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The abstract theory of scattering deals with pairs of self-adjoint operators
H; acting on Hilbert spaces 5,7 = 1,2, and the corresponding unitary
groups Uj(t) = exp(—itH}), t € R. Most of the existing theories are concerned
with finding criteria for the existence and completeness of the generalized wave
operators, defined by

Wi = s-lim Uy(—t) KU(t) P¥
t>+00

where K : 5#; — 3, is a linear bijection and P{° is the orthogonal projection
of 3, onto the subspace #%° of absolute continuity for H; . The theory can be
applied to physical problems only if #{° can be shown to coincide with the
subspace of scattering states for Uy(¢). This paper presents a new abstract
definition of the scattering states, based directly on the physical meaning of
scattering, and develops a corresponding abstract theory of wave operators.
The applicability of the theory is demonstrated for a class of wave propagation
problems of classical physics.

1. INTRODUCTION

An abstract model for many wave propagation phenomena of
classical and quantum physics is provided by a Hilbert space 5%,
a self-adjoint operator H on 4, and the corresponding group of
unitary operators U(f) = exp(—itH), t € R. The vectors fe 5 are
interpreted as states of a physical system whose time evolution is
given by u(t) = U(t)f. The unitarity of U(#) is equivalent to the
conservation law || #(#)|| = || f|| where | - || denotes the norm in 5#.

The abstract theory of scattering is concerned with the asymptotic
equality for £ — oo of the states of two physical systems. To formulate
this precisely let &, H;, and Ut) = exp(—itH;) (j = 1, 2) repre-
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sent the systems and let J,: J#; — 5, denote a linear bijection with
inverse [, = Ju'. Then Uy () may be said to be asymptotically
equal to U,(z) on a subspace .#; C 5#, if for each f, € .#, there
exists an f, € S, such that

1152 {Ui() /L — JUs() fo} = 0 in o, . (1.1)

It is easy to show that (1.1) holds if and only if the wave operator
W=WH,, Hy, [y, H#)= s;ligjn Uy(—1t) JaUi(t) P, (1.2)

exists, where s-lim denotes the strong limit as an operator from
to #; and P, denotes the orthogonal projection of J# onto ., .
From this point of view the basic problem of the abstract theory of
scattering is to discover those quadruples (H,, H,, [, , . #,) for
which the wave operator W exists. The problem so formulated is
extremely general and only special cases of it have been treated.

Following the pioneering work of Kato [2, 3] and Kuroda [7] most
of the existing work on the abstract theory of wave operators treats
the case where .#; = H#¢, the subspace of absolute continuity for
H, [4]. This choice appears to have been motivated by its mathe-
matical convenience (see [6]) and the observation that in many
applications to physical problems it can be shown that

H = H O A, (1.3)

where J#,? is spanned by the eigenstates of H, whose time evolution
is known. The abstract theory based on this choice has the disadvan-
tage that for each physical application it is necessary either to establish
(1.3) or to investigate whether there are states in #, © #'{° for
which the wave operator exists.

The purpose of this paper is to present an abstract definition of
the subspace #°¢ of all scattering states for an operator H, and to
develop the theory of wave operators with .#; = #,° The theory
is motivated by, and is applicable to, a large class of scattering
problems which includes both the quantum mechanical problem of
scattering by a potential and scattering problems of classical physics.

The paper is organized as follows. In Section 2 it is shown that the
scattering states for quantum mechanical and classical waves in R"
can be defined by means of a family {Q,} of “localizing” operators
on the state space #. Then an axiomatic definition is given for
families {Q,} of localizing operators on an abstract Hilbert space ¢,
and it is shown how a ‘‘scattering” subspace #* can be associated
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with each self-adjoint operator H and family {Q.}. In Section 3
a theory of wave operators on ¢ is developed. The theory is parallel
to, but independent of, the well-known theory of wave operators
on s originated by Kato and Kuroda. In Section 4 the applicability
of the abstract theory is demonstrated for a class of scattering problems
of classical physics. This application is based on a method due to
Lax and Phillips [10] and extended by La Vita, Schulenberger and
the author [8)]. The results developed below are applied in [8] which
should be read together with this paper.

