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1. Introduction

Let G be a finite permutation group acting on a set £2. A base % for G is a non-empty subset
of £2 whose pointwise stabiliser is trivial. The base size of G is the minimal cardinality of a base
for G, and we denote this by b(G). Bases have been very useful in group theory, both theoretically in
bounding the size of a primitive permutation group (e.g. [2]) and computationally (surveyed in [38]).
Accordingly, much research has been done on bounding the base size of a primitive permutation
group (e.g. [23]).

Recently, it has been proved in [5,8-10,12,20,27] that if G is a finite almost simple primitive
permutation group, then b(G) < 7 unless the action of G is standard, in which case the base size
is unbounded in general. (G has a standard action if G either has socle A, and acts on the set of
k-subsets or partitions of {1,...,m}, or is a classical group that acts primitively on an orbit of sub-
spaces of its natural module.) This was conjectured to be the case by Cameron [11]. In fact, it is
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proved in [8] that if G is A or Sy acting primitively on a set of size n, then b(G) =2 unless the
action of G is standard or G is one of 12 listed exceptions. Together with the work of J. James [21],
this classifies the primitive actions of A, and S;; with base size 2. A similar result for primitive ac-
tions of almost simple classical groups is forthcoming in [6,7]. With the goal in mind of a theorem
classifying the primitive permutation groups that admit a base of size 2, we must therefore consider
the other types of primitive permutation groups as classified by the O’'Nan-Scott Theorem [24]. These
types broadly consist of diagonal groups, twisted wreath products, wreath products, and affine groups.
In this paper, we focus on groups of diagonal type. These primitive permutation groups are not often
studied, but they are important, especially to the base size 2 problem. This is because the base size
of a primitive diagonal group behaves much like the base size of an almost simple primitive permu-
tation group, in that the base size is either 2, or, for several explicitly given classes of groups, can be
unbounded.

Let T be a finite non-abelian simple group, and let k be an integer that is at least 2. A group
of diagonal type G with socle T¥ acts primitively on a set £2(k, T) with degree |T|¥~! and is a (not
necessarily split) extension of T¥ by a subgroup of Out(T) x Si; precise definitions will be given in
Section 2. The permutation group induced from the conjugation action of G on the k factors of TX is
called the top group of G and is denoted by P;. The group Pg is either primitive in its action on k
points, or possibly trivial when k =2, and it plays an important role in determining the base size of
G. Observe that if the top group P; does not contain the alternating group Ay, then we necessarily
have k > 5 since Ay and Sj are the only primitive permutation groups of degree k when k <5 (and
the only permutation groups when k = 2).

Theorem 1.1. Let G be a group of diagonal type with socle T* for some finite non-abelian simple group T. If
the top group P is not the alternating group Ay or the symmetric group Sy, then b(G) = 2.

This is the best result we could hope for since a group of diagonal type never has a base of size 1.
The proof of Theorem 1.1 is constructive, though it depends on a non-constructive result in [37]
which determines exactly when a primitive permutation group has a regular orbit on the power set
of the domain of its action. Note that as a consequence of [37], [20, Lemma 4.2] of Gluck, Seress and
Shalev constructs a base of size 3 for a group of diagonal type whose top group is neither alternating,
symmetric nor of degree less than 32.

The situation is markedly different, however, when the top group P is either the alternating
group Ay or the symmetric group Si. Observe that groups of diagonal type can be constructed for
any finite non-abelian simple group T and for arbitrarily large k.

Theorem 1.2. Let G be a group of diagonal type with socle T* for some finite non-abelian simple group T
where the top group P¢ contains the alternating group Ay. If k > 3 then

logk
b(G) =
© [logwﬂﬂc

where ag € {1,2} and ac = 1if |T|' <k <|T|'+ |T| — 1 for some positive integer I. If k = 2, then b(G) = 3
when P¢ =1, and b(G) € {3, 4} otherwise.

We will see in Proposition 3.12 that if either k = |T|, or if Inn(T)¥ x S; < G and k is |T|' or |T|' =1
for some positive integer [, then ac = 2. Also, we give examples when k =2 and P¢ = S of two
groups G with b(G) =3 and two groups G with b(G) =4 (see the end of Section 3). Thus Theorem 1.2
is essentially best possible. However, it remains unclear precisely when the two possibilities occur. In
particular, we do not know when b(G) = 2, though 2 <k < |T| is a necessary condition.

Theorems 1.1 and 1.2 also allow us to prove a well-known conjecture of Pyber in the case
of diagonal type groups. For any finite permutation group G of degree n, it is easy to see that
Mlog|G|/logn] < b(G); simply show that |G| < n?© by considering an appropriate chain of point-
wise stabilisers of base elements. Pyber [35] conjectured that there exists an absolute constant c for
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which the base size of a primitive permutation group G of degree n is at most clog|G|/logn. For ex-
ample, almost simple groups with non-standard primitive actions satisfy Pyber’s conjecture because
their base sizes are bounded above by an absolute constant [12,20,27], and Benbenishty has verified
the conjecture for standard actions of almost simple groups (see [28] for a reference). Moreover, sol-
uble primitive permutation groups satisfy Pyber’s conjecture [36], as do certain other affine primitive
permutation groups [19,29].

Theorem 1.3. Let G be a group of diagonal type. Then G satisfies Pyber’s conjecture. In fact,

1
OgIGI—‘ )
logn

b(G) < {

where n is the degree of G.

We remark that although mention is made in [29] of a forthcoming paper by Seress in which
Pyber’s conjecture is proved for various primitive permutation groups including groups of diagonal
type, this paper did not appear. Moreover, in Gluck, Seress and Shalev [20], a base for groups of
diagonal type is constructed and it is claimed there that the argument can be improved to construct
a base of size [log|G|/logn] + 3 (where G is a group of diagonal type with degree n), but the details
of the proof of this weaker result are not given.

Now we consider the probabilistic side of the theory. The result of [5,8-10,12,20,27] that b(G) <7
when G is an almost simple primitive permutation group with a non-standard action actually has a
stronger form. Cameron and Kantor [12] conjectured that for such groups G there exists an absolute
constant ¢ with the property that the probability that a random c-tuple of points is a base for G
tends to 1 as the order of G tends to infinity. In the same paper, Cameron and Kantor proved that
their conjecture is true with ¢ =2 when the socle of G is alternating. Liebeck and Shalev [27] then
proved the general conjecture for some undetermined constant ¢ by using [20] and counting fixed
points of elements. The constant ¢ = 6 was finally established through work in [9,30]. We have an
analogous result for groups of diagonal type. The proof uses the method of counting fixed points of
elements as in [27].

Theorem 1.4. Let G be a group of diagonal type with socle T¥ for some finite non-abelian simple group T,
and suppose that the top group P¢ does not contain the alternating group Ay. Then the proportion of pairs of
points from $2(k, T) that are bases for G tends to 1 as |G| — oc.

Similarly, we have a partial result that includes the case when the top group P¢ contains the
alternating group Ag. One consequence of this result is that for any fixed k at least 5, there are only
finitely many groups of diagonal type with a degree k top group which do not have base size 2.

Theorem 1.5. Let G be a group of diagonal type with socle T¥ for some finite non-abelian simple group T
where k > 5. The proportion of pairs of points from §2(k, T) that are bases for G tends to 1 if k is fixed as
|G| = oo.

Explicitly, Theorems 1.4 and 1.5 say the following. Let § denote either the symbol oo, or an integer
that is at least 5. If § = 0o, let &5 be the collection of those groups of diagonal type whose top group
is not alternating or symmetric, and if § is an integer, let & be the collection of those groups of
diagonal type whose top group has degree §. For each 8, and for each G € 25 with socle T¥ (where
k=35 if § is an integer), let ns(G) denote the proportion of ordered pairs (w1, ;) in §2(k, T)? for
which {w1, wy} is a base for G. Fix §. Then for every ¢ > 0, there exists a natural number N such that
ns(G) > 1 — ¢ for every G € ¥ satisfying |G| > N.

This paper is organised as follows. Section 2 gives some basic notation and describes the groups
of diagonal type in detail. Theorems 1.1, 1.2 and 1.3 are then proved in Section 3: Theorem 1.1 fol-
lows from Propositions 3.3 and 3.7, while Theorem 1.2 essentially follows from Propositions 3.8, 3.10
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and 3.12. The proof of Theorem 1.4 will take up most of Section 4, and the proof of Theorem 1.5
comes at the end of that section. Note that Sections 3 and 4 are essentially independent of each
other. Note also that most of the results presented in this paper depend upon the classification of the
finite simple groups.

