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Abstract

In this paper, the irreducible g-representations of G (0, 1) are discussed. We construct one and two variable
models of irreducible g-representations of G(0, 1) in terms of g-derivative operator, and derive identities
based on it.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The idea of irreducible g-representations of a Lie algebra was first introduced by Manocha
[5]. The models of the special complex Lie algebra sl(2, C) were constructed and using
the techniques of fractional g-calculus, special function identities were derived involving g-
hypergeometric functions. Later, in Sahai [7], the g-Euler integral transformation was utilized
to obtain g-difference dilation operator models of irreducible g-representations of sl(2, C). In
this paper, we extend this idea to the Lie algebra G(0, 1). Precisely, we prove a classification
theorem for irreducible g-representations of the Lie algebra G(0, 1) and give one and two vari-
able models of this Lie algebra in terms of g-derivative operators. Section-wise treatment is as
follows.
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In Section 2, we list various results from the theory of g-special functions, needed for our
discussion. The fractional g-derivative of order A, Aﬁ, is defined. Next we introduce an operator
D, defined as D, f(x) = Af VBl f(x) and then make use of generalized g-Leibniz rule to
obtain operator expressions for D, (x A ,C)Dq_l and D, (x)Dq_l.

In Section 3, we discuss the irreducible g-representations of the Lie algebra G(0, 1) and prove
a classification theorem. Based on the theorem, we construct canonical models of irreducible
g-representations of G(0, 1) in one and (m + 1)-variables. In Section 4, we obtain identities
based on the one variable model. In Section 5, we construct two variable models of represen-
tations R, (a, u) and 1, (u) of G(0,1) in terms of g-derivative and g-dilation operators in
which ¢ functions appear as the basis functions. These models are then transformed, with
the help of a theorem, to the new models of irreducible g-representations of G(0, 1) in terms of
g-derivative and inverse g-derivative operators of fractional order with basis functions involv-
ing the g-hypergeometric functions »¢7. Finally, in Section 6, these models are exploited for
identities.

2. Preliminaries

The generalized basic or g-hypergeometric series ,¢;s is defined as [3]

a,....ar N @i n (@ @n 0 ()11
r®s i q, = —1 > 1
5 (o5 0) = D gy, g 4O @

where ¢g-shifted factorial (a; ¢g), is defined by

o0

(@; )0
sdn = ————» 5 q)oo = 1—q"a). 2
@ == (@a) E( q"a) )
In other words,
A—a)1—aq)---(1—ag"™ ), n=12,...,
(@ q@n=11, n=0, (3)

[A—ag HA—ag™®---A—ag™]", n=-1,-2,....

The series ¢, terminates if one of the numerator parameter is of the form g™, m =0, 1, 2, .

and ¢ #0. When 0 < |g| < 1, the serles r¢>s converges absolutely for all x if » < s; and for

x| <lifr=s+1.1f |g| > 1 and |x| < aYI, then also , ¢y converges absolutely. It diverges
|b1

forx #0ifO0O<|g|<landr > s+ 1, and 1f lg]| > 1 and |x| > unless it terminates.

The g-analogue of the binomial function is

al’

(ax; q)
o (“igx) =T gl <1, Ixl <1, )
(x5 9)oo
The g-analogues of the exponential functions are
o0 xn
eq(x) = = sl <, )
! E&mqh (5 @)oc
and
i (z)x”
Eq( )=Z T2 (X q)oor ©)
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E,(x) converges for all x.
‘We also make use of the function

eq(q%) _
(=)' )
€q (q)
defined for o £ 0, —1, -2, ....
This is a g-analogue of the gamma function and satisfies the functional equation

Iya+1)=[al, Iy (), ®)

Iy(o) =

where [a], = % is the g-analogue of « [3,4].

We need the g-analogue of the general double hypergeometric series in the form [3]
B8 (o
£ D:eE; fF

_ i (@a; Qm+n(bp; @Im(cc; @n
dp: Dm+n(q, ee; Pm(q, fF; @Pn

§CI§X,)7)

m,n=0
y [(_1)m+n q(m;rn)]D—A [(_1),” q(’g‘)]l+E—B[(_1)n q('z’ ]1+F—meyn, )

where g # 0 when min(D — A, 1+ E — B, 1+ F — C) < 0. The series (9) converges absolutely
for |x|, |y] <1 whenmin(D — A, 1+ E—-B,1+F—-C)>0and|q| < 1.
The g-analogue of the Lauricella function [2] is defined by

a;by,....b
¢>D< ! ”’;q;x1,...,xm)

