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Abstract

We study non-abelian differentiable gerbes over stacks using the theory of Lie groupoids. More precisely,
we develop the theory of connections on Lie groupoid G-extensions, which we call “‘connections on gerbes”,
and study the induced connections on various associated bundles. We also prove analogues of the Bianchi
identities. In particular, we develop a cohomology theory which measures the existence of connections
and curvings for G-gerbes over stacks. We also introduce G-central extensions of groupoids, generalizing
the standard groupoid S I_central extensions. As an example, we apply our theory to study the differential
geometry of G-gerbes over a manifold.
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1. Introduction

The general theory of gerbes over a site [1] was developed by Giraud [26]. Its main motiva-
tion is the study of non-abelian cohomology theory. Indeed, Giraud’s theory shows, in particular,
that S'-bound gerbes over a manifold are in one—one correspondence with the third integer-
coefficients cohomology group of the manifold. Due to this fact, gerbes are often referred to,
in the literature, as geometric realizations of degree 3 integer cohomology classes. Recently,
string theory [24,57,58] fostered the study of the differential geometry of gerbes. The dif-
ferential geometry of S'-bound gerbes over manifolds—Murray named them bundle gerbes
[42]—was investigated by many authors among whom Brylinski [17], Murray [42], Chatter-
jee [19] and Hitchin [29]. A theory of connections, curvings and 3-curvatures was developed,
which was used to define the characteristic classes, called Dixmier Douday classes, of bundle
gerbes [42].

However, the differential geometry of the more general non-abelian gerbes is a subtler ques-
tion. For bundle gerbes, a connection is defined to be a connection 1-form for the usual principal
S1-bundle satisfying some additional property [29,42]. However, as non-abelian G-gerbes can
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no longer be considered principal G-bundles, the obvious generalization will not work, and it is
not clear what a connection on a non-abelian gerbe should be.

Breen and Messing were the first to study the differential geometry of non-abelian gerbes.
Their important approach relies on the use of Kocks’ synthetic geometry [33] as a tool to study
the differential geometry of non-abelian gerbes from an algebraic geometry perspective. They in-
troduced the concepts of connections, curvings and 3-curvatures and obtained various identities
between them. Later on, Aschieri, Cantini and Jurco investigated a non-abelian analogue of bun-
dle gerbes from a more physical point of view [2]. Yet another interesting approach pioneered by
Baez and Schreiber [3-5,49] is to use higher gauge theory [6,23,27,47]. As was shown by Breen
[10,11], a G-gerbe is equivalent to a 2-group bundle in the sense of Dedecker [22], where the
2-group is the one corresponding to the crossed module G — Aut(G) (see [25] for a geometrical
construction). Hence, a “connection” on a G-gerbe should correspond to a “connection” on the
2-group principal bundle. The latter is the viewpoint adopted by Baez and Schreiber [4,5]. See
also [36] for the case of bundle gerbes.

The aim of this paper is to propose an approach based on Lie groupoid extensions to study
geometry of non-abelian differentiable gerbes. It is based on the theory of differentiable stacks
developed in [7-9] (see also [43]). Roughly speaking, differentiable stacks are Lie groupoids
up to Morita equivalence. Any Lie groupoid I" defines a differentiable stack: the differentiable
stack X of I'-torsors. Two differentiable stacks X and .’f/l- are isomorphic if, and only if, the
Lie groupoids I" and I"’ are Morita equivalent. In a certain sense, Lie groupoids are like “local
charts” on a differentiable stack. The relation between differentiable gerbes and Lie groupoids is
described by the following table, whose right-hand side lists the main topics investigated in this

paper.

STACK LANGUAGE GROUPOID LANGUAGE

differentiable stacks Morita equivalent Lie groupoids

gerbes over stacks Morita equivalent groupoid extensions

G-gerbes over stacks Morita equivalent groupoid G-extensions

G-bound gerbes over stacks Morita equiv. groupoid G-extensions with trivial band

Our approach has the advantage of avoiding abstract stacks by working directly with Lie
groupoids, which are much more down-to-earth. Moreover it allows us to use the usual tech-
niques of differential geometry and formulate our results in a global fashion without resorting to
local charts. Such a viewpoint has already been taken by a few authors. For example, by Mur-
ray [42] and Murray and Stevenson [44] in their study of bundle gerbes and in the proof of their
theorem concerning stable equivalence classes. For equivariant bundle gerbes, see [24,41,54].
In [7,8] and [18], S'-bound gerbes over differentiable stacks were studied in terms of S'-central
extensions of Lie groupoids, and the characteristic classes of gerbes, i.e. the Dixmier—-Douady
classes, were introduced in terms of connection-like data. This perspective is also central in a
series of work of Moerdijk [45,46]; in particular, [45] explores the deep connection between the
classification of extensions of regular Lie groupoids, Giraud’s non-abelian cohomology [26] and
subsequent work of Breen [12].

In this paper, we develop a theory of connections on groupoid extensions, which we call
“connections on gerbes.” A connection on a groupoid extension X| — Y1 = M is an Ehresmann
connection on the fiber bundle ¢ : X1 — Y7, which is compatible with the groupoid structure

on X| = M. More precisely, a connection on a Lie groupoid extension X ﬂ) YI=Mis a
horizontal distribution H on X LN Y1 which is also a subgroupoid of the tangent groupoid
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T X, = T M. For S!-central extensions, such a connection is automatically a connection for the

principal S!-bundle X 2, Y1, i.e. it is invariant under the action of S'. This is in agreement with
the definition of connections in [7,8,56], which coincides with the one used by Brylinski (who
uses the name “connective structures”) [17], Murray [42] and Hitchin [29]. However, in general,
although ¢ : X1 — Y is a bi-principal X—/K-bundle, where K is the kernel of ¢, the horizontal
distribution defining a groupoid extension connection is not invariant with respect to either K-
action of the principal bundle. We also introduce the notion of curvings and 3-curvatures for
G-extensions. Finally, a cohomology theory is developed that measures the obstructions to the
existence of connections and curvings.

We now describe the contents of this paper in more details.

Section 2 recalls some basic definitions and notions central to this paper. These include
groupoid extensions, Morita equivalence of Lie groupoid extensions, and generalized morphisms

of Lie groupoid extensions. Given a groupoid extension X 2y 1 = M, let K =ker¢ be its ker-
nel. The outer action is a canonical groupoid morphism from ¥; = M to Out(C, ) = M, which
is essential to the definition of the band of a groupoid extension.

Section 3 is devoted to the study of G-gerbes, or more precisely, groupoid G-extensions. The
notion of band is introduced, which is a principal Out(G)-bundle (or an Out(G)-torsor) over the
groupoid Y1 = M. Groupoid G-extensions with trivial band—they are called G-bound exten-
sions in the paper—are emphasized and related to the so-called groupoid G-central extensions,
a natural generalization of groupoid S'-central extensions [7,8,56]. A one—one correspondence
between groupoid G-central extensions and Z(G)-central extensions is proved. As a special case,
we consider G-gerbes over a manifold, i.e. groupoid G-extensions of a Cech groupoid, where
the non-abelian Cech 2-cocycle conditions as in [14] arise naturally. In particular, we derive,
by a direct argument, the following non-trivial theorem of Giraud: the isomorphism classes of
G-bound gerbes over a manifold N are in one—one correspondence with H 2(N, Z(G)).

Section 4 is devoted to the study of connections on groupoid extensions. As usual, we give
three equivalent definitions: horizontal distributions, parallel transportations, and connection
1-forms. We then discuss the induced connections on the bundle of groups X — M and its
corresponding bundle of Lie algebras & — M. We also prove analogues of the Bianchi identi-
ties.

In Section 5, we prove that a connection on a groupoid extension induces a canonical connec-
tion on its band. We discuss the relations between the curvatures of various induced connections,
and in particular we derive an important formula which expresses the curvature on the band in
terms of the curvature on the group bundle £ — M.

In the last section, we develop a cohomology theory, called horizontal cohomology in the
paper, which captures the obstruction to the existence of connections and curvings. In a certain
sense, this is a generalization of smooth Deligne cohomology [17] to the non-abelian context.
This cohomology is shown to be invariant under Morita equivalence, and hence depends only
on the underlying gerbe. We then compute explicitly the horizontal cohomology groups for G-
gerbes over a manifold. As a consequence we show that connections always exist on any G-
gerbe over a manifold. Finally we introduce flat G-gerbes and prove that in the case of central
extensions they are in one—one correspondence with flat Z(G)-gerbes.

After the present paper was completed, we learned that non-abelian gerbes were also inves-
tigated by Stevenson [53] from a different viewpoint. The relation between our approach and
Breen and Messing’s [14] was recently explored in [13]. An explicit correspondence between
G-gerbes and [G — Aut(G)]-bundles is constructed geometrically in [25]. Non-abelian gerbes
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have also appeared in many recent works in deformation quantization [15,16,21,30-32,34,48,
59,60]. We hope that our theory will be useful in understanding the geometry underlying these
works.

2. Differentiable gerbes as groupoid extensions
2.1. Lie groupoid extensions

The purpose of this section is to set up the basic notions of differentiable gerbes in terms of
Lie groupoid extensions. Some materials here might be standard for experts [10,45].

Definition 2.1. A Lie groupoid extension is a morphism of Lie groupoids

I

a%s

where ¢ is a fibration.

For short, we denote a groupoid extension simply by X, 2, Y, or X4 2, Yi=M.

The Kkernel of a Lie groupoid extension X, ﬂ) Y, is the preimage K (or ker ¢) in X of the unit
space of Y,. It is obviously a subgroupoid of X, on which the source and target maps coincide
making it into a bundle of groups over M. Alternatively, we can define a Lie groupoid extension
as a short exact sequence of Lie groupoids

(D

§<;?§
§<;5
i%és

where IC = M is a Lie groupoid whose target coincides with the source, i.e. a bundle of Lie
groups.

There are a few important features that deserve to be pointed out. First L = M is a sub-
groupoid of X; =% M. Therefore we can multiply an element of X by a composable element of
K from both the left and the right. These two actions commute and the quotient space by any of
these actions is Y. Thus X| — Y is a K-/ principal bibundle.

Second, the groupoid X1 = M acts on KL — M by conjugation. More precisely, any x € X
induces a group isomorphism

Ady : Kyy = Ksrys g|—>x~g~x_l,

where the multiplication on the right-hand side stands for the product on X .
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2.2. Morita equivalence of Lie groupoid extensions

Let I = Iy be a Lie groupoid, and J : Py — I} a surjective submersion. Let P; denote the
fibered product Py X s It Xt, 1,7 Po. Then P; = Py has a natural structure of Lie groupoid
with structure maps s : P — Py : (p,x,q)— p,t: P1— Py:(p,x,q)—>qg,andm: P, — Py :
((p,x,9),(q,y,r)) — (p,xy,r). This is called the pullback groupoid of 7 = I through
J and is denoted by I'1[Pp] =2 Py. Recall that a morphism of Lie groupoids J from P; == Py
to 1 = Iy is said to be a Morita morphism if J : Py — [ is a surjective submersion and
P; = Py is isomorphic to the pullback groupoid of I'1 =% Ip through J. Two Lie groupoids
I'n = Iy and A; = A are said to be Morita equivalent if there exists a third Lie groupoid
P = Py together with a Morita morphism from P, to I, and a Morita morphism from P, to
A, [45]. Equivalently, two Lie groupoids 17 = Iy and A} = A are Morita equivalent if there

exists a manifold Py, two surjective submersions Py i) Iy, Py LN Ao and an isomorphism of
groupoids between I'1[Po] = Py and I'1[Py] = Po.

Note that there is a 1-1 correspondence between Morita equivalence classes of Lie groupoids
and (equivalence classes of) differentiable stacks [7,8].

Now we are ready to introduce the definition of Morita equivalence of groupoid extensions.

Definition 2.2. A Morita morphism f from a Lie groupoid extension X} LN Y{ = M’ to an-

other extension X i) Y1 = M consists of Morita morphisms

=]
M — M M — M
f f
such that the diagram
Xi #— Xl
lrﬁ’ J/(b
, [
vi Loy @
M —M
f

commutes.

It is simple to see that any Morita morphism of Lie groupoids
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f
X,l — X3

.

M —M
such that
f(ker') =kerg (3)

’
induces a Morita morphism between the groupoid extensions X/ Iy /and X, 2, Y,. The con-
verse is also true.

Definition 2.3. Two Lie groupoid extensions X LN Y1 = M and X/ 2, Y| = M’ are said to

1"
be Morita equivalent if there exists a third extension X/ ey " = M" together with a Morita

morphism from X/ LA Y/ to X, 2, ¥, and a Morita morphism from X LA Y/ to X/ ?, Y.

Equivalently, two Lie groupoid extensions X 2y 1 = M and X/ Yy | = M’ are Morita

!
equivalent if there exist a manifold P, two surjective submersions P %> M, P > M’ and

an isomorphism of Lie groupoid extensions between Xi[P] ﬂ) Y [P] = P and X/I[P] ﬂ)
Y{[P]=P.

One easily checks that this yields an equivalence relation on Lie groupoid extensions. Morita
equivalence can also be defined in terms of bitorsors [28].

Recall that a Lie groupoid I} == I is said to act on a manifold P (from the left) if there
exists a map J : P — I, called the momentum map, and an action map I xX¢ .7 P —
P :(x,p)— x-psuch that x; - (xo - p) = (x1x2) - p and J(p) - p = p, for all (x1,x2, p) €
I't x¢,ry,s 11 X¢,1,0 P. Let I'T = Iy be a Lie groupoid and M a manifold. A (left) I',-torsor
over M is a manifold P together with a surjective submersion 7 : P — M called structure map
and a left action of I', on P such that the action is free and the quotient space I'1\ P is diffeo-
morphic to M. In other words, for any pair of elements pi, p> in P satisfying 7 (p1) = w(p2),
there exists a unique solution x € I to the equation x - p; = pa. A I',-A,-bitorsor is a manifold
P together with two smooth maps f: P — Ip and g : P — Ao, and commuting actions of I,
from the left and of A, from the right on P, with momentum maps f and g respectively, such
that P is at the same time a left-I',-torsor over Ag (via g) and a right A,-torsor over Iy (via f).

Proposition 2.4. Let I, and A, be two Lie groupoids. There exists a I',-A,-bitorsor if and only
if I, and A, are Morita equivalent.

Proof. This is a standard result. We will sketch a proof here, which is needed later on.
Choose a bitorsor Py. Let Py be the fibered product Iy x¢ ) Po X 4,5 A1. There is a
natural groupoid structure on P; =% Py. The source and target maps are defined by

s(y,p,8)=p and t(y,p,8)=y-p-6. )

Hence a pair (y1, p1,961), (2, p2,62) of elements of P; is composable if and only if
y1 - p1 - 61 = p2. The product is defined by
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(1, P1,61) - (v2, P2, 82) = (Y271, P1,6182). &)
One checks that the maps
I' < P — Ay,
y (. p.8) 8

induce Morita morphisms

IN=——"r —=4

N

Iy <— Py —— Aop.