2. Preliminaries

In this paper, all groups are finite and all actions and group homomorphisms are performed on the
right. Note that the CFSG refers to the classification of the finite simple groups and that the notation
used to denote the finite simple groups is consistent with that of [22].

First we have some basic notation. Let X and Y be groups. We denote the semidirect product
of X and Y by X x Y; note that under this notation, X is a normal subgroup of X x Y, Y acts
on X, and (xl,y;])(xz,yz) = (xlxi’],quyz) for all (x1,y1_1) and (x2,y2) in X x Y. If Y acts on
[m]:={1,...,m}, then Y acts on X™ by permuting the coordinates; that is, the element y‘1 of Y
maps (X1,...,Xm) to (X1v,...,xmy) for all (x1,...,xn) € X™. This action defines the wreath product
X™ % Y, which we denote by X :, Y. Moreover, if X is a permutation group on a set £2, then Xy, Y
acts on 2™ by sending (w1, ..., wn) to (@}, ...,w™") for each (x1,...,Xm)y "' € X iy Y. This is
called the product action. As is standard, we denote the stabiliser in X of the point w € 2 by X,,, the
conjugacy class of x € X by xX, and the set of right cosets of the subgroup Y of X by (X :Y). Note
that A, and Sy, respectively denote the alternating group and the symmetric group on the set [m].
Also, if x,y € X, then [x, y] =x 'y~ lxy, and if o € Aut(X), we write & for the coset o Inn(X) in
the outer automorphism group Out(X). Lastly, the function logx denotes the natural logarithm unless
otherwise specified.

The following definitions for groups of diagonal type can be found in [24]. For an integer k > 2
and a finite non-abelian simple group T, we define

Wk, T):= {(om, oo e Aut(T) y Sk: o1 =« forall i},
Dk, T):={(a,...,a)m € Aut(T) y Sk},

2k, T):=(W(k,T): Dk, T)),

Ak, T) := W (k, T) N Aut(T)*.

Note that W (k, T) = A(k, T) x Sy and that W (k, T) is an extension of TX by Out(T) x Si. Moreover,
W (k, T) acts faithfully on the right coset space $2(k, T) since Inn(T)¥ is the unique minimal normal
subgroup of W (k, T).

We say that a group G has diagonal type if there exist an integer k and a finite non-abelian simple
group T such that Inn(T)*¥ < G <KWk, T) and G acts primitively on $2(k, T). Any such G has socle Tk
and degree n :=|T|*~1. Let G be a subgroup of W (k, T) containing Inn(T)¥, and let P¢ denote the
subgroup of Sy consisting of those 7 € Sy for which there exists («1,...,0x) € A(k, T) such that
(a1, ...,0)m € G. Then G is a group of diagonal type if and only if either (i) P¢ is primitive on [k],
or (ii) k=2 and P¢ = {1} (see [15, Theorem 4.5A]). In particular, W (k, T) is a group of diagonal
type. Note that P¢ is permutation isomorphic to the image of the action of G on {Tq,..., Ty} by
conjugation, where T; is the i-th direct factor of Inn(T)¥, since for any w := (a1, ..., a7 € Wk, T),
we have w™!T;w = T, for all i € [k]. The group Pg is referred to as the top group of G. As long as the
context prevents any confusion, we write D, W and §2 for D(k, T), W (k, T) and $2(k, T) respectively.

Let us briefly examine 2. Its elements have the form w := D(aq,...,o,)m for some (oq,...,
o)m € W. Now (¢, ..., ) € D(k, T) for any i € [k], so fixing i we see that w = D(oci;flozmq AU
1,...,0[;,10(,(”71) where 1 is in the i-th coordinate. Since &; = &; for all [ and j, elements of £
actually have the form D(¢x,,..., ), where for each t € T, the map ¢, : T — T is defined to be

conjugation by t. Moreover, every element of £2 has |T| representatives in Inn(T)¥, and for each
element of £2, we may choose one coordinate to be any element of Inn(T) should we wish to do so.
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In particular, fixing the same coordinate and element of Inn(T) and allowing all (k — 1)-tuples with
entries in Inn(T) yields the |T|*"! elements of £2.

3. Base sizes for diagonal type groups

For this section, let G be a group of diagonal type with socle TX where T is a finite non-abelian
simple group. Note that for g € G and % C 2, the set %% is a base for G precisely when % is a base.
(Indeed, this is true for any action.) Thus by transitivity there is no loss of generality in restricting
our attention to those subsets of §2 that contain D. We begin by determining the pointwise stabiliser
in G of any two-element subset of £2 containing D.

Lemma 3.1. Let @ := D (¢, ..., ¢y,) € §2 and write ti’jfor ti’ltj. Then for any jo € [k], we have G, N D =
{(a, ..., )7 € G: thdogy = ¢i7-Jo™ for all i}.

Proof. Fix jo € [k]. Then («,...,a)w € G fixes w if and only if (ptjoa(p[;oln = <Prfa§0t;1 for all i. This is
equivalent to ¢;i.j, & = a@,in.jor for all i. Evaluating this last expression at t for each t € T, we see that

it is equivalent to the statement that (t"-Jo)(t7-Jo™)~1 centralises to for all t € T. Since the centre
of T is trivial, the proof is complete. O

Lemma 3.1 then has the following useful, easy corollary.

Lemma 3.2. Suppose that (e, ..., )7 € G fixes D(¢,, ..., @y ) € £2. If there exists jo for whichtj, and tj
are trivial, then tjoe = ti forall i.

Lemma 3.1 motivates the following notation. For w := D(¢x,, ..., ¢ ) € £2, let O, denote the k x k
matrix whose (i, j)-th entry is the order of ¢ =t '¢t;. If (e, ..., )7 € Gy, then since ti-Joq = ¢i7-Jo™
for all i and for any fixed jo by Lemma 3.1, the jomr-th column of O, must be a permutation of the
entries of the jo-th column. Note that O, is a symmetric matrix whose diagonal entries are all 1.

Now we prove Theorem 1.1 for k > 32. The proof relies mainly on a theorem of Seress [37] which
determines precisely when a regular orbit on the power set of the domain of a primitive action exists;
his work is based on work by Cameron, Neumann and Saxl [13] who proved using the CFSG that such
a regular orbit exists for all but finitely many degrees so long as the action is not the natural action
of the alternating or symmetric group. Note that the result of [37], as mentioned in the Introduction,
can be applied to [20, Lemma 4.2] of Gluck, Seress and Shalev to construct a base of size 3 for a
group of diagonal type whose top group has degree at least 33 and does not contain the alternating
group (and a larger base otherwise). However, the proof of Proposition 3.3 below proceeds somewhat
differently to construct a base of size 2.

Proposition 3.3. If Ay £ P¢ and k > 32, then b(G) = 2.

Proof. Since P¢ is primitive and does not contain Ay, and also since k > 32, [37, Theorem 1] implies
that [k] can be partitioned into two non-empty subsets A and I" such that the setwise stabiliser of A
in Pg is trivial. Since the setwise stabiliser of I must then also be trivial, we may assume without
loss of generality that |A| > |I'|. Clearly |A| > 4, so we may partition A into two non-empty subsets
A1 and A; such that neither |Aq| nor |Ay| is |I"|. Let x and y be generators for T (which is possible
by [1]), and define t; to be 1ifie Ay, xifie Ay, and y ifi e I'. Let w := D(¢y,, ..., ¢,).

Let («,...,a)m be an element of G fixing w. Define a function g:{1,...,k} — N by mapping i to
the number of entries in column i of O, that are 1, where O, is as defined above. Writing Az =T,
we have g(i) = |Aj| if i € Aj. Then g(i) # g(j) forallie I" and j € A, but g(i) = g(im) for all i since
by Lemma 3.1, the entries of column izt are a permutation of the entries of column i. Hence I'm =T,
so 7 is the identity. But then for any i € A1, tiz =tj =1, so by Lemma 3.2, ¢ must fix both x and y
and is therefore the identity. Thus {D, D(¢y,, ..., ¢, )} is a base for G. O
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As for k smaller than 32, we need some more lemmas. This first lemma will also be useful in the
case when the top group is alternating or symmetric.

