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We use the same notation as in [1]. Let (K, ¢) D (K’, ¢’) be an extension of complete discrete valuation fields,
and let O (resp. @) be the valuation ring of ¢ (resp. ¢’) with unique maximal ideal (;r) (resp. (;r')) and the residue
class field k = O/ () (resp. k' = O'/(x")). Let A’ be an O’-order and set A = O @ A’. We denote by A and A’ the
k-algebra A/m A and the k’-algebra A’ /' A, respectively. For a A-module M, the kernel Z of the projective cover P
of M viewed as a A-module is called the Heller lattice of M: 0 — Z — P — M — 0 (exact).

In the argument for proving the indecomposability of certain Heller lattices, the author carelessly estimated that
p1(Q) ® pa(Q) = (i + Bi | 1 <i < h)A[1, Section 2, page 62, line 12]. (We only have that p;(Q) & p2(Q) 2
(o + Bi | 1 <i < h)A at present.) Thus the proof of Lemma 2.8 of [1] is not valid as it is. The aim of this note is to
give a corrected proof of the following [1, Theorem 2.9].

Theorem. Assume that the ramification index of ¢ over @' is greater than or equal to 3, and A’ /Rad(A") is separable.
Suppose that a non-projective indecomposable A-module M is realizable over k'. Then the Heller A-lattice Z of M
is indecomposable.

Throughout this note, we assume the hypotheses in the above theorem, so 7’ € 730 and k Qp (A’ /Rad(/I/ )) is
semisimple and isomorphic to A/Rad(A). We keep the original notation used in Sections 1, 2 of [1]. Let I’ be an
O'-pure sublattice of A" such that Rad(A") = 7’ A’ + I’. Define an O-pure sublattice I of A as follows:

I =0y I,

Note that Rad(A) = 7 A + I by our assumption that Rad(A) = k ®p Rad(A’). Let M be a A-module and suppose
that M is realizable over k’. Let P be a projective cover of M regarded as a A-module. Let £ be the Loewy length
of P/m P viewed as a A-module, and let d; be the k-dimension of the (i 4 1)-st top (PI' + 7tP)/(PI"Jrl + 7 P) of
P/mPfor0<i</{-—1.

Lemma 1 ([1, Lemma 1.2]). P has an O-basis U()fif[—l{xisj | 1 < j < d;} satisfying the following conditions for
each0<i <{—1:
() {xi,; + (PI'TY + 7 P) | | < j <d;}is ak-basis for the (i + 1)-st top of P/m P;

DOI of original article: 10.1016/j.jpaa.2005.02.008.
E-mail address: kawata@sci.osaka-cu.ac.jp.

0022-4049/$ - see front matter (©) 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2007.10.015



https://core.ac.uk/display/82463599?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/jpaa
http://dx.doi.org/10.1016/j.jpaa.2005.02.008
mailto:kawata@sci.osaka-cu.ac.jp
http://dx.doi.org/10.1016/j.jpaa.2007.10.015

1850 S. Kawata / Journal of Pure and Applied Algebra 212 (2008) 1849-1851
(i) {xij |1 <j<di} COlxoj |1 <j<do)ls
(iii) x,-,j/l C P +n'P and x; j1 C Pt + 7' P(C P+ 7'[3P),

where Pj;) (0 <i < £ — 1) are O-submodules of P defined as follows [1, Section 2]:

£—1
Pij =P Oty 11 <1 < dy).

s=i
We recall that P has another basis {a; | 1 <i <m}U{b; | 1 <i < n} such that
Z=aP+0Obi,...,by) =0O(may,...,wtay) ® O{by,...,b,)
is the Heller lattice of M. See Proposition 2.2 of [1]. Also, put
Q=nP and Y =Rad(Q)+ O{by,...,by).

Note that Y is a A-submodule of Z [1, Lemma 2.3].
Now, we define a subset Ey of the endomorphism ring End 4(Z) of Z by

Ey ={f € Ends(Z2) | Imf C Y}.

Note that 7End 4 (Z) C Ey. From the following fact, Ey is a two-sided ideal of End 4 (Z).

Lemma 2 ([1, Lemma 1.4]). For any A-endomorphism f of Z, f(Y) C Y.

The following easy fact will be used later.

Lemma 3. Let g : Q(= nP) — Z be a A-homomorphism. Then g extends (uniquely) to a A-endomorphism of Z
if and only if g(wb;) € wZ forall 1 < i < n. In particular, a A-endomorphism g of Q extends (uniquely) to a
A-endomorphism of Z if and only if g(nb;) € nZ forall1 <i <n.