Indeed, the maps

Py — A[Po]: (y, p,8) = (p,§, ypd)

and

Py — N[Pol: (v, p. &) = (p, vy ', vpd)

induce the required Lie groupoid isomorphisms between P; == Py and the pullbacks of A, and
I, over Py.
This follows from the following two facts.

o If I, — A, is a Morita morphism, then P = I x A, A1 is naturally a I,-A,-bitorsor.
o If P is a I,-A,-bitorsor and Q is a A,-E,-bitorsor, then (P x,, Q)/A1 is a I,-E.-
bitorsor. O

Proposition 2.5. Ler X LN Y1 = M and X| LN Y{ = M’ be two Lie groupoid extensions with

q

kernels K and K’ respectively. Then X, LN Y, and X, — Y| are Morita equivalent if and only
if there exists an X,-X.-bitorsor B such that the orbits of the induced actions of K and K' on B
coincide and the corresponding orbit space is a manifold.

A bitorsor as in the above proposition will be called an extension ¢,-¢.-bitorsor. We refer
the reader to [8,51] for the discussion on Morita equivalence of S 1_central extensions.
The proof of this proposition will be postponed to the next section.

Remark 2.6. There is a 1-1 correspondence between Morita equivalence classes of Lie groupoid
extensions and (equivalence classes of) differentiable gerbes over stacks.



C. Laurent-Gengoux et al. / Advances in Mathematics 220 (2009) 1357-1427 1365

2.3. Generalized morphisms of Lie groupoid extensions

The material here is parallel to Section 2.1 in [51] and follows the approach in [28], to which
we refer the reader for details.

Definition 2.7. A strict morphism of groupoid extensions is a commutative diagram as below,
where the horizontal arrows are groupoid homomorphisms:

f
X/l — X3

-l

Yl/ — Y (6)

I

M —M
f

and, for any m’ € M’, the restriction of f : X| — X to a map ker¢’|,, — ker¢| s, is an
isomorphism.

In particular, Morita morphisms of groupoid extensions are strict homomorphisms of groupoid
extensions.

Definition 2.8. Let X LN Y1 = M and X 2y | = M’ be two Lie groupoid extensions with

kernels /C and K’ respectively. A generalized morphism of groupoid extensions from X ?,

Y[ = M to Xy 2y ¥y = Mis an X/-X, bimodule M’ LBy (i.e. B is an X/-left space

and X,-right space and the X/ and X, actions commute) satisfying

1. Bisan X,-torsor, and
2. the induced actions of X and KX’ on B are free, and their orbits coincide so that the corre-
sponding orbit space is a manifold.

It is easy to see that, in this case, \B = B/K’ is a generalized morphism from Y = M’ to
Yi =M.

Lemma 2.9. Strict homomorphisms of groupoid extensions are generalized homomorphisms.

Proof. Let f be a strict homomorphism of groupoid extensions from X 2, Y{ = M to

X1 LN Yi = M.Set By =M’ xfums X1, where By — M’ is (m’,x) = m', and By — M is
(m’, x) — t(x). The left X]-action is given by x’ - (t(x"), x) = (s(x’), f(x")x) and the right X,-
action is given by (m’, x1) - xo = (m’, x1x2). It is simple to see that the induced actions of ker ¢’
and ker ¢ on B are free and their orbits coincide. The corresponding orbit space is the manifold
M’ x ¢ ms Y1. This concludes the proof. O
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Just like strict homomorphisms, generalized homomorphisms of groupoid extensions can be
composed.

Proposition 2.10. Let M" L B’ L5 M’ be a generalized morphism of groupoid extensions

from X LN Y = M" 1o X’ Y[ = M, and M’ LB Ma generalized morphism of

groupoid extensions from X| g Y = M 1o X, Sy 1 == M, their composition is the general-

ized morphism of groupoid extensions from X{ 2y =M 10 Xy LN Y1 = M given by the
X!-X,-bimodule

B" = (B’ xy B)/ X1,

where X'| = M’ acts on B’ x ' B diagonally: (b',b) - x" = (b" - x’, 'y, for all compatible

x" € X| and (b',b) € B' xyy B. In particular, if both M’ LBE Mand M <= B &5 M are
bitorsors, the resulting composition is a ¢,-¢.-bitorsor.

Moreover, the composition of generalized morphisms is associative.

As a consequence, we obtain a category, where the objects are groupoid extensions and the
morphisms are generalized homomorphisms of groupoid extensions. Invertible morphisms ex-
actly correspond to Morita equivalence of groupoid extensions. As usual, we can decompose a
generalized homomorphism of groupoid extensions as the composition of a Morita equivalence
with a strict homomorphism.

Pr0p051t10n 2.11. Any generallzed homomorphism of groupoid extensions M’ L B M from

X —= Y =M 1o X, 2y | = M can be decomposed as the composition of the canonical
Morlta equlvalence between X, — Y! and X.[B] — Y![B], with a strict homomorphism of
groupoid extensions from X.[B] — Y![B] to X, — Y..

Proof. Denote by X' [B] — Y{[B] = B the pullback extension of X| — Y| = M’ via the sur-

jective submersion B L5 M'. Then the projection from X/[B] — Y/[B] to X, — Y/ is a Morita

morphism, which induces a Morita equivalence between these two groupoid extensions.

As in the proof of Proposition 2.4, consider the fiber product X ﬁ xt,m" B xp s X1. Thus
X ’1 xt,m’ B xp s X1 = B is a Lie groupoid, where the source, target, and multiplication are
given by Egs. (4) and (5). Introduce an equivalence relation in X/1 xem B Xps X1 = B by
(x', b, x) ~ ('K, b, k—1x), iff k'b = bk, where k' € K;(b) and k € KCyp). It follows from a direct
verification, using Eqs. (4) and (5), that the groupoid structure on X/1 xem B xpys X1 3 B
descends to the quotient and X’1 xt.m Bxys X1 — (X/1 xt.m' B xpmsX1)/ ~= B is agroupoid
extension. Moreover, one has the following commutative diagram
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X/I[B] -~ X/1 xe,m B Xxms X1 — X

| | |

Y[[B] =—— (X| xem B xms X1)/ ~ —— Y

| | |

B B M

b, ()1, x'bx) =<— (X', b,x) —— x

| ]

(b, ¢'(x") 1), x'bx) <— [, b, x] —= ¢(x)

I '

b b g(b)

(7

where the left arrow is an isomorphism of groupoid extensions, while the right arrow is a strict
homomorphism of groupoid extensions.
This concludes the proof of the proposition. O

Now we are ready to prove Proposition 2.5.

Proof. As in the proof of Lemma 2.9, M’ L By 8, M is indeed a ¢/-¢,-bitorsor. Thus the

conclusion follows from Proposition 2.10.

Note that since M’ Ly is a bitorsor, the right arrow in diagram (7) is indeed

a Morita morphism. O
2.4. The outer action

Let G and H be any Lie groups. We define Iso(G, H) as the set of group isomorphisms

G L H.Let Ad;, € Aut(H) denote the conjugation by & € H. The map

Iso(G, H) x H — Iso(G, H) : (f, h) — f - Ady,

defines an action of H on Iso(G, H). The quotient of this action is the set Out(G, H) of all outer
isomorphisms from H to G. Since, for all f € Aut(G) and g € G, f - Adg = Adf(y) - f, the set
Out(G, G) is a Lie group which will be denoted by Out(G).

For any group bundle G — M, let Iso(G, G) = ]_[m,nEM 1s0(Gy, Gn), where G, stands for the
group fiber of G at the point m. Similarly, Out(G, G) = ]_[m’ne 2 Out(Gp, Gp).

The following proposition is obvious.
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Proposition 2.12.

1. The maps s :1s0(G, G) — M : (G, <— Gy)—>m,t: Iso(g Q) — M : (G, <— g,,) — n and
m :1s0(G, G) Xt m.s180(G, G) = 1s0(G, G) : (Gnm L Gy Gn & Gp) > (Gl <2 Glp) en-

dow Iso(G, G) :; M with a groupoid structure.
t

2. These maps descend to the quotient Out(G, G), yielding a groupoid Out(G, G) = M.
3. The quotient map Iso(G, G) — Out(G, G) is a groupoid morphism.

Definition 2.13. Let 7 == M be a Lie groupoid and G — M a bundle of Lie groups over the
same base.

1. An action by isomorphisms of I'1 = M on G — M is a Lie groupoid morphism

I —— Iso(G, G)

I

M ——— M.
2. An action by outer isomorphisms of I'1 = M on G — M is a Lie groupoid morphism

I — Out(G, 9)

I

Proposition 2.14. Let X Sy | = M be a Lie groupoid extension with kernel K. Then,

1. the groupoid X1 = M acts on K — M by conjugation. I.e.

X, -2 s0(K. K)

I v

M—M

given by Ad : x — Ady, Vx € X is a groupoid morphism;
2. the composition of the groupoid morphism (8) with the quotient morphism

Iso(K, K) —— Out(K, )

I I

M —]—————— M

factorizes through ¢:
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X

S

Yl — Ol,lt(K:, IC),
Ad

yielding an action by outer isomorphisms Ad of Y1 = M on K — M, which is called the
outer action.

Remark 2.15. Let Y1 = M be a Lie groupoid and X 2, Y1 a surjective submersion. Assume
m1 and my are two groupoid multiplications on X1 making X 2, Y; = M into an extension of
the groupoid Y| =% M in two different ways. Then the outer actions Ad; and Ad, induced by the
two groupoid structures on X are equal.

3. Differentiable G-gerbes as groupoid G-extensions
3.1. Groupoid G-extensions

Let G be a fixed Lie group.

Definition 3.1. A Lie groupoid extension X LN Y1 = M is called a G-extension if its kernel
IC — M is alocally trivial bundle of groups with fibers isomorphic to G.

It is simple to see that this notion is invariant under Morita equivalence. Namely, any groupoid
extension Morita equivalent to a groupoid G-extension must be a groupoid G-extension itself.

The following proposition shows that any G-extension admits a Morita equivalent G-
extension whose kernel is a trivial bundle of groups.

Proposition 3.2. Ler X 2y 1 = M be a groupoid extension. Then ¢ is a G-extension if and
only if there is an open covering {U;}ic; of M such that the kernel of the pullback extension

X1[1]U:] LN Yi[[{Uil1 = 1 Ui via the covering map | |;.; Ui — M is isomorphic to the trivial
bundle of groups [ |;.; Ui x G.

iel

Proof. Let I denote the kernel of ¢. Since ¢ is a G-extension, there exists an open cover
{Ui}ier of M such that the pullback K’ of I — M to | [;; U; is isomorphic to the trivial bundle
[ic; Ui xG—11; e I U;. To conclude, it suffices to notice that K’ is the kernel of the pullback

exten51onX1[]_[U]—>Yl[]_[U]z]_[U m]

Finally we say that an extension is a trivial G-extension if it is isomorphic to the extension
Y1 x G — Y] =2 M, where Y1 x G is equipped with the product groupoid structure.

3.2. Band of a groupoid G-extension
Now we introduce an important notion for a groupoid G-extension, namely, the band. It corre-

sponds to the band of a G-gerbe in terms of stack language. First of all, let us recall the definition
of G-torsors (also known as G-principal bundles) over a groupoid [35].
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Definition 3.3. Let I'| = I be a Lie groupoid and G a Lie group. A G-torsor, or G-principal
bundle over I, consists of a right principal G-bundle P EN Iy endowed with a left action of
I't = I'y on P with momentum map J such that the actions of G and I, on P commute.

Let X, i) Y1 = M be a Lie groupoid G-extension with kernel K. Let Iso(C, G) (resp.
Out(/C, G)) be the group bundle [ [, Is0(K\, G) (resp. [ ],,cpr Out(ICpn, G)) and J (resp. J)
the canonical projection of Iso(IC, G) (resp. Out(KC, G)) onto M. First note that Iso(KC, G) LM
(resp. Out(kC, G) I m ) is a right principal Aut(G)-bundle (resp. Out(G)-bundle).

On the other hand, Iso(IC, G) I m (resp. Out(KC, G) Lm ) admits a natural left action of
the groupoid Iso(K, K) = M (resp. Out(KC, K) = M). Moreover, these two actions commute.
Hence Iso(KC, G) Lm (resp. Out(KC, G) EN M) is an Aut(G)-torsor (resp. Out(G)-torsor) over
Iso(KC, K) = M (resp. Out(KC, K) = M). According to Proposition 2.14, there is a groupoid
morphism Ad : X, — Iso(KC, IC)_. (resp. Ad : Y, — Out(/C, K),). Therefore, one may pull back

the Out(G)-torsor Oout(kC, G) L M over Out(kC, ) = M to an Out(G)-torsor over Y, via
Ad: Y, — Out(C, K),. More precisely, one defines the left Y,-action on Out(C, G) L m by

y-f=Ady)o f. VfeO0ut(k, G)lyy. 9)

Definition 3.4. Let X, 2, Y1 = M be a Lie groupoid G-extension with kernel /. Then

Out(kC, G) L m , considered as an Out(G)-torsor over Y,, is called the band of the G-
extension ¢.

It is well known that for a given Lie group G there is a bijection between G-torsors over a
pair of Morita equivalent groupoids. They are called Morita equivalent G-torsors. The follow-
ing proposition shows that bands are preserved under Morita morphisms, thus also by Morita
equivalences in the above sense.

Proposition 3.5. Let f be a Morita morphism of Lie groupoid extensions from X Yy =M

to X1 2, Y1 = M. Let K' and K denote the kernels of ¢’ and ¢ respectively. If ¢ and ¢’ are
groupoid G-extensions, the band of ¢':

g \Outuca 0
\ .
is isomorphic to the pullback of the band of ¢:

Y out(K, G)

l

M

/

viaM' > M.
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Proof. First, we observe that X' is isomorphic to the pullback bundle M’ x »; K and f restricts
to a bundle map K’ ER KC, which is a fiberwise group isomorphism. Therefore, the torsor

Out(K’, K') Out(K’, G)
\ M/
is isomorphic to the pullback of the torsor
Out(KC, K) Out(KC, G)
\ '
via M’ L5 M. Let
Ad Ad
Y] % ou(k, K') vi —2% ouk, K)
' T
M ——M M=———M

be the outer actions of ¢’ and ¢ respectively. The morphism f induces a Morita morphism

Out(K’, K') —— out(K, K)

| |

M —M
such that the diagram

H/
Y] 5 Out(K’, K')

/| lf

Yy —— Out(K, K)
Ad

commutes. This completes the proof. O

Remark 3.6. In terms of stack and gerbe language, the band of a G-gerbe over a stack is an
Out(G)-torsor over this stack [26].
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3.3. G-bound gerbes and groupoid central extensions

This subsection is devoted to the study of an important class of G-gerbes, namely, G-bound
gerbes. These correspond to groupoid central extensions.

Recall that when G is abelian, a groupoid G-central extension is a groupoid extension X 2,
Y1 = M such that M x G ~ker¢, (m, g) — gn € ker¢|,, and

X - 8t(x) = 8s(x) * X-

Example 3.7. Consider the particular case of S !_extensions. In this case, X L Yy = M is an
S'_central extension if and only if there exists a trivialization of the kernel

MxSl—>ker¢:(m,g)»—>gm
such that
X - 8tx) =&s(x) "X, Vx€ Xy, Vgel. (10)
In other words, X 2y 1 is an S'-principal bundle such that
(g1x1) - (g2%2) = (182) - (x1x2),  Vgi.g2€S', (x1,x2) € Xa.
See [56] for details. Gerbes represented by S'-central extensions are called S'-bound gerbes.?

