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1. Introduction

Let Fq be a finite field with q elements and let X be a projective curve defined over Fq , which is
smooth and geometrically irreducible. Let P = {P1, P2, . . . , Pn} be a set of distinct Fq-rational points
of X . For a divisor D on X , let L(D) denote the associated vector space of rational functions. The
usual algebraic–geometric (AG) code is defined to be the image of the evaluation map

ϕD : L(D) → F
n
q,

f �→ (
f (P1), f (P2), . . . , f (Pn)

)
.
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Viewing this as the evaluation map of the sections of the corresponding line bundle OX (D), the
definition of AG codes has been generalized for varieties of higher dimension [9].

Recently, it has been shown that the interleaved AG code may be interpreted geometrically as the
image of the evaluation map for a vector bundle OX (D)⊕r [1]. Motivated by this observation, V. Savin
has given the notion of AG codes defined by arbitrary vector bundles [12]. In [11], we further gener-
alized this construction and gave the definition of AG codes defined by vector bundles on varieties of
arbitrary dimension.

Let X be a projective variety defined over Fq , which we assume to be smooth and geometrically
irreducible. Let E be a vector bundle of rank r on X defined over Fq . Given a set P = {P1, P2, . . . , Pn}
of Fq-rational points of X , we fix an isomorphism of the fiber E Pi

∼= F
r
q
∼= FQ for each i, where we set

Q = qr and we assume that an isomorphism F
r
q
∼= FQ is chosen. Then we define the code C(X,P, E)

to be the image of the evaluation map

ϕE : H0(X, E) →
n⊕

i=1

E Pi
∼= F

n
Q ,

s �→ (
s(P1), s(P2), . . . , s(Pn)

)
.

Thus C(X,P, E) may be considered to be the most general class of AG codes defined so far. We
notice that this code is not FQ -linear in general. However, as observed in [1,12], the decoding process
is more efficient if we work over FQ .

The problem of determining the parameters of these codes is difficult in general. In [12], Savin
introduced the notion of weakly stable bundles and gave a lower bound for the minimum distance of
the codes defined by these bundles. He also proved an existence result of weakly stable bundles. In
[11] we generalized the notion of weakly stable bundles of type α for a rational number α and gave
a method of construction using finite coverings. A vector bundle E of rank r � 2 on a curve X is said
to be a weakly stable bundle of type α if, for any sub-line bundle L ⊂ E , we have

deg L � deg E

r
+ α.

In view of the results obtained in [11], the case α � 0 is interesting for applications to coding
theory, since we obtain better lower bounds for the minimum distance of C(X,P, E). On the other
hand, a theorem of Mukai–Sakai states that α must satisfy the inequality α � − r−1

r g(X), where g(X)

denotes the genus of X . Since the right-hand side of this inequality becomes arbitrarily negative as
g(X) becomes large, we may ask whether the following weak converse to the theorem holds: Given
an integer r � 2 and a rational number α � 0, does there exist a constant g0 such that, for any curve
X of genus g(X) � g0, there exists a vector bundle of rank r on X which is weakly stable of type α?
In this paper we give a positive answer to the problem in the case of plane curves. To do this, we
introduce the method exploiting the restriction of stable bundles on surfaces, which is based on the
effective restriction theorem of A. Langer [7].

We are grateful to the referees for their valuable comments on the first draft of the present article.

2. Weakly stable vector bundles on curves

Let Fq be a finite field with q elements and let X be a projective variety of dimension N � 1
defined over Fq , which is smooth and geometrically irreducible. Let X(Fq) denote the set of Fq-
rational points of X . Let P = {P1, P2, . . . , Pn} be a set of distinct Fq-rational points of X . Let E be a
vector bundle of rank r on X defined over Fq . For a point P ∈ P , let κ(P ) denote the residue field at
P and let E P = E ⊗ κ(P ). We set Q = qr and we choose an isomorphism F

r
q
∼= FQ . For each i, we fix

an isomorphism E Pi
∼= F

r
q
∼= FQ as Fq-vector spaces. Let
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ϕ : H0(X, E) →
n⊕

i=1

E Pi
∼= F

n
Q ,

s �→ (
s(P1), s(P2), . . . , s(Pn)

)
be the evaluation map. We define the code C(X,P, E) to be the image of ϕ as an Fq-vector space.
In case P = X(Fq), we write C(X,P, E) = C(X, E). It should be noted that although C(X,P, E) is an
Fq-subspace of

⊕n
i=1 E Pi , it is not an FQ -subspace in general.