Cc
— i @ Dyt B Dy - O D X (10)
ppo (€5 @Dyt @Dy (@ Dy,

The g-derivative operator is defined by
= fgn) (=T

Ax(f0) = = VACOR (1D
)= e
where the g-dilation operator Ty is given by Ty [ f (x)] = f(gx). From (11) it follows that
I, 1
Aﬁ(xp) — MXP*"_ (12)
Iy (p—n+1
The above derivative formula can be extended to a fractional g-derivative operator of order A
as
I 1
AQ(M):MM—A, w#—1,-2,.... (13)
L, =241

The generalized g-Leibniz formula for g-fractional derivative of product of two functions in
terms of g-derivatives of each [5], is established as

9]

A f@em] =) [ﬂ g AT ANT f(xg") ALg(x), (14)
r=0 q

where the g-binomial coefficient is defined by

o _ Iya+1)
[ﬁL_Fq(ﬁJrl)Fq(a—ﬁ+l)’ a,peC, gl <1 15




M. Sahai, V. Sahai / J. Math. Anal. Appl. 322 (2006) 1128-1139 1131

To construct new models of irreducible g-representations of G(0, 1), we introduce the opera-
tors D, and Dq_l defined as

Dy f(0) = A8 7 [P F ()], (16)

D' f0)=x'"P Al [F)]. (17
Indeed, in general

D,D;'[f@®)] = f&x)=D;'Dy[ f)]. (18)
Using (14), we obtain the following:

Dy(xA0)D; ! =q' 7V x A+ [1 -yl (19)

Dy()D; ' =xq" 7 +1B—y1A ", (20)

where A ! is g-integral in disguise. As we shall see later, Egs. (19) and (20) will be instrumental
in obtaining new models of G(0, 1).

3. The Lie algebra G(0, 1) and its g-representations

For any pair of complex numbers (a, b) the 4-dimensional complex Lie algebra G(a, b) with
basis 71, 7, J° and £ is defined by

[T, T =2a2T° - be,
(7% T =0 [J°T]=-T".
[7t.€]=[0.€]=[T°.€]=0, (1)
where [.,.] is the commutator bracket and O is the additive identity element.
For special choices of the parameters a, b, G(a, b) essentially coincides with one of the Lie
algebras sl(2), G(0, 1) and L(73). Indeed, it can be shown that [6, Lemma 2.1]
gL, =sl)@ (&), ifa#0,
Ga,b)=16G(0,1), ifa=0, b#0,
GO,00=L(T3) & (&), ifa=b=0,
where (€) is the 1-dimensional Lie algebra generated by £. The g-representations of sl(2) have
been extensively studied in [5,7,8,10]. Further, the p, g-representations of the Lie algebra G(1, 0)
were studied in [9]. We now extend this idea to the Lie algebra G(0, 1).
The Lie algebra G(0, 1) is the space of 4 x 4 matrices of the form

0 x» x4 x3
0 x3 x1 O
a=|, 03 01 o | X1, X2, x3, x4 € C, (22)
0O 0 0 O
with the Lie product [«, ] = o — B.
The matrices

Jt=

(=il e)
(=N el iNe)
S O = O
(=Moo Ne)
|
Il
(=N el iNe)
S o o~
(=N el
(=Nl Ne)
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0 0 01 0 010
7=lo 00 0] €[00 00 @)
0 00O 0 00O
with commutation relations
(7% 0t =0%, [T )=-9", [J"T]=-¢ (24)
and
[£.5*]=[£.57]=[£.5"] = 0. @s)

where O is the 4 x 4 zero matrix, constitute a basis for G(0, 1).

Let V, be a complex vector space consisting of g-special functions with a basis {¢y: A € S}
such that the functions {f) = lim, 1 ¢;: A € S} form a basis for a vector space, say, V. Let
A(V,) be the associative algebra of all linear operators on V,, over the complex field.

A g-representation of G(0, 1) on V,, is a mapping p, : G(0, 1) — A(V,) satisfying the follow-
ing conditions:

(1) pglax +by) =apg(x) + bpg(y).

(2) There exists a Lie algebra representation p of G(0, 1) on V such that lim,_,1 o4 (x)¢) =
p(x) fo, forall x,y € G(0,1) and a, b € C.

