-sectionable with para-
meters (5,4):

[0; 1; 3; 5 | 2; 6; 7; 4;∞|]:
Here ai1 = 5, ai2 =∞, S= {5;∞} and T= {3;∞}.

Theorem 3. Given an m-sectionable circular terrace of G ∪ {∞} with parameters
(l1; l2; : : : ; lm) we can construct a solution to OP(2; l1; l2; : : : ; lm) based on G.

Proof. Take F to be the set of m sections of the circular terrace. As we started with
a circular terrace, and sectioning it does not a5ect the required properties of the set of
quotients between adjacent elements, the graph 2Kl1+l2+···+lm decomposes into 2-factors
gF for g∈G.

Applying Theorem 3 to the 2-sectionable circular terrace of Example 3 gives the
solution to OP(2; 4; 5) given in Example 1. (The order in which the cycle lengths are
written does not matter; OP(2; 4; 5) is the same as OP(2; 5; 4).)

The next result gives a method for taking a terrace for a group and producing
terraces for larger groups. Let G be a group of order 2n with a single element of
order 2; following [6] we call such groups �-groups. A sequencing b for G, where
b=(b1; b2; : : : ; b2n−1), is symmetric if bi=b−1

2n−i where 16 i6 n. This puts the element
of order 2 at position n.

Theorem 4 (Anderson [2]). Let G be a �-group of order 2n with x its unique element
of order 2. There is a 2(n+k−1)=2 to 1 correspondence between symmetric sequencings
of G and 2-sequencings of G=X , where X = 〈x〉 and k is the number of elements of
order 2 in G=X .

We outline the construction; a proof of its correctness can be found in [2].
Firstly, observe that if � :G → G=X is the natural projection then the Nrst n − 1

elements of a symmetric sequencing of G are mapped by � to a 2-sequencing of G=X .
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We call a 2-sequencing obtained in this way a half-projection of the original symmetric
sequencing.
Let b = (b1; b2; : : : ; bn−1) be a 2-sequencing of G=X . We use b to give a sequence

(d1; d2; : : : ; dn−1) of G as follows. Here g denotes an element of G; elements of G=X
have the form {g; gx}.

• If bi = {g; gx} and bi has order 2 then let di be either g or gx.
• If bi = {g; gx}= bj, i 
= j, then either let di be g and dj be gx or let di be gx and

let dj be g.
• If bi = {g; gx} and bj = {g−1; g−1x}, bi and bj having order greater than 2, then

either let di be g and dj be g−1x or let di be gx and let dj be g−1.

Complete d, where d = (d1; d2; : : : ; d2n−1), by letting dn = x and di = d−1
2n−i for i=

n+ 1; n+ 2; : : : ; 2n− 1; then d is a symmetric sequencing of G.
As in [11] we call a symmetric sequencing obtained in this way a lift of b. The

choices give 2(n+k−1)=2 lifts of b, but some of these may have terraces that are essen-
tially the same.

Example 4. The LWW terrace for Z2n is a lift of the LWW terrace for Zn.

Let a, where a=(a1; a2; : : : ; an), be a basic terrace for G with 2-sequencing b, where
b = (b1; b2; : : : ; bn−1). If bi = ai or bi = a−1

i+1 then we say that i is a match-point of
b; in the former case we say that i is a left match-point, in the latter we say that
i is a right match-point. (Anderson and Leonard [7,4] use 2-sequencings and sym-
metric sequencings with match-points under the names “2d-sequencings” and “sym-
metric d-sequencings”, respectively. Using the terminology “forward” (for left) and
“backward” (for right), they indicate that the direction of the match-point is im-
portant. However, they have no direct terminology for a match-point, as they are
not concerned with its position. We have used “left” and “right”, rather than for-
ward and backward, as to maintain consistency with Anderson and Leonard we would
have “forward match-points” looking backward and vice versa. This is because An-
derson and Leonard’s deNnitions are concerned with the terrace rather than with the
2-sequencing.)