The length of C(X,P, E) is equal to n = #P and, following [12], we define the dimension of
C(X,P, E) to be the real number k given by

k = logqr #C(X,P, E).

Since C(X,P, E) is an Fq-linear subspace of Fn
Q , the minimum distance d of C(X,P, E) is given by

d = min
c 
=0∈C(X,P,E)

w(c).

Here w(c) denotes the Hamming weight of c in F
n
Q .

Assume that X is a curve. To determine the parameters of C(X,P, E), we recall the notion of weak
stability and its generalization as introduced in [12,11].

Let X be a smooth and irreducible projective curve defined over an algebraically closed field. Let
E be a vector bundle of rank r on X . The degree of E is defined to be the degree of its determinant
line bundle, that is, deg E := deg(det E). The slope of E is defined by

μ(E) = deg E

r
.

E is said to be weakly stable if, for any sub-line bundle L ⊂ E , we have

μ(L) �μ(E).

We notice that the usual definition of semistability (respectively stability) is that, for any subbundle
F ⊂ E with 0 < rk F < r, we have

μ(F ) �μ(E) (resp. <).

Thus every semistable bundle is clearly weakly stable and the converse holds if r = 2. However,
weakly stable bundles are not necessarily semistable if r > 2.

A generalization of the weak stability has been introduced in [11]. For a rational number α � 0, E
is said to be weakly stable of type α if, for any sub-line bundle L ⊂ E , we have

μ(L) �μ(E) + α.

In case α < 0, this notion is stronger than the weak stability of Savin.
Let X be a smooth and geometrically irreducible projective curve defined over Fq and E a vector

bundle on X defined over Fq . Let X = X ×Fq and E the base change of E to X , where Fq denotes the
algebraic closure of Fq . We say that E is weakly stable or weakly stable of type α if so is E .

Generalizing the algorithm for interleaved AG codes given in [1], Savin proposed a decoding algo-
rithm for weakly stable bundles [12]. The significance of the notion of weak stability of type α comes
from the following result, which is proved in [11].
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Proposition 2.1. If E is a vector bundle which is weakly stable of type α � 0 and n > μ(E) + α, then we have

k = h0(X, E)

r
,

d � n − μ(E) − α.

Using the code C(X, E), Savin’s algorithm can correct all ε errors with

ε <

⌊
t∗ − α + g(X)

2

⌋

where t∗ is the designed correction capacity defined by

t∗ =
⌊

n − μ(E)

2

⌋
.

It follows from the proposition above that, for applications to coding theory, it is desirable to find
vector bundles E which are weakly stable of type α with α as negative as possible. However, we
notice that an explicit lower bound for α exists, in view of its relation to Segre invariants. We recall
that the first Segre invariant s1(E) of E is the integer defined as follows:

s1(E) = deg E − r max
L⊂E

deg L

where L varies over all sub-line bundles of E . By a theorem of Mukai–Sakai [8], we have the following
upper bound for s1(E):

s1(E) � (r − 1)g(X).

As a consequence, we obtain the following lower bound for α.

Proposition 2.2. Let E be a vector bundle of rank r � 2, which is weakly stable of type α � 0. Then

α � − (r − 1)g(X)

r
.

Proof. Let L ⊂ E be a sub-line bundle of maximal degree. Then

deg L = deg E − s1(E)

r
= μ(E) − s1(E)

r
�μ(E) + α.