2. LocaL1izZING OPERATORS AND SCATTERING SUBSPACES

The definition of a scattering subspace given below is suggested
by consideration of the propagation of quantum mechanical and
classical waves in R™. In the first case (see [1]), # = Ly(R") and H is
a self-adjoint extension of the Schrédinger operator

H= —ﬁ D2 + V(x) 2.1)

where x = (x;, %3 ,..., X,) € R*, D; = 9/0x; and V() is a real-valued
potential. If u(x, t) = U(¢) f(x) is a corresponding wave with initial
state fe A, ||[f|| =1, and KCR™ is a Lebesgue measurable set
then '

I(K, 1) = f | u(x, 1)i2 dx 2.2)
K
is interpreted as the probability that the system corresponding to H

is in the set K at time #. In the second case (see [17]), H is generated
by a matrix partial differential operator

H = —iE(x) f A,D; (2.3)

i=1

where E(x), 4,, A,,..., 4, are m X m Hermitian matrices and E(x)
is positive definite. # is the Hilbert space generated by the inner
product

(u,v) = f u(x)* E(x) o(x) dx (2.4)
Rﬂ
where #(x) is an m X 1 matrix and u(x)* is its Hermitian adjoint.

580/12/3-3
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In this case if u(x, t) = U(¢) f(x) with f € # and K C R™ is Lebesgue
measurable then

I(K, t) = f s )% E() ulw, 1) dv (2.5)

is interpreted as the energy in the set K at time ¢.

In both of the examples sketched above the fundamental meaning
of the statement “u(x, ¢) is a scattering wave” is that the wave ulti-
mately propagates out of any bounded set K; 1.e.,

lirg I(K,t)y =0  for every bounded measurable KCR® (2.6)

Thus it is natural to say that f e # is a scattering state if and only if
(2.6) holds.

Condition (2.6) can be generalized to the setting of the abstract
theory of scattering by reformulating it in operator-theoretic terms.
First, note that (2.6) holds if and only if it holds for all balls
B, = {x: | x| < ¢}. Define an operator Q,: # — # by

Q%) = x (x)u(x)  forall xeR® 2.7

where x, is the characteristic function of B,. Then I(B,,t) =
10, U®)f|? and (2.6) is equivalent to

k)rg QUM fll =0  forevery g =0. (2.8)

It is easy to verify that the family of operators {Q,: 0 << ¢ < oo} has
the properties

0, is an orthogonal projection on J# for each g == 0. (2.9)
s-limQ, = 1, the identity operator on 5¢. (2.10)
g->o

It is shown next, in the context of the abstract theory, that any
such family determines a subspace of scattering states. To this end
let 5# denote an arbitrary separable Hilbert space and let H denote
a self-adjoint operator on # with corresponding unitary group
U(t) = exp(—itH).

DeFINITION. A family {Q,:0 < ¢ < 0} is called a family of
localizing operators on ¢ if Q,: # — A satisfies (2.9) and (2.10).
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DEFINITION. A vector f € S is said to be a scattering state for H
and {Q,: 0 < ¢ < oo} if and only if (2.8) holds. The set of all scattering
states for H and {Q,: 0 < ¢ < o0} is denoted by #.

The space # has the decomposition

H = Ao D AP @.11)

into the subspaces of continuity and discontinuity for H, respectively,
and (2.11) reduces H [4, p. 515]. A first result concerning the scattering
states is

THEOREM 2.1. H#5C .

Proof. Since ¢ = (AP)L it is enough to show that 5 C (57)L.
Moreover, since 57 is the closed subspace spanned by the eigenvectors

of H it is enough to prove that if fe #® and ¢ is any eigenvector
of H then (f,$) = 0. To prove this note that

QUM ) = (UO), 0h)
= (U0, $) + (VO Op — 9) 1)
= (, U=1) + (U0, 0 — $)
= (1, 4) + (U, Oub — #)

where A is the eigenvalue of ¢. Thus

(f, ) = e QU S, 4) — e (UM)f, Qb — ) (2.13)
for all ¢ > 0 and ¢ € R, and hence

I(F D <NQUMSNSI+NFIII Qe — I (2.14)

If first £ — o0 and then ¢ — oo the right-hand side of (2.14) tends to
zero, by (2.8) and (2.10). It follows that (f, ¢) = 0, which completes
the proof.

The next result shows that H defines an operator on %,

THEOREM 2.2. #°% is a closed subspace of ¢ and reduces H.

