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Abstract

Andrés Bir6 and Vera S6s prove that for any subgroup G of T generated freely by finitely many generators
there is a sequence A C N such that for all 8 € T we have (||.|| denotes the distance to the nearest integer)

peG = Y Inpll<co. B¢G =  limsup [npl>0.

neA neA,n—oo

We extend this result to arbitrary countable subgroups of T. We also show that not only the sum of norms
but the sum of arbitrary small powers of these norms can be kept small. Our proof combines ideas from the
above article with new methods, involving a filter characterization of subgroups of T.

© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

We study certain subgroups of T = R/Z and methods to describe them by sequences of pos-
itive integers. By ||.|| we denote the distance to the nearest integer. It is easily seen that for any
sequence A C N the set {8 € T: limyea, n—oo |78 = 0} is a subgroup of T. It seems natural to
ask which subgroups arise in this way. In [2] A. Bir6, J.-M. Deshouillers and V.T. Sés show that
for any countable group G < T there is some A C N that characterizes G in the above sense.
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Another way to connect subsets of N and T is to consider the set {8 € T: ), 4 InB]l < oo}
which again is a subgroup of T. Following a question of P. Liardet, A. Biré and V.T. Sés show
in [3] that if 1, oy, ...,a; € R are linearly independent over the rationals there is a sequence
A C N, that characterizes (o1, ...,;) < T simultaneously in both ways. Such a sequence is
called a ‘strong characterizing sequence’ of («q, ..., o). Our aim is to find strong characterizing
sequences for arbitrary countable subgroups of T. The main result is

Theorem 1. Let G = {o;: t € N} be a subgroup of T. Then there exists a sequence A C N, such
that forall B € T

peG = Vr>0 Z||n,3||r<oo, BEG = limsup |[nB] > 1/6.

neA neA, n—oo

We want to mention the recent paper [1] of A. Biré which proves more precise results for
finitely generated free Abelian subgroups of compact groups.

2. Connecting two methods
In our proof we use the following reformulation of Theorem 1 in [5].

Proposition 2. Let G be an arbitrary subgroup of T. Then there is a filter § on N that charac-
terizes G in the sense that for all B € T

BeG = F—lim|nl=0.

A filter on a set X is a proper subset of the powerset of X which is closed under finite inter-
sections and forming supersets. (See for example [4, p. 74].) Here ‘§ — lim,, ||n8] = 0’ means
that for all & > 0 one has {n € N: |[n8]|| < ¢} € §. The filter-convergence defined in this way is
more general than ordinary convergence: For a sequence A € N let §(A) be the filter consisting
of all sets containing {k € A: k > n} for some n € N. Then we have forall 8 € T

lim [nB|=0 <& F(A) —lim|nB| =0.
s N—>00 n

neA,n

The following notation will be useful: Given «q,...,a; € T, ¢ > 0 and N € N the corresponding
infinite respectively finite Bohr sets are defined by

Hs(a]a'”aal) = {n eN: ”nalllv‘--? ||nat|| gs}
gs}.

Using the finite intersection property of filters, one sees that § —lim,, [|n8]| = O for all elements 8

Hye(@i,...,a) = {n <N: [natl, ..., lna]|

of some given G < T implies that for all a1, ..., 0; € Gand ¢ > 0, Hy (a1, ..., ;) € §. For each
subgroup G < T there is a canonical (i.e. smallest) candidate for a filter that characterizes G,
namely the filter §g which consists of all sets containing a set Ho (o1, ...,a;) (¢ > 0,1 €N,
Ay, ..., 0 € G).

To illustrate the connections between the number theoretic approach in [2] respectively [3]
and the more abstract point of view in [5] we show that the result on the characterization of
countable subgroups by sequences of positive integers in [2] implies Proposition 2.
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Proof of Proposition 2. Let G < T be an arbitrary subgroup and let §¢ be the filter described
above. By definition of §¢ we have §¢ — lim, |[n8] = 0 or each 8 € G. Now assume §g —
lim,, [|nB|| = 0 for some B € T. For k € Nlet My := Hy1(B) € §c. According to the construction
of §¢, there are sequences 1] <ty < --- (tx € N), (¥s)ren (0r € G) and €1 > g3 > --- (¢ > 0)
such that My D H, (a1, ..., ) forall k e N.

By the result of A. Bird, J.-M. Deshouillers and V.T. Sés there is a sequence A C N, such that

{ﬂe’JI‘: lim ||nﬂ||=0}=(at:teN).
neA,n—oo

€
In particular we have limyea, n—oo 704 || = O for all £ € N. Thus for fixed m € N we can
find n,, € N satisfying ||no;| < &, for all n € A, n > n,, and for all ¢ < t,,. This implies
(neA: n>n,} C He, (aq,...,01,) € My, ie foralln € A, n > n, we have ||ng| < 1/m.
Since m € N was arbitrary this yields lim,ea, n—o0 |28 = 0 and, as A is a characterizing se-
quence, Be(a;: teN)<G. O

3. Ideas of the proof

The rest of this article focuses on the proof of Theorem 1. The proof splits in several lemmas.
Before we state and prove them rigorously, we want to give a short sketch of the strategy of the
proof and the informal meaning of the individual lemmas.