Lemma 3.4. Let t1, ..., ty denote elements of T such that at least two of the t; are trivial, at least one is non-
trivial, and if t; and t; are non-trivial and i # j then t; # t;. If (o, ..., o) € G fixes D(¢,, ..., ¢, ), then
tioe = tiy foralli.

Proof. Let w := D(¢y,,...,¢y,), and let r; denote the order of t;. Also, let m be the number of non-
trivial t;. To begin, assume that t; # 1 if i € [m] and that t; = 1 otherwise. Then

A B
0w=57 1,00 )

where A is a symmetric m x m matrix whose diagonal entries are 1 and whose remaining entries are
integers at least 2, B is an m x (k—m) matrix with i-th row (rj, ..., ), and 14_,, is a (k—m) x (k—m)
matrix in which every entry is 1. Since k —m > 2, columns m + 1 through k each have at least two
entries that are 1, and these are the only such columns; hence 7 must permute these columns, which
implies that tj; =1 for i > m + 1. The result then follows from Lemma 3.2. The proof of the general
case is essentially the same since then the entries in each column of O, will be a permutation of the
entries in a column of the matrix above. O

A result of Malle, Saxl and Weigel [31] states that every finite non-abelian simple group other
than Us3(3) is generated by an involution and a strongly real element, which is an element that
can be conjugated to its inverse by an involution. Since U3(3) is generated by an involution and an
element of order 6 by [14], it follows that every finite non-abelian simple group is generated by two
elements, one of which can be taken to be an involution. Since two involutions generate a dihedral
group, the two generators must have different orders. This makes the next two lemmas useful. For
x,y €T, let T(x,y) denote the set of non-trivial elements of T whose orders are different to the
orders of x and y.

Lemma 3.5. Suppose that T = (x, y) where x and y have different orders, and suppose thatk > 4 and P¢ # Sy.
If P¢ has base size at most |T (x, y)| + 2 in its action on [k], then b(G) = 2.

Proof. We may assume without loss of generality that {1, 2,...,m} is a base of minimal size for Pg.
Since P is primitive and P¢ # S, it follows that P¢ contains no transpositions; thus we may con-
clude that k >m + 2. Let t1 :=x, ty :=y, tj :=1 for max{3,m+ 1} <i <k, and when m > 3, choose
t3,...,ty to be distinct elements of T(x, y). Suppose that («,...,a)w € G fixes D(¢y,, ..., ¢ ). Then
the conditions of Lemma 3.4 are met, so t;o =t;; for all i. But o preserves order, so « fixes x and y
and is therefore the identity. Then since the t; are distinct for i € [m], 7t is the identity on [m]. Hence
7 is the identity, and it follows that {D, D(¢x,, ..., ¢ )} is a base for G. O

There is a classical result of Bochert [4] from the nineteenth century which states that every
primitive permutation group of degree k that does not contain Ay has a base of size at most k/2 (see
[15, Theorem 3.3B] for a proof). This makes the following consequence of Lemma 3.5 possible.

Lemma 3.6. Suppose that T = (x, y) where x and y have different orders, and let C be a non-trivial conjugacy
class of T with minimal cardinality. If Ay & P¢ and k < 2|C| + 4, then b(G) = 2.

Proof. Certainly |C| < |T(x, y)| since 3 distinct primes divide |T|, while P¢ has a base of size at most
k/2 by Bochert [4]. Thus the assumption that k < 2|C| + 4 implies that P¢ has base size at most
IT(x, y)| + 2 in its action on [k]. Note that k > 5 since Ay £ P¢ and Pg is primitive. Hence we may
apply Lemma 3.5. O



308 J.B. Fawcett / Journal of Algebra 375 (2013) 302-321

Proposition 3.7. If Ay £ P and k < 32, then b(G) = 2.

Proof. By Malle, Saxl and Weigel [31, Theorem B], T is generated by elements x and y with different
orders. Let p(T) denote the minimal index of a proper subgroup of T. Then by Lemma 3.6, G has
base size 2 if 32 < 2p(T) + 4, so we may assume that p(T) < 13. Note that |T| < 13!/2 since T can
be embedded in the alternating group on p(T) points. If T is a classical group of Lie type, then values
for p(T) can be found in [33,42], and if T is an exceptional group of Lie type, then values for p(T)
can be found in [39-41]. Of course p(Am) =m, and if T is sporadic (and of order less than 13!/2),
then values for p(T) can be found in [14]. Using these, we see that T must be one of Ly(7), L»(8),
L,(11), L3(3), Mq1, M1z or Ay for 5 < m < 13. However, it can be seen using [14] that, with the
exception of As, none of these groups has a conjugacy class of size less than 13, and so b(G) =2 by
Lemma 3.6. Lastly, As is (2, 3)-generated and has 24 elements of order 5, while P; has a base of size
at most 32/2 by Bochert [4], so b(G) =2 by Lemma 3.5. O

Together, Propositions 3.3 and 3.7 imply that b(G) =2 when Ay £ P¢, which establishes Theo-
rem 1.1. Note that Pyber’s conjecture (Theorem 1.3) is therefore true when Ay £ Pg.

We now move on to consider those diagonal type groups G for which P; does contain the al-
ternating group Ag. Here it is readily seen that we will not always have base size 2: if k > |T|, then
every element of £ \ {D} is determined by a k-tuple of elements of T whose coordinates contain at
least one repeat, and so W (k, T) does not have base size 2. In fact, we will see that b(G) # 2 when
k > |T|. We begin by constructing a base for G.

Proposition 3.8. G has a base of size

log(k — |T|+1)
A bl BT P!
[ log || %

ifk > |T|, and a base of size 3 if 5 <k < |T|.

Proof. Assume that k > 5. Then m:=min (|T| — 1,k — 2) is at least 3. Define the positive integer

. { (s ®lEDT itk > ),
1 ifk <|T|.

For j such that m < j <k, letdjo,...,d;jr_1 denote the first r digits of the base |T| representation of

j —m —1; this is reasonable since |T|""! <k —m —1 <|T|". Let x and y be generators for T (by [1]).

Since |T| is divisible by at least 3 distinct primes, we may choose some non-trivial z from T whose

order is different to that of x and y. Enumerating the elements of T as to, ..., t—1 where tg:=1,

t1 :=x, t :=y and t3 := z, we may define

tj ifi=2and 1< j<m,
X ifi=3and j=1,
ujji=1z2 ifi=3and j =2,
td; i s if3<i<r+2andm < j <k,
otherwise,
where 1<i<r+2and 1< j<k For 1 <i<r+2, let w; denote the element D(@y,,, ..., Pu;,)

of 2. We claim that % :={w1,...,wr42} is a base for G. Note that |#| =r + 2, for if w; = wy for
some distinct i and i, then there exists t € T for which u; j =tuy ; for all j. But then we must have
i,i’ > 4, which implies that t =1, and so dj;_3 =d;y_3 for every j> m. This is certainly not the
case; for example, take j=|T|'"3 +m+1.

Let (o, ..., o) be an element of G, that fixes w; for all 2 <i<r+ 2. Since uy1,..., Uy satisfy
the conditions of Lemma 3.4, we get that up jo =uy j; for all j, and so [m]7 = [m]. Now uz3 =z
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has order different to that of uy 1 =x and uz =y, so 3 < 37w <m. Hence u33; =1=us33, which
implies that u3 jo = u3 j; for all j by Lemma 3.2. But 17 <m, so u3 1y € {x,z,1}; this together
with the fact that u3 1o = u3 17 forces 17 =1. Similarly, 2w = 2, but then u; ja equalling uy j, for
j €{1,2} implies that xo = x and yo =y, so « is the identity. Moreover, for any i >> 4 we have
that u; 17 =u;1 =1, so it follows from Lemma 3.2 that u; j; = u; ; for all i and j. In other words,
for every j, the j-th and jm-th columns of the (r 4+ 2) x k matrix whose (i, j)-th entry is u; j are
the same. However, by construction columns 1,...,m are distinct from one another, as are columns
m+1,...,k. Recalling that [m]mr = [m)], it follows that 7 is the identity. O

Note that the CFSG was only used in the proof above to obtain that T is 2-generated. This assump-
tion can be removed if k is sufficiently larger than |T|: let x1,..., Xs be a set of generators for T, and
in the construction of % above, change x to X1, y to x, and u;y1 to x; for 3 <i <s. The proof re-
mains unchanged until we obtain xjo = x; and x;a = x,. Since u; 1 =u;1 =1 for i >4, Lemma 3.2
implies that u; ja =u; jr for all i and j, but 27w =2, so x;a = x; for all i. The remainder of the proof
is the same. To get a crude idea of how large k needs to be, note that T has a generating set of size at
most log, |T| (as any finite group does), so we need log, |T|+ 1 to be at most r + 2 for this argument
to work. Hence for k > |T|'°%2ITI| the upper bound on the base size of G in Proposition 3.8 is obtained
without the CFSG.