However, when G is non-abelian, the situation is more subtle. First of all, we need to introduce
the following

Definition 3.8. Let X LN Y1 = M be a groupoid G-extension with kernel L — M. Its band
Out(KC, G) L5 M is said to be trivial (as a Y,-torsor) if there exists a section 77 of Out(}C, G) > M
invariant under the Y,-action:

y-(t) =7(s(y)), Vyer. (11)

Such a section is called a trivialization of the band.

Proposition 3.9. If X, 2, Y1 = M and X LN Y| = M’ are Morita equivalent groupoid ex-
tensions, then the band of the first one is trivial if, and only if, the band of the second one is
trivial.

Proof. Asin Proposition 3.5, we can restrict ourselves to the case that there is a Morita morphism

of groupoid extensions from X/1 2, Y = M to Xy 2, Y = M. Since K' >~ M’ x K, there is a

natural 1-1 correspondence between the Y,-invariant sections of Out(K, G) and the Y/-invariant

3 In[7.8] they are called S 1 -gerbes for simplicity. When Y, is Morita equivalent to a manifold, they are called bundle
gerbes by Hitchin [29] and Murray [42].
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’
sections of Out(K’, G). Hence X| 2y | = M’ has trivial band if, and only if, X; 2, Yi=M
has trivial band. O

Any section 1 of Iso(/C, G) — M is called a trivialization of the kernel. For it defines a map
MxG— K:(m,g)— gn:=nn(g), which is an isomorphism of bundles of groups over M.
i.e. N (gh) = N (g)nm (h).

The following proposition indicates that when the band is trivial, a trivialization of the kernel
always exists when passing to a Morita equivalent extension.

Proposition 3.10. Let X LN Y1 =2 M be a groupoid G-extension with kernel K — M whose
band is trivial. Then there exists a Morita equivalent groupoid G-extension X i 2, Y 1’ =M
with kernel K' — M’ together with a section ' of Iso(K', G) — M’ such that its induced section

i’ of Out(K’, G) — M’ is invariant under the Y!-action.

Proof. Choose a trivialization 1 of the band Out(KC, G) — M of ¢. Take a good open covering

{U;}ier of M and consider the pullback extension X[] [ U;] 2, Yi[[JUi1 =]]U; of ¢ by the
projection [ [;.; Ui — M. Let us call 7', the Y,[[ [ U;]-invariant section of Out(K'’, G) — [ [ U;
associated to 1 as in Proposition 3.9 above. Since the U;’s are contractible, 7’ can be lifted to a
section n’ of Iso(K/, G) = [[U;. O

The following proposition can be verified directly.

Proposition 3.11. Let H be a subgroup of Z(G). Assume that X 2, Y1 = M is an H-central
extension. Let
5(1 x G
H

X =

3

where H acts on X1 x G diagonally: (%, g)-h = (Xht(x), h~'g), Vh € H. Then X LN Yiz=M
is a G-extension endowed with a trivialization of its kernel, called the induced G-extension.

We are now ready to state the main result of this subsection.

Theorem 3.12. Let X 2, Y1 = M be a groupoid G-extension with kernel K — M, and let n be
a trivialization of the kernel. The following assertions are equivalent.

1. The section n of Out(IC, G) — M induced by the trivialization of the kernel n: M —

Iso(KC, G) is a trivialization of the band.
2. There exists a groupoid morphism

X| ——= G/Z(G)

L

M ——— %
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with kernel Z (K) such that
X gty = (Ady(1)@)s(x) - X, VYx € Xy, Vg eG,
where Ad denotes the canonical isomorphism from G/Z(G) to Inn(G):

Adj(g) = ggig)7!, Vg ¢ eG.

3. There exists a global section o of the induced morphism X1/Z(K) — Y such that, for any
local lift6 : Y1 — X1 of o,

o(y) - 8ty) =8&s(y) -0 (), VYyeli, Vged.

Moreover, o is a groupoid morphism.

4. The extension X i) Y1 = M is isomorphic to the induced G-extension JQ(XG? —-YiI=M
of a Z(G)-central extension )~(1 i) Yi=M.

When any of the conditions above is satisfied, the groupoid G-extension is called central.
Differentiable gerbes represented by G-central extensions are called G-bound gerbes.

Proof. It is well known that the group morphism Ad : G — Inn(G) : g = Ad, factorizes
through G/Z(G):

G

| >

G/Z(G) T Inn(G),

and Ad : G/Z(G) — Inn(G) is an isomorphism.

For any x € X, it is clear that 175_()1() o Ady o 7)¢(x) 1S an automorphism of G. According to
Eq. (11), it must be an inner automorphism, and therefore corresponds to an element in G/Z(G),
which is defined to be r(x). Here we used the fact that Ad : Inn(G) — G/Z(G) is an isomor-
phism. Thus we have

Adx o Nt(x) = Ms(x) ° &lr(x) (12)
or

X 8tx) = Adr (1) @)sx) - X, VYVx € Xy, Vgel. (13)

From its definition, it is simple to see that
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X, ——= G/Z(G)

L

M —— x

is indeed a Lie groupoid morphism.
Since the groupoid morphism Ad has kernel Z(K), it factorizes through X1/Z(K):

X

| >

X1/Z(K) T Iso(KC, K).

Also the trivialization of the kernel n : M — Iso(K, G) induces a unique section 1 of
Iso(K/Z(K), G/ Z(G)) — M making the diagram

Nm
Ky <~—"——G

L

K/ Z(K)m <—— G/2(G)
commute. It thus follows that ,, - Adg = Ad,;,, (o) 1 = Ady,, (¢)] - 1m- Hence

Nm @[g] = Mgm [g] ° m> (14)
where [¢] denotes the class of an element ¢ € X (resp. G) in X{/Z(K) (resp. G/Z(G)).
Using Eq. (14), the formula (12) becomes Ad, o nt(x) = Ns(x) - Ad,(x). Hence Ad[y] - nix) =
@Qsm(r(m) o Ns(x). Therefore
Ad, () D © T = Ts)- (15)
For any y € Y1, take x € X any element such that ¢ (x) = y. Set

o () = 05 (r() 7' - 1.

It is easy to see that o defines a section of X|/Z(K) — Y;. Then Eq. (15) becomes

Ads (¢ (x)) ° M) = Ns(x)s VX € X1. (16)

Therefore, for any local lift 6 : Y| — X of o, we have

Adj (¢ (x)) o Mt(x) = Ns(x)s VX € X1, (17)
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or, equivalently,

5 (P (X)) - 8tx) = 8gsx) -G (9 (x)), Vxe Xy, g€G. (18)

Le.

o(¥)-gty) =8s(y)-0(y), VyeYi, geG. (19)

. . 1 .
MOreOVer, Eq (16) lmplles that V(.x, y) € X2, nt(y) o A_d(cr(((/)(xy))*l)J(¢(x))a(¢(y))) o nt(y) =id.
Hence,

o((¢x)) o (o () =1 in X1/Z(K),

since Ad is injective. It thus follows that ¢ is a groupoid morphism.

m Take )~(1 =n"1(o(Y})), where 7 denotes the projection X1 — X/Z(K). Since o is
a Lie groupoid morphism, it is simple to see that X; = M is a Lie subgroupoid of X; = M and
X 1 = Y1 = M is a groupoid Z(G)-extension. The trivialization of the kernel n,, : G — ICp,,
when being restricted to the center Z(G), induces a trivialization of the kernel 7, : Z(G) —
Z(KC)m of the Z(G)-extension X| — Y| =t M. Moreover, Eq. (17) implies that

Ads nex) =1sr).  YE € X1 (20
It thus follows that X — Y; =% M is a Z(G)-central extension. Consider the map
7: X, xG— X1:(X,8) X &&)-
From Eq. (19), it follows that 7 is a groupoid morphism. According to Eq. (16), we have

[x] = 1500y (r (0)) - 0 (¢ (X)) = 0 (P (X)) - Mty (r (%)), Vx € X1

It thus follows that x = o (¢ (x)) - nt(x) (r(x)) - k for some k € Z(K). Hence 7 is surjective. And

its kernel {(z;,, zh | Z€ Z(G)} is isomorphic to Z(G). Therefore X, ﬂ Y, is isomorphic to the

induced G-extension XZ'(EC); Y= M.

[4 = 1]For any x = [(%, g)] € %(—E)G, it follows from a simple computation that

'ls_(fo o Ad, ony(r) = Ad,.
The conclusion thus follows. O
As an immediate consequence, Morita equivalent classes of G-extensions with trivial band
are in one—one correspondence with Morita equivalent classes of Z(G)-central extensions. The
latter is classified by H 2(Y., Z(G)). Thus we have recovered the following result of Giraud [26]

in the context of differential geometry.

Theorem 3.13. Morita equivalent classes of G-extensions with trivial band (i.e. G-bound gerbes)
over the groupoid Y1 = M are in one—one correspondence with H2(Y., Z(G)).
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3.4. G-gerbes over manifolds

In this subsection, we study G-gerbes over a manifold. This corresponds to a G-extension over
a groupoid which is Morita equivalent to a manifold, i.e. a groupoid of the form M xy M = M
for a surjective submersion M — N (see also [46]). When {U,};<; is an open covering of N
and M is the disjoint union [ [; U; with the covering map [ [; U; — N, the resulting groupoid
M xny M = M, which is easily seen to be isomorphic to ]_[l.j Uij = [1; Ui, is called the Cech
groupoid associated to the open covering {U, };c; of the manifold N.

Let {U;}ic; be a good open covering of N, namely all U;’s and their finite intersections
are contractible. We form its Cech groupoid Y, : ]_[i j Uij = ]_[i U;, and consider a G-extension

K.— X, 2, Y,. A point x in N will be denoted by x; when considered as a point in U; and by
x;j when considered as a point in U;;, etc. The source, target and multiplication maps of Y, are
given, respectively, by

s(xij) = Xxi, txij) =xj,  Xij - Xjk = Xik.

Since U; is contractible for all i € I, we can identify K with the trivial bundle of groups
K~ 11, Ui x G. Since Uj; is contractible for all i, j € I, there exists a global section p (which

needs not be a groupoid morphism) of X 2y 1 such that

. —1 .
p(xi)=¢e(x;), Viel, and p(xji)=(pxij) . Vi,jel,

where ¢ : M — X is the unit map.

We identify any element X € X; with a pair x;; = ¢(X) € Y1 and g € Iij such that
p(xij) - ¢ = X. In other words, we identify X with [[;; Uij x G in such a way that the mul-
tiplication of elements in X by elements of /IC~ | [; U; x G from the right coincides with the
multiplication from the right on the group G, i.e.

(xij, &) - (xj, h) = (xij, gh), Vg.heG. 2y

First, we define C°°(G, G)-valued functions A;; on the 2-intersections U;; by comparing the
right and the left actions of the group bundle K — [ [; U;. Indeed for any i, j € I, x;; € U;; and
g € G, there is a unique element A;;(x;;)(g) € G such that

(xijs 1) - (x5 8) = (%, X (xij) () - (xij, D). (22)

Note that g — A;;(x;;)(g) is a smooth diffeomorphism by construction.
Second, we define G-valued functions g;;x on the 3-intersections Uj jx by

(xijs D) - (s 1) = (i ik (Xijic))-

These functions measure the default of p from being a groupoid homomorphism. In the sequel,
the reference to the point x where A;; and g;;x are evaluated will be omitted.

The data (%}, gijx) determine completely the multiplication on the groupoid X; = ]_[,- Ui.
More precisely, one has
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(xij, &) (xjr, h) = (xix, gijk)\;kl (®)h), Vg.heg. (23)

The associativity of the groupoid multiplication defined on X; imposes the following relations
on the functions A;; and g;jy:

Aij(gh) = Xij(g)Aij(h), Vg, heG; (24)
AijoAjk :Adgi_,'k")\ik; (25)
8iji&jki = gikz)»k_ll(gijk); (26)

which are immediate consequences of the following identities, reflecting the associativity of the
groupoid product:

((xij, D(xj, ©))(xj, b)) = (x5, D((xj, 8)(xj, b)),
((xin @) (xij, D) e 1) = (xiy @) ((xij D, D),
(i, Dxjr, D) G, 1) = (xijo D(Gjr, D, D).

Eq. (24) means that 2;; is an Aut(G)-valued function on U;;. Alternatively, one may write
Eq. (22) as

Ady; 1) (xj, 8) = (xis Aij (xij)(8))-

From the fact that Ady,; 1) is a group isomorphism from Ky; to Ky, it follows immediately that
Aij is an Aut(G)-valued function.

Conversely, if we are given some A;; : U;j; — Aut(G), gijk : Uijk — G satisfying Egs. (25)
and (26), then the product defined in Eq. (23) defines a groupoid structure on X; = [ |; i Uij
which makes X, — Y, into a groupoid G-extension.

The above discussion can be summarized by the following

Proposition 3.14. Assume that {U;}ic; is a good open covering of a manifold N. Then there is a
one—one correspondence between G -extensions of the Cech groupoid LI Ui = LI; Ui and the
data (Aij, gijk), where Xjj : U;j — Aut(G) and g;jx : Uijr — G satisfy Egs. (25)-(26).

The data (A;;, gij«) is called a non-abelian 2-cocycle, as in [10,22,45].

Remark 3.15. Non-abelian 2-cocycles have recently appeared in many places in deformation
quantization theory. See [15,16,21,30-32,34,48,59,60].

Now let us consider the band of this G-extension. According to Definition 3.4, the band is
an Out(G)-torsor over the Cech groupoid ¥, : [ |; ; Uij = 11, Ui, which is Morita equivalent to
the manifold N. Thus the band is a principal Out(G)-bundle over the manifold N. To describe
it more explicitly, by A;; we denote the composition of A;; : U;; — Aut(G) with the projection
Aut(G) — Out(G). Then Eq. (25) implies that

AijoAjkorki =1.
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In other words, A;; : U;; — Out(G) is a Cech 2-cocycle, which defines an Out(G)-principal
bundle over N. This is exactly the band of the G-extension.

Proposition 3.16. Let {U;};c; be a good open covering of a manifold N.

1. A G-extension X 2, ]_L»j Uij = 11, Ui of the Cech groupoid ]_[l-j Uij = 1, Ui has a trivial
band if and only if there exists a trivialization of the kernel I~ |[; U; x G and a section
p of X1 i) ]_[ij Uij such that the associated data (A;j, giji) satisfies A;j =id and (g;jx) €
Z2(N, Z(G)).

2. Moreover, if (gijk) is a coboundary, then the section p can be modified so that A;j = id and
gijk = 1. That is, the G-extension is isomorphic to the trivial G-extension.