(3) If we denote

Jf=p(TY) g =0g(T7), I =pg(T0), Eg=pg6), (26)
then
Tyl —alg Iy =Jq

07— -0 _ -
qli; = I I =—]J

.
qlf 17— I =—¢"""E,,
[Eqv]j]z[Eq’qu]:[quJg]=0' 27

A g-representation p, of G(0, 1) is said to be irreducible if there is no proper subspace W, of
V, which is invariant under p,.
If we define the operator C,; on V,; by

Co=ql} 1  —q"J)E,. (28)
it is easy to check that

o +
qu Cq—Cqu,

J, Cq=qCqJ, ,
0 0
J3Cq=Cqly,
E,C;=C4E,. (29)

Obviously, as ¢ — 1, p, reduces to a Lie algebra representation p of G(0, 1) on V.
Let §; = {[A — uly: A € S} be the spectrum of J O and let the g-representation pq satisfy the
conditions:
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(i) pq is irreducible,
(ii) each eigenvalue of J qo has multiplicity equal to one. (30)

Conditions (30) guarantee that S, and for that matter §, is countable and that there exists a basis
for V, consisting of eigenvectors fj of J, 0,
Following the analysis as in [6, p. 40], we note:

(i) Let A € S, then the equation (J)JF —qJ ;7 JD) fi = J;f f implies either J . fi = &141 fit1s
where &)1 is a nonzero constant and A + 1 € S, or Jq+ fr. = 0. Similarly, the equation
(qJL?Jq’ — Jq’ J;))fA = —Jq’fA implies either Jq’fk = . fr—1, where 7, is a nonzero con-
stantand A — 1 € S, or Jq’f,\ = 0. The equation [E,, Jc?]f)x = 0 implies E, fy = u; f>. for
some constants i, and [Cy, J(?]f,\ = 0 implies C; fo = a;. . for some constants a.

(i1) S is connected in the sense: S = {A + n: n is an integer such that n; < n < ny}, where n

and ny are integers. We do not exclude the possibility that n1 = —o0 or ny = oco.
(iii) If A,A + 1 € S, then &1, m.41 # 0, since otherwise the irreducibility of p, would be
violated.

(iv) Suppose that A, A + 1 € S. Then the equation [E,, Jq"‘]fk =0 gives & 41 (a1 — ua) =0.
Therefore w41 = ). Hence w) = w, a constant for all A € S. Further, qu“Lqu;L =
Cy Jq“‘f;\ implies & 11 (ay+1 — qay) = 0. Hence ay 1 = gay,.

(v) The equation C, fi = aj f3, that s,

(g7 —q" I Ey) fr =ar fu
leads to the following relation:

g = ax + pnq" [ —uly, (€29)
defined for all A € S, where n,=0if L — 1 ¢ S. Using

qlil; =1715 —q"E,. (32)
we have
4&E 1M1 = apg1 +ug A+ 1—ul, (33)

defined for all A € S where &, 1 =0if A+ 1¢ S.

(vi) The representation p, of G(0, 1) is uniquely determined by a;, a;+1 = gay, and the spec-
trum S, of J(?. The nonzero constants &, and 7, are not unique, and may be chosen
arbitrarily, subject only to condition (31).

Denote by R, (a, u, i) the g-representations of G(0, 1) defined for all o, u, u € C such that
u#0,0<Rea < 1, ais not an integer and § = {o +n: n =0, =1, £2,...}; and by 1, (u, u),
the g-representations defined for all u, u € C such that u 20 and S =1{0, 1,2, ...}.

We now have the following theorem:

Theorem 1. Every q-representation pg of G(0, 1) satisfying conditions (30) and (31) is isomor-
phic to either a q-representation Ry (o, u, u) or a q-representation 1, (u, ). For these cases,
there is a basis of 'V, consisting of vectors f defined for each A € S such that
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I3 = —uly fi,

I fh=uq"" fi,

Jg [ =[xg fr-1,

Ey fi = uf,

Cy f = 1lulyq” fi. (34)
(On the right-hand side of these equations, we assume that f) =0 if A ¢ S.)

Proof. Set a) = ;Lq*[u]q in (31). This gives &, = ,uq“’l [A]4. Choose &, = /Lq”’l

[A]4. Two cases arise:

and 1) =

Case 1. If . =0 1is not in S then 7, # 0 for all A. Choose a complex number ¢« such that 0 <
Rewa < 1 and « is not an integer. Then the spectrumis S ={o +n: n =0, £1,£2,...}.
Case 2. If A =01isin S then since 19 = 0, we get the spectrum as S ={0,1,2,...}. O

3.1. Models of irreducible q-representations

A model in one variable for each of R, (a, u, ) and 1, (u, ) is

=0-¢) ' (1-¢7"T),

I =ng ',

Jr=0-9 -1,

Eg=pl,

) =t*, (35)

where, for Ry (o, u, ), A€ S={a+n: a € C - {0}, 0<Rea < 1,n=0,=£1,£2,...}, while
for 14 (u, u), A € §=1{0,1,2,...}. The model (35) satisfies the commutation relations (27) and
(29) as well as (34).