Hence the theorem of Mukai–Sakai yields

α � − s1(E)

r
� − (r − 1)g(X)

r
. �

In the rest of this paper we give a method of constructing vector bundles which are weakly stable
of type α for a given rational number α � 0. For this purpose, we will need some results on stable
vector bundles on algebraic surfaces.
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3. Review of vector bundles on surfaces

In this section we give a brief review of the basic properties of vector bundles on algebraic surfaces
which we need in the rest of this paper. We refer the reader to [3], [4, Appendix A] for general
properties of Chow groups and Chern classes. Vector bundles on algebraic surfaces are treated in
detail in [2,5].

Let S be a smooth projective surface defined over a field k. Since S is smooth, the sheaf of dif-
ferentials Ω1

S on S is a vector bundle of rank two on S and the canonical bundle K S is given by
its determinant: K S = detΩ1

S . The tangent bundle T S of S is by definition the dual bundle of Ω1
S :

T S = Ω∨
S .

For each integer i � 0, we denote by Ai(S) the i-th Chow group which consists of cycles of
codimension i on S modulo rational equivalence. A1(S) can be identified with the Picard group
Pic(S) which consists of line bundles on X modulo isomorphism. A divisor on S is an element
of the free abelian group generated by reduced irreducible closed subschemes of codimension one.
We can associate a line bundle OS (D) to a divisor D such that D is the zero-scheme of a section
s ∈ H0(S,OS (D)). The intersection theory on S gives a paring Pic(S) × Pic(S) → Z. Thus we can de-
fine the intersection number L · M for L, M ∈ Pic(S) and D · D ′ for divisors D , D ′ .

For any vector bundle E on S and each integer 0 � i � 2, the i-th Chern class ci(E) ∈ Ai(S) can be
defined. The first Chern class of E is defined by c1(E) = c1(det E) ∈ Pic(S). ci(E) for i > 1 is defined
by the so-called splitting principle. Assume that E is the direct sum of line bundles: E ∼= L1 ⊕· · ·⊕ Lr .
Then we have

1 + c1(E) + c2(E) = (
1 + c1(L1)

) · · · (1 + c1(Lr)
)
.

For general vector bundle E , we can reduce to the above case using a filtration of E by subbundles
Ei such that Ei/Ei−1 are line bundles. Since we have A2(S) ∼= Z, the second Chern class c2(E) can be
identified with an integer.

Let

0 → F → E → G → 0

be an exact sequence of vector bundles on S . Then we have the following Whitney product formula:

c(E) = c(F ) · c(G)

where c(E) = 1 + c1(E) + c2(E) denotes the total Chern class. This allows us to compute the Chern
classes of the vector bundles obtained by an extension of two bundles. We may define the Chern
classes of arbitrary coherent sheaf E by means of the locally free resolution: Let

0 → En → ·· · → E0 → E → 0

be an exact sequence of sheaves where Ei are vector bundles. Then the total Chern class of E is given
by

c(E) =
n∏

i=0

c
(

Ei)(−1)i

.

In addition to vector bundles on S , we have to consider torsion-free sheaves in the next section. If
E is a torsion-free sheaf, then its double dual E∨∨ is a vector bundle and there is a natural injection
E ↪→ E∨∨ whose cokernel is a torsion sheaf supported on a finite set of points. Thus torsion-free
sheaves may be considered as vector bundles with singularities. Let Z ⊂ S be a 0-dimensional closed
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subscheme and let IZ denote its ideal sheaf. The length l(Z) of Z is defined to be the length of the
torsion sheaf OZ . We have

c1(E) = c1
(

E∨∨)
, c2(E) = c2

(
E∨∨) + l

(
E∨∨/E

)
.

Thus, from the exact sequence

0 → IZ → OS → OZ → 0,

we obtain

c1(IZ ) = 0, c2(IZ ) = l(Z).

For a torsion-free sheaf E of rank r and a line bundle L on S , we have

c1(E ⊗ L) = c1(E) + rL,

c2(E ⊗ L) = c2(E) + (r − 1)c1(E) · L +
(

r

2

)
L2.