Proof. 1. Let 77 € I'(Out(K, G) — || U;) be a trivialization of the band. Since the U;’s are con-
tractible, 77 can be lifted to a section 1 of Iso(K, G) — [ | U;. This gives the desired trivialization
of the kernel. According to Theorem 3.12, since the band of the G-extension is trivial, and all

Ui;j’s are contractible, there exists a section p of X ﬂ) 11U; j such that

P (Xij) - &x; = &x; * P (Xij),
pxii) =1,
p(xji) = p(xij) ™! 27)

for all x;; € U;j and g € G. Now, we identify X with 11 Uij x G through

]_[Uij X G — X1 (xij, 8) = p(Xij) - ;-

Then Eq. (27) becomes (x;;, 1)(x}, g) = (x;, g)(x;j, 1). Hence A;; =id. From (x;;, D(xjx, 1) =
(Xik» &ijk), it follows that p (xx;) o (x;j) o (x jk) = gijk- By Eq. (27), we have g;jx € Z(G).

2. Assume that (g;jx) is a coboundary: o(xk)p(xij)p(Xjk) = gijk = hjkhl._klh,'j, where
hij : Uij — Z(G). Using Eq. (27), this can be rewritten as p (xi; )" ~,O(x,'j)hi_jl -p(x,-k)h;,j =1.
Define a new section p’ : [[U; i = X1 x5 = p(x; j)hi;l. It is easy to check that relatively
to the associated identification of X; with [[U;; x G, one has )L;j = Ajj o Adh;jl =1 and

ik =P Gri)p'(xij)p'(xji) =1. O
As an immediate consequence, we see that a G-extension with trivial band over the Cech

groupoid of a good cover is completely determined by a Cech 2-cocycle in Z%(N, Z(G)). There-
fore we have derived the following result of Giraud [26] by a direct argument.

Corollary 3.17. Isomorphism classes of G-bound gerbes over a manifold N are in one—one
correspondence with H2(N, Z(G)).

Proposition 3.18. Any groupoid G-extension of the Cech groupoid associated to a good open
covering of a contractible manifold is isomorphic to the trivial G-extension.
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Proof. Let N be a contractible manifold, (U;) a good covering of N, and X; — [ U; i= 11U;
a groupoid G-extension of the associated Cech groupoid. Its band must be trivial, since any
principal bundle over a contractible manifold is trivial. According to Proposition 3.16, the mul-
tiplication on X is entirely determined by the 2-cocycle (g;jx) in ZZ(N , Z(G)). Since the
manifold N is contractible and (U;) is a good covering, (g;;x) must be a 2-coboundary, which
implies that X — [[U;; =2 | [ U; is isomorphic to the trivial G-extension. O

By a refinement of a G-extension X; — [[; ; Ui; = [[; U; of a Cech groupoid, we mean
the pullback of this G-extension through a refinement of the covering (U;) jej of N.
As an immediate consequence of Proposition 3.18, we have the following

Corollary 3.19. Any groupoid G-extension of a Cech groupoid over a contractible manifold N
has a refinement which is isomorphic to a trivial G-extension.

4. Connections on groupoid extensions
4.1. Connections as horizontal distributions

Recall that a horizontal distribution on a fiber bundle X 5 ¥ is an assignment to each point
x € X of asubspace H, of T, X transversal to the fiber of ¢ containing x.

Recall also that, to any Lie groupoid I'1 =% I}, one can associate its tangent Lie groupoid
TT'1 = T T} whose structure maps are the differentials of those of I, [39,40]. More precisely,
if s: I — Iy, t: 1 — Iy and m : I, — I denote the source, target and multiplication
maps of I',, then s, : TI7 — T1p and t, : TI} — T Iy are respectively the source and tar-
get maps of (T1),, and the multiplication map 717 X, s, 711 — T17 is the composition
of the canonical isomorphism T1I" x¢, s, T11 = T(I7 Xt 1) with the differential of
m: I x¢ s 11— 17

Definition 4.1. A connection on a Lie groupoid extension X 2y | = M is a horizontal distri-
bution H on X 2y 1 which is also a Lie subgroupoid of the tangent groupoid 7X| = T M. Le.

we have
Hy, - Hy, C Hy,.x, forall (x1,x2)€ X>, (28)
H-'c H, forallxeX;. (29)
Lemma 4.2.
1. The distribution H contains the entire unit space T M of X;.
2. Hy, - Hy, = Hy|.x,.
3. (Hy) '=H, 1.

Proof. 1. Since H is a Lie subgroupoid of 7 X| = T M, it contains its unit space, which is s, H.
On the other hand, we have s, H =s,¢,.H =s,TY; = T M. The conclusion follows.
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2. Since Ty(yyM C H -1 - H, and Hx_]l CH, -1,we have
1
Hyyxy = Hyyoxy - Tt(e) M C Hypoxy fol “Hy, C Hy - Hy,.

3. Substituting x ! for x in Eq. (29), one gets Hx__ll C Hy.Thus, H,-1 C Hx_l. O

As before, let KC be the kernel of X, g) Y,. Then L — M is a group bundle, which is also a
Lie subgroupoid of X,. Set

HY=TKNH. (30)

Since ker(¢y) C TxK for any k € K, H K defines a connection for the bundle K 2> M , which
is also a groupoid extension connection when XL — M is considered as a groupoid extension
I — M = M. Since this groupoid extension is simply a bundle of groups, H Kisa group bundle
connection that we call the induced connection on the bundle of groups  — M.

Let # — M denote the Lie algebra bundle associated to the group bundle L — M. Let
exp : & — K denote the pointwise exponential map. The connection H K on the group bundle

K ?, M induces a connection on the Lie algebra bundle R — M that we call the induced hor-
izontal distribution H#* on the bundle of Lie algebras £ — M defined as follows: v € T is
horizontal if exp,, v € H K . This connection is compatible with the Lie algebra bundle structure,
i.e. it is given by a covariant derivative on the vector bundle & — M and satisfies Proposi-
tion 4.21(4).

4.2. Horizontal paths for groupoid extension connections

It is natural to ask what is the geometrical meaning of a connection on a groupoid extension.
This subsection aims at answering this question.

Recall that, given a horizontal distribution on a fiber bundle, a path is said to be horizontal if it
is tangent to the horizontal distribution. Also recall that, given a groupoid, two paths 7 — y1(7),
T > y2(t) on the space of arrows are said to be compatible if, and only if, y; (1), y2(7) are
composable for all values of 7. The product of these paths is the path T — (1) - y2(7).

The following proposition gives an alternative definition of Lie groupoid extension connec-
tion.

Proposition 4.3. Let X 2y 1 = M be a Lie groupoid extension. A horizontal distribution on

X4 LN Y1 is a groupoid extension connection if and only if the product of any pair of horizontal
composable paths in X1 is still a horizontal path, and the inverse of any horizontal path is still a
horizontal path.

Here is yet another alternative description of groupoid extension connections.

For any manifold N, denote N I the set of smooth paths from [0, 1]to N.If [T = [pisa
groupoid, then I, 11 =T 01 inherits a groupoid structure with the source map y +— s. y, the target
map y + toy, and the product T > y1(7) - ¥2(7), for any composable yi, y» € Fll. We call this
groupoid the path groupoid. Proposition 4.3 can be reinterpreted as follows: a horizontal distri-
bution is a groupoid extension connection if, and only if, the horizontal paths form a subgroupoid
of the path groupoid X! = M.
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Recall that an Ehresmann connection on a fiber bundle X 2 Y is a horizontal distribution
satisfying the following technical assumption: any path on Y starting from y € ¥ has a unique
horizontal lift on X starting from a given point x in the fiber of X over y. This additional as-
sumption is required to avoid horizontal lifts going to infinity in a finite time.

Let ¥ be a path in Y;. The parallel transport 7/ along y is a transformation satisfying the
following properties:

YY) — -

o 75 (x) =x;

e for any x € X| with ¢ (x) = y(s), the relation qﬁ(rty (x)) =y (s + ) holds;
e the path 7 > 7 (x) is horizontal.

Proposition 4.4. Groupoid extension connections are Ehresmann connections.

Proof. Let X 2y 1 = M be a groupoid extension endowed with a groupoid extension connec-
tion. Let us fix a path y : # — y; in Y defined on an open interval / of R containing [0, 1]. For
each x € X in the fiber over yp, we will denote by y* : t — y;* the path (if any) in X, which
passes through x and lifts y horizontally.

Given a point b in ¢~ (yy), we will show that there exists a positive real number
& such that, for all points x in the same connected component as b in ¢! (y), the path 7* is
defined for r € (—¢, €).

Indeed, since the solutions of ODEs depend smoothly on the parameters, there exists a con-
nected neighborhood U of b in its fiber qb_] (y0) and a positive real number ¢ such that, for all
u € U, the horizontal lift y* is defined for all t € (—e, ¢).

For each u € U, define the path s e 0 ((—e, ¢), K) by 8;’71'“ =@hH~ (7*). Since
the horizontal distribution on X is compatible with the groupoid multiplication, the paths bt
with u € U as well as all products of such paths in the groupoid C*°((—¢, ¢), X ) are horizontal.

Observe that {8871 | u € U} is the neighborhood L, -1 U of the identity in the Lie group Ky(y,).
Now, taking any element x in the same connected component of ¢~ () as b, the product b~ - x
lies in the connected component of the Lie group Ky(y) containing its unit element. Hence bl x
can be written as a finite product k1 - k> - - - - k,, of elements in the neighborhood L,-1U.

Therefore, the horizontal lift y* is defined for all ¢ € (—¢, &) because

- - k k kn
sz:th"Stl'Stz' RS

We show that for any point x in the connected component of b in the fiber ¢! (yp),
the path y* is defined for all ¢ € [0, 1].
By the first step, it is clear that there exists an open covering

U {+r7@w)|teev.e0). ueu}
sel,UeCy

of I xy y,.¢ X1, where C, denotes the set of connected components of the fiber ¢>’1(ys), ey
depends on U and 7 denotes the parallel transport. Any connected component of I X, y, ¢ X1
is thus a union of such open sets. Any horizontal lift of  does entirely lie in such a connected
component. Consider the connected component B of I X, y, ¢ X1 containing b. Since the parallel
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transport maps fibers homeomorphically, it does preserve the connected components of the fibers.
Hence the intersection of B with any fiber must be a connected component of this fiber. It is thus
clear that

B=|J{(s+1.5/w)|te(—ee). ue BN~ (y(»)}.

sel

where &5 does now only depend on s.

Since Use ;(s — &5, 5 4+ &) is an open covering of the compact interval [0, 1], there exists
a finite subcovering Ui=0,...,n(si —&5,8 +&;)of [0,1]withO=59p <s1 <s2 <-- <85, =1
and (s;—1 — &5;_,,8i—1 +&5_,) N(s; — &, 8i + &) # . Let 1o =0, 1,1 =1 and choose n real
numbers 11, ..., 1, such that 1; € (s;—1 — &5,_;, 5i—1 + &5,_,) N (s; — &,;, 5; + &5;). Then, for any

x in the same connected component of ¢! () as b, the path recursively defined by V= r,yftl_
for #; <t < t;41 is the horizontal lift of y through x. Modifying the choice of the point b and the
path y in the two steps above, the conclusion follows. O

The following result is an immediate consequence of Proposition 4.3 applied to H K.

Corollary 4.5. Let H K be the induced connection on the group bundle KK — M. Then the parallel
transport in KC — M preserves the group structure on the fibers.

Since the horizontal distribution on /C is the image of the horizontal distribution on £ under
the differential of the exponential map, we have the following lemma.

Lemma 4.6. The following diagram

Tty

Ry0) — Ry

expl expl 31)
Y

T,

Ky — Ky

commutes, where T/ stands, with an abuse of notation, for the parallel transportation in both K
and R over some path y in M.

The following proposition shows that any groupoid extension of a connected Lie groupoid
that admits a connection must be a groupoid G-extension for some fixed Lie group G.

Proposition 4.7. Let X LN Y1 = M be a Lie groupoid extension with kernel KC. Assume that the
orbit space M /Y is path connected. If there exists a groupoid extension connection, then

1. the groups K,,,, m € M, are all isomorphic;
2. ¢ is a Lie groupoid G-extension for a fixed Lie group G.
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Proof. 1.Since M /X is path connected, any two points m, n € M can be connected by a family
of points {m;};=1,. . such that any two consecutive elements in the family are either in the same
connected component of M, or are the source and target of some element in X.

For any pair of points m and n in the same connected component of M, an isomorphism
Km =~ K, can be constructed by taking the parallel transport over a path joining m and n. And if
x € X1, the conjugation by x induces an automorphism Kg(x) 2 Ky(x).

2. Choose a Riemannian metric on M and take an open covering of M by contractible open
normal neighborhoods {Ui}ies. Then h; : U; x [0, 1] — U; : (exp,, §,1) = exp,, t§, where &
is in a small neighborhood of zero in T, U;, is a smooth deformation retraction of U; onto a
fixed point u;. Consider the pullback X [[[U;] — Yi[[JU;1 = ][ U; of X1 — Y1 = M. Its
kernel is ]_[iel U; xu K. As each U; x K can be locally identified to U; x K,,; using parallel
transport along the paths t — h;(m,t), m € U, as above, it follows that ]_[ie[ U; xyu K can be
identified with [ [;.; U; x G for a fixed Lie group G. Hence X [[[U;1 — Yi[[{Ui1 = ][ U; is
a Lie groupoid G-extension. O

From now on, if a Lie groupoid extension admits a groupoid extension connection, it is always
assumed to be a G-extension. Take an arbitrary path y in X { . The horizontal distribution being
an Ehresmann connection, there exists an unique horizontal path y starting at y (0) and satisfying
¢ oy = ¢ y. There is therefore a unique map g : [0, 1] — K such that y (t) = y (1) - g, (7); note
that, by construction, g, (t) € K.y (r) forall 7 € [0, 1].

We call right holonomy of a path y, denoted by hol(y ), the element g, (1) € K,y (1) The left
holonomy can be defined similarly using the left action of K.

Proposition 4.8. For any pair of paths y1, y» composable in X1, the following relation holds:

hol(y1 - v2) = (Ad,,(1y)-1 hol(y1)) - hol(y2).

Proof. The paths y1, y» being composable, so are the associated horizontal paths yi, y». The
product of horizontal paths being horizontal, their product y; - y» is a horizontal path. Moreover,
this path starts at the point y1(0)y2(0) = (y1 - ¥2)(0). Therefore Y1y, = y1 - 2. It is now a simple
matter to check that:

(7172)(1) - holy,,, =yiy2(1)
=y1(1) - hol(y1) - y2(1) - hol(y2)
=y1(1) - y2(1) - (Ad(,(1))-1 hol(y1)) - hol(y2). O

4.3. Connections as 1-forms

Recall that any Lie groupoid X1 = M gives rise to a simplicial manifold

= Xy, —= X —= X, (32)

where

Xp={(x1,....x0) [ t) =s(xip1), i=1,...,n— 1}
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is the set of composable n-tuples of elements of X, and Xo = M and the face maps are defined
as follows [52]. The maps &' : X, — X, are given by, forn > 1,

8S(x17x27""xn)=(x27"'7xn)7
8:5(x1,x2,...,xn)=()C],...,xnfl),
el (X1, X2, oo Xp) = (X1, oo XiXig ], .o, X)), 1<i<n—1,

and, forn =1, 86 (x) =s(x), s} (x) = t(x). They satisfy the simplicial relations
Vi<j.

We also define the maps s: X, > M : (xq,...,xp) > s(xp) and t: X,, > M : (x1,...,x,)
t(x,). When n = 1, we recover the source and target of the groupoid, justifying the notation.