Theorem 5. If n ≡ 0 (mod 3) then the LWW terrace has 2n=3 as both a left and
right match-point. If n ≡ 1 (mod 3) then the LWW terrace has (2n + 1)=3 as a
left match-point. If n ≡ 2 (mod 3) then the LWW terrace has (2n − 1)=3 as a right
match-point. These are the only match-points possessed by the LWW
terrace.

Proof. The LWW terrace (a1; a2; : : : ; an) is given by

a2i+1 =−i (mod n) if 16 2i + 16 n;

a2i = i (mod n) if 26 2i6 n
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and the 2-sequencing is given by

b2i+1 = 2i + 1 (mod n) if 16 2i + 16 n;

b2i =−2i (mod n) if 26 2i6 n:

For the basic terrace to have a left match-point we require that either −2i ≡ i (mod n)
or 2i + 1 ≡ −i (mod n). In the Nrst case we get 3i ≡ 0 (mod n) so n ≡ 0 (mod 3) and
the match-point is 2n=3; in the second case we get 3i+1 ≡ 0 (mod n) so n ≡ 1 (mod 3)
and the match-point is (2n+ 1)=3.
For the terrace to have a right match-point we require that either −2i ≡ −i (mod n)

or 2i+1 ≡ −(i+1) (mod n). In the Nrst case we get 3i ≡ 0 (mod n) so n ≡ 0 (mod 3)
and the match-point is 2n=3; in the second case we get 3i + 2 ≡ 0 (mod n) so n ≡
2 (mod 3) and the match-point is (2n− 1)=3.

Theorem 6. If a, where a = (a1; a2; : : : ; an), is a basic terrace for G that has left
match-point i then a∗, where a∗ = [a1; a2; : : : ; an;∞], is a 2-sectionable circular ter-
race with parameters (n+ 1− i; i).

Proof. We have the multisets S= {bi;∞} and T= {b−1
i ;∞}.

Example 3 uses this procedure with a left match-point of 4 in a terrace of Z8.
We now show how to extend terraces with match-points to terraces for larger groups

with match-points. Let G be a group with a terrace a that has a match-point at position
i. We say that this match-point is left-<exible if either of the following is true:

• The 2-sequencing contains an element bk of order 2 such that k ¡ i.
• The 2-sequencing contains a pair of elements, bk and bl, such that bk = (bl)±1 and
k ¡ i¡l.

We say that this match-point is right-<exible if either of the following is true:

• The 2-sequencing contains an element bk of order 2 such that k ¿ i.
• The 2-sequencing contains a pair of elements, bk and bl, such that bk = (bl)±1 and
k ¡ i¡l.

If a match-point is both left- and right-Rexible we call it <exible; if it is neither we
call it in<exible.

Theorem 7. Let G be a �-group of order 2n with x as its unique element of order 2
and let X = 〈x〉.

(i) If G=X has a 2-sequencing with i as a left-<exible left (respectively right) match-
point then G has a 2-sequencing with i as a <exible left (respectively right)
match-point.

(ii) If G=X has a 2-sequencing with i as a right-<exible left (respectively right)
match-point then G has a 2-sequencing with 2n−i as a <exible right (respectively
left) match-point.



M.A. Ollis, D.A. Preece /Discrete Mathematics 266 (2003) 399–416 407

Proof. There is enough choice in the lift construction to ensure this result.

Example 5. The LWW 2-sequencing for Z5 is (1; 3; 3; 1) which has 3 as a Rexible
right match-point. This may be lifted to the Z10 2-sequencing

(1; 3; 8; 6; 5; 4; 2; 7; 9)

which has 3 as a Rexible right match-point. It may also be lifted to

(6; 3; 8; 1; 5; 9; 2; 7; 4)

which has 7 as a Rexible left match-point.

If the initial match-point of the terrace for G=X in Theorem 7 is not left-Rexible or
right-Rexible as required, then either all or none of the lifts to a terrace for G have
the claimed match-points.
The aim now is to Nnd terraces with as many match-points as possible for as many

groups as possible.