For a line bundle and a coherent sheaf E , we simply write the tensor product E ⊗ L as E(L). Similarly,
we write E ⊗OS(D) as E(D). The Chern classes of the twisted ideal sheaf IZ (L) can be computed by
the formula above as follows.

c1
(
IZ (L)

) = L, c2
(
IZ (L)

) = l(Z).

An important method of constructing the vector bundles on a surface is the elementary transfor-
mation. Let D ⊂ S be a reduced and irreducible divisor with the inclusion ι : D ↪→ S . The restriction
E |D of a vector bundle E on S to D is a bundle on D of degree c1(E) · D . For a vector bundle T of
rank s on D , let E |D → T be a surjection and let R denote its kernel. The kernel G of the composite
map E → E |D → T is called the elementary transformation of E along T [5, p. 152]. G fits in the
following exact sequences:

0 → G → E → ι∗T → 0,

0 → E(−D) → G → ι∗R → 0.

G has the following properties [5, Proposition 5.2.2].

Lemma 3.1. G is a vector bundle on S of rank r with the Chern classes

c1(G) = c1(E) − sD,

c2(G) = c2(E) + deg T + s(s − 1)

2
D2 − sc1(E) · D.

In the case of rank two, there is another method of constructing vector bundles on a surface,
called the Serre correspondence [5, Theorem 5.1.1]. This is well known in the case of algebraically
closed fields. Since we need it on surfaces over finite fields, we state the result explicitly as follows.
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Lemma 3.2. Let S be a projective surface defined over Fq which is smooth and geometrically irreducible. Let Z
be a 0-dimensional closed subscheme of S of length c defined over Fq. Let L be a line bundle on S defined over
Fq such that |L + K S | = ∅. Then there exists an extension

0 → OS → E → IZ (L) → 0

which defines a rank two bundle E defined over Fq with c1(E) = L, c2(E) = c.

Let S be a smooth, irreducible projective surface defined over an algebraically closed field k. Let
E be a torsion-free sheaf of rank r � 2 on S . For an ample line bundle H on S , the H-slope of E is
defined by

μH (E) = c1(E) · H

r
.

We recall that E of rank r is said to be H-semistable (respectively H-stable) if, for any coherent
subsheaf F ⊂ E with 0 < rk F < r, we have

μH (F ) �μH (E) (resp. <).

Assume that S is smooth and geometrically irreducible surface defined over Fq and that both H and
E are defined over Fq . Then E is said to be H-stable if the base change E is an H-stable bundle
over S .

It is well known that every torsion-free sheaf E possesses a canonical filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Em−1 ⊂ Em = E

such that the quotient sheaves Gi := Ei/Ei+1 are H-semistable torsion-free sheaves which satisfy

μH (G1) > μH (G2) > · · · > μH (Gm−1) > μH (Gm).

Such filtration is said to be the Harder–Narasimhan filtration of E with respect to H [6], [5, p. 28].
μmax(E) = μH (G1) (resp. μmin(E) = μH (Gm)) are called the maximal (resp. minimal) slope of the
filtration.

The discriminant 	(E) of a torsion-free sheaf E of rank r and the Chern classes ci(E) is the integer
defined as follows [5, p. 79].

	(E) = 2rc2(E) − (r − 1)c1(E)2.

If E is a vector bundle, we have 	(E) = c2(End E) where End E := E ⊗ E∨ denotes the endomorphism
bundle of E . The invariant 	(E) is significant in studying the stability properties of the sheaf E . For
example, in case the characteristic of k is zero, every H-semistable torsion-free sheaf E satisfies the
well-known Bogomolov inequality [5, Theorem 7.3.1]:

	(E) � 0.

Although the Bogomolov inequality does not hold any more if the characteristic of k is p > 0, certain
lower bound for 	(E) exists. To state this, we choose a nef divisor A on S such that T S (A) is globally
generated. Given integer r, let βr be the number defined by

βr =
(

r(r − 1)

p − 1
A · H

)2

.