Consider a Lie groupoid extension (1). Since X; = M acts on K — M by conjugation, it acts
on K — M by adjoint action. Therefore one obtains a left representation of the groupoid X1 = M
on & — M. For any x € X1, the adjoint representation is denoted by Ad, : f¢x) — Rs(x), Which,
by definition, is the derivative at the identity of the conjugation Ady : K¢y — Ks(x). Therefore
one can talk about Lie groupoid cohomology with values in & [37,38]. Here a &-valued cochain
is a smooth map which associates an element in £s(,;) to a composable n-tuple (xi,..., x,).
Thus the space of n-cochains can be identified with C*°(X,,, s*R) = I'(s*R — X,,), the space
of smooth sections of the vector bundle s*R — X,,, i.e. the pullback bundle of & — M via
s: X, — M. The differential 3< : C*®°(X,_1,s*R) — C®(X,,, s*R) is given by

n
0% ey, e = Ady o (26) "+ D (=D ()" (33)

i=1

In general, as a cochain complex, one can consider .QI(X,,, s*R), the space of differential
forms on X, with values in the vector bundle s*& — X,, i.e. the space of smooth sections of the
vector bundle A'T*X,, ® s* R — X,, and the operator 3< given by exactly the same formula (33)
as the differential. Thus (3<')? = 0. Similarly, by taking the inverse of the adjoint action of
X1 = M on R — M, one obtains a right representation of X; = M on & — M, and thus can
consider the cochain complex formed by 21X, t*R), the space of differential forms on X,, with
values in the vector bundle t*& — X,,, and the differential 3™ : 2! (X,_1, t*R) — 2/(X,, t*R)
given by

n—1
al> |()C1 ~~~~~ Xn) = Z (_1)l (8;1)* + (_l)n Ad(xn)—l <] (8:)* (34)
i=0

We thus have (3%)% =0.
In the sequel, if £ is an element of R, the right and left fundamental vector fields generated by
& will be denoted by £ and & < respectively. Thus,
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>_ 4 a_4
§x = o xexp(té) . &y = o exp(d)y . (35)

where x, y € X1 with t(x) =m =s(y) and § € K.

Definition 4.9. Let X ﬂ) Y1 = M be a Lie groupoid extension. A 1-form « € 24X, t*R) is
said to be a right connection 1-form if «(§%) = &, V& € & and 9« = 0. Similarly, a 1-form
B e 21(X1,s*R) is said to be a left connection 1-form if (<) =&, V& € Rand 998 =0.

Remark 4.10.

1. An I-form a € 2!(X1,t*R) satisfies 8%« = 0 if and only if, for any composable pair
(x1,x2) € X, and for any [-tuples of composable pairs (uy, vy), ..., (7, v;) in the tangent
groupoid TX; = TM, withu; € T, X1, v; € Ty, Xy foralli € {1,...,1}, one has

a(uy-vy,...,u;-v) =a(vy,...,v) +AdX2_1 oa(uy, ..., up). (36)
In particular, for / = 1, one has
a(u-v)=a() +Adx51 o(u) (37)

for any composable u € Ty, X1 and v € Ty, X;.
Eq. (37) can be interpreted as follows. The tangent groupoid 7X; = TM acts on K > M
from the right by u - k = Adx_lk for any u € T, X and any k € R5(y). Then 8%« =0 if, and
only if, « : T X1 — R is a l-cocycle with respect to this action.

2. In the case of G-extensions over a Cech groupoid, the condition 3> o = 0 should be equiva-
lent to the condition given by Breen and Messing in [14, Eq. (6.1.9)]. See [13].

Lemma 4.11. Ler X 2, Y1 = M be a Lie groupoid extension endowed with a Lie groupoid
extension connection H. Let (p, q) be any point in X3, and v, € T, X1 and v, € T, X1 any pair
of composable horizontal vectors.

1. If & and n are elements of the fibers of & — M at the points t(p) and t(q), respectively, then
(él‘f +vp) and (n‘q> + vy) are composable and

(&5 +vp) - (1 +vg) = (Adymr € 0%+ (0 -vy).

2. If & and n are elements of the fibers of & — M at the points s(p) and s(q) respectively, then
(éf +vp) and (nf + vy) are composable and

(é‘,f + vp) - (n,f +vy) = (€ +Ad, 77);]4 + (vp - vg).

Proof. We prove (1) only since the argument for (2) is similar. Choose a path t — (y(¢), §(¢))
in X such that 4 |oy (t) = v, and % ]o8(t) = v,. Then,

d
(v (1) exp(t8)), ng +vg=—| (8(t)exp(tm)).

>
+op=—
Sp o dt o dt |o
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Hence the result follows from the identity

d d d
o (v () exp(t€)8(1)exp(tn)) = —| (pexp(§)gexp(tn)) + —| (y()8(1)). O
to dt |, dt |,

Theorem 4.12. Let X 2, Y1 = M be a Lie groupoid extension. Then the following are all
equivalent.

1. Lie groupoid extension connections H C T X1,
2. right connection 1-forms o € .Ql(Xl L R); and
3. left connection 1-forms B € Ql(Xl ,S*R).

Proof. It suffices to prove the one—one correspondence between (1) and (2). The equivalence
between (1) and (3) can be proved similarly.

Define a € 22! (X1, t*R) by setting
a(§®) =&, VEeR and a(v)=0, VveH.

From Lemma 4.11 and Eq. (28), it follows that for all (p, g) € X2, v, € Hp and v, € H; with
Vp, v, composable,

((Sl'f+vp)~(nq>+vq))Ja=Adq71$+n=Adq71((§[',>+vp)Jot)+(nq>+vq)Jo¢.

Thus we have
0%l (pg) = (62) o — (1) a + Ad,-1o (3)'a=0.

Hence « is a right connection 1-form.

Set H = kerw. It is clear that H is a horizontal distribution for the fiber bun-
dle X, 2, Y1. Since 9%« = 0, H is a subgroupoid of the tangent groupoid T7X; = TM by
Eq.(37). O

The right and left connection 1-forms of a Lie groupoid extension connection are related in a
simple manner as described in the following

Proposition 4.13. Ler X ﬂ) Y1 = M be a Lie groupoid extension. And let H C TX| be a
Lie groupoid extension connection, a € 21 (X1, t*R), and p € 2'(X1,s*R) the right and left
connection 1-forms associated to H, respectively. Then a and B are related by the following
equation: By = Ady .|y, Yx € X7.

Proof. This equation is obviously true on horizontal vectors. Moreover, the equation £ =
(Ad, & )f , Y& € R, implies the expected result on vertical vectors. O
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4.4. Connections on groupoid G-extensions

In this subsection, we consider a Lie groupoid G-extension X, LN Y, whose kernel K is

endowed with a trivialization x : M x G — K. Thus X LN Y] is a principal G-G bibundle.
Assume that there exists a groupoid extension connection H on ¢. A natural question is when

this connection is a connection for the right (or left) principal G-bundle X Sy 1.

According to Eq. (30), there is an induced connection H K on the kernel K — M. Via the
trivialization y, it in turn induces a connection on the group bundle M x G — M, which is
denoted by the symbol H’'. Then H' is a connection for the trivial extension M x G — M = M.

For any & € g, £R denotes the right invariant vector field on G corresponding to &. Associated
to H’, there exists a family {F,},cc of g-valued 1-forms on M such that (v, (Fg(vm))g) €

TwM x Ty G is the unique element of H(’ m,g) whose projection in T, M is v,,. In other words,
{Fg} measures the defect between H(/m’ ) and T, ¢)(M x {g}). Note that, by definition

Fo(vm) = —Blom,g) (8xVm), (38)
where g, stands for the differential of the constant section m +— (m, g) of M x G — M.
Lemma 4.14. The condition
H/ “H/ =H
(m,g) ~ **(m,h) — “(m,gh)
is equivalent to
Fop=Fs+Adg Iy, Vg, heG. (39)

Le. F: G — Q' (M) ®g is a Lie group 1-cocycle, where G acts on 2' (M) ® g by adjoint action
on the second factor. In particular, F, =0, where e denotes the unit element of G.

Proof. It is simple to see that
(W (Fe @)y )+ (s (Fi@n))) = (vms R (Fe @)y + Los (Fan)F))
= (vm, (Fg(um) + Adg Fh(vm))ifh).

Thus the right-hand side belongs to H(/m, ah) if, and only if, Eq. (39) is satisfied. O

Corollary 4.15. Under the same hypothesis as in Lemma 4.14, if G = S', then F, ¢ =0,VgeG.

Proof. Since S! is abelian, Eq. (39) becomes Fgp = Fg + Fy. Since there is no non-trivial group
homomorphism between S! and R, F must vanish. In other words, for S!-extensions, each sub-
space M x {¢'?} must be a horizontal section for the group bundle M x S' - M. O

Proposition 4.16. Let X, 2, Y, be a Lie groupoid G-extension whose kernel IC is endowed with
a trivialization x : M x G — K. Assume that H is a Lie groupoid extension connection with its
associated right and left connection 1-forms o and B respectively.
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1. If & € Hy, then
Rg*%‘x + (Adgfl Fg(t*gx))?g € ng
and
Lgibx + (Fg(s*%_x)):c € Hgy.
2. The connection 1-forms satisfy
R;Ol — Adg—l o+ t*(Adg—l Fg)=0
and
L;ﬁ —Ady, B+5"F; =0.
Proof.
1. Itis simple to check that V& € H,,
>
§x - (t*fx, Rg*Fg(t*Ex)) = Rg*%x + (Adg—l Fg(t*gx))xg,

where - on the left-hand side stands for the groupoid multiplication on 7X| = T M. It thus
follows that Rg.&, + (Ad,-1 Fy (t*fx));’g € Hyg.
Similarly, V& € H,,

(S*Sx» Rg*Fg(S*Ex)) &y =Lg8x + Fg(s*gx);r

Thus Lg.éx + (Fg(s*%_x));c € Hygy.
2. Easy consequence of (1). O

As an immediate consequence, we have the following
Corollary 4.17. The following assertions are equivalent:

1. F,=0,VYgeG;

2. M x {g}, Vg € G, is horizontal;

3. Hisright G-invariant (Rg«H = H,Vg € G), i.e.a € 21(X1) ® g is a connection one-form
for the right G-principal bundle X1 — Y1;

4. H is left G-invariant (Lg+H = H, Vg € G), i.e. B € 21(X)) ® g is a connection one-form
for the left G-principal bundle X1 — Y.

By Corollary 4.15, we are led to the following result, as expected.

Corollary 4.18. A connection on a Lie groupoid S'-extension X, — Y, must be a principal left
(and right) S'-bundle connection.
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When the kernel of the groupoid extension X i) Y1 = M is not identified to M x G,
Lemma 4.14 and Proposition 4.16 can be generalized by replacing the section M x {g} by any
section o of L — M.

Define the transformations R, : x| — X1 - Oy(x;) and Ly : x| —> Og(x;) - X1 of X1, and let
F, := —o*B. By construction, we have F, € 0! (M, R). According to Eq. (38), we recover the
previous definition Fy, when K =M x G and o (m) = (m, g), which justifies the notation.

Lemma 4.19. The condition

HY, BN, = HY, ., You, 00 € K such that w(o1) = 7 (02) (40)
is equivalent to

Foi00 = Foy + Adg, Fy,, Yoi,02 € I'(K). 4D

le. F:T(K)—= QUM)QT(R) isa group 1-cocycle, where I' (KC) acts on M) I'(®) by
the adjoint action on the second factor. In particular, F, = 0, where e denotes the unit section
of K.
Proof. The proof is similar to that of Lemma 4.14 and is omitted. O

Given o € I'(K) and x € X1, we use the shorthand o x (resp. xo) for og(y) - x (resp. x - o(x)).

Proposition 4.20. Ler X LN Y1 = M be a groupoid G-extension endowed with a groupoid
extension connection H with associated right and left connection 1-forms o and B respectively.
Leto € I'(K).

1. If vy € Hy, then
Rowvx + (Ady ()1 Fo (t0)) " € Hyo
and
Lowvx + (Fo (8202)) 7, € Hox.
2. The connection 1-forms satisfy
Ria —Ad,-1a+t"(Ad,-1 F;) =0 (42)
and
LB —Ads B+8"F,=0. (43)

Proof. The proof is similar to that of Proposition 4.16 and is omitted. O
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4.5. Covariant derivative on the bundle of Lie algebras

Using parallel transport on the Lie algebra bundle & — M, one can introduce a covariant
derivative on its space of sections:

d
(Ve&)po) = =12, E )] (44)
o= g G0

where y € M1, £ € I'(R — M) and ©”, denotes the parallel transport from £ to &, (9 along
the path y. The following proposition is obvious.

Proposition 4.21.

. (VJ;E);/(O) =L)0L 7Y, (expstya));

. Vx& is C*°(M)-linear in X and R-linear in &;
- Vx(fE=X(f)-§+ [ Vx§;and

- Vx[&,n1=[Vx§, n]+ (&, Vxnl,

AW N~

where £,n e I'(R) and X € X(M).
Proposition 4.22. (Vx&)y = 4 |o Fexp s (Xo).

Proof. First, one easily checks that

d

d
)- (e

d , d
—t ,(expséy )| = Ver| —expsé,
t 0 dt

)) )
0 expssy(o)

Second, one has

d| d
V. =—| —
VeEyo = o ds

d
dt |ods

7, (exps&y ()
0

(7, (exps&, (1)) - exp(—s&y(0))) - exp(s&y ()
0

d d
= . (gfl_/t (expsé&y ) - eXp(—Séy(O))‘O + Ey(()))

d

ds Odt

d d
=l Rexp(—s&,0)s | B Eexpsé‘ym

)

t’,(exps&, 1)) - exp(—s&y (o))
0

)..vs.)
0 expséy o)

d d
=—| B\ ——expsé&,
0

ds dt
d 3
=7 OFeXpsg (J/ (O)). O
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The connection H#® defined on the Lie algebra bundle & — M naturally induces a connec-
tion on the pullback bundle t*8 — X1, given by H'f = (t,) "' H®, where t: t* & — R is the
projection. The associated covariant derivatives are related by

Vo (8 =t'(Ven6), YveTXy, V6 el(R),
where t*§ € I' (t*R — M) denotes the pullback through t of a section § € I' (R — M). Similarly,
we have the pullback connection HS ® on s*& — X, whose covariant derivative is denoted by
VS,
Proposition 4.23.

1. Foreveryne I'(t*R — X), we define an associated vertical vector field on X:

d
> . )
nyi= oo Ox exp(Tn(x)).

Then

Vin = (L a)(X) + [, (X)]. (45)

2. Foreveryn e I'(s*"f — X1), we define an associated vertical vector field on X:

d
<._ .
ni= oo 0exp(rn(x)) X.
Then
Vin = (Ly<B)(X) —[n. BX)]. (46)

Here the notations n% and nt generalize those in Eq. (35). More precisely, for any n € I’
(R— M), we have (t*n)> =n" and (s*n)* =n<.

Proof. We will prove (1). The argument for (2) is similar.
Let £ be a section of & — M. Setting 0 = exp(u&) in Eq. (42) and evaluating on a tangent
vector X, we get

@ (Rexp(ze) Xx) — Ad !