Lemma 5 shows how the countable group G may be represented as the limes inferior of certain
open subsets V; of T. These sets may by seen as approximations of G.

Lemma 4 shows that the behaviour of the values ||n§]|, where n runs in an appropriate finite
Bohr set, may decide whether § lies in an approximation V; of G. Part (1) of the lemma uses
Proposition 2, while part (2) follows easily by a compactness argument similar to the reasoning
in [2].

The methods developed so far are powerful enough to prove the existence of sequences that
characterize countable groups in the sense of [2]. To provide a strong characterizing sequence
we use Lemma 7 to replace a Bohr set H by a somewhat thinner set S that contains the same
amount of information but allows in addition to keep the sum ), _¢ lne||” (« € G, r > 0) under
control. The proof of Lemma 7 is based on Lemma 6, a deep result on the structure of Bohr sets
due to A. Bir6 and V.T. S¢6s [3].

4. Preparations
The following technical facts will be needed later. The proof is elementary, so we skip it.

Lemma 3. Let o, B € T andn € N.

(1) Assume |||, [[2a|l, ..., |na|| <d < 1/3. Then ||«| < d/n.
(2) Assume ||B + 2%, I8+ 2 |, ..., I8+ 2"l < d < 1/6. Then ||| < d/2" 2.
Given a1, ...,a; € T and M € N we define
(a1, ...,o)m = {klal + ko ks L] gM}-

We further define ||8S] := sup{||nB]|l: n € S} for B € T and S C N.
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Lemmad. Let ay,...,a; € T and & > 0.
(1) There exists some positive integer M such that
|BH: (a1, ..., )| <1/6 = Belar,....a)m.
Q) If V2O (a1, ...,0)m is an open subset of T, there exists some positive integer N such that
|BHN (1, ...,a) | <1/6 = BeV.

Proof. Throughout the proof we suppress mentioning oy, ..., «; while notating Bohr sets.

(1) Suppose g satisfies ||BH:|| < 1/6. Let § be a filter on N that characterizes (o, ..., o)
and let m € N be fixed. Of course we have H,/;, € §. Forn € Hey, and k < m we have kn € H;
and in particular ||kngB| < 1/6. Since 1/6 < 1/3 this implies ||n8] < % by Lemma 3. Thus we
have ||BHe /|l < (%m and since m was arbitrary we get § — lim,, [|n8]| = 0. § was assumed to
characterize {(«q, ..., a;) thus we have 8 € («ay, ..., a;).

It remains to show that {8 € T || H.|| < 1/6} is finite. The torsion subgroup of (1, ..., &;)
is finite and cyclic, let its order be ¢ € N. Then g(«q, ..., ®;) is torsion free, hence we find
some yi,..., Y, € T, such that g{«y,..., o) is freely generated by gy1,...,qy,. We have
(o1, ..., ) = (¥1,..., ¥n, 1/q) and there are uniquely determined k;; € Z (i <t, j < n) and
ki €{0,...,q — 1} (i <1), such that

n
o = Zkijyj +ki/g (<1).
=1

Thus we can find some § > 0, such that for all m € gN
lmyill, ..., Imyl <8 = lmaqll, ..., Ima <e.

For each B satisfying ||BH.|| < 1/6 there are uniquely determined k; € Z (j < n) and
ke{0,...,q — 1} such that 8 = Z?:lkj)’j + k/q. If the k; (j < n) do not vanish simulta-
neously, Kronecker’s theorem assures that we can find m € gN, such that

Vi<n < sign(k;)my; < mod 1

621y kil 1|k1| 635 kil 1|k|

1 5
3 <m;kiy,- < 3 mod 1,

i.e. ||mB| > 1/6. Thus 6Z+1lk\ > §. This shows that there are only finitely many choices for

the k; (i <n). Thus {B € T: ||BH:|| < 1/6} is also finite and we can find some M € N, such that
{BeT: |BH| <1/6} < (ar,....00)m-
(2) Let M be as in (1). Then (oq, ..., o)y S V implies

P=vN{BeT: |BH <1/6}=Vvn [ {BeT: [npl <1/6}.

neH;
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Since T is compact and all of the above sets are closed, the intersection of finitely many of
these sets must be empty, i.e. we can find some N € N such that V¢ N ﬂneHN 6{,3 eT: [nB|l <
1/6} = @. Obviously this N is as required. O

Lemma 5. Let G = {«;: t € N} be a subgroup of T and let (M;);eN be a sequence of positive
integers. There exists a sequence (V;):en of open subsets of T such that

@) Vio({ar,...,a)u, (t €N),
(1) Ugen ﬂt>k V; =liminf;, V; = G.

Proof. We may assume that (M;),cy is increasing. We choose a sequence (§;);cn of positive
numbers that decreases to 0 and satisfies for all r € N

(1) 28 <minflla —&'||: @, &’ € {1, ..., u)m,, ¢ £ '},
(2) 8 + 841 <minflla —a'|l: @ € (a1, ..., )M, & €{ar, ... o) by \ @1, ..., ), )

Using this, we define
V= {,3 eT: Ja ey, ....ar)m,, lla— Bl <8,}.