Now we consider small values for k. The following will be used when k = 2.

Lemma 3.9.If {D, D(¢t,, ..., ¢y,)} is a base of size 2 for G, then ﬂi-;] Cr(ty) ={1}.

Proof. If t ﬂf:] Cr(t;), then (ti’]tl)wt :ti’lﬁ for all i. But (¢t,...,¢) €G, and (¢, ..., @) fixes
D(¢t,,...,¢y) by Lemma 31,s0t=1. O

Proposition 3.10. If P = Ay, then b(G) = 3 when k = 2, and b(G) =2 when k is 3 or 4. If P = Sy, then
b(G) € {3,4} when k =2, and b(G) € {2, 3} when k is 3 or 4.

Proof. Let x and y be generators for T (by [1]). First assume that k = 2. Then {D, D(¢x, 1), D(¢y, 1)}
or {D,D(gx, 1), D(¢y, 1), D(¢xy, 1)} is a base for G when P¢ is 1 or Sy respectively by Lemma 3.1.
Moreover, b(G) # 2 in these cases since {D, D(¢;, 1)} is not a base for G for any t € T by Lemma 3.9.
Let z be a non-trivial element of T with order different to that of x and y, and suppose that k is 3
or 4. Then Lemma 3.4 implies that {D, D(¢x, 1,1), D(1, ¢y, 1)} or {D, D(¢x, ¢;,1,1),D(1,1, ¢y, 1)} is
a base for G when P is S3 or S4 respectively. Since the natural action of A4 has base size 2, it
follows from Lemma 3.5 and [31, Theorem B] that b(G) =2 when k =4 and P¢ = A4. This leaves us
with the case k =3 and Pg = As. By [31, Theorem B], we may assume that y is an involution. Then
a consideration of the matrix Op(g,,¢,,1) Shows that {D, D(gx, ¢y, 1)} is a base for G. O

We are now able to prove Pyber’s conjecture for groups of diagonal type.

Proof of Theorem 1.3. Let G be a group of diagonal type with socle T*. It is well known that
kk/ek=1 < k! for any integer k > 2. If Ay < Pg, then

k-1 k
k|T] 1/ k _ _ _
(—e ) <5<—ek_1>|r|’< P IPGITT < IGolITI =G,

from which we obtain

log(lel/e)< log |G|
log|T| ~ log|T[k-1"

But k—|T|+1<k|T|/e, so when A, < P¢ and k > |T|, Proposition 3.8 implies that G satisfies Pyber’s
conjecture and, in particular, the bound in the statement of Theorem 1.3. Since b(G) is constant and
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at most 4 when Ay & P¢ or k < |T| by Propositions 3.3, 3.7, 3.8 and 3.10, and since we always have
[log|G|/log|T|*~17 > 2, the proof is complete. O

In fact, since log|G|/log IT|¥=1 < b(G) (see the Introduction), this proof provides a lower bound for
b(G) whose value is the case ag =1 of Theorem 1.2 when e|T|' < k < |T|'*! for some non-negative
integer I. However, this can be improved upon. To do so, we need to know more about the structure
of G.

Lemma 3.11. Suppose that A, < Pg. If there exists an odd integer s with 1 < s < k such that s is relatively
prime to the order of every element of Out(T), then Inn(T)¥ x Ay < G.

Proof. If 7 is an s-cycle, then w € Ay < Pg, so («,...,a)mw € G for some « € Aut(T) whose image &
in Out(T) has order r, say. Certainly (&', ...,a")w" € G, but G contains Inn(T)¥, so 7" is an element
of G. Hence m is as well. As w was an arbitrary s-cycle, the group G contains every s-cycle. But the
s-cycles generate Ay, so Inn(T)¥ x A, <G. O

The next result provides a lower bound on b(G) which will allow us to prove that b(G) >
[logk/log|T|]1 + 1 for Theorem 1.2. In fact, several other lower bounds are proved under somewhat
specialised conditions; this is done to show that Theorem 1.2 is essentially best possible.

Proposition 3.12. Suppose that A, < P, and let | be a positive integer. Suppose that either k > |T|, or [ =1
and k= |T|, or Inn(T)* x S < G and kis |T|' or |T|' — 1. Then b(G) =1+ 2.

Proof. Suppose that one of the four assumptions on k and G in the statement of the proposition is
true. Then certainly k > |T|—1, but |Out(T)| is much smaller than |T| by the CFSG (see Lemma 4.8, for
example), so we may take the s of Lemma 3.11 to be |Out(T)|+1 if | Out(T)| is even and |Out(T)|+2
otherwise. Thus Inn(T)¥ x A, < G.

For ease of notation, let % denote the set of the |T|' columns of length [ with entries in T, and
for M an | x m matrix with entries in T, let %) denote the subset of ¥ whose elements are the
columns of M. Note that Aut(T) acts naturally on %. Suppose that the columns of M are pairwise
distinct. If €}y = €y for some « € Aut(T), then « determines a permutation on [m]; this we denote
by 7 M. Note that for each row (t1, ..., ty) of M, we have tja = tiy, ,, for all i.

Choose [ distinct elements w1, ..., ®; from £ \ {D}, and let & be the set {w;: 1 <i <I}. We must
show that % is not a base for Gp. For each i, let (t; 1, ...,t; k) be one of the |T| choices of k-tuples of
elements in T that correspond to w;. Let B be the I x k matrix whose (i, j)-th entry is t; j. Note that
for each i, (t,...,t)w; = w; for any t € T. This allows us either to choose one element from % to be
column j of B for any one j € [k], or, when an element of % is not in %, to choose any one element
from % to be in ¥\ ¥ (with appropriate repercussions for the columns of B in either case).

Suppose that B has three identical columns, say ji, j» and js3. Then (1,...,1)(j1 j2 j3) is an
element of Gp that fixes A pointwise, so % is not a base for Gp. Similarly, if B has two pairs of
identical columns, then 4 is not a base for Gp, so we may assume that neither scenario occurs in B.
In particular, k < |T|' + 1.

Suppose that B has exactly one pair of repeated columns. By relabelling if necessary, we may
assume that the indices of these columns are k — 1 and k. If Inn(T)* x Sy < G, then clearly Z is
not a base for Gp, so assume otherwise, in which case k= |T|' 4+ 1, or I=1 and k = |T|. Then %53
is ¢ in the former case and % \ {(t)} for some t € T in the latter. We may assume by the note
above that every entry of column k — 1 is the identity, and therefore the same is true for column k.
Let B* be the | x (k — 2) matrix whose j-th column is the j-th column of B for 1 < j<k—2.If
k=1T|'+1, let  be any non-trivial element of Inn(T), and if [=1 and k = |T|, let « be any non-
trivial element of Inn(T) that fixes t. Then ¢%. = @~ in either case. Since the columns of B* are
pairwise distinct by assumption, the permutation 7y g+ on [k — 2] exists as defined above. Moreover,
Ty B+ €an be made into an even permutation 7 of [k] by either fixing or interchanging k — 1 and k.
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Then («,...,a)m € Gp. Since t; ja =t; jr for all i and j, Lemma 3.1 implies that (e, ..., )7 fixes
% pointwise. Thus & is not a base for Gp.

Hence we may assume that the columns of B are pairwise distinct. Then k < |T|". If k=|T|!, then
%3 =%, and if k=|T|' — 1, then %3 = % \ {c} for some c € ¥; we may assume that all the entries
of ¢ are the identity. Let @ be an element of Inn(T) for which @2 # 1. Then ¥% = €3 in either
case. Again, since the entries of B are pairwise distinct, we have a permutation 7 := 7y g of [Kk].