Proof. ¢ is clearly a linear manifold in #°. Suppose that
f € 3, the closure of 5 in ¢, so that f = lim,,,, f, where f, € .
Then
1QUMF I < 1QUENS — f)l +11 QU | .15
< ”f_fn “ + ”QqU(t)fn ”
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for all ¢ and # =1, 2, 3,..., because ||Q,U(t)| = 1. The last term
tends to zero when ¢t — oo because f, € 5#°°. Thus

m [ QU < f—full  for n=1,23,. (2.16)

It follows that f satisfies (2.8) because lim,, ., f,, = f. Hence 5 = H#=.

A% reduces H if and only if it reduces U(r) = exp(—irH) for
each 7€ R. Hence it is sufficient to prove that U(r) 5#% C 5#® for
each 7€ R (which implies that U(r)(#%)+ C (#%)L for each re€ R
because U(7) is unitary). But this property is immediate, because if
fe 3 then

1Q.U@) U fll = 11Q.U + 1) f| >0 (2.17)

when ¢t — o by (2.8). This completes the proof.

A primary problem of scattering theory, as developed here, is to
identify or characterize the subspace ¢ of scattering states. In [8]
it is shown for a class of scattering problems of classical physics that
Hs = H#° = H#*. This result cannot hold in all cases. However,
the following partial result holds whenever the localizing operators Q,
are H-compact [4, p. 194].

TreorEM 2.3. IfQ, is H-compact for every q = 0 then H#%¢ C A%,

Proof. It must be shown that each fe s satisfies (2.8). Note
that it is sufficient to prove this for a dense subset of J#?¢ because
0,U(#) is uniformly bounded for all ¢ > 0 and ¢ € R. The dense set
D(H) N s will be used. Note that if fe#%, gei#’, and
{IT(A): X € R} is the spectral family for H, then (JI(X)f, g) is absolutely
continuous and hence

(UM)f,g) = j Rexp(——it/\)—d(—H(‘—;\X)f—’g)—d)\ (2.18)

where d(II(N)f, g)/dA € Ly(R). It follows by the Riemann-Lebesgue
theorem that U(t)f — 0 weakly in # when t — co. Next if f e D(H)
then | U()f|| = || ]| and

1 HU@) 1l = 1l U(e) Hf || = 1| Hf | (2.19)
for all ¢ € R. Hence the set of vectors {U(t) f:t€ R} is bounded in

the graph norm of H. Therefore, since Qq is H-compact, the set of
vectors {Q,U(t)f:te R} is precompact in 5. In particular, any
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sequence {0, U(tn) S} with £, — oo contains a subsequence {Q,U(t,') f}

which converges ii S
limQU(t,)f =g  in¥. (2.20)

But if f € s#2¢ then Q U(¢,’)f — 0 weakly in 5#. Thus g = 0 by the
uniqueness of weak limits. Finally, the entire sequence {Q,U(z,)f}
must converge strongly to zero, because every sequence contains
a subsequence which does so. Thus D(H) N #2 C #* and the
proof is complete.

It is known that J#¢ has the reducing decomposition

Ho = Ao @ A (2.21)

where % is the singularly continuous subspace [4, p. 516]. Hence
Theorem 2.3 implies

CoroLLary 2.4. If Q, is H-compact for every q >0 then
Hse — {0} = S = Hoc,

Proof. This is immediate because Theorem 2.3 implies the
inclusions

0 C A3 C e = Ao @ A, (2.22)

States which scatter when £ — oo were defined and studied above.
Corresponding results for states which scatter when #— —oo are
needed for the theory of the scattering operator. However, these
follow immediately from the results already given, since

Ug{—1t) = exp(itH) = U_g(2). (2.23)

Hence, each H and localizing family {Q,: 0 < ¢ < oo} define a pair
of scattering subspaces %, corresponding to t — 400, and Theo-
rems 2.2 and 2.3 hold for both of them.

3. PROPERTIES OF THE WavE OPERATORS ON THE
SCATTERING SUBSPACES

In the abstract theory of scattering based on the subspace of absolute
continuity J#4°, as developed by Kato [4] and Kuroda [7], it is
emphasized that the wave operators W(H, , H, , [ , #%) have many
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properties that follow directly from their existence. Moreover, these
properties play a major role in the existence and completeness theory
for the wave operators. In this section it is shown that an analogous
theory based on a scattering subspace 3#% can be developed which is
parallel to, but independent of, the theory based on J#4°.