4. Symmetrically sectionable directed terraces

Let G be a �-group of order 2n and let a=(a1; a2; : : : ; a2n) be a directed terrace for G
that has a symmetric sequencing. Let a∗ be the corresponding circular directed terrace
for G ∪ {∞}. If m is an odd positive integer then we say that a∗ is symmetrically
m-sectionable with parameters (l1; l2; : : : ; lm) if, in addition to being m-sectionable with
these parameters, li = lm−i for 16 i6 (m − 1)=2, it has S = T and i(m+1)=2 = n
(in the notation of the deNnition of m-sectionable).

Example 6. The following circular directed terrace for Z12 ∪ {∞} is symmetrically
3-sectionable with parameters (4; 4; 5):

[0; 7 | 11; 2; 4; 3 | 9; 10; 8; 5 | 1; 6;∞]:

Here i1 = 2, i2 = 6, i3 = 10, S= {4; 6; 8} and T= {6; 8; 4}.

Theorem 8. Let G be a �-group of order 2n. Given a symmetrically sectionable circu-
lar directed terrace for G with parameters (l1; l2; : : : ; lm), a solution to OP(l1; l2; : : : ; lm)
can be obtained.

Proof. Take F to be the set of m sections of the circular directed terrace. If we take
the 2-factors gF for all g∈G they decompose the graph 2K2n+1. However, if x is the
unique element of order 2 in G then the 2-factor gxF is the reverse of the 2-factor gF .
Thus choosing one 2-factor from each set {gF; gxF} for each g∈G gives the required
decomposition of K2n+1.

If n ≡ 3 (mod 4) in the above theorem then the solution to OP(l1; l2; : : : ; lm) is
“regular” in the terminology of Kaplan et al. [16].
Applying Theorem 8 to Example 6 gives a solution to OP(4; 4; 5).
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Theorem 9. Let G be a �-group of order 2n with x as its unique element of order 2
and let X =〈x〉. If G=X has a terrace with i as a right-<exible left match-point then G
has a symmetrically 3-sectionable circular terrace with parameters (i; i; 2(n− i) + 1).

Proof. Let d′ be the 2-sequencing (d′1; d
′
2; : : : ; d

′
n−1) for G=X with right-Rexible left

match-point i and let c′ be its associated basic terrace (c′1; c
′
2; : : : ; c

′
n). DeNne d =

(d1; d2; : : : ; dn) = (d′−1
n−1; d

′−1
n−2′ ; : : : ; d

′−1
1 ). Then d is also a 2-sequencing for G=X ; its

associated basic terrace is c = c′−1
n rev(c′) = (c1; c2; : : : ; cn). It is the 2-sequencing d

that we lift to a symmetric sequencing of G. As i is a left match-point of d′ we have
c−1
n cn−i+1 = d−1

n−i.
As the match-point i of d′ is right-Rexible we can lift c to a directed terrace a for

G, where a = (a1; a2; : : : ; a2n), in such a way that

a−1
n an−i+1 = a−1

n+ian+i+1:

Then

a−1
n+ian+1 = (an−i+1x)−1(anx)

= a−1
n−i+1an

= (a−1
n an−i+1)−1

= a−1
n+i+1an+i

= a−1
n−ian−i+1

and, as is true whether i is a match-point or not,

a−1
n an+1 = x = a−1

n−ian+i+1:

Therefore the circular directed terrace is symmetrically 3-sectionable; it has para-
meters (i; i; 2(n− i) + 1).

The left match-points of the LWW 2-sequencings for Z3k and Z3k+1 are right
Rexible except when k = 1. Thus we can use the Theorem 9 to construct solutions to
OP(2k+1; 2k+1; 2k+1) and OP(2k; 2k; 2k+1) for k ¿ 1. Example 6 was constructed
starting from the LWW 2-sequencing for Z6. If we choose the lift of Z3k+1 to be the
LWW sequencing for Z6k+2 then the solution to OP(2k+1; 2k+1; 2k+1) is equivalent
to that given by Hell et al. [15]; this is illustrated for k = 2 in the example below.
This solution to OP(2k + 1; 2k + 1; 2k + 1) gives a resolvable Rees neighbour design;
the original designs given by Rees [20] for these parameters are not resolvable.