Since t; jo =tj j; for all i and j, Lemma 3.1 implies that («,...,a)w € D fixes Z pointwise; hence
the non-trivial element (c, ..., ®)%272 of Inn(T)* x A; does so as well, and thus % is not a base
for Gp. O

Proof of Theorem 1.2. By Propositions 3.8 and 3.10, we have the desired result if k < |T|, so we may
assume that |T|' <k < |T|'*! for some positive integer . It follows immediately from Proposition 3.8
that b(G) < [logk/log |T|]+2. Moreover, b(G) > [+ 2 by Proposition 3.12, so b(G) > [logk/log|T|1+1.
If we also assume that k < |T|' + |T| — 1, then the upper bound of Proposition 3.8 is equal to
[logk/log|T|] + 1 since k > T|! implies that k — |T| + 1 > ITI™1, so ac =1 and the proof is com-
plete. O

Note that Proposition 3.12 provides several infinite classes of groups for which the ac of Theo-
rem 12 is 2; namely, ac =2 when k = |T| or when G contains Inn(T)¥ x Sy and k is |T|' or |T|' — 1
for any positive integer I. Additionally, it can be shown that if m is 5 or 6, then b(Inn(A;;)? x S3) =3
while b(W (2, Am)) = 4. (GAP [18] was used to verify this when m = 6.) Thus Theorem 1.2 is essen-
tially best possible.

Furthermore, Proposition 3.12 implies that b(G) # 2 when k > |T|, and if 2 <k < |T|, then we
know that b(G) € {2, 3} by Propositions 3.8 and 3.10. At this stage, it remains unclear whether we can
determine when b(G) = 2 more precisely than this. The main difficulty here lies in the possibility of
the existence of two groups of diagonal type with the same socle and top group but different base
sizes; indeed, none of the methods we have seen so far can distinguish the base sizes of two such
groups. However, as mentioned in the Introduction, we will see in Section 4 that for a particular
fixed k that is at least 5, there are only finitely many groups of diagonal type with a degree k top
group which do not have base size 2.

4. Probabilistic results

In this section, let T be a finite non-abelian simple group. The following argument has been made
by Liebeck and Shalev [27]. Let G be a transitive permutation group on £2. Let Q (G, b) denote the
proportion of b-tuples in £2° that are not (ordered) bases for G. If x € G, the proportion of points in £2
that are fixed by x is |fix(x)|/|$2|, so the proportion of b-tuples that are fixed by x is (| fix(x)|/|2])P.
Moreover, if a b-tuple is not a base for G, then it is fixed by some element in G of prime order.
Let X be the set of elements in G of prime order, and let x1,...,x be a set of representatives for
the G-conjugacy classes of elements in X. Then since |fix(x)|/|£2| = |G, Nx%|/|xC| for any w € 2 by
transitivity, we have

1

| fix(o|\” G NXC] " Gy NG P
Q(G’bKZ( €21 ) :Z<T> Sl

xeX xeX i=1

In particular, it follows that if

1Gw NX12|C (x))]
yo Lo O Gl
£ |G|

i=1

as |G| — oo for some w € £2, then almost any pair of elements in 2 forms a base for G. Note that

we may choose x1, ..., x; to be elements of G, since |G, ﬂxic| =0 if no G-conjugate of x; lies in G,,.
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Let G be a group of diagonal type with socle T. Choose a set R(G) of representatives for the
G-conjugacy classes of elements in the stabiliser Gp of D = D(k, T) in G which have prime order.
Define

R1(G) :={(a,...,c)m € R(G): 7 is fixed-point-free on [k]},
R2(G):={(,...,c)m € R(G): m =1},
R3(G):={(a,..., )7 € R(G): w # 1 and i =i for some i € [K]},
and for 1 <i < 3, define
ri(G) := Z —'GDHXFG'?CC(X)'.
XeR;(G)

Thus Q (G, 2) <11(G) +12(G) +r3(G). We write & for the tuple («,...,«) and C for some absolute
constant which need not and will not be determined (though it could be). Such methodology will also
apply to another absolute constant ¢ > 1, though it will be obvious what ¢ needs to be.

We need to prove the following three lemmas; for the second, note that p(T) denotes the minimal
index of a proper subgroup of T.

Lemma 4.1. Let P be a primitive subgroup of Sy that does not contain Ay, and let G := A(k, T) x P. Then

for some absolute constants C and ¢ > 1.

Lemma 4.2. Let P be a primitive subgroup of Sy where k > 5, and let G := A(k, T) x P. Then

C

16 —
p(T*~
for some absolute constant C.

Lemma 4.3. Let P be a primitive subgroup of Sy that does not contain A, and let G := A(k, T) x P. Then

@< (5 + )
3 \|T|% Ck \/E

for some absolute constants C and ¢ > 1.

In fact, Lemma 4.3 is primarily a consequence of the following more general result, which we
record here and prove separately from Lemma 4.3 as it has applications to the probabilistic side of
the base size problem for other types of primitive permutation groups, such as the groups of twisted
wreath type (in [16]).

Lemma 4.4. Let P be a primitive subgroup of Sy that does not contain Ay, and let T be a finite non-abelian
simple group. Then for some absolute constants C and ¢ > 1, we have

Z [P <c<1 N 1)
|T|k—rn—% = Ck \/E

meR(P)
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where R(P) denotes a set of representatives for the conjugacy classes of elements of prime order in P, and rx
denotes the number of cycles in the full cycle decomposition of 7 in Sy, including fixed points.

If we assume that Lemmas 4.1, 4.2 and 4.3 are true, then Theorem 1.4 can be proved easily, as we
now see.

Proof of Theorem 1.4. Note that k > 5 since for k < 4 the only primitive permutation groups of degree
k are Ay and Si. Then by Lemmas 4.1, 4.2 and 4.3,

Q((A(k])xP)2)<C< + + + )
b G’ ~ 9
C“"13 P(l)k 14 |]|;C “|%\/’_<

for some absolute constants C and ¢ > 1. Because T can be embedded in the alternating group
on p(T) points, it follows that p(T) — oo as |T| — oco. Thus Q ((A(k,T) x Pg),2) converges to
0 as |T| - oo or k — oo. Since G < A(k,T) x Pc < W(k,T), any base for A(k,T) x P¢ is also a
base for G. Thus Q (G, 2) < Q ((A(k, T) x P¢), 2). Also, clearly |G| < | Aut(T)||T[*~1|P¢| < |TNT|* k!,
so |T| — oo or k — oo when |G| — oo. Thus Q(G,2) will indeed converge to 0 as |G| tends to
infinity. O

In order to prove the three lemmas, we first need to calculate the sizes of conjugacy classes and
centralisers of various elements of D(k, T).

Lemma 4.5. Let P be a subgroup of Sy, let G := A(k,T) x P, and let («, ..., @) € G where 7 has a fixed
point on [k]. Then

(,...,0)t°NGp = {(,....a" )" o' € MM ol e JTP}.

In particular, |(«, ...,a)mS N Gp| = [o D |7 P).

Proof. Suppose that o’ := g~'ap for any B € Aut(T) and 7’ := o~ 'wo for any o € P. Then

(B,...,B)o conjugates («,...,a)w to (¢, ...,a')m’ in G. On the other hand, if (&1, ..., a)o conju-
gates (o, ...,)m to (¢/,...,a')’ in G, then 0 ~'wo =n’ and ozi_1otoem =/ for all i. Since 7 has
a fixed point, the result follows. O

The proof of Lemma 4.5 should give the reader some indication of why it is not only convenient
to work with the group A(k, T) x P but also necessary, as we lose control of the sizes of R,(G) and
R3(G) for an arbitrary group of diagonal type G.

Lemma 4.6. Let P be a subgroup of Sy, let G := A(k, T) x P, and let («, ..., )7 be an element of G of prime
order p. Then |Cq((ct, ..., a)T)| is either

k
|Cp ()| |Coutcry(@)|IT|? (1)
if it is fixed-point-free on [k], or

|Cp ()| | Cautcr) @) Cranry (@)™ 7 7 5 =i () )

if  has a fixed point on [k].
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Note that the division into two cases in Lemma 4.6 is necessary because there exist o, 8 € Aut(T)
for which B € Cou(ry (@) but B ¢ Caurry(@). In fact, if 7 is fixed-point-free, then the two expressions
for [Cq((ct, ..., a)m)| agree precisely when Caue(ty(¢t)/Cinn(r) (@) is isomorphic to Cout(r) (&).