Consider a pair of systems defined by separable Hilbert spaces ]
and self-adjoint operators H; (j = 1, 2), and write U(t) = exp(—itH)).
Let {Q/:0<q < o} denote a family of localizing operators
on #; and let J#° denote the scattering subspace for H; and
{07:0 < g < w}. Let P denote the orthogonal projection of #;
onto #;°. The wave operators

W(H,, Hy, Jn, #7°) = s:lim Uf(—t) JnUy(?) Py? G.1)

will be considered, where J,,: 5] — 5, is a linear bijection with
inverse [, = J5-
Kato has observed that different operators [, may produce the

same wave operators and has formulated the following criterion [5].

DEFINITION. [, and J3; are said to be equivalent with respect to
H, and P;* (in symbols, [,; ~ Js.(H;, P;%)) if and only if

s;li;n (Ja — Ja) Us(2) Py = 0. (3.2)

It is easy to verify that this is an equivalence relation. Its importance
for scattering theory is due to

THEOREM 3.1. Let Jy, ~ Jau(H, , P,®). Then W(H,, H,, J» , #7°)
exists if and only if W(H,, Hy, Js , #,°) exists. Moreover, if these
wave operators exist they are equal:

W(H2 s Hy ]él > ‘;fls) = W(H2 s Hy ]21 ’ ‘;fls) (33)

The analogous result with 5% replaced by #{° was proved by
Kato [5] and the same proof is apphcable to Theorem 3.1.

Some of the properties of wave operators that follow dlrectly from
Definition (3.1) are derived next. The following notation is used for
brevity:

W = W(H,, Hy, Jn > ) (3.4

THEOREM 3.2. If W™ exists then it is an intertwining operator for
the pair H, , H, ; that is,
WaH, C H, W2, (3.5)
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The proof depends only on the fact that P;* commutes with H,;
and is the same as the analog for #7° proved in [5].

Several properties of the wave operators follow directly from the
intertwining relation (3.5). These results are exact analogs of results
for 5% and may be proved by the same arguments (see [5] for
details).

Tueorem 3.3. If W2 exists and if P, and P, denote the orthogonal
projections on My = N(W)L and M, = N(W2*)L, respectively, then
| W2 | and P, commute with H,, | W»* | and P, commute with H,,
and the parts of H, and H, in M, and M, are unitarily equivalent.

Partial information concerning the nullspace and range of W2 is
given by (see [5, Theorem 3.2]).

THEOREM 3.4. If W2 exists then

W2 — W5Ps  and P, <P (3.6)

DeFiniTION. The wave operator W2 is said to be semicomplete
< P, = P*. W* is said to be complete <~ P; = P,* and P, = P,%

In the abstract theory of scattering the wave operator W2 may or
may not be a partial isometry and it may or may not be semicomplete
or complete. The existence of one or more of these properties depends
on the choice of the H;, {0,/:0 < g < o} (j=1,2) and J,, as
does the existence of W?2'. However, criteria which guarantee these
additional properties can be formulated within the abstract theory.
Several such results which are useful for applications are given below.

THEOREM 3.5. Let W exist and assume
there exists a unitary J3, ~ [y (H; , Pi%). 3.7
Then W is a partial isometry with initial set H,*:

W2k — ps, (3.8)
and W2 is semicomplete.

The proof is essentially the same as in Kato [5, Theorem 6.2].
THEOREM 3.6. Let W2 exist and assume that (3.7) holds and

Ol = JuQd for 0 < g < 0. (3.9
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Then
W2 = Py and P, < Py, (3.10)

Proof. P, is the orthogonal projection onto N(IW2*)L — R(W?1),
Thus both parts of (3.10) are equivalent to the statement that
R(WyC 5. To prove this note that ue R(W#) if and only if
u = W29 for some v € #,%. For this pair of vectors Definition (3.1)
implies

lim (Ut — JuUi(t)e) =0 in ;. (3.11)

Moreover, for any ¢ > 0,

102Ut lly < 1 QRA{Us(t)u — Ja Un(t)ollly + 102 Us(®)w [l

< Uyt — JuUs(t)olly + 1| JaQ Us(t)vlle (3.12)
< Uyt — JauUs(@)ollz + 1 Ja 1 Qg Us(t)o |l -

Note that hypothesis (3.9) was used in the second inequality of (3.12).
Both terms on the right in (3.12) tend to zero when ¢t — o, by (3.11)
and because v € ;% Thus every u € R(W?) is a scattering state for
H, ; that is, R(W?') C #,°. This completes the proof of Theorem 3.6.