Example 7. The LWW circular directed terrace for Z14 ∪ {∞} is symmetrically sec-
tionable with parameters (5; 5; 5):

[0; 1 | 13; 2; 12; 3; 11 | 4; 10; 5; 9; 6 | 8; 7;∞]:

As in Section 3 we are now interested in Nnding as many match-points as possible
for as many terraces as possible.
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5. Some terraces that have match-points

We now exhibit some terraces that have match-points. We give a construction for
taking terraces with special properties and combining them to produce terraces for
the direct product of their groups; if this construction is applied to terraces that have
match-points the constructed terraces have match-points too. Further inNnite families
of terraces for cyclic groups may be found in [8,9,11,18,21]. A comprehensive list
of references for terraces for non-cyclic groups may be found in [12]. Many of these
terraces have match-points.
Let p be an odd prime, p = 2m+ 1, with r as a non-square element of (the Neld)

Zp. Then

(1; 2; : : : ; m;−mr;−(m− 1)r; : : : ;−r)
is a 2-sequencing for Zp with associated basic terrace

(0; 1; 3; : : : ; m(m+ 1)=2; m(m+ 1)=2− mr; : : : ; m(m+ 1)(1− r)=2):

The case when p ≡ 3 (mod 4) and r=−1 was given by Williams [22, p. 154] and the
more general construction by Anderson [3]. We call this terrace the triangular numbers
terrace and denote it  r(p); it is discussed in [8].

Example 8. In Z11 the element 8 is a non-square;

 8(11) = (0; 1; 3; 6; 10; 4; 6; 9; 7; 2; 5)

which has 2-sequencing (1; 2; 3; 4; 5; 4; 1; 9; 6; 3).

If p¿ 7 then  r(p) has 3 as a Rexible left match-point for any r.
If p ≡ 3 (mod 4) we can obtain a solution to OP(2;m+ 1; m+ 1) via the triangular

numbers terrace  r(p). It suQces to show that (m + 1) is a left match-point. To get
(m+ 1) as a left match-point we require that m(m+ 1)=2 =−mr, that is r =− 1

4 . The
value − 1

4 is non-square modulo p if and only if −1 is non-square modulo p; this
occurs if and only if p ≡ 3 (mod 4). This solution is di5erent to the one given in
Section 2.
In general, the triangular numbers terraces give several Rexible match-points in the

second half of the associated 2-sequencing for any given prime.
Let p be a prime with 2 as a primitive root; then (0; 20; 2−1; 2−2; : : : ; 21) is a terrace

for Zp. This is a special case of Theorem 2.1 of [9]. We call this terrace the halving
terrace here.
The halving terrace has right match-points for all i, 26 i6p−1, and all are Rexible

except p− 1.

Example 9. The halving terrace for Z13 is

(0; 1; 7; 10; 5; 9; 11; 12; 6; 3; 8; 4; 2)

which has 2-sequencing (1; 6; 3; 8; 4; 2; 1; 7; 10; 5; 9; 11).
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In any basic terrace (a1; a2; : : : ; an), if a−1
n−jan−j+1=(a−1

n−jan)
−1, where 26 j6 n−1,

then we may reverse the last j elements of the terrace to obtain a new basic terrace.
When the last j elements of a terrace are reversed a left (respectively right) match-point
in position n − k (where k ¡ j) becomes a right (respectively left) match-point in
position n− j + k.
The last log2(

2
3 ) terms of the halving terrace may be reversed to give left match-points

from position n− log2(
2
3 ) + 1 onwards.

Example 10. In Z13 we may reverse the last 9 (=log2(
2
3 )) terms to give the terrace

(0; 1; 7; 10; 2; 4; 8; 3; 6; 12; 11; 9; 5)

which has 2-sequencing (1; 6; 3; 5; 2; 4; 8; 3; 6; 12; 11; 9).

Let n= 3k . Then

(0; 3k−120; 3k−121; 3k−220; 3k−221; : : : ; 3k−225;

3k−320; : : : ; 3122:3
k−2−1; 3020; 3021; : : : ; 3022:3

k−1−1)

is a terrace for Zn. This is a special case of Theorem 3.3 in [9]. We call this terrace
the powers-of-three terrace here.