—1
exp(t£) a(Xy) + Adexp(fé) Fexp(r&) (t« X)) =0.

Differentiating with respect to T at u = 0 and using Proposition 4.22, we obtain
—(Lewa)(Xy) + [t°E, a(X2) ] + (Ve xE)t(x) =0,

where £ := j—,k)x -exp(t&(t(x))). Hence V%t*é = (Leaa)(X) + [t*E, a(X)].

Now, for any function f € C*°(X), we have
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VL(f - 68) = X(f) - t6 + VL (E°E)
= X() - C& + (Lo () — ([, X]) + 6, «00)
=Lpe (X)) —a([fE7. X]) + [f - t'E. 2(X0)]
= (Lyg=a)(X) + [ f - '€, a(X)].

The result follows from the fact that any section n € I' (t*& — X) is a linear combination of
sections of the type f - t*& for§ e '(R— M) and f € C*(X;). O

Remark 4.24. If X is horizontal, «(X) = 0 and 8(X) = 0 and therefore we have
Vin=a([X.n"]), Ynel(t*&— X)) 47)
and
Vin=B(X.n"]). ¥nel(s*&— X)). (48)
4.6. Ehresmann curvature

In this subsection, we study the curvature of a connection H on a Lie groupoid extension. We
denote the horizontal and vertical parts of a vector v € T X by Hor(v) and Ver(v) respectively.

Recall that the Ehresmann curvature of a horizontal distribution H, on the bundle X; — Y1, is
the 2-form on X, valued in the vertical space ker ¢, which is defined by

w(u, v) = — Ver([Hor(at), Hor(9)]), (49)

where u,v € Ty X and i, v are vector fields on X; such that &y = u and v, = v. It is easy to
check that the right-hand side of Eq. (49) is well defined, i.e. independent of the choice of the
vector fields i, v.

Using the right (resp. left) action of L on X, one can identify the vertical space ker ¢, C
T X of the groupoid extension X LN Y1 with t*8 (resp. s*R) via the right (resp. left)
action of C on X|. Therefore, the curvature of the connection H can be seen as a 2-
form either in £22(X1,ker¢y), 22(X1,t*R) or £22(X,s*R). Note that for any Lie alge-
bra bundle & — M over a smooth manifold M, there is a graded Lie bracket KM, R ®
Q' (M. 8) 1L 2FH (M, ) given by [0) ® a1, 02 ®az] = (01 Awp) ®lar, az]. Yay. az € T'(R),
w1 € M), wy € 2Y(M). In particular, for any o« € 2'(M,f), and any vector fields
X,Y € X(M), we have %[a,a](X, Y) =[a(X),a(Y)].

The following lemma indicates that, similar to the case of principal bundles, the Ehresmann
curvature can be computed using the standard formula.

Lemma 4.25.

1. Ifa € 21(X1,t*R) is a left connection 1-form of a groupoid extension connection, then its
curvature 2-form w € 2°(X1, t*R) is given by

1
w= dvtol + 5[05, al,
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where dV' 2°(X1,t°R) — 2°1(X 1, t*R) denotes the exterior covariant derivative in-
duced by V*.

2. Similarly, if B € 21 (X1, s*R) is a left connection 1-form of a groupoid extension connection,
then its curvature 2-form € 2%(X1,s*R) is given by

w=d"~J16.6)

where dV° 2°%°(X1,s*R) — 2°1 (X1, s*R) denotes the exterior covariant derivative in-
duced by V°.

Proof. The proof is straightforward and is omitted. O

Now let us recall a general fact regarding horizontal distributions. I.e. the Ehresmann curva-
ture is the holonomy of infinitesimal loops (see [55, p. 118]). For any point m in a manifold N
and any tangent vectors u, v € T;, N, we say that a smooth map C from a neighborhood of 0 in
RR? to a neighborhood of m € N is adapted to (u, v) if

)=
0

d d
Cu|l — =u and C,|—
0x | dy
where x, y are the standard coordinates on R?.

Consider now, for any small enough €1, &2, the loop Ry, ¢, : [0, 1] — R? obtained by turning
anti-clockwise along the rectangle with edges (0, 0), (e1,0), (e1, €2), (0, &2). Define, for any
(small enough) €1, &3, a family of loops Lscly82 on N by

LE CoRe . (50)

£1,62 —
The curvature can be computed from the holonomy according to the following formula:

Proposition 4.26. For any C adapted to (u, v), we have

82
0g10&2

Hol(LS, ,,) = o(u, v). (51)

e1=62=0

From now on, we shall work only with the right-connection 1-form «. Below we list two
important identities that w satisfies, which we call Bianchi identities. They will turn out to be of
fundamental importance in the sequel.

Theorem 4.27. Let w € 2%(X1, t*R) be the Ehresmann curvature for a Lie groupoid extension
connection a € 21 (X1, t*R). Then we have the Bianchi identities:

dV' o+ [a, 0] = ot (a), (52)
" w=0, (53)

where w® € 2%(M,End(R)) is the curvature of the induced connection V on the Lie alge-
bra bundle £ — M, and t*o®(a) € 23(X1,t*R) is the t*R-valued 3-form on X obtained
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by composing t*o® € 2%(X{,End(t*R)) with « € 2V(X|,t*R) under the natural pairing
22(X1, End(t*'R)) ® 21 (X1, ' R) — 23(Xy, t*R).

Proof. Let us prove Eq. (52) first. By Lemma 4.25(1), we have
1
(@¥" +ady)o = (47" +ady) - (dV‘ +3 ada> (@),
viy2 1 vt vt 1
= (d ) o+ Ed [or, o] + [Ol,d a] + 5[0{, [ot,a]]. 54

The graded Jacobi identity implies that [«, [, «]] = 0. Since V!t is a connection on the Lie
algebra bundle t*8 — X; we have %dvt[a,a] = [dvtoz,oz] = —[(x,dvtoz]. Eq. (54) then be-
comes (dvt — ady)w = (dvt)za. On the other hand, the curvature of V! is t*»®. Hence we
have (dvl)za = t*»® (). This concludes the proof of Eq. (52).

Let us prove Eq. (53). Denote by p1, m, ps the three face maps from X, to X (previously
denoted by 8(1), 8} , 8;): p1(x1,x2) = x1, m(x1, x2) = x1x2, p2(x1, X2) = x2. We denote by (u, v),
with u € Ty, X4, v € Ty, X1 and t,u = s,v, an element in Ty, x,)X2. Note that m(u,v) =u - v,
where the dot on the right-hand side stands for the multiplication in the tangent groupoid 7 X| =
TM.

For any composable pair (x1, x2) € X5, and any (41, u2), (v1, v2) € T(x,.x,) X2, let us choose
a smooth map ¢ from a neighborhood U of 0 in R? to a neighborhood of (x1, x2) € X, adapted
to ((u1,u2), (v1,v2)). Then pyoc, moc and p; - c are smooth maps from U to X adapted to
(u1,v1) in Ty, X1, (uiu2, v1v2) in Ty, .5, X1 and (u2, v2) in Ty, X1, respectively.

For any small enough &1, &2, the loops L., and LE?% , as defined in Eq. (50), are compatible

and their product is precisely Ly %, . According to Proposition 4.8, we have

HOl(LmDC ) = Adxz_] HOI(LPZOC) . Hol(Lploc )

£1,62 1,62 £1.62
Applying %;ez l¢;=s,=0 to this equation and using Eq. (51), one obtains
o1 -uz,v1 - v2) = w(u, v2) +Adx;1 (Ui, v1).
The result now follows. O

Remark 4.28. The relation between Theorem 4.27 and Eqgs. (6.1.12)—(6.1.15) in [14] is investi-
gated in [13].

5. Induced connections on the band
5.1. Induced horizontal distributions on the band
Let X 2, Y1 =2 M be a Lie groupoid G-extension endowed with a connection H C T X;.

The purpose of this subsection is to construct an induced connection on the band out of the
connection H. First of all, let us recall some basic notions.
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Definition 5.1. (See [35].) Let I = I be a Lie groupoid with Lie algebroid A. A connection
on a principal G-bundle P L o over I'1 = I is a G-invariant horizontal distribution H C T P
satisfying the following two conditions:

1. for each p € P, we have the inclusion A p C Hj,, where A p denotes the subspace of T), P
generated by the infinitesimal action of the Lie algebroid A — I;

2. the distribution {H},cp on P is preserved under the action of Ujec (1), the pseudo-group
of local bisections [38] of I'] =% I, which naturally acts on P locally.

First we consider the right Aut(G)-principal bundle Iso(/C, G) — M. For any g € G, let
evg 1 Iso(lC, G) = K : f = f(g)
be the evaluation map. Differentiating it with respect to f yields, for all fixed g € G, a map
T Is0(K, G) —£5 T (oK.
We define a horizontal distribution H'*° on Iso(KC, G) — M by
H* ={veTyTso(K, G) |evgev € H p(g). Vg € G} C Ty Iso(K. G), (55)

where, as deﬁngd in Eq. (30), H K denotes the induced connection on the kernel K — M. It is
obvious that H'S° is invariant under the Aut(G)-action on Iso(C, G).
Set

Hout — p*HiSO

where p : Iso(X, G) — Out(K, G) denotes the projection. It is clear that H°" is a horizontal
distribution on the bundle Out(XC, G) — M.
The following lemma is immediate.

Lemma 5.2.

1. The horizontal paths in Iso(K, G) are the paths f; such that, for any g € G, evg fr = f1(g)
is a horizontal path in K.

2. The horizontal paths in Out(KC, G) are the images of horizontal paths in Iso(KC, G) under the
projection p :Iso(IC, G) — Out(IC, G).

Proposition 5.3. The horizontal distribution H" defines a connection on the band.

Proof. First, as H*° is invariant under the right Aut(G)-action, H°" is invariant under the right
Out(G)-action.

Second, given m € M, let f be any element in Iso(XC, G)|,, and t — y(7) a path in Y
lying in the target fiber ~! (m) over m. Consider the horizontal lift 7 — 7 (t) of y in X;. Fix
f €Iso(lC, G)|,. For all g € G, the paths 7 )7(r)f(g)()7(r))_l in /C are horizontal paths.
Therefore, the path T — p(Ady ;). f) in Out(KC, G) is horizontal by Lemma 5.2. Since any
element of A 7 1s tangent to such a path at its origin, we have A FC H ,‘3‘“.
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For any f € Iso(K, G)|m, let m; be any path in M starting at the point m. For any g € G, by
nﬁ,f (8 ), we denote the horizontal lift of m, in KC starting at the point f(g) € K,,. Let f; be a path
in Iso(KC, G) defined by f;(g) =mi®, Vg € G. By definition, f; is the horizontal lift of m; in
Iso(XC, G) through the point f. Hence, p(f7) is the horizontal lift of m; in Out(KC, G) starting at
the point p(f).

To show that H°" is preserved under the action of Ulec(Y,), it suffices to show that, for
any L € Upc(Y,), L - p(fr) is still a horizontal path in Out(XC, G). For this purpose, let o; be
the unique path in L such that t. o, = m, and let o; be any of its horizontal lifts on X;. By
definition,

L-p(fe)=07-p(fr) :p(Ad&T o f1)s

which is clearly still a horizontal path since the paths

(Ads, o f)(g) =67 -m{® - (&)~
are horizontal in /C, for all g € G. This concludes the proof. O
5.2. Connection 1-forms on the band

A connection on a principal bundle over a Lie groupoid can be equivalently described by a
1-form, called the connection 1-form.

Definition 5.4. (See [35].) Let P EN Iy be a principal G-bundle over a Lie groupoid Iy = 1.
A connection 1-form is a usual connection 1-form 6 € 2'(P) ® g of the principal G-bundle
P — I (ignoring the groupoid action), satisfying the additional equation t*0 — s*6 = 0. Here s
and t are the source and target maps of the transformation groupoid Iy Xt .y P = P associated
to the I',-action on P.

Just like the usual principal G-bundles, we have the following (see Proposition 3.6 in [35]):

Proposition 5.5. For a principal G-bundle over a Lie groupoid, a connection is equivalent to a
connection 1-form.

The purpose of this subsection is to construct the connection 1-form for the induced connec-
tion on the band, and to prove directly that it satisfies the conditions in Definition 5.4. Hence,
this subsection can be considered as an alternative approach to obtain, from a connection on a
groupoid G-extension, an induced connection on its band.

Let X 2, Y1 = M be a Lie groupoid G-extension endowed with a groupoid G-extension
connection. Let o € 2'(X,t*R) be its corresponding right connection 1-form and ok e
Q1(K, t*R) the induced connection 1-form on the group bundle K 2> M obtained by restricting
ato K.

Denote by 9 the Lie group cohomology differential of G with values in its Lie algebra g,
where G acts on g by the adjoint action. In particular, for any & € g, 9¢ is the g-valued function
on G given by (0€)(g) =& — Adg_ls, Vg e G.

The following lemma is standard.
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Lemma 5.6. Let G be a Lie group with Lie algebra g.

1. The Lie algebra Lie Aut(G) of Aut(G) is naturally identified with the space of 1-cocycles
z! (G, g) with the bracket:

[21, 221(8) = 224(21(8)) — 214 (22(8)) — [21(8). 22(8)].  Vz1.22€ Z'(G.9), g € G,

where for any z € Z\(G, g), z« : § — g is the differential of z at the identity.

The isomorphism from Lie Aut(G) to Z'(G, g) is given as follows. Let f; be any C'-path
in Aut(G) with fo = id. Then the element z(g) in Zl(G,g) corresponding to %h:o €
Lie Aut(G) is

dfi(g)
dt t:O'

2(8) = (Lg-1)« (56)

2. The Lie algebra Lie Inn(G) of Inn(G) is naturally identified with the space of 1-coboundaries
B'(G.9).

3. Let Ad: g — B'(G, g) be the Lie algebra morphism corresponding to the Lie group mor-
phism G — Inn(G) given by x — Ad,. Then Ad& = 9§, V& € g.

4. The Lie algebra Lie Out(G) of Out(G) is naturally identified with the first cohomology group
H'(G,9).

Define a C*®°(G, g)-valued 1-form «'*° on Iso(K, G) by
(vJa™)(g) = £ (eveu(v) JaN),  felso(K, G), and v e T Iso(K, G),

where f : g — R, is the Lie algebra isomorphism corresponding to the Lie group isomorphism
f:G— Ky, and o € 21(K, 8) is the pullback of the right connection 1-form & on K.

Lemma 5.7. The 1-form o'*® is Z'(G, g)-valued. Le. &' € 2 (Iso(K, G)) ® Z1(G, g).
Proof. Denote by m : K x; L — K the multiplication in the Lie group bundle /C and by p
and p; the projections of K x; K onto its first and second factors respectively. The relation

0% a = 0 implies that Bl'é o =0, where 3,'; stands for the restriction of 3% to the simplicial
manifold associated to the groupoid & = M. Therefore, for any (ky, k2) € K x 31 IC,

m*a = pra + Ad; prak. (57)

For any g1, g2 € G and f € Iso(KC, G), differentiating with respect to f the relation evg,,, f =
m(evg, f,evy, f), one obtains that for any v € Ty Iso(KC, G),

EVg g% (V) =My (EVg 4 V, €V, 4 V).