The final result from the abstract theory that will be presented
here is a completeness criterion. It is based on a chain rule for wave
operators which can be formulated as follows.

THeOREM 3.7. Let W(Hy, H,, Js , #7%) and W(H;, H,, [y , #5°)
exist and let [y, satisfy (3.7) and Q2 Q2 satisfy (3.9). Moreover, let
Jar ~ JaoJu(Hy , Prf). Then W(Hy, Hy, Jg , H#7°) exists and

W(H;, Hy, Jsn, ,°) W(Hy, Hy, oy, #7%) = W(H;y, Hy, Joa s 7). (3.13)

An analogous result with P;* replaced by P was proved by Kato [5]
and the same method applies to Theorem 3.7.

The completeness criterion follows directly from the chain rule.
It may be stated as follows.

THEOREM 3.8. Let both W? and W*? exist. Moreover, let both [,
and [, satisfy (3.7) and let Q' and Qp? satisfy (3.9). Then both W
and W2 are complete and

Wk — e, (3.14)
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Proof. The semicompleteness of W% and W!? follows from
Theorem 3.5. Moreover, Theorem 3.7 is applicable with H, = H,,
Joo = J1a, O = 0O, and J; = 1. Since W(H,, H,, 1, H#7°) = P’
(3.13) gives

W — Pps, (3.15)

Since the indices 1 and 2 enter symmetrically in the hypotheses it also
follows that

WAW2 = Py, (3.16)

Next, note that W2 = P,*W by Theorem 3.6. Taking adjoints and
using (3.16) and (3.8) gives
W21* — WZI*st J— WZI*(WZIWIZ) —_ (W21*W21)W12

3.17)
= PsW2 = W

because R(W*?) C 5#,* by Theorem 3.6 applied to W'2. Thus (3.14) is
verified. Combining (3.14) and (3.16) gives

W21W21* — W21W12 — Pgs (318)

which proves the completeness of W?'. The completeness of W12
follows by symmetry.

The wave operators defined by (3.1) relate the behavior of U,(t)
and Uy(t) for ¢t~ 4 co. Analogous operators relate their behavior
for t — —o0, and these are needed in the theory of the scattering
operator. In this connection note that if the two scattering subspaces
for t — 4-c0 are defined by

Ht = HNH) = {f: im ||Q, exp(—itH)f| = 0 for all ¢ > 0} (3.19)

then
H(H) = Hz(—H), (3.20)

and the corresponding orthogonal projections satisfy

P.(H) = Pz5(—H). (3.21)
Thus, if

Wi(H,, H, ], #.%H)) = Sz:)ligl exp(itH,) ] exp(—itH) Py(H), (3.22)
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then
W_(H,, H, ], #H) = W(—H,, —H, ], #(—H)). (323)

Hence, the results proved above for the wave operators W, also hold
for W_.

4, APPLICATIONS TO SCATTERING PROBLEMS OF CLASSICAL PHYSICS

In this section the applicability of the theory developed in Sections 2
and 3 to scattering problems of classical physics is demonstrated. In
particular, it is shown that the existence and completeness of the
wave operators on the scattering subspaces S, can be proved directly,
on the basis of the results in Sections 2 and 3, without reference to
theories based on #%¢, ¢, or other subspaces.

The method used here is an adaptation of a method due to Lax
and Phillips [9, 10]. Lax and Phillips were the first to develop an
abstract scattering theory which did not depend on the theory of J#¢
(see [9] for references). Moreover, in [9, Chap. VI; 10] they applied
their theory to self-adjoint matrix operators

H=—i fl Ay(x) D; + B(x) 4.1)
iz
under the assumptions
H is elliptic. 4.2)
The coefficients 4,(x) (j = 1, 2,..., ) and B(x) are smooth functions. (4.3)
Afx)y=A42 and Bx)=0 for (x| > 4.4
n is odd. 4.5)

In their work H is compared with the operator

Hy= —iY A°D,, (4.6)

i=1

both operating in #° = L,(R"), and it is shown that the wave operators
W (H,,H,1, 3% and W (H, H,, 1, 5#,°) exist and are complete.
The scattering subspaces . ¢ and #°; , were not introduced in their
work but their results imply that in the notation of this paper,
H = HC = Hand H§ = H° = H.
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The abstract theory of Lax and Phillips was applied to scattering
problems of classical physics by La Vita, Schulenberger and the
author [8]. The Hilbert space # and self-adjoint operator H were
defined by (2.4) and (2.3) (see [17] for details) and it was assumed
that

E(x) is Lebesgue-measurable,bounded, and uniformly positive definite on R".