By [7, Theorem 5.1], we have the following result.
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Lemma 3.3. Assume that S is a smooth and irreducible projective surface defined over an algebraically closed
field of characteristic p > 0. For any torsion-free sheaf E of rank r on S, we have

	(E) + r2(μmax(E) − μH (E)
)(

μH (E) − μmin(E)
) + βr � 0.

4. Weakly stable bundles via restriction from surfaces

Let S be a smooth and irreducible projective surface defined over an algebraically closed field
of characteristic p > 0. We explain a method of constructing weakly stable bundles of type α via
restriction of stable bundles on S . Let X ⊂ S be a smooth irreducible curve and let E be a stable
vector bundle on S . We are interested in the weak stability of E |X . We prove a restriction theorem for
stable bundles on surfaces in positive characteristic, which is a modification of a result of A. Langer
[7, Theorem 5.2]. We choose a nef divisor A on S such that T S (A) is globally generated and define
the number βr as in the previous section. Assume that X is linearly equivalent to lH for a very ample
divisor H on S and a positive integer l. The following result states that any H-stable bundle on S
restricts to a weakly stable bundle on X if l is sufficiently large.

Proposition 4.1. Let S be a smooth and irreducible projective surface defined over an algebraically closed field
of characteristic p > 0 and H a very ample divisor on S. Let E be an H-stable vector bundle of rank r � 2 on S.
Let α � 0 be a rational number and let l be an integer with

l � r − 1

rH2

(
H2	(E) − 2rH2α + 1

(r − 1)2
+ 2r(r − 1)βr

)
.

Then, for any smooth irreducible curve X ∈ |lH|, the restriction E |X of E to X is a vector bundle which is weakly
stable of type α.

Proof. Assume that there exists a smooth and irreducible curve X ∈ |lH| such that E |X is not weakly
stable of type α and let ι : X ↪→ S be the inclusion. Then, there exists a maximal sub-line bundle
L ⊂ E |X satisfying deg L > μ(E |X ) + α. Then the quotient T = E |X/L is torsion-free, hence locally free
and has rk T = r − 1 and deg T = c1(E) · X − deg L. Hence

r deg T − (r − 1)c1(E) · X < −rα.

Let G denote the elementary transformation of E along T . By Lemma 3.1, we compute

	(G) = 	(E) − (r − 1)X2 + 2
(
r deg T − (r − 1)c1(E) · X

)
< 	(E) − (r − 1)H2l2 − 2rα.

Claim: We have the following inequalities.

μmax(G) − μH (G) � r − 1

r
H2l − 1

r(r − 1)
,

μH (G) − μmin(G) � 1

r
H2l − 1

r(r − 1)
.

To prove the claim, let

0 = G0 ⊂ G1 ⊂ · · · ⊂ Gm−1 ⊂ Gm = G
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be the Harder–Narasimhan filtration of G . If G is H-semistable, we have μmax(G) = μH (G). In this
case the claim is clear since r−1

r H2l − 1
r(r−1)

� 0 for r � 2. Assume that G is not H-semistable and let
s = rk G1. Since G1 is a subsheaf of E which is H-stable, we have

μmax(G) = μH (G1) = c1(G1) · H

s
< μH (E) = c1(E) · H

r

which yields rc1(G1) · H � sc1(E) · H − 1. Hence

μmax(G) �μH (E) − 1

rs
�μH (E) − 1

r(r − 1)
.

Thus the first inequality follows. To prove the second inequality, we consider the quotient sheaf
E(−X) → Q induced from the projection G → G/Gm−1 and use the stability of E(−X). This proves
the claim.