Proof of Lemma 4.6. Let f; := fixy,(7), let c; be the number of non-trivial cycles of 7w so that
cx = (k— fr)/p, and let ry := cy + fr. The element (a1, ..., ax)o € Aut(T)¥2 Sy is in G and centralises
(a0, ..., o) if and only if all three of the following conditions occur: ¢ centralises 7 in P, o 'ajox =
ajr for all i, and «; and «; are in the same coset of Inn(T) for all i and j. There are precisely |Cp ()]
elements of P satisfying the first condition, and this condition is independent of the other two, so we
assume that o is fixed and count how many occurrences of the latter conditions are possible.

Note that if « is trivial, then o~ 'ojor = atir for all i if and only if o = aj whenever i and j are in
the same cycle of the full cycle decomposition of 7. Thus there are |Out(T)||T|"* tuples (a1, ..., o)
satisfying both conditions. The desired equality then follows in either case for 7, so we may assume
that o is non-trivial, in which case « has prime order p.

Suppose, first of all, that ip is moved by m. Then ip is contained in a p-cycle in the full cy-
cle decomposition of m as m must have the same prime order as «. Let us assume that this
p-cycle is (12---p) and that ig is 1. If o« 'ajoe = iy and &1 = &@; for all i, then, in particular,
[1,a] € Inn(T) and the elements «y,...,ap are determined by «; and «. Conversely, if we are
given o7 € Aut(T) such that [oq, ] € Inn(T), define «jq := @'y’ for each i € [p — 1]. Then
o 101101 = «aj; for all i € [p] since « has order p. Moreover, [, '] € Inn(T) for all i € [p] since
[aq, o'l = [or1, i~ Ve i[erg, o]~ for all such i; thus &, = &; for all i € [p]. Since this argument
does not depend on the choice of ip or on the letters of the p-cycle, and since for B € Aut(T),
[8,a] € Inn(T) if and only if B € Cout(r) (@), it follows that there are at most |Coye(r)(@)| choices
for the coset of Inn(T) from which the «; may be chosen, and for each such coset there are at most
|T| choices corresponding to each non-trivial cycle of 7. If v is fixed-point-free, then all these choices
are possible. Since c; =k/p, Eq. (1) follows.

Suppose then that 7 has a fixed point ig. Certainly o~ ojor = @i and @;, = &; for all fixed points i
if and only if o, € Cau(r)(r) and aiglai € Cinn(r) (@) for all fixed points i # ig. Hence there are at

most |Caue(r) (@)]|Cinn(T) (o)== choices for {e;: i =i}, and if 7 is trivial, then all these choices are
possible, in which case Eq. (2) is true. Suppose that 7w # 1, and let {«;: iw =i} be one of the choices
described above. Then since &, € Cout(r)(@) for any i fixed by 7, any element of the coset &;, may
be chosen to determine the «; corresponding to any non-trivial cycle of v as above. Thus each of the
choices for {cj: imr =i} not only occurs but does so |T|" times. Eq. (2) then follows. O

1

There are several occasions when we will need to bound the number of conjugacy classes of
elements of prime order in a group, so we set up some notation for this. Let X be a finite group. If C
is a union of conjugacy classes of X, we write fc(X) for the number of conjugacy classes contained
in C. Also, we write f(X) for fx(X), and when C consists of the elements of prime order in X, we
write fp(X) for fc(X). Let Y be a subgroup of X. Gallagher noted in [17] that f(X) <[X:Y]f(Y) and
f(Y)<[X:Y]f(X) and gave elementary proofs of these facts. The latter can easily be generalised to
fc(Y) for any union of conjugacy classes C in Y, which we now do.

Lemma 4.7. Let X be a finite group with subgroup Y. Let C C C’ be unions of conjugacy classes of Y and X
respectively. Then fc(Y) < [X : Y1fc (X). In particular, fp(Y) <[X:Y]fp(X).

Proof. We adapt Gallagher’s proof in [17] as follows. First we obtain a formula for fe(Y):

|y|Z|cy(y>| Z|y| fe(Y).

yeC yeC

Of course, this formula can be used to determine f¢/(X) as well. Since C € C’ and Cy(y) < Cx(y) for
all y € C, the result follows. O
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We will also need the following technical consequences of the CFSG. The first is routine to verify
since |Out(T)| and |T| are known for every simple group T (see [22, Section 5.1], for example, for
lists of these quantities), so a proof is omitted. For the second, note that I(T) denotes the untwisted
Lie rank of a simple group T of Lie type; when T is a twisted group, this is simply the Lie rank of
the corresponding untwisted group. Recall that p(T) denotes the minimal index of a proper subgroup
of T.

Lemma 4.8. Let T be a non-abelian simple group. Then | Out(T)|? < |T|.

Lemma 4.9. Let T be a simple group of Lie type over Fq where T # Ly (2) for any m. Then

2
|out(T)|"(6g)"™ < cp(T)'/4
for some absolute constant C.

Proof. Note that the presence of the absolute constant C allows us to ignore finitely many T. Write
q = pf where p is a prime and f is a positive integer. Values for |Out(T)| may be found in
[22, Section 5.1], for example.

Suppose that T is an exceptional group. Since [(T) is constant and |Out(T)| is bounded above by
a constant multiple of q, it suffices to show that I(T) + 2 is at most (11/4)b(T) for some constant
b(T) for which p(T) > ¢*™. If T is 2By(q) or 2G2(q), then I(T) =2 and we may take b(T) =2
by [41]. Otherwise, we have [(T) < 8 and we may take b(T) =4 by [39-41]. In both cases, the desired
inequality is satisfied.

Let T be one of the following groups: PSpam(q) where m > 2, £22;41(q) where m > 3, PQ;m(q)
where m > 4, or P§2, (q) where m > 4. Then I(T) =m, p(T) >¢*"~2 by [33,42], and |Out(T)] is
at most a constant multiple of q. Since q2(6q)™ is at most 36q22™=2) it follows that T satisfies the
desired inequality.

Let T be Un(q) where m > 3. Then I(T) =m — 1, p(T) > q*™~* by [33], and |Out(T)]| is at most
a constant multiple of (g + 1)f. Since (q + 1)2f% < q’/? and q7/2(6q)™~" < 36q(11/H@M=4) e have
verified the desired inequality.

Finally, suppose that T is L;;(q) where m > 2. We may assume that T # L(9). Then I(T) =m —1,
p(T) > q™ 1 by [33], and | Out(T)| is at most a constant multiple of (g — 1) f. Note that (q — 1)%f2 <
q’/2.1f m > 3, then since q > 3 (by assumption), it follows that q7/2(6q)™~! is at most 36q(11/9m-1)
so T satisfies the desired inequality. If m = 2, then |Out(T)| is at most a constant multiple of f, and
since f2q < q'!/4, the proof is complete. O

We are now in a position to prove the four lemmas.

Proof of Lemma 4.1. If &7 € R{(G) where 7 has prime order p, then k/p is an integer and is there-
fore bounded above by |k/2]. Since P = P¢, Eq. (1) of Lemma 4.6 then implies that

max_|Co(@m)| < [out()||P|iT|Ls).

ameR1(G)
Note that |Gp|=|Out(T)||T||P| and |G| = |GD|\T|"—1. Then

| Out(T)|*|P|?
|T|51-2

|Gp?
max
|G| dmeR(G)

(G < |Ce(@m)| <

By a classification-free result of Praeger and Saxl [34], since P is primitive and does not contain Ay,
we know that the order of P is bounded above by 4. Moreover, we have |Out(T)|?> < |T|¥3 by
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Lemma 4.8. Recall that k > 5, for if k <4 then the primitivity of P implies that P is Ay or Sk; thus
[k/21 —17/6 is positive. Suppose that T is not As or Ly(7). Then |T| > 360, so

|Out(T)|?|P|? - 16¢ - 360 ( 16 )"
IT|[31-2 \\|T|%360[§T*% = IT|s \~/360/

which is our desired bound. Furthermore, by [3, Corollary 1.2], which is a classification-free result of

Babai, again since P is primitive and does not contain Ay, we know that |P| < exp(4vk(logk)?) for

sufficiently large k. Note that k is eventually larger than 8+v/k(logk)?. Suppose that T is As or Ly (7).
Then | Out(T)| =2, so

13
6

|out(D)?P2 _ 4e8k(logk)? _4-60 ( e )"
TIl$1-2 " rideolt1-% 1|8 \+/60

for sufficiently large k. Since only finitely many G have been omitted from our argument, the proof is
complete. O

Proof of Lemma 4.2. Note that if R(T) is a set of representatives for the conjugacy classes of ele-
ments of prime order in Aut(T), then we may assume that R>(G) = {&: o € R(T)} by Lemma 4.5. By
applying Lemma 4.5 and Eq. (2) of Lemma 4.6 with 7 =1, we get the following.