@.7)
rank ' A;p; =m —k  forall peR" —{0}. (4.8)

=1

In (4.8), k is a fixed integer with 0 <{k < m. The significance of
this condition is discussed in [12] and [13]. The application of the
Lax-Phillips theory to this class of operators was made possible by
a local compactness theorem for the operators (2.3) due to Schulen-
berger [11].

In [8] H was assumed to satisfy both (4.7) and (4.8) and the
hypotheses

Ex)=E, for |x|>n« 4.9)

and
n is odd. 4.10)

H was compared with the operator

H, = —iE;' Y 4D, (4.11)

i=1

operating on the Hilbert space 2, with inner product
(1, v)y = f u(x)* Eqo(x) dx. (4.12)
Rﬂ

The identificdtion operator [: # — 3, , defined by
Jot(x) = u(x) for all xe R~ (4.13)

and its inverse | = J5! were used (5 and 5%, are equivalent Hilbert
spaces). {Q,} and {Q,} were the families of localizing operators
defined by (2.7) on 5 and 5 respectively.

Abstract localizing operators and scattering subspaces were first
introduced and applied in [8]. However, an exposition of the abstract
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theory was left to the present paper. In particular, Theorem 3.8 (the
completeness criterion) and Theorem 4.2 are needed to complete
the exposition in [8]. The principal result of [8] is

Tueorem 4.1. If E(x), 4,, A, ,..., A, satisfy (4.7), (4.8), (4.9),
and (4.10), then the wave operators W, (H,, H, J,, #.°) and
W.(H, H,, ], #5, ) exist and are complete.

The proof of this result given in [8] consists of the following major
steps. (a) Construct incoming and outgoing subspaces Z.” for
U(t) = exp(—itH) in the reducing subspace #°. (b) Use & " to prove
that S8 = #¢. (c) Use (a) and (b) to prove the existence and
completeness of the wave operators on #,% = 3. Here, in order to
emphasize that a scattering theory based on £,% can be developed
independently of theories based on ¢ or other subspaces, a direct
proof of Theorem 4.1 is given. The proof is a simple modification of
the one given in [8] and should be read in conjunction with the proof

in [8].

Proof of Theorem 4.1. The proof is based on the observation that
the subspaces Z_7 and & constructed in [8] are actually incoming
and outgoing subspaces of 5 ¢ and 5, %, respectively. The fact that
9, C H#,* follows immediately from [8, Eqgs. (6.2), (6.4), and
Theorem 6.5]. To prove that &, are incoming and outgoing sub-
spaces of .5 the three axioms of the Lax—Phillips theory [8,
Egs. (3.1)~(3.3)] must be verified with &, for &, and H#,¢ for #.
Only (3.3) is difficult to verify. It states that Q," = U, U(?) 2.~
is dense in £, 5. The density of 2,7 in ¢ was proved in [8, Theo-
rem 6.8]. A direct proof that 2,7 is dense in J£.® can be given by
the same method and is even easier. In fact, it is shown in the proof
given in [8] that if fe#° and f | £, then there exist positive
constants g, ¢, and K such that

| Quien fll < KN QU] (4.14)

for all ¢t > 27r. In particular, this holds for any fe ,° such that
f 1 2.7 It follows from (4.14), (2.8), and (2.10) that f = 0. Hence
Q.7 is dense in S, %, and a similar proof holds for 2_7 and 5 °.
The existence of W (H,, H, J,, #.°) follows immediately from
the fact that 27 are incoming and outgoing subspaces of 4#.°. The
simple proof, due to Lax and Phillips, is given in {8, Theorem 7.2].
The completeness of W_(H,, H, ],, #.°) follows from [8, Theo-
rem 2.4]. The proof of this last result is based on the abstract theory
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and was left to the present paper. In fact, it follows immediately
from Theorem 3.8 above, as soon as the hypotheses of that theorem
are verified. To see what is needed, make the identifications