Applying Lemma 3.3 to G , we obtain

−2r(r − 1)βr � H2	(G) + r2(μmax(G) − μH (G)
)(

μH (G) − μmin(G)
)

< H2	(E) − (r − 1)
(

H2)2
l2 − 2rH2α

+ r2
(

r − 1

r
H2l − 1

r(r − 1)

)(
1

r
H2l − 1

r(r − 1)

)

= H2	(E) − 2rH2α − r

r − 1
H2l + 1

(r − 1)2
.

Thus

l <
r − 1

rH2

(
H2	(E) − 2rH2α + 1

(r − 1)2
+ 2r(r − 1)βr

)
.

However, this contradicts the assumption on l. Hence the proposition has been proved. �
Lemma 4.2. Let S, H and E be as above. Let X ∈ |lH| be a smooth curve which is geometrically irreducible.
Assume that E is H-stable and that E |X is weakly stable of type α. Assume that

X · H �μH (E) and n > μ(E |X ) + α.

Then the dimension k of the code C(X, E |X ) satisfies

k � h0(S, E)

r
.

If we assume further H1(S, E(−X)) = 0, then the equality holds.

Proof. We consider the following exact sequence on S .

0 → E(−X) → E → E |X → 0.
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It follows from the assumptions that H0(S, E(−X)) = 0 since μH (E(−X)) � 0 and E(−X) is H-stable.
Thus the induced cohomology sequence shows that we have the inclusion H0(S, E) ⊂ H0(X, E |X ).
Hence, by Proposition 2.1, the dimension k of C(X, E |X ) satisfies

k = h0(X, E |X )

r
� h0(S, E)

r

and the equality holds, if further we have H1(S, E(−X)) = 0. �
Remark 4.3. For fixed r, we have H0 (̃E(−l)) = 0 for any stable bundles Ẽ of rank r and c1(̃E) = 1 on
P

2 for sufficiently large l. Hence the code C(X, E) has dimension k = r−1
r for l � 0.

5. AG codes on projective plane curves

We apply the results in the previous section to S = P
2 and the tautological line bundle H =

OP2 (1). To do this, we first prove the existence of stable bundles on P
2. Since Pic(P2) is generated by

OP2 (1), one may identify the line bundle OP2 (m) on P
2 with the integer m. For a coherent sheaf E

on P
2, we write E ⊗OP2 (m) as E(m).

Lemma 5.1. For any c > 0, there exists a 0-dimensional closed subscheme Z ⊂ P
2 of length c defined over Fq,

which consists of c distinct points.

Proof. This is obvious since, choosing any line P
1 ⊂ P

2 defined over Fq , we can always find c distinct
points Pi ∈ P

1(Fq) (1 � i � c) such that the cycle Z := P1 + P2 + · · · + Pc is invariant under the
Frobenius map, hence is defined over Fq . �
Lemma 5.2. Let P2 be the projective plane defined over an algebraically closed field. Let Q be an H-stable
torsion-free sheaf of rank r − 1 � 1 on P

2 with c1(Q ) = 1 and c2(Q ) = c. Let E be a sheaf which sits in the
non-split extension

0 → OP2 → E → Q → 0.

Then E is an H-stable torsion-free sheaf of rank r with c1(E) = 1 and c2(E) = c.

Proof. This in fact follows from the proof of [10, Lemma 1.4]. We give a proof for the sake of com-
pleteness. If E were not stable, then we would obtain a semistable subsheaf F ⊂ E with μ(F ) �μ(E).
Let f : F ↪→ E → Q denote the composite map. We see that f cannot be trivial, for otherwise we
would have a non-trivial map F →OP2 , which is impossible since F is semistable and μ(F ) > 0. Thus
the image F of f is a non-trivial subsheaf of Q , which satisfies μ(F ) �μ(F ). In case rk F < rk Q , then
the stability of Q yields μ(F ) < μ(Q ) which is a contradiction. Hence we must have rk F = rk Q =
r − 1. Then we see that rk F = rk F and f is generically surjective. Since E is torsion-free, f has trivial
kernel and hence F ∼= F . Let T denote the cokernel of f , which is a torsion sheaf. If T has support
of codimension one, then we obtain c1(T ) · H > 0, which yields c1(F ) · H = (c1(E) − c1(T )) · H � 0.
However this contradicts the assumption μ(F ) �μ(E) > 0. Hence we conclude that T has support of
codimension two.