Eq. (§7) implies that

Vg gy (V) _o® = eVgyx (V) o + Ad(f(gz))“ (evgl*(v) _ O‘,C)'
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Applying f*_l yields that
(v ™) (g122) = (v J™) (g2) + Ad -1 (v ™) (g1).
8

Therefore o'*° takes its values in the Lie algebra Z!(G,g). D

Proposition 5.8. The 1-form o' € 2'(Iso(KC, G)) ® Z'(G, g) defines a connection on the
Aut(G)-principal bundle 1so(IC, G) — M.

Proof. For any n € Z!(G, g), denote by n‘}? the tangent vector in Ty Iso(KC, G) induced by the
infinitesimal action of the Lie algebra Z!(G, g).

Differentiating the relation evg(f - ¥) = (f - ¥)(g) with respect to ¥ € Aut(G) at the iden-
tity, one obtains the relation evg*(n]'?) = (fun(g))" for any n € Z'(G,g) and g € G. Hence

a’c(evg* n%) = fin(g). Applying f*’] , we obtain, for any n € Z1(G, g),
n" ol =1. (58)

Let us now check that «'* is Aut(G)-equivariant. Fix ¢ € Aut(G). Differentiating the relation
eve(f - ¥) = (f - ¥)(g) with respect to f, one obtains the relation evg,(Ry )+v = eVy (o)« v for
all v e Ty Iso(KC, G). Applying (f » V) ! .ok yields

(Vv 1) (@) = ¥ (v I (¥ () = (Ady-1 (v ™)) (9). (59)
Eqs. (58)—(59) imply that «'*° is a connection 1-form. O

Proposition 5.9. The following are equivalent characterizations of a connection on the Aut(G)-
principal bundle Iso(IC, G) — M:

1. a connection 1-form o' € 2'(Iso(K, G)) ® Z' (G, g) as in Proposition 5.8;

2. adistribution H'° C T Iso(K, G) as in Eq. (55);

3. horizontal paths in Iso(KC, G) are those paths f; such that, for any g € G, evq f; = fi(g) is
a horizontal path in K.

Proof. It is straightforward to check that ker(a'*°) = H*°. Hence H'*° defines the same
connection as o', In particular, it is an Aut(G)-invariant horizontal distribution.

A path f; is horizontal if, and only if, its tangent vectors are in H'*°. In other words,
the tangent vectors of the paths f;(g) are in H K for all g € G. Therefore the horizontal paths
of the connection defined by H 150 o 150 are the paths in Iso(XC, G) such that, for any g € G,
evy(fi) = fi(g) is a horizontal path in K. This completes the proof. O

Assume that we are given a short exact sequence of Lie groups | - R — G — H — 1. Then,
for any principal G-bundle P — M, P/R — M is a principal H-bundle. Given a connection
1-form 6 € 2(P) ® g, then 6 := pr(#) is an h-valued 1-form on P which is R-basic. Here
pr: g — b is the natural projection. Therefore, it descends to an h-valued 1-form on P /R, which
is a connection 1-form on the principal H-bundle P/R — M.
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Applying this construction to the particular case of the exact sequence 1 — Inn(G)/Z(G) —
Aut(G) — Out(G) — 1 and the connection 1-form o'%° on Iso(KC, G), we obtain a connection
1-form «®t € 21 (Out(K, G)) @ H' (G, g).

Recall that X; = M acts on Iso(K, G) &> M by conjugation, so Iso(K, G) > M is indeed
an Aut(G)-torsor over X1 =% M. One can consider the transformation groupoid:

X1 xp Iso(KC, G) = Iso(K, G).

Similarly, ¥; = M acts on Out(XC, G) & M, so Out(K, G) — M is an Out(G)-torsor over
Y1 = M. And one can consider the transformation groupoid

Y1 x Out(KC, G) = Out(KC, G).

Proposition 5.10. The connection 1-form «®t € 2'(Out(K, G)) @ H' (G, g) is compatible with
the Y,-action. More precisely, the following relation holds:

S*(xout _ t*OlOUt =0.

Here s and t denote the source and target maps of the transformation groupoid Y1 Xy
Out(/C, G) = Out(C, G).

The above proposition is an immediate consequence of the following lemma.

Lemma 5.11. For all (x, f) € X xp Iso(KC, G), we have
s*aiso _ t*aiso — 3(p*(f*_1 ole)), (60)

where both sides are 1-forms on X1 Xy Iso(IC, G) with values in Z\(G, g). Here, s and t are
the source and target maps of the transformation groupoid X1 X pr Iso(KC, G) = Iso(KC, G) and
p: X1 %y Iso(K, G) — X is the projection on the first component. Note that s*o'*° and t*o/'*°
are 1-forms on X1 Xy Iso(IC, G) with values in Z'(G, g). On the right-hand side, the pull-
back via p of the composition of the Ry)-valued covector ay on X1 and the isomorphism
f*_1 : Ry = ¢ is a covector on X1 Xy Iso(KC, G) at (x, f) with values in g. Therefore,
8(p*(ﬁ,:1 oay)) is a covector of X1 Xy Iso(KC, G) at (x, f) with values in B'(G, g).

Proof. The tangent space (., r)(X| xp Iso(KC, G)) consists of the pairs (u,v) € T, X| X
T¢Iso(K, G) such that t.u = m,v, and therefore is the direct sum of the following three vec-
tor spaces:

Er:={(0.n7) |neZ'(G. 9},
Ey:={(67.0) |§ € &},

E3 = {(M, v) | ueHe, ve H}so’ t.u :n*v},

Below we check that Eq. (60) holds on each of the direct summands.
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e By construction,
(0’ 77l>) N (S*aiso _ t*aiso) =n—n=0,
and
(0, n'>) _Ip*a=0.

Therefore, Eq. (60) holds on Ej.
e Fixing (x, f) € X1 xp Iso(KC, G) and differentiating the relation

S(.x . k, f) = Adxk of = (Adx of) . Adf—l(k) S ISO(IC, G)

with respect to k € Ky, at the identity, we obtain

S*($>’0)|(x,f) = (a(f*_lé))idxof'

Here Ad 1) is considered as an element in Inn(G) C Aut(G) and the dot refers to the
right Aut(G)-action on Iso(C, G). Hence, we have

(ED’ 0) N (S*aiso _ t*aiso) — a(f*_lé),

while, on the other hand,

(7,0) Ja(p* £ () = 3( £ '8).

Therefore, Eq. (60) holds on E>.
o Let (u,v) € E3. We have

w,v) Ja(p*(f ' o)) =a(fi ' (v Jan)) =0 61)

and
(u,v) Jt* o™ = v _1a"%° =0. (62)

Let x; and f; be horizontal paths in X and Iso(/C, G), respectively, such that 7 - f; =t.x;,
for all ¢, and %(x,, ft)li=0 = (u,v). For any g € G, f;(g) is a horizontal path in K by
Proposition 5.9(3). Since a path in K is horizontal in K if, and only if; it is horizontal when
considered as a path in X1, and the product of horizontal paths in X is horizontal by Propo-
sition 4.3, x; - f:(g) ~xf1 is a horizontal path in C for all g € G. Since s(x, f) = Ad,. f,
it thus follows that s, (u,v) = %(x, - f1(g) ~xf])|,=0 is a horizontal vector in Iso(KC, G).
Together with Egs. (61)—(62), this implies that Eq. (60) holds on E3. O

Proposition 5.10 means that «® is indeed a connection 1-form for the principal Out(G)-
bundle Out(KC, G) — M over Y,, i.e. a connection 1-form on the band.
In summary, we have the following
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Theorem 5.12. The 1-form a®t € 2'(Out(XC, G)) ® H'(G, g) is a connection 1-form on the
band of the G-extension, whose corresponding horizontal distribution is H".

Remark 5.13. As shown in [35], connections behave well with respect to Morita equivalence.
More precisely, there is a 1-1 correspondence between connections on principal bundles over
Morita equivalent groupoids. Therefore, a connection in our sense indeed yields a connection
on the corresponding torsor over the stack. This implies that a connection on a gerbe induces a
connection on its band.

5.3. Curvature on the band

This section is devoted to describing the relation between the Ehresmann curvature o on the
group bundle L — M and the curvature »'*° on the Aut(G)-principal bundle Iso(KC, G) &> M,
as well as the curvature w®* on the band Out(K, G) &> M.

Since o is a horizontal form, it can be considered as a form on the manifold M. More
precisely, one defines o € .{22(M, A (IC, R)) as follows. For any k € KC;jy and u, v € T, M,

(iupv@™) (6) = iz p5(@l1), (63)

where i1, v € Ti K are any tangent vectors such that ¢, () = u and ¢, (v) = v. This definition
requires some justification.

e First, it is clear that (iy\,@™)(k) is independent of the choice of i, v because w|i is a
horizontal 2-form, and is therefore well defined.

e Second, we need to check that, for any fixed u, v, the map k — (i, Avw’C)(k) is an element in
ZY(K, R). For any ki, ky € Ky, let iy, 1 € T, K and iz, v2 € T, K be any tangent vectors
such that ¢, (i11) = ¢« (ii2) = u and ¢4 (V1) = ¢« (V2) = v. Then i - 1y and vy - v (where
the dot stands for the product in the tangent groupoid 7 X = T M) are elements in Ty 4, K
such that ¢, (i1 - u2) = u and ¢, (v; - v2) = v. The Bianchi identity Eq. (53) implies that
w (it - Uy, V1 - V) = w(iy, U2) +Adk2—1 w (i, v1). Hence

(urve™) (1k2) = (iunv@) (k2) + Ady 1 (funve™) (k).

Note that any f € Iso(KC, G)|,, induces an isomorphism Ty : Z YK, Bm) — Z1(G, g) given
by, Vz € Z' (K. fm).

Tr(2)(g) = f,'z(f(). VgeG. (64)

Tensoring with /\2T,;1"M , this extends naturally to a map (denoted again by the same symbol by
abuse of notation)

T NPTEM ® 2N (Ky Rn) — N TIM @ Z'(G, g).
Proposition 5.14. For any f €1so(KC, G)|,,, we have the relation

is0
™|

IC
f =1"Trw e
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where a)iso|f € /\ZT}" Iso(K, G) ® Z'(G, g) is the curvature of the connection o'*°, o, €
/\ZT,,";M ® ZY (K, R) is as in Eq. (63) and 7 - 1so(K, G) — M is the projection.

Proof. For any path f; : [0, 1] — Iso(C, G), let ﬁ be the unique horizontal path in Iso(XC, G)
starting at the same point fo as f; and satisfying = - ¥ = 7 - y. Then the holonomy Hol( f;) €
Aut(G) of the path f; is given by

fi-Hol(f) = f1. (65)
The curvature '*° can be expressed by

2
Hol(LE ,)) (66)

&1,62

wiSO(u’ U) —

0€10€2 |, =, =0

for any smooth map C from R2 to Iso(K, G) adapted to the tangent vectors u, v € Tr Iso(IC, G)
(see Eq. (50) for the notation L¢ ). According to Lemma 5.6(1), Eq. (66) can be written as

£1,82

2

g 'Hol(LE ,))(g). VgeG. (67)

e1=62=0

iso _
o™ (u,v)(g) = 9e19%2

By Lemma 5.2, for any path f; in Iso(XC, G) and any g € G, ev, (f1) is a horizontal path
starting at evg (fop). Hence evg E = evg f; holds for all ¢ € [0, 1]. In particular, for ¢ = 1, one
obtains

evg(fi -Hol(f;)) = (evg f1) - Hol(ev, f;), Vg €G,

and therefore

fi(g™") - [ f1 - Hol(f)](g) = Hol(ev, f). (68)

The latter can be re-written as

fi(g~ " Hol(f,)(g)) = Hol(ev, f). (69)

For any smooth map C from a neighborhood &/ C R? of 0 to a neighborhood of f € Iso(KC, G)
adapted to the tangent vectors u,v € Ty Iso(K, G), the smooth map ev,.C € C*U, K) is

C Vg oC

adapted t0 evgs U, evgs v € Ty () K. Take f; to be the loop Ly, .. Then ev, f; is the loop Lets .

Now, according to Eq. (69), one obtains that, for any 1, &2,

f(g_l Hol(Lgclﬁgz)(g)) = HOl(Lg‘llfsozC)v

Vg eG.
Applying ﬁ l¢;=¢,=0 to both sides and using Proposition 4.26 and Eq. (67), we have

fx (a)iso(u, v) (g)) =w(eVgsll,eVgs V)| r(q), VEEG.
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By Eq. (63), we obtain

S+ (wiso(u, v)(g)) = a)’C(n*u, T4V) (f(g)), Vg eG.
This concludes the proof. O

Denote by [0F] € 22(M, HI (K, R)) the class of . Since for any f € Iso(KC, G)|,,, the map
Ty defined in Eq. (64) maps BY(IC,n, Rm) to BY(G, g), it induces a map Ty: HY (K, Bin) —
HY(G,g). It is simple to check that Ty only depends on the class of f € Out(KC, G)|n. There-
fore, for any F € Out(K, G)|,n, we have a well-defined map T7 : Hl(ICm, Rm) — Hl(G, 9).
Alternatively, one may also obtain T7 as follows. For any f € Out(K, G)|,,, conjugation by f
is a group homomorphism Out(K)|,, = Out(G). Then T7 : HY (K, Rn) — HY(G, g) is the
corresponding Lie algebra homomorphism.

Tensoring with A2 T, M as before, Tz extends naturally to a map

Ty : NTEM Q@ H (K, Rn) — A2TIM @ H'(G, g).
Proposition 5.14 immediately implies the following

Theorem 5.15. For any f € Out(K, G)|m, the curvature on the band a)°“t|7 € /\zTr;lk Out(C,G)®
HY(G, g) and the class ("] e AzT,ZM ® HY(K, R) are related by the following equation

a)out|? — JT*T7[a)}C],

where - Out(IC, G) — M is the bundle projection.

As an immediate consequence, we have the following

Corollary 5.16. The band of a G-extension X, 2, Y, is flat if and only if ("] =0.

To end this section, we describe an important relation between the curvatures w € Q2 (X1,t*R)
and .

Let w® € 22(M, Lie Aut(£)) be the curvature of the induced connection V on the Lie algebra
bundle & — M. Note that Lie Aut(f) can be naturally identified with the space of derivations
of K, which can also be viewed as Lie algebra 1-cocycles relative to the adjoin action and with
values in the Lie algebra itself. Therefore we have an identification Lie Aut(R) ~ Z I(R, R).