Example 11. The powers-of-three terrace for Z27 is

(0; 9; 18; 3; 6; 12; 24; 21; 15; 1; 2; 4; 8; 16; 5; 10; 20; 13; 26; 25; 23; 19; 11; 22; 17; 7; 14):

The powers-of-three terrace has 2 and n − 1 as inRexible left match-points; it has
Rexible left match-points at all other positions except 3k

′
, where k ′¡k.

The following theorem uses terraces for two groups to produce terraces for the direct
product of the groups. Repeated applications of the theorem can be used to produce
terraces for the direct product of more than two groups. Theorem 11 then shows how
match-points are carried through the construction. We Nrst need a deNnition. Let a,
where a=(a1; a2; : : : ; an), be a terrace for a group of odd order n which has associated
2-sequencing b, where b = (b1; b2; : : : ; bn−1). Then b is starter-translate if, whenever
g∈{b1; b3; : : : ; bn−2}, then either g∈{b2; b4; : : : ; bn−1} or g−1 ∈{b2; b4; : : : ; bn−1}. Fol-
lowing Anderson [5] we call b an st-2-sequencing. We call a an st-terrace.

Theorem 10 (Anderson [5]). Let G be a group of odd order m with st-terrace a,
where a = (a1; a2; : : : ; am), and let H be a group of order n with terrace c, where
c= (c1; c2; : : : ; cn). Then G×H has a terrace and if c is an st-terrace (in which case
n must be odd), then G × H has an st-terrace.

We just give the construction; details of its correctness may be found in [5].
In fact, there are two separate constructions, the s-weave and the t-weave. We illus-

trate each of these for n odd and for n even.
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Fig. 1. The s-weave construction for m = 5.

Fig. 2. The t-weave construction for m = 5.

Figs. 1 and 2 each give a hamiltonian path through G × H . Following this path,
starting at (e; e), gives the terrace. We show the paths for m = 5 in conjunction with
n= 5 and 6. The paths depicted generalise to other values of m and n in the obvious
way.

The s-weave case of the above theorem was implicitly used in Bailey’s proof [10]
that all Abelian groups of odd order have terraces. The other essential ingredient of
that proof is the following:

Example 12. If n is odd then the LWW terrace for Zn is an st-terrace.

Theorem 11. Let G be a group of odd order m and H be a group of order n. Let a
be an st-terrace for G with associated 2-sequencing b, and c be a terrace for H with
associated 2-sequencing d.

(i) If d has j as a left match-point then G×H has a 2-sequencing with j as a left
match-point.
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(ii) If b has i as a left match-point, where i is even, then G×H has a 2-sequencing
with ni as a left match-point.

(iii) If b has i as a right match-point, where i and n are even; then G × H has a
2-sequencing with ni as a left match-point.

(iv) If b has i as a left match-point and d has j as a left match-point, where i is
even and n and j have di>erent parity, then G × H has a 2-sequencing with
ni + j as a left match-point.

(v) If b has i as a left match-point and d has j as a right match-point, where i
is even and n and j have di>erent parity, then G × H has a 2-sequencing with
ni − j as a left match-point.

(vi) If b has i as a right match-point and d has j as a right match-point, where i
is even and n and j have the same parity, then G×H has a 2-sequencing with
ni − j as a left match-point.

(vii) If b has i as a right match-point and d has j as a left match-point, where i is
even and n and j have the same parity, then G × H has a 2-sequencing with
ni + j as a left match-point.

(viii) If b has i as a left match-point and d has j as a left match-point, where i and j
are odd, then G×H has a 2-sequencing with n(i− 1)+ j as a left match-point.

(ix) If b has i as a left match-point and d has j as a right match-point, where i and
j are odd, then G×H has a 2-sequencing with n(i+1)+j as a left match-point.

(x) If b has i as a right match-point and d has j as a right match-point, where i
is odd and j is even, then G×H has a 2-sequencing with n(i+1)+ j as a left
match-point.