GGy = Y (|Aut(T)*|Cauecry @] ) (IP1|Cauccry @) | Cinnery @)
aeR(T)

<JAut PPl Y [Cianery @]
aeR(T)

2 k—2
< [out() TP (Aut() ( max. [Crmery(@)])

(Recall that f,(X) denotes the number of conjugacy classes of elements of prime order in a group X.)
Since k — 2 is positive and [T : Cian(ry(0)] > p(T) for every 1 # o € Aut(T), if we divide by |G|, then
we see that rp(G) is at most | Out(T)| fp (Aut(T))p(T)2. It therefore suffices to show that

lout(T) | f, (Aut(T)) < Cp(T)'/4

for some absolute constant C. Note that we may ignore finitely many simple groups T should we
wish to due to the presence of the constant. In particular, we may ignore the sporadic groups.

If T is the alternating group A, then p(T) =m and Out(T) is constant. In fact, we have that
Aut(Ap) = Sy if m#6, and since

m m m
fp(sm)= Z \‘—Jg Z 5<7,
2€psm 2<psm
p prime p prime

it follows that f,(Aut(T))p(T)~'"/4 is bounded above by m~3/4.

Let us assume, then, that T is a simple group of Lie type over Fg. As noted before Lemma 4.7, for
any group X and subgroup Y, it is elementary to show that f(X) <[X:Y]f(Y). (Note that Lemma 4.7
provides an upper bound on f(Y) rather than on f(X); see [17] for a proof of the upper bound
on f(X).) Hence f,(Aut(T)) < f(T)|Out(T)|. Moreover, from [25, Theorem 1] we know that f(T) <
(6q)'™ where I(T) is the untwisted Lie rank of T. If T is not Ly,(2) for any m, then | Out(T)|?(69)'™ <
Cp(T)'1/4 for some absolute constant C by Lemma 4.9, and we have verified the desired inequality.



J.B. Fawcett / Journal of Algebra 375 (2013) 302-321 317

If T is Ln(2), then |Out(T)| =2, p(T) >2™"1 by [33], and f(T) <2™ by [32, Lemma 5.9], so the
proof is complete. 0O

Proof of Lemma 4.3 assuming Lemma 4.4. Note first of all that R3(G) may be empty. If so, then the
result is true, so we may assume otherwise. For 7 € P of prime order p, as in the proof of Lemma 4.6,
let fr :=fixy (), let c; be the number of non-trivial cycles of 7 so that c; = (k — f5)/p, and let
'z i=Cxq + fr. Since |Cipnry(@)| < |T|, Lemma 4.5 and Eq. (2) of Lemma 4.6 imply that

Gls@©) < Y. e D PP |Cp ()| | Caueer (@) TI 7

ameR3(G)

=|ou(n)|iP| Y|P Dz P| T

ameR3(G)

Let R(T) denote a set of representatives for the conjugacy classes of elements of prime order in
Aut(T) together with the identity, and let R(P) denote a set of representatives for the conjugacy
classes of elements of prime order in P that fix a point of [k]. Then by Lemma 4.5 we may assume
without loss of generality that R3(G) C {&m: o € R(T), m € R(P)}, so

Z ’aAut(T)||nP||T|rﬂ< Z |aAut(T)} Z |nP||T|rng|T|% Z {nP|IT|rn

ameR3(G) aeR(T) T eR(P) TeR(P)
since |Out(T)| < |T|'/3 by Lemma 4.8. Then the proof is complete by Lemma 4.4. O

Proof of Lemma 4.4. For 7 € P of prime order p, as in the proof of Lemma 4.3, let f; := fixy,(7),
let c; be the number of non-trivial cycles of 7 so that c¢; = (k — fr)/p, and let 1y :=cxr + fr. As
in the statement of the lemma, let R(P) denote a set of representatives for the conjugacy classes of
elements of prime order in P. We want to prove that

2: _ 7 <c(1+—1> (3)
5 Sk
wereey T3 ¢ vk

for some absolute constants C and c > 1. Note that r; =k — 1 for some 7w € R(P) if and only if P
contains a transposition, which is equivalent to P being Sy since P is primitive. Thus the exponent of
|T| in (3) is always positive.

Let 7 € R(P) have order p. We may write pc; = w(P) + i for some non-negative integer i where
(P) denotes the minimal degree of P, which is the minimal number of points moved by an element
of P. Then ¢; = w(P)/p+i/p and fr =k — u(P) —i. Since i/p —i <0 and p > 2, it follows that

max rp; < {@J +k—uP)=k— ’V@—‘

Hence we conclude that (3) is true if the following inequality holds:

L<C<l+i> 4)
Tl 1-3 T\ Vi)

It will usually be sufficient to prove this inequality. The proof now divides into two cases according
to whether w(P) > k/3 or not. In the first, we bound the left-hand side of (3) or (4) by C/c¥, and in
the second, we bound the left-hand side of (3) or (4) by C/«/l;.
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Case 1: u(P) > k/3.
Suppose first of all that |T| > |L3(3)| = 5616 and k > 6. Since |P| < 4% by [34] and [k/6] — 5/3 is
positive,

|
L <5616%<L><
T[4 -5 se16l61-3 5616/

which is the upper bound we desire. Suppose instead that |T| < 5616. For sufficiently large k, we
know that |P| is at most exp(4v/k(logk)?) by [3, Corollary 1.2]. Since k is eventually larger than
24+k(logk)?, it follows that

et

1 k
IP| 5 624«/E(10gk)2 5 s/ e \6
<60 —) <603 (—
T 4713 60X 60

for sufficiently large k, which is again the upper bound we desire. Lastly, suppose that k=5 or 6
(which we may do since P must contain A, when k < 4). Note that the left-hand side of (3) is
bounded above by |P||T|%/3~k+"x* where 7* € R(P) achieves the maximum. Since k — ryz+ > 2, we
may replace |T| by 60, and since |P| and ry+ are constant, this establishes Eq. (3). Only finitely
many G have been excluded from our argument, so this case is complete.

Case 2: u(P) <k/3.

Let £2,,; denote the set of subsets of [m] of size I. Then by Liebeck and Saxl [26, Theorem 2], our
assumption on w(P) forces P to be a subgroup of Sy, ¢ S that contains A}, and acts by the product
action on .Q;” for some m > 5, r>1 and 1 <1< m/2. Note that this action is primitive and faithful,

that (r, 1) is not (1, 1) by assumption, and that k = (”f)r Let

. m—2\ /m\ !
s =(127)(7)

Observe that ((12),1,...,1) € S}, moves 2g(m,r,l) points of .Q;” while no element of Sy, 3y S,

moves fewer; hence g(m,r,l) < u(P)/2. It is certainly true that m™ > vk and |[P| <m™r", so since
g(@m,r,l)#1 and |T| > 60, it follows that (4) is true if we can show that

2mrlogm +rlogr < g(m,r,l)log60 + C (5)

for some absolute constant C. If r > 3, then Eq. (5) holds since g(m,r,l) > m—1ifr=2and [ >2,
then Eq. (5) holds since g(m,2,1) > m?; and if r =1 and I > 3, then Eq. (5) holds since g(m,1,1) >
(m—3)2/2 (and since | < m/2 forces m > 6). Thus the cases when (r, 1) is (1,2) or (2, 1) remain; note
that for either one, the left-hand side of Eq. (4) tends to infinity if T is fixed and m tends to infinity.
We therefore establish Eq. (3) instead.