H, = H, H, = H,, Ja=Jo> AP = A (4.15)
in Theorem 3.8. Then all the hypotﬁeses will be satisfied if
QL Jo = JoQq (4.16)

and there exist unitary operators |’ and J,’ such that
J'~JH,,P5) and  Jy' ~ Jo(H, P?). (4.17)

Equation (4.16) follows immediately from the definitions of J;, O,
and Q,° given above. The unitary operators

J =E2EY:  and ]/ = E;\PEV: (4.18)
may be used to verify (4.17). The correctness of (4.17) follows from

THEOREM 4.2. Let K: H# — H# be defined by Ku(x) = K(x) u(x)
where K(x) is an m X m matrix over C for each x € R™ with the

properties that K(x) is bounded and Lebesgue measurable on R" and
lim,,, K(x) = 1. Then K ~ J(H, P?).

Proof. It must be shown that lim,,, (K — J,) U@)u|, =0 for
all u e £°%; see (3.2). Now if u(x, t) = U(t) u(x) then

(K — Jo) Uty lls = j (K(x) — 1) ulx, £))* E(K(x) — 1) u(x, t) dx.
R" (4.19)

Notice that if M is an m X m matrix and « is an m X 1 matrix then
m
(Mu); = Y1 My, , whence

1<j,k<m

I(Mu); 2 < Z | My |2 Z |ue |2 <m max | My [2u*u (4.20)
k=1 r=1

for j = 1, 2,..., m. Therefore, if the notation

|| M”max = max | Mjk [ (4-21)

1</ h<<m
is used, then

(Muy* Mu < m® || M [faax *u. 4.22)
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Now E(x) and E, are bounded and uniformly positive definite; that
is,

cwru < wrE(xyu, w*Eu < c'w*u  forall xeR" and ueC™, (4.23)
where 0 < ¢ < ¢’. Combining (4.22) and (4.23) gives
(Mu)* EsMu < ¢/ (Mu)* Mu < ¢'m? || M |[nax w*u < ¢ || M |2ax w*E(x)u
(4.24)

where ¢ = ¢'m%c is independent of M, x, and u. Returning to (4.19),
(4.24) gives

K — Jo) Ul < & [ 1K) — 1 lfuax sz, 1)* E(w) ul, ) d

R"

< émax | K(x)—1||m,,xf .l 0% B u(w, ) d

|2l >2q

+ & max || K(x) ~ 1 [fuax f w0 E) u(, 1) d

<«

< € max || K(x) — 1 max || Ut)u | (4.25)
'mai( H K(x) —1 “rznax“QqU(t)””Z

< & max || K(x) — 1 x| | + &1 QU [P

because K(x) is bounded on R". The last term tends to zero when
t — oo because u € #°%. Thus

Iim (K — Jo) Ul < | K(x) — 1{ffax |2 [%. (4.26)

a
x|>q

Moreover, the right-hand side of (4.26) tends to zero when ¢ — o
because lim), |, K(x) = 1. This completes the proof.

5. ConcLupING REMARKS

The results given above show that an abstract theory of scattering
based on the concepts of families of localizing operators and their
scattering subspaces can be developed, and applied to concrete
problems, independently of other theories based on the subspace of
absolute continuity. Hence, a choice among these theories becomes
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a matter of taste. From the viewpoint of pure mathematics, where
internal consistency and richness of results are the principal criteria,
the theories based on s##¢ might be preferred because they are better
developed and have more applications at present. However, it seems
likely that the theory based on ¢ will be extended and new applica-
tions found. (In this connection, recent unpublished work by Lax
and Phillips, extending their methods to differential operators on
even-dimensional spaces, can be used to delete hypothesis (4.9) in
Theorem 4.1.) From the viewpoint of mathematical physics it seems
to the author that a condition like (2.8) must be accepted as the defining
condition for scattering states. From this viewpoint, other theories
must be regarded as incomplete until the relationship of . and
He¢ is clarified. At present, in all the cases that have been analyzed
completely it has been found that S, % = #%¢ = #’¢. However, it
seems certain that ultimately cases will be found where 4, ¢ differs
from 2#“¢ and/or 5. In such cases the mathematical physicist must
give preference to J.°.
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