The exact sequence

0 → F → Q → T → 0

induces the exact sequence

· · · → Ext1(T ,OP2) → Ext1(Q ,OP2) → Ext1(F ,OP2) → ·· · .
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Let e ∈ Ext1(Q ,OP2 ) denote the class corresponding to the sequence defining E . Since F ∼= F , e maps
to zero in Ext1(F ,OP2 ). This implies that e = 0 since T has support of codimension two and hence
Ext1(T ,OP2 ) = 0. It follows that the original short exact sequence splits, which contradicts the as-
sumption. Therefore we conclude that E is H-stable with the claimed invariants. �

We have the following result concerning the existence of stable bundles E on P
2 with c1(E) = 1

defined over Fq .

Proposition 5.3. For all r � 2 and all c � r, there exists a stable bundle Er,c on P
2 defined over Fq, of rank r,

c1(Er,c) = 1 and c2(Er,c) = c. Further we have h0(Er,c) � r − 1 and dim Ext1(Er,c,OP2 ) = c − r + 1.

Proof. We prove the proposition by induction on r. By Lemma 5.1, for any c � 1, we may choose a
0-dimensional subscheme Z of length c defined over Fq such that the support consists of c distinct
points. We have |OP2 (1)+ KP2 | = |OP2 (−2)| = ∅, hence by Lemma 3.2, there exists a rank two bundle
E2,c which fits in a non-split extension

0 → OP2 → E2,c → IZ (1) → 0

and we have h0(E2,c) � 1, c1(E2,c) = 1 and c2(E2,c) = c. Further E2,c is H-stable by Lemma 5.2 since
IZ (1) is a rank one torsion-free sheaf, which is stable by definition. Taking Hom( ,OP2 ) of the se-
quence above, we obtain the exact sequence

· · · → Hom(E2,c,OP2) → Hom(OP2 ,OP2) → Ext1(IZ (1),OP2

) → Ext1(E2,c,OP2) → ·· · .

We have Ext1(OP2 ,OP2 ) = 0 and Hom(E2,c,OP2 ) = 0 since E2,c is stable. Hence the sequence above
yields dim Ext1(E2,c,OP2 ) = dim Ext1(IZ (1),OP2 )−1. On the other hand, we have Ext1(IZ (1),OP2 ) ∼=
H1(IZ (−2))∨ by Serre duality. Since we have the exact sequence

0 → IZ (−2) → OP2(−2) → OZ (−2) → 0,

the induced cohomology sequence gives H1(IZ (−2)) ∼= H0(OZ (−2)) ∼= F
⊕c
q . Hence

dim Ext1(E2,c,OP2 ) = c − 1 and the claim is true for r = 2.
Assume that the claim holds up to r − 1. Then, for any c � r − 1, there exists an H-stable bundle

Er−1,c satisfying h0(Er−1,c) = r − 2 and dim Ext1(Er−1,c,OP2 ) = c − r + 2. In particular, for any c � r,
we have dim Ext1(Er−1,c,OP2 ) > 0. Hence there exists a non-split extension

0 → OP2 → Er,c → Er−1,c → 0.

The bundle Er,c is H-stable by Lemma 5.2 again and rk Er,c = r, c1(Er,c) = 1 and c2(Er,c) = c.
Considering the induced cohomology sequence, we obtain h0(Er,c) = h0(Er−1,c) + 1 � r − 1 and
dim Ext1(Er,c,OP2 ) = dim Ext1(Er−1,c,OP2 ) − 1 = c − r + 1. Hence the claim is true for r. This com-
pletes the proof. �
Theorem 5.4. Let X be a plane curve of degree l defined over Fq, which is smooth and geometrically irreducible
and let n = #X(Fq). Let r � 2 be an integer and α � 0 a rational number. Assume that

n >
l

r
+ α and l � r − 1

r

(
2r2 − (r − 1) − 2rα + 1

(r − 1)2

)
.