Suppose that (r,1) is (1,2). Recall that P is Ay or Sy acting (faithfully) on the set £, of
2-subsets of [m] where m > 5. In the proof of Lemma 4.2, we saw that f,(Sm) < m?/2, and so
fp(P) <m?. But m > vk, so Eq. (3) will be true if we can show that | "|60"* is bounded above
by m=3 for each mw € R(P). To this end, let 7 be an element of P of prime order p. Then the full
cycle decomposition of 7 in S;; consists of t cycles of length p for some t such that 1 <t < [m/p].
Certainly || < mPt. Moreover, we have k —r; = (1 —1/p)(k — fz) > (k — fz)/2 and log60 > 4, so
it suffices to show that

(pt+3)logm < 2(k — fr). (6)
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Let i and j be distinct points of [m]. Clearly 7t fixes {i, j} if and only if either both i and j are
members of fixpyj(7), or the full cycle decomposition of 7 in S;; contains the transposition (ij).
Hence

(") ifp=3,

fr = |ﬁX_Qm_2(7T)| = { (m72f) +t ifp=2
; =2.

By evaluating 2(k — f5) and rearranging Eq. (6), it follows that Eq. (3) is true if

2,2 0 ifp>3
(pt +3)logm + p“t +pt+{2t ifp=2 < 2mpt (7)

for all primes p and integers t such that 1 <t < [m/p]. Since pt +1<m+ 1< 4m/3, it follows that
p?t? + pt < 4mpt/3. In fact, we also have 4t% + 4t < 8mt/3 since 2t +2 <m+ 2 < 4m/3 when m > 6,
and 2t < 4 when m = 5. Moreover, the fact that 3logm < m implies that (pt + 3)logm < 2mpt/3
when pt + 3 < 2pt. Thus Eq. (7) is satisfied if p#2 or t #1, and if p =2 and t =1, then it is easy to
check that Eq. (7) still holds.

The remaining case to consider is when (r,[) is (2, 1). Recall that here P is a subgroup of Sﬁq X Cy
that contains A2, and acts via the product action on [m]? for m > 5. Let Q := S x C; and let T
denote the generator for C,. First we determine the conjugacy classes of elements of prime order
in Q.

Let C be the union of those elements of prime order in Q whose projection onto Cy is trivial,
and let C; be the union of those elements of prime order in Q whose projection onto C; is 7. Then
the elements in C with order p have the form (s, s2) where sy and s; are elements of S;;; such that
slp =1 for both i and s; or sy is non-trivial, and the elements of C; have the form (s,s~ 1)t for any
s € Sp. Note that both C and C; are unions of conjugacy classes of Q since S% < Q. In fact, since
(s, )", s Dr(s,u) = (u,u~1)t for any s, u € Sy, it follows that fe, (Q) =1.

Let (s1,s2) € C. Since we may conjugate (s1,S2) by (uq,uz) or (uq,uy)t for any uq,uy € Sy, it
follows that (s1,52)¢ = (sf”l X sg”’)u(sg”’ X sfm). Fix a prime p <m. Then in Q there are my, := [m/p]
conjugacy classes (s1,51)2 where s; has order p, and since (s1,52)¢ = (s2.51)?, there are (")
conjugacy classes (s1,s2)? where (s1,sz) has order p but s; and s, have a different number of
p-cycles on [m] (allowing for the identity, which has no p-cycles). This accounts for all the elements
in C with order p. Then since m, < m/2 for any prime p, we obtain

mp + 1 m? +6m _ m3+ 6m?
= m < < .
fe@= Y my+ ( ) ) y :
2<psm 2<p<m
p prime p prime

Thus fe(Q) < (3/8)m?.

Since P has index at most 8 in Q, Lemma 4.7 implies that fcqp(P) < 3m3 and that fe.np(P) <8.
But m = +/k, so Eq. (3) is true if |7 7|60 ¥ is at most a constant multiple of m™* for all = € R(P)NC
and at most a constant multiple of m~! for all ¥ € R(P) NC; where both constants are absolute.

We prove the latter requirement first. Let 7 € C; N P. Then |7”| < m™~! since |C;| = |Sm|. More-
over, if 7 = (s,s~!)t, then the set of fixed points of w on [m]? is {(i,is): i € [m]}, so 2(k —ry) =
k — fx =m? —m. Since logm < 3(m — 1)log60, we have that |7 "|60"" ¥ is bounded above by m~",
as desired.

Now let 7w = (s1, 52) be an element of prime order p in C N P, and suppose that for each i the full
cycle decomposition of s; in Sy, consists of t; p-cycles where 0 <t; < [m/p] and t; or t; is non-zero.
Then |(s1, 52)"| < 2|sf”‘ ||s§'“| < 2mPhtP2 Moreover, the element (s1, s) fixes (i, j) € [m]? if and only
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if s1 fixes i and sy fixes j, so f(s,.s,) = (M — pt1)(m — ptz). Again, since k —r; > (k — f7)/2 and
log 60 > 4, if we can show that

(pt1 + pta +4) logm + 2ptity < 2m(pty + pt2),

then |77 7|60 ¥ is bounded above by 2m~*, as desired. Since logm/m is at most 1/3 and x := pt; +
pty is at least two, we obtain that (x + 4)logm < mx, and since pt; < m for both i, we obtain that
2p?tit; < mx. This completes the proof. O

Now we prove Theorem 1.5 by modifying the proofs of Lemmas 4.1 and 4.3.

Proof of Theorem 1.5. As in the proof of Theorem 1.4, it suffices to show that if G = A(k, T) x P where
P is a primitive subgroup of S; and k > 5, then r;(G) converges to O for each i as |T| tends to infinity
with k fixed. In the proof of Lemma 4.1, we saw that r1(G) < |P|2|T|8/3~T¥/21 (since | Out(T)|? < |T|*/3
by Lemma 4.8). But k is at least 5, so r1(G) — 0 as |T| — oo with k fixed. Moreover, by Lemma 4.2
the same is true for r»(G) since p(T) — oo as |T| — oo. Thus it remains to consider r3(G); this will
require some extra work.

For 7 € P of prime order p, as we have done before, let fr :=fix[ (), ¢z :== (k— fz)/p and 1y :=
cx + fr. Also, let R(P) denote a set of representatives for the conjugacy classes of elements of prime
order in P that also fix a point. By Lemma 4.5, we may assume that if @7 € R3(G), then 7 € R(P);
moreover, we will assume for simplicity that if 77 is a transposition, then & = (12). Accordingly, let
R4(G) := {0 € R3(G): m = (12)}, and let r4(G) be the sum of r3(G) restricted to elements of R4(G).
Also, let R4(T) := {or € Aut(T): &7 € R4(G)}. Note that R4(T) contains the identity if it is non-empty.
Suppose for the time being that R4(G) is non-empty. Then P = S,. By Lemma 4.5 and Eq. (2) of
Lemma 4.6, we have that

k=3
AUt (Ian(T)(Ol)I)

@ =02 ¥ S (S

o €R4(T)

1 |out(T)]
< |(12)5k|<m + 7P(T)"‘3)

since [T : Cinn(r) ()] = p(T) if a # 1. Then for any primitive P, the proof of Lemma 4.3 and the above
inequality imply that

1 Out(T p
0 <1027 (77 + ) i

ke—r- _5
rer(Pyazy T3

But | Out(T)| < Cp(T)!1/8 for some absolute constant C by Lemma 4.9 since |Out(T)| is constant if T
is either L;(2), an alternating group or a sporadic group. This then gives us the desired convergence
since k > 5 and k —r; > 2 when 7 is not a transposition. O

Note that the methods of this section can sometimes be adapted to the cases when either k <5
and k is fixed as |G| — oo, or k < |T| and k grows with |T| as |G| — oo. These results and their
proofs are not included here but can be found in [16]. For example, it is proved that if k > 3, then
the proportion of 3-tuples that are bases for G tends to 1 if k is fixed as |G| — oo. In fact, it looks
likely that a similar result holds when k =2 and P¢ is trivial; indeed, it is proved for such groups
that the proportion of 4-tuples that are bases tends to 1 if k is fixed as |G| — oo by using stronger
bounds on the numbers of conjugacy classes of non-abelian simple groups. Lastly, it is proved that
the proportion of pairs that are bases tends to 1 as |G| tends to infinity if k is a non-constant function
in the variable |T| for which k* < |T| for all non-abelian simple groups T.
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