However, for obtaining identities involving g-hypergeometric functions we shall consider
models Ry (e, u, u) and 1, (u, u) corresponding to u = 0, in which case they will be denoted by
Ry (a, u) and 1, (u), respectively.

3.1.1. One-variable models of Ry (ct, 1) and 14 (1)
A model in one variable for each of R, (a, 1) and 14 (u) is

I=0-¢9~'a-T1),
1

I =nq™'s,

Jr=0- -1,

Eg=pl,

fy=t", (36)

where, for Ry(a, u), A e S={a+n: a € C —{0},0<Rea <1,n=0,%1, £2,...}; while for
tq (). 2 €S=10.1,2....).
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3.1.2. (m + 1)-variable models of Ry (a, 1) and 14 (i)
A model in (/m + 1)-variable for each of R, (e, ) and 1, (1) is
II=0-g) ' -1,
JS= ng~'t(1—xTy),
m m
== ]! (]_[ Ty, — T,),
i=1 i=1
E;=pl,

—A.
e =ep (170 g g g )

where @p is the g-Lauricella function defined by (10).

1135

(37

For Ry(a,p), he S={a+n: a € C —{0}, 0<Rea <1, n=0,%1,£2,...}; while for

te(u), Ae§=1{0,1,2,...}.
It can be verified that the models (36) and (37) obey the following:

19 fr =12y fo

I h=nq"" finr,
Jg =g fr-,

Eq fi = uf,
Cyf=0, where C, :quJrJ[; — J(?Eq,
as well as

gl —adf g =7

QI Iy = Ig Iy ==

qlfi; - 1 =—q7"E,,

[qu Jqu] = [Eq’ Jc;] = [Eq’ Jqo] =0
and (29).

4. Identities based on one variable model

Considering that v(f) = 1¢ (i’ 1 q, t) is a solution of
[1(1 —aT)) = (A = T)(1 —cq™'T1) Jo(®) =0,
we have that u(t) = 1¢ (‘C’ 1 q, t)t"‘, g% = a, is a simultaneous solution of
(gJ7 17 = J)Eg)u(t)=0

and

q

[LJ;J[? - Eq([a_l]q —i—a_ljo)([a_lq_lc]q —i—a_lq_lclqo)i|u(t) =0.

I—q
Note that  ~%u is analytic at t = 0.

(38)

(39)

(40)

(41)

(42)
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Now, as in [1],

+ - - a. o
[eq(qu Ju]() = (s;_u;q)oo 191 ( C,q,t)t 43)
and
(£, (s )0y = T D (@ Tarig.n)e @
4 4 N ((]isq)t;CI)ooz : ¢ @ ‘

Using Weisner’s expansion [11], we get

[Eq(sJ) )u](ty =D jut“"" (45)

n=—oo

which leads to the following identity, after some rescaling:

(%:9) a,
t400¢1<c t ;q,l)

2
(%ﬂ])oo

o0

L,y Ty +n) " agn

= Z T 1 - 2¢2<aqna6{1+1 ;q,w)t”. (46)
n=—oo q(a)Fq()’+n)Fq(n+l) Cq ’q

5. Two variable models

We have the following two variable model for the Lie algebra G(0, 1):
I=ta=0-¢) ' 1-T),
J;‘ =ug 't(1 —xT)),
Jr=t7"T7NA —x Ay = —g) T TN (T - T,
E;=nul, (47)
(x;9) —*
frlen= Lo 1¢o(q_ ;q,qAX)tA. (48)
(G*x; q)oo
For Ry(a, w),Ae S={a+n: a € C—{0},0<Rea < 1,n=0,=£1,+£2,...}, while for 1, (n),
resS={0,1,2,...}.
Now we use the operators D, and Dq’l defined in (16) and (17) and the formulae (19) and
(20) to obtain new models of R, («, ) and 1, (1) in terms of g-inverse difference operators

with basis functions in terms of g-hypergeometric functions 2¢;. To accomplish this, we present
the following theorem.