Then there exists a vector bundle E of rank r on X which defines the code C(X, E) with the parameters
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k � r − 1

r
,

d � n − l

r
− α.

Using the code C(X, E), the algorithm of Savin decodes all ε errors with

ε <

⌊
t∗ − 2α + (l − 1)(l − 2)

4

⌋
.

Proof. We let Ẽ := Er,r in Proposition 5.3. Then rk Ẽ = r, c1(̃E) = 1 and c2(̃E) = r. We know that TP2

is generated by global sections since it fits in the Euler sequence

0 → OP2 → OP2(1)⊕3 → TP2 → 0.

Hence we have βr = 0 by choosing A = 0 in the definition of βr . Applying Proposition 4.1 to Ẽ and
H =OP2 (1), we conclude that E := Ẽ |X is weakly stable of type α if

l � r − 1

r

(
	(̃E) − 2rα + 1

(r − 1)2

)
= r − 1

r

(
2r2 − (r − 1) − 2rα + 1

(r − 1)2

)
.

Since we have

X · H = l �μH (̃E) = 1

r
and n > μ(E) = l

r
+ α,

the code C(X, E) defined by E has the desired properties by Proposition 2.1 and Lemma 4.2. �
Example 5.5. Let X denote the Hermitian curve defined by the equation yq + y = xq+1 over Fq2 . It is

known that n = #X(Fq2 ) = q3 + 1. Assume that q, r and α � 0 satisfy

q + 1 � r − 1

r

(
2r2 − (r − 1) − 2rα + 1

(r − 1)2

)
.

Then Theorem 4.3 yields the code C(X, E) with the parameters

k � r − 1

r
,

d � q3 + 1 − q + 1

r
− α.

We can decode by C(X, E) all ε errors with

ε <

⌊
t∗ − 2α + q(q − 1)

4

⌋
.

We may also construct the codes which always have dimension k > 1 exploiting bundles of differ-
ent type.
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Theorem 5.6. Let X , n be as in Theorem 5.4. Let r � 2 be an integer and α � 0 a rational number. For a positive
integer m, let

rm = m(m + 3)

2
.

Assume that

n >
lm

rm
+ α and l � rm − 1

rm

(
(rm + 1)m2 − 2rmα + 1

(rm − 1)2

)
.

Then there exists a bundle Em on X which defines the code C(X, Em) with the parameters

k � rm + 1

rm
,

d � n − ml

rm
− α.

Proof. For any positive integer m, the line bundle OP2 (m) is globally generated. Hence the evaluation
map

ϕm : H0(
P

2,OP2(m)
) ⊗OP2 → OP2(m)

is surjective. We denote by Ẽm the dual of the kernel of ϕm . Then Ẽm is a vector bundle defined over
Fq which fits in the exact sequence

0 → OP2(−m) → H0(
P

2,OP2(m)
)∨ ⊗OP2 → Ẽm → 0.

From this sequence we obtain

rk Ẽm = h0(OP2(m)
) − 1 = (m + 2)(m + 1)/2 − 1 = rm

and c1(̃Em) = m and c2(̃Em) = m2. The sequence above induces an isomorphism H0 (̃Em) ∼=
H0(OP2 (m))∨ since Hi(OP2 (−m)) = 0 for i � 1 and all m > 0. Hence we obtain h0 (̃Em) = rm + 1.
Furthermore it has been proved that Ẽm is an OP2 (1)-stable bundle on P

2 [13, Proposition 2.1]. By
Proposition 4.1, Em := Ẽm|X is weakly stable of type α if

l � rm − 1

rm

(
	(̃Em) − 2rmα + 1

(rm − 1)2

)
= rm − 1

rm

(
(rm + 1)m2 − 2rmα + 1

(rm − 1)2

)
.

Then the bundle Em has the required properties as before. �
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