We obviously have liminf;_, o, V; 2 G. To show the reverse inclusion, assume g € liminf;_, », V;,
ie. B € V; for all t > ty for some fyp € N. By definition of the V; for all ¢ > #¢ there is some
vr € {a1, ..., o)y, satisfying |8 — y: |l < 8; and (1) shows that this y; is uniquely determined.
Further y; # ;41 for some ¢ > #p would contradict (2), thus we have y;) = Vig+1 = Vig42 =" -
In particular this shows |8 — y, Il =118 — vill <6 — 0,hence B=y,, € G. O

From Lemma 1 in [3] one gets

Lemma 6. Let t € N. There exists some constant C1 = C1(t), such that for all a1, ...,0; € T,
positive ¢ < 1/Cy and positive integers N there are suitable nonzero integers ny, ...,ng and
positive integers K1, ..., Kg, R < Cy, satisfying

@ Y5 Killniaj|| <Cre 1< j <),
® Y&, Kilni| <CiN,
(C) HN,S(alv "'7at) g {ZZR=1 k[nj: 1 gk, g Kl}

Lemma 7. Let t € N. There exists some constant Cy = Ca(t), such that for all a1, ...,0; € T,
positive € < 1/C1(t), positive r < 1 and positive integers N and U there is a suitable nonempty
finite set S of integers satisfying

(i) U <min$§, ‘
(i) forall j <t wehave )", g llna;||” < CZ%,
(iii) forall B € T we have min{1/6, |BHN ¢(ct1, ..., o) ||} < |BS].
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Proof. Let y,...,a; € T and C1, R, K;,n; (i < R) as given by Lemma 6. Let m > U be an
integer satisfying

8}’

lme | < —————
7 T 1g,8CIN)

for all j <t and let
S ={m+2'n;|: 2! <8K;R}.

Clearly S satisfies (i).
For each j <t we have

> linajlI” < card(S)llma 1) + Y [ (n — myers|)".

nes nes

To find an upper bound for the first term, we observe that K; < C;N implies card(S) <
Rl1g,(8C{NR). Thus

r

£
card(S) |ma||” < R1g,(8CINR) ———— < Cy¢’.
/ 1g,(8C2N)

The second term can be estimated by

R/ lg:8KiR)] r R @ )lgz(SK iR+ _q
U 2imel) <> lnierll” < T line]”
i=1 =0 i=1
For any ay, ..., ar we have % Z,R:l a; < (% Zlel a;)" by Jensen’s inequality.
This yields

16" R " ec
Y e —mya;|" < (ZKnn a,n) < 1(C e).

nes

Thus S will satisfy (ii) if we let C; :=Cy + 16C12.
Finally let 8 € T and d := ||8S]|. We may assume d < 1/6. Thus by Lemma 3 for all i < R

|mp +2'nilB| <d (I <lg(8K;R))
implies

d d
<

In:Bll < <
2(lg,BKiR)| —2 " KiR
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By Lemma 6 eachn € Hy ¢(1, ..., o) has a representation n = Z[R:l kin; for some integers k;
(1 <i < R) satisfying 1 < k; < K;. Using this representation we get

R
> kinip

i=1

InBll =

R
d
<Y KillmiBl <) Ki T
i=1 j

i=1

Thus § satisfies (iii). O
5. Proof of the theorem

Finally we are able to give the proof of Theorem 1. Let (¢;);en be a sequence of positive
1/t
&

numbers, satisfying e, < 1/C1(t) Z;’il Cz(t)m < 00. Combining Lemmas 4 and 5 we find

a sequence (N;);cn of positive integers and a sequence (V;);en of open subsets of T, such that:

(1) Forall peTandforallz €N, | BHn, ¢ (a1, ..., 00)|| < 1/6 = B e V,.
2 Uken Nz Vi =G.

Using Lemma 7 we find some sequence (S;);en of subsets of N such that for all t € T

(1) max S; < min Sy41,

1/t
(i) Y,cs, Inajll"/" < Ca(t) 57— (G < 1),
(iii) forall # € T, min{1/6, | BHn, ., (@1, ..., )|} < [BS].

By defining A := |, Sr we will in fact get a strong characterizing sequence of G as stated
in Theorem 1.
Assume B € G and r > 0. Then 8 = ay, for some ty € N. If we let m > max{#o, 1/r}, we have

t

1/
’ 1/t &
Do B Y Y linen I < Y Cat) 5 < 0.

neA,n>min S, t>m nes; >t

Finally, assume B ¢ G. There exists a sequence f; < f, < - - - of positive integers such that 8 ¢ V;,
(k € N). So for each k € N we have ||ﬂHg,k,N,k (a1, ...,04)]| > 1/6 and thus can find some

ng € Sy, satisfying || Bng|| > 1/6. This shows limsup,c 4, 28]l = 1/6. O
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