(xi) If b has i as a right match-point and d has j as a left match-point, where i is
odd and j is even, then G × H has a 2-sequencing with n(i − 1) + j as a left
match-point.

Each of the above statements remains true if all occurrences of “left” are replaced
with “right” and all occurrences of “right” are replaced with “left”.

Proof. Statements (i) and (iii)–(vii) follow straight from the s-weave construction;
statements (ii) and (viii)–(xi) follow straight from the t-weave construction. Statement
(ii) also follows from the s-weave construction if n is odd.

Example 13. The LWW st-terrace for Z3 is (0; 1; 2) which has 2-sequen-
cing (1; 1) with 2 as a left and right match-point. A terrace for Z5 is (0; 1; 3; 4; 2)
which has 2-sequencing (1; 2; 1; 3) with 2, 3 and 4 as right match-points. Using the
s-weave construction we get the following terrace for Z3×Z5 (the element (x; y) being
denoted xy):

(00; 01; 03; 04; 02; 12; 24; 13; 21; 10; 20; 11; 23; 14; 22)

which has 2-sequencing (01; 02; 01; 03; 10; 12; 24; 13; 24; 10; 21; 12; 21; 13). This 2-seque-
ncing has left match-points in positions 6, 7, 8 and 10; it has right match-points in
positions 2, 3, 4, 10, 12, 13 and 14.
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Table 1
Some terraces for Zn

Notation Terrace

T1(6) (0,3,1,2,4,5)
T1(8) (0,1,3,5,2,6,7,4)
T2(8) (0,2,1,5,3,6,7,4)
T3(8) (0,1,3,6,2,7,5,4)
T1(9) (0,3,1,2,6,7,5,8,4)
T1(10) (0,6,9,7,8,3,4,2,5,1)
T2(10) (0,3,1,2,6,7,5,8,4,9)
T1(11) (0,1,7,9,3,10,2,4,8,5,6)
T1(12) (0,9,6,1,2,4,10,5,3,11,7,8)
T1(13) (0,9,1,8,3,7,10,12,11,4,2,5,6)
T1(14) (0,8,13,9,12,10,11,4,5,3,6,2,7,1)
T2(14) (0,8,1,6,3,7,2,4,5,11,12,10,13,9)
T1(15) (0,9,13,11,10,3,6,1,14,8,12,4,5,2,7)
T2(15) (0,1,5,2,4,8,3,13,7,14,6,12,9,11,10)
T3(15) (0,1,2,7,14,11,5,13,8,4,6,10,12,9,3)
T1(25) (0,1,17,9,13,5,21,3,15,11,18,8,6,20,23,22,16,2,24,19,7,12,14,4,10)

We now have the tools to construct solutions to OP(2; l1; l2) and OP(l1; l1; l2) for
many values of l1 and l2. Table 1 gives some terraces for Zn that will be useful. The
terraces for Z6, Z8 and Z9 are taken from [10], T1(10) and T1(14) are taken from
[18], T2(10) is taken from [21], T1(15) is part of an (unpublished) inNnite family of
terraces and T1(11), T1(12), T1(13), T2(14), T2(15), T3(15) and T1(25) were found
by computer.

Theorem 12. We can solve OP(2; 3; l) for all l¿ 4 and OP(3; 3; k) for all odd k ¿ 1
except k = 5 (which does not have a solution [1]).

Proof. If we can construct a terrace with left match-point 3 for an Abelian group of
order n, for any n¿ 6, then we can solve OP(2; 3; l) for l¿ 4; if these match-points are
also right-Rexible then we can solve OP(3; 3; k) for k¿ 7. We can solve OP(3; 3; 3) as
the LWW circular terrace for Z8∪{∞} is symmetrically 3-sectionable with parameters
(3; 3; 3).

Let n = 2tm, where m is odd and n¿ 6; thus t is a non-negative integer. If m has
a prime divisor p, where p¿ 7, then we may use the 2-sequencing of the triangular
numbers terrace  r(p) for any non-square r; this has Rexible left match-point 3. Now
successively lift this 2-sequencing to give a 2-sequencing for Z2tp which has 3 as a
Rexible left match-point. Then apply Theorem 11(i) using the LWW st-terrace for Zm=p
and the terrace of our 2-sequencing for Z2tp to give the required terrace for Zm=p×Z2tp.