Put Q = @?:1 eigi A, where ¢; (1 < i < h) are generators of Q and ¢; (1 <i < h) are primitive idempotents of
Awithe;Ag = g; A ). Let f be a A-endomorphism of Z and suppose that f € Ey. Then each f(e;) (1 <i < h)can
be written as

flei) = fleig;) = yi +mqi = yiei + mqi&;

for some y; = yi&; € (P + nZQ) N Z and some wq; = mq;s; € 7w Q since both (P + rer) N Z and 7 Q
are /A-submodules of Z. Define A-endomorphisms g and i of Z by g(e;) = y; (1 < i < h) and by h(e;) = mq;
(1 <i < h), respectively. (Indeed, » € End4(Z) by Lemma 3 andso g = f — h € End(Z).) Then g, h € Ey and
f = g + h. Note that g and / satisfy the following conditions:

(x) g(mxg,j) = letsdo x0,10;,; for some oj; € I + 73/ (1 <j <dy)

() H(Q) S Q.
Lemma 4. Ey/7End 4(Z) is a nilpotent ideal of End 4 (Z)/wEnd 4 (Z).
Proof. If g € Ey satisfies the condition (x), then

g(P+7mZ2)NZ) S (Pivn+r7n2)NZ=(PiynNZ)+nZ

for0 < i < £ — 1. Indeed, an element z € Py;j N Z is written as z = Y ;_; 4, Xo,;0; for some §; € O(I') by
Lemma 1(ii), and so we have

g() = Z rr_lxo,,aj,,éj € JT_I(P[H_]] +73P)NZ
1<j,t=dp

by Lemma 1 (iii) since 0;,,8; € O(I'*!) + 734 and g(z) € Z. Hence homomorphic images of compositions of £4-
endomorphisms of Z satisfying () are contained in 7w Z. Moreover, if g € Ey satisfies (), then g o h and h o g also
satisfy () for any & € Ey satisfying the condition (). If both /1| and /&, in Ey satisfy (), then [h10h2](Q) € 720
and [h] o h2](Z) € 7 Z. Thus we see that Ey2 € 7End4(Z). O
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With regard to the decomposition
Z/nZ = (O{zay,...,wan)+7Z2)/nZ & (Oby,....by)+7Z) /7 Z=M D M

in Proposition 2.2(2) of [1], iy and i, denote the inclusions from M and 2M to Z/nZ = M & (2M respectively,
and py and poy denote the projections from Z/wZ onto M and 2M respectively. For f € End4(Z), define
f €Endy(Z/nZ)by f(z+nZ) = f(z) + mZ(z € Z). The following holds from Lemma 2.

Lemmas. Let f € Enda(Z). Then f € Ey if and only if Im(py o f oiy) € Rad(M). In particular, if
pmo fioim = pmo froimfor fi, f2 € Enda(Z), then fi — f2 € Ey.

Lemma 6. Let y be a A-endomorphism of M. Then there exists a A-endomorphism f of Z such that = ppro foiy.
Proof. Note that M = Q/nZ andnZ =n Q + O{nby, ..., wb,). Consider
0 —2— Q/nz
It
0 —"— Q/nZ — 0,

where @ is a natural surjection. Since Q (=P) is projective, there exists a A-endomorphism f of Q with
@ o f = ¥ o w. Then ¥ coincides with the A-endomorphism of Q/7Z (=M) defined by mapping ¢ + 7 Z to
f(@) +7Z(g € Q). Since f(nwb;) € wZ forall 1 <i < n, f extends to a A-endomorphism of Z by Lemma 3, and
the statement holds. [

By Lemma 6, for each A-endomorphism v of M, we can choose a A-endomorphism fy of Z such that
pm o fyoiy =¥.ByLemma5,amap ¥ from End; (M) to End4(Z)/Ey is well defined by the rule

YY) = fy + Ey (¥ €End;(M)).

Lemma 7. V is a surjective ring homomorphism.

Proof. Since ¥(py o foiy) = f + Ey forany f € End,(Z2), ¥ is surjective. ) }
Let ¢, ju € End 3 (M). Then payo(fy o fy = fuoy)oim = pmo fuolimopm+iomoram)o fyoim—pmo fuoyo

im=poy+pumo fuoiomopamo fyoin—pwoy and we have Im(paro(fy o fy — fuoy)oin) S puo fu(2M).
Since f(f2M) € Rad(M) @ 2M for any f € End4(Z) by Lemma 2, we see that f,, o fy — fuoy € Ey by Lemma 5
and ¥ is a ring homomorphism. O

Proof of Theorem. As M is indecomposable, End 3 (M) is local and so is End 4 (Z)/Ey by Lemma 7. Thus End 4 (Z)
is also local by Lemma 4. [
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