Theorem 2. Let p, be a q-representation of G(0, 1) in terms of{Jq'", Jys J;, E 4} with basis func-
tions { fy: A € S}. Then py is also a q-representation of G(0, 1) in terms of{K(;r, Kq_, Kg, E,}
with basis functions {h): X € S} where

+ _ +1-1 - _ —7—1 0__ 0—1
K, _quq Dq , K, _Dqu 'Dq , Kq_DquDq ,
E,=DyE,D;'.  hy=Dyfs
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Proof. The proof follows from the fact that
TG0 =g fr(x,n)
can be rewritten as
IID (D fulx. 1)) = ug™ ' D' Dy frpi (x. 1),
(Dgd D Ve, 1) = pg ™ by (x, 1),
K¥h(x,0)=pg ' hqi(x. 1), etc. O
We apply Theorem 2 to models (47) and (48) to induce new models of R, (c, 1) and 1, (1)

as under:
Models of R (e, p):

K) =14,

Kf=pqg 't(1=xgP 7' T =B — y1,4;'T),

K =(—q) 17" (Tc —cq7'Ty),

Ey=ul, (49)

I .Y
hx(x,l)=%x]’_lz¢1(q C’b;q,qu)tk, (50)
q

where Ae S={a+n:aeC—-{0},0<Rea<1,n=0,%1,+£2,...}.
A model of G(0, 1) for 1, (1) is same as above with A € § ={0,1,2,...}.
It can be verified that the K-model given above satisfies

KJKF —gK[K)=K],

qKJK; — K K)=-K_,

qKJK; — K K =-q""E,,

[Eq’Kzﬂ:[Eq’Kq_]:[Eq’KO]:O GD
as well as

Kohi. = [2ghs.

K. hy, =uq ' hps1,

K, hy=[Alghy—1,

E hy = ph;,
Cyhy =0, where C; =qKK; — KJE,. (52)
Also,
+ ot
qKq Cq—CqKq,
- / —
Kq Cq—quKq,
0~/ _ 1 0
KJC, =C[K).

E,C = C,E,. (53)
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6. Identities based on two variable model
6.1. Model of Ry(a, 1)

We have shown in (52) that

-
hx.1) = [?Eﬂi g (100 g ai) P

is a solution of C;hx(x, t) = 0 where C; = qK;'Kq_ — KgEq.
It therefore follows that

-1, ,—n
w(x,1) = q(ﬁ) X7 IZ(q(acqi;)n (a . ’b:q,aQ"x>’a+"

also satisfies C/ u(x,t) =0.1In view of the fact that K~ C’ = qu K, , we have
ColEq(sKy )u](x,0)=0,
where

[Eq (sK_)u](x 1)
—§:q@s

¢ (@59)n

‘1

u(x,t)

F(,B) £ 1( 5 q9) oo Z(as ,sCI)n P (a__llc{_",b. le‘>t0t+n

292
"L (5 Doo =5 (.3 qDn L—.c

Using Weisner’s expansion, we get

[e.e]

[Eg(sK))u]Ge.0) =) anhi(x.1),

n=—oo
which leads to the following identity:
(2: @)oo i(a,%;q)nt"zm(a q".b » q_x,>

(5 Doo = (g,¢5q)n T @

_ = Ly (y) Iy (e +n) aq",aq""!
_n;oo T () Ty (v +m) Ty (n+ 1)2‘/’2( el 4 ‘”)

c'q".q
X 2¢1(a_1q_n’f;q,aq"x)t”
6.2. Model of 14 (1)
As shown in (52),

F —n
hn(xat):%x}/IZQSl(q ’?;qvqn-x>tn
q

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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satisfies C(;hn(x, t) =0. This in turn gives that

q(.B) y—1 (a;g)n qg".b ny ) n
o1 g t 61
ulx. 1) = Fq()’) Z(qc @Dn ¢1( ¢ qqx) ©b)
satisfies C(/Iu(x, 1) = 0. In view of the fact that Kq_C’ quKq , we have
C;[Eq (qu_)u](x, 1) =0, (62)
where
(n)s .
[Eq(sK; )] (x, r)—Zq K
F(,B) a:b;
= et (1 e T i), (63)
Using the expansion
o
[Eq(SK;)M](X,t) ZZC;zhn(X,f), (64)
n=0
we get the following identity:
L1 a:by %
¢1;1;o( .C;_"I xt, t)
o
(@; q)n g™ b n q"
=) —————¢ Tiq.q"x )1 g, w (65)
nX:;)(CIvC/;CI)n ( c ) ( 'q" )
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