If m has no prime divisor greater than 5 then q divides n for some q, where
q∈{6; 8; 9; 10; 15; 25}. We may now take the relevant terrace from

{T1(6);T3(8);T1(9);T2(10);T1(15);T1(25)}
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Table 2
Left match-points i in terraces T(n) for groups of small order n

n i T(n)

6 4 LWW(6)
7 4  5(7);  1

6(7)
5 LWW(7);  6(7);  1

6(7);  
1
5(7)

8 4 T1(8); rev(T1
2(8))

5 T2(8)
6 rev(T1

2(8))
9 4 POT(9); LWW(3)×s LWW(3)

5 POT(9)
6 POT(9); LWW(9); LWW2(9); LWW(3)×s LWW(3)
7 POT(9)

10 4 LWW1(5)↑

5 T2
1(10)

6 LWW2(5)↑; rev(T1
2(10))

7 LWW(10)
8 LWW2(5)↑

11 4 rev(T1(11))
5 rev(H1

3(11)); rev(T
1
1(11))

6  8(11);  2
8(11);  

2
7(11); rev(T1(11))

7  1
7(11); T1(11)

8 LWW1(11);  2
10(11);  

1
2(11);  

1
6(11); T1(11)

9  7(11); H3(11);  1
2(11);  

2
2(11); H

1(11); T1(11)
12 4 LWW(6)↑; T1(12)

5 T1(12)
6 T1

1(12)
7 rev(T1

1(12))
8 LWW(12); T1(6)↑

9 rev(T1(12))
10 LWW(3)↑↑; T2

1(12)
13 4 T1(13)

5 H9(13); LWW1(13);  2
8(13)

6 H9(13);  1
2(13)

7 H9(13);  1
8(13);  

2
8(13);  

2
6(13)

8 H9(13);  8(13);  2
8(13); T1(13)

9 H9(13); LWW(13);  1
6(13);  

2
6(13)

10 H9(13);  5(13);  2
7(13)

11 H9(13);  7(13);  2
6(13)

14 4  5(7)↑

5  6(7)↑;  1
5(7)

↑; T1(14)
6 T1

1(14)
7 T2(14)
8 LWW2(7)↑

9 LWW1(7)↑

10 T1(14)
11  1

5(7)
↑; T2(14)

12 LWW2(7)↑;  1
5(7)

↑
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Table 2 (continued)

n i T(n)

15 4 T2(15); T3(15)
5 LWW2(15); T2(15)
6 LWW(3)×s LWW2(5); T1(15)
7 LWW(3)×s LWW2(5)
8 LWW(3)×s LWW1(5); LWW(3)×s LWW2(5)
9 T2(15)

10 LWW(15)
11 T2(15)
12 T2(15)
13 T3(15)

in place of the terrace  r(p) in the previous paragraph and we have the required
result.

Table 2 gives terraces with left match-points for groups of small order n; column
2 of the table gives the left match-point i and column 3 gives the terrace T(n). The
table does not include terraces with left match-point 3 as Theorem 12 gives such a
terrace for any n¿ 6. The terraces LWW(n), POT(n) and H(n) are respectively the
LWW, powers-of-three and halving terraces for Zn. If j is the smallest value at which
a translation can be performed on T(n), breaking at bj, then that translation is denoted
T1(n); if a further translation can be performed then that is denoted T2(n). The terrace
obtained by reversing the last k terms of H(n) is denoted Hk(n). If T(m) is an st-terrace
for G and U(n) is a terrace for H then the terraces obtained from Theorem 10 are
denoted T(m)×s U(n) for the s-weave construction and T(m)×t U(n) for the t-weave
construction. A lift of T(n) is denoted T(n)↑; this is not unique. The notation Ti(n)
refers to the appropriate terrace in Table 1.
For many values of n and i Table 2 gives more than one terrace; we do not claim

to give all possible terraces with left match-points.
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