First we need to give a relation between w® and the curvature «® on the group bundle
IC — M. For any Lie group G with Lie algebra g, differentiating a Lie group cocycle in Z!(G, g)
at the identity, one obtains an element in Z' (g, g). More generally, for any group bundle X — M,
this yields a map Z!(KC, R) — Z'(&, ), which extends to a map D : 2%(M, Z (K, R)) —
22%(M, Z' (R, R)). The following can be easily verified:
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Lemma 5.17.
Do = v, (70)
Recall that for any Lie group G with Lie algebra g, we have 8 : g — B'(G,g) : & —
(g = & — Ad,-1 £). Applying 9 fiberwise, one obtains a map I'(t*R) — I'(t*B'(K, 8)) C

rttz 1 (IC, R)) that we denote by dxc. By abuse of notation, we denote by dx again the induced
map

I 21X, '8 — 27(X1, B (K, ) € 2%(X1, t*Z (K, 8)).
We can now prove the following:
Proposition 5.18. The following relations hold for any x € X1:
Ad, s*w’c}

* IC _
sy — PO }t(x) = —koly,

R R —
Ads* o[~ ot ) =ads,, (71)

where Ad,—1 stands for the natural isomorphism from Z'(Ksx), 8sx)) t0 Z'(Kiys Recx))s
and from Zl(ﬁs(x), Rs(x)) to Zl(ﬁt(x), Rix)) induced by Ady : Kyx)y = Kg(x). Note that |y €

N2 TFX | ® Ry, 00y € A2TEX1 ® Z! (K Rer))s @i € /\ZTS(‘X)M ® Z'(Kewrys Ry,

and |y € /\ZTS*EX)M ® Z' (Ks(x), Rs(x))- Similarly, ad,,, € A2T X1 ® Z (Rex)» Ricx))-

Proof. The second identity in Eq. (71) follows from the first one by applying D and using
Eq. (70). Let us now prove the first one. This equation is equivalent to

Ad -1 5" 0 (Ad, k) — 0 (k) = —w, + Adj-1 0, € APTI X ® Ryy). (72)
Let uy, up € T, X1 be any two tangent vectors at the point x, and €1, &, € T; K any two tangent
vectors of K at the point k such that t.u; = w.e;, i € {1, 2} (i.e. (u;, &) is a composable pair in
the tangent groupoid 7X; = T M fori € {1, 2}).
By using Eq. (53) repeatedly, we obtain
wAka(Mlslul_l, u282u2_1) = Ad -1 ox (uy, u2) + Ady wi (€1, €2) — Ady wx (11, u).
Hence
Ad, 1 wag, k(ure1u] " uaerus') = Adpr oy (ur, 12) — oy (1, u2) + w1, 82).  (73)
Since €1, &2 € T} KC, uie,-ulfl € Taq, kK for i € {1, 2}. According to Eq. (63),
_ K _ K
wi (€1, 82) = Wy (Px€1, Pxe2) = Wy (tyur, tyun) (74)

and
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waa k(e uzeauy ) = wkg (($x(wieruy "), ¢u(uaeauy ")) = wq ((Ssttr. s4u2).

(75)
The result now follows from Egs. (73)—(75). O

Remark 5.19. For the Lie algebra g of any connected Lie group G, denote by Z(g) its center.
Since G is connected, one has Z(g) ={§ € g| Adg & =&, Vg € G} =ker(9d).

Similarly, let Z(R) = ]_[mE u Z(R)m be the vector bundle over M obtained by taking the
center of each fiber, and t*Z(R) — X, its pullback by the target map t. The space of sections of
the vector bundle t*Z(K) — X is precisely the kernel of dx.

Proposition 5.18 implies that the image of @ under dx is entirely determined by ok Equiva-
lently, this means that the class of  in £2%(X 1, t* %ﬁ)) is entirely determined by o

6. Cohomology theory of connections

The purpose of this section is to develop a cohomology theory for groupoid extensions, which
appears naturally while studying connections and curvings.

First of all, in Section 6.1, we introduce the cohomological object in question, which we call
horizontal cohomology of a Lie groupoid extension. We also discuss in Section 6.1 how and
when the horizontal cohomology can be pulled back by a morphism of Lie groupoid extensions.
In Section 6.3, we show that the horizontal cohomology can actually be defined for a gerbe, i.e. it
is invariant under Morita equivalence. In Section 6.4, we introduce an obstruction class [obs] in
the horizontal cohomology, which characterizes the existence of connections. As a consequence,
we show that, if a groupoid extension admits a connection, then any Morita equivalent groupoid
extension admits a connection as well. In the language of stacks and gerbes, it means that the
existence of a connection “goes down” to a “gerbe” notion. In Section 6.6, we compute the
horizontal cohomology for G-gerbes over a manifold, i.e. for a G-extension of a Cech groupoid.
We show that, in this case, the class [obs] vanishes, and therefore, any G-extension of a Cech
groupoid (i.e. any G-gerbe over a manifold) admits a connection. Section 6.7 is devoted to the
study of flat gerbes. In Section 6.8, we study connections and curvings on central extensions.

6.1. Horizontal cohomology

Recall that, for any fiber bundle T i> B, with T and B being finite dimensional manifolds,
an [-form & on T (possibly valued in some vector bundle over T') is said to be horizontal if
v_l& =0 for any v € ker(¢,). In other words, a form is horizontal if it vanishes when contracted
with a vector tangent to the fiber of ¢.

Remark 6.1.

1. The reader should not confuse horizontal forms with basic forms. Basic forms are simply
obtained by pulling back forms on the base space, while horizontal forms form a much
bigger space in general.

2. Given a fiber bundle T ﬁ) B, horizontal /-forms on T can also be considered as /-forms on

the base manifold B with values in, for any b € B, C*® (¢~ (b)). We will use both viewpoints
all along this section.
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We now introduce the horizontal forms relevant to our situation. Given a Lie groupoid ex-

tension X ﬂ Y1 = M with kernel L — M, for any n € N, the manifold X, of n-tuples of
composable arrows of X1 = M is a fiber bundle over Y, with respect to the projection

Gt (X1, s X0) > (XD, -, P (X))

A typical fiber over a point (y1,...,y,) € ¥, is isomorphic to Ky(y) X Ky(yy) X -+ X Ky(y,)-
By a horizontal R-valued /-form on X,,, we mean a K-valued /-form on X,, (i.e. a section of
the vector bundle /\lT*X,, ® t*R — X,, which is horizontal with respect to the fiber bundle
¢n : X,y = Y,). From now on, for any n,! € N, we denote by .Qtlmr(X,,, t*R) the space of hori-
zontal K-valued /-form on X,,.

We list below two important examples of horizontal forms.

Proposition 6.2. The Ehresmann curvature o of a connection on a groupoid extension
X4 i) Y1 = M is a horizontal 2-form.

Proof. This follows immediately from Eq. (49). O

Proposition 6.3. Ler X 2, Y1 = M be a Lie groupoid extension with kernel KK — M, whose
corresponding Lie algebra bundle is R — M. Let 0 € 2'(X1, t*R) be a R-valued 1-form on X

satisfying
6(%) =&, VEeR, (76)

where, as in Section 4.3, for any & € & we denote by €% the fundamental vector field on X
corresponding to the infinitesimal right action of K — M on X1. Then 3%0 € 21(X»,t*R) isa
horizontal 1-form on X».

Proof. Let us introduce some notations. The group bundle IC — M acts on X5 from the right in
two different ways. The first one is given, for all (x1, x2) € X2 and k € Ky(y), by (x1, x2) -k =
(x1 - k, x2); the second one is given, for all (x1,x2) € X2 and k € Ky(x,), by (x1,x2) - k =
(x1,x2 - k). For any (x1,x2) € X2, and any & € Ry(,) (resp. & € Ry,)), we denote by SF
(resp. ";“2'> ) the tangent vectors in Ty, x,)X2 corresponding infinitesimally to these two actions.
Denote by p1, m, p> the three face maps from X, to X;. For any £ € R, we have

pl*élD = §I>a ’n>‘v<€]D = (Adxgl S)Dv P2*'§]I> = Oa
P1*§2l> =0, m*ézb ngv P2*$2l> :SD-

Thus it is routine to check that the two relations & 1> _13%6 =0 and $2'> _13%6 = 0 hold, which
implies that 8% 6 is horizontal. O

Definition 6.4. The 0™ -cohomology of a Lie groupoid extension X, LN Y, is the cohomology
of the cochain complex ((£2!(X,, t*&))nen, 8™). It is denoted by Hg‘;l (X, —Y.).

The following proposition can be verified directly.
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Proposition 6.5. Let X Sy 1 == M be a Lie groupoid extension. Then for any fixed | € N,
2l (X, t°R) is stable under 3™, i.e.

9% (20, (X, t'R)) C 2 (Xps1, £ R).

Therefore, for any fixed / € N, the horizontal /-forms ((Qflor(Xn,t*ﬁ))neN, 9%) form a
cochain subcomplex.

Definition 6.6. The horizontal cohomology of a Lie groupoid extension X, 2, Y, is the coho-
mology of the cochain complex ((.Ql (Xp, t*R)pen, 0%). It is denoted by H}’f(;i(X, — Y,).

hor

6.2. Horizontal cohomology and strict homomorphisms

Let f be a homomorphism of Lie groupoid extensions from X, — Y/ to X, — Y,. As usual,
denote by & — M (resp. & — M’) the Lie algebra bundle associated to the groupoid extension
X1 — Y1 = M (resp. X| — Y| = M’). In general, there is no straightforward way to make sense
of the pullback through f of a &-valued form on X (or, more generally on X, for some n € N)
such that the pullback form is & -valued. Indeed, if ¢ is an [-form on X,, with values in t*{, the
usual pullback f*¢ takes its values in (f* o t*)R rather than in t'*&. To build up a form on X/,
with values in t"* &', one needs to identify (f* . t*)& with t“& at any point (x1, ..., x},) € X},.
When f is a strict homomorphism of Lie groupoid extensions, in particular a Morita morphism,
Jf establishes an isomorphism between Ky,) and Ky(s(x,)). Hence its differential at the identity
Jtx))x gives the required identification. This leads to the following definition of the pullback

2X, %) L (X!, v /)
(fr et ove) = fgh (E(fuero. fuen),  Ver.....e € Ty oxp X (T7)
The following lemma can be verified directly.

Lemma 6.7. Let f be a strict homomorphism of Lie groupoid extensions from X, — Y. to
X, —Y,. Then

1. the pullback map 2" (X,, t*K) EAN .QI(X;, t'*R') is a chain map with respect to 3% ;

2. the pullback of a horizontal form is again horizontal;

3. 0 € QY (X1,t*R) satisfies €= _10 =&, for all £ € & if, and only if. f*0 € 21 (X, t*&)
satisfies €' _1 f*0 =&/, forall &' € R.

As an immediate consequence, we have the following

Corollary 6.8. Let f be a strict homomorphism of Lie groupoid extensions from X, — Y! to
X, — Y,. Then the pullback map f* gives rise to morphisms

[ HRE (X YD) — HI (X, - Y)), (78)
o HM (X, > v) - HE (X - 1)), (79)

foralln,l eN.
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6.3. Morita invariance

In this subsection, we show that both the horizontal cohomology and the ™ -cohomology are
invariant under Morita equivalence. In other words, they turn out to be cohomological objects
associated to a gerbe. Our proof relies on the notion of generalized morphisms introduced in
Section 2.3, and is similar to the proof of Proposition 2.5 in [51].

Theorem 6.9.

1. Morita equivalent groupoid extensions have isomorphic 3% -cohomologies.

2. Morita equivalent groupoid extensions have isomorphic horizontal cohomologies.

3. In particular, if f is a Morita morphism of groupoid extensions, the maps f* defined in
Egs. (718)—(79) are isomorphisms.

We need two lemmas.

Lemma 6.10. If f is a Morita morphism of Lie groupoid extensions from X| — Y{ = M’ to
X1 — Y1 = M suchthat f : M' — M is an étale map, then the pullback map f* as in Egs. (78)—
(79) induces isomorphisms on both horizontal and 9% -cohomologies.

Proof. Note that U +— Qllmr(U, t|;;R) (resp. U iU, t|;;R)) is a sheaf over the simplicial
manifold (X,),en (see [50]). And the horizontal cohomology H"' (X, = V. (resp. the 9" -

hor
cohomology H;;l (X, — 1,)) is the corresponding sheaf cohomology. When f is an étale map,

it is clear that the pullback sheaf f*(.Qflor(—, t*R)) (resp. f*(.Ql(—, t*RK))) is isomorphic to

.Qf]or(—, t* &) (resp. 2'(—,t*&')). According to Theorem 8.1 in [50], f* induces an isomor-
phism in cohomology:

FHNX, = vy S HE (X, > ), (80)
foHY X, - Y) S HY(X.->Y). O (81)

Proposition 6.11.

1. Any generalized homomorphism of Lie groupoid extensions F from X/ sy ! 1o X, LN Y,
induces canonical homomorphisms

F* HE (X — Y) — HI (X, - 1)), (82)
F*:H M (X, — V) — HE(X. = 1)), (83)

foralln,l e N.

2. In particular, if F is a generalized homomorphism of Lie groupoid extensions induced by a
strict morphism of groupoid extensions f, then F* coincides with the pullback map f* in
Corollary 6.8.

3. Moreover, the relation

(Fy o Fy)* = Ff o Ff
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holds for any composable pair F1, F» of generalized homomorphisms of Lie groupoid exten-

sions.
Proof. 1. Assume that F is given by the bimodule M’ Eplim According to Proposi-
tion 2.11, F is the composition of the canonical Morita equivalence between X, — Y/ and
X![B] — Y![B], with a strict homomorphism of groupoid extensions from X.[B] — Y/[B] to
X, — Y,. Since B 2 Misa surjective submersion, it admits local sections. Hence, there ex-
ists an open cover (U;);e; of M’ and local sections o; of B 25 M’ relative to this open cover.
The sections (o;) induce a strict homomorphism ¢ from X/[{U] — Y/[{] to X, — Y, by com-
posing the natural strict homomorphism from X/[4] — Y/[4{] to X/[B] — Y/[B] with the one
from X/[B] — Y/[B] to X, — Y,. Denote by xs the Morita morphism from X/[4(] — Y/[] to
X, =Y.

We now define F* as the composition

) !

(X.— v 2, HEL(XIU] — Y s B

hor

Hn,l

hor

(X.—> 7))

hor

and similarly

* *y—1
HY (X, — Y.) Y, HE (X[ — Y/[4]) % HY (X, — 1))
Here we have used the fact that x| is an isomorphism by Lemma 6.10.

We need to check that F* does not depend on the choice of the open cover and the local
sections. Let U := (V}, T;) jes be another choice of such local sections. The union of { and 2 is
another such open cover of M’ together with a set of local sections of B — M. It is simple to see
that we have the following commutative diagram, where all the arrows are strict homomorphisms

of groupoid extensions:

X/ X! X!
X T X T xw
X,[U] — X/[4UD] < X/[T]
40 l 4Ty 124 l
X, X. X, .

It follows from a diagram chasing argument that

) el = o) e Vv = (o) T e vy

Hence F* is indeed well defined.

2. If F is induced from a strict homomorphism of Lie groupoid extensions f, in other words,
if F is given by the bimodule M’ <% A’ Ny , then y = id and v coincides with the map f*
defined in Corollary 6.8.
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3.Let X, — Y., X, > Y/ and X! — Y/ be Lie groupoid extensions with base manifolds
M, M’ and M”, respectively. Let F) and F, be generalized homomorphisms from X/ — Y/
to X, — Y, and from X/ — Y/ to X, — Y/, respectively. According to the first part of the
proof, there exists an open covering ${ = (Ug) of M’ and a strict homomorphism ¢ of groupoid
extensions from X/[4] — Y/[] to X, — Y, such that F} = ()(fl)_l o ¥y;. The same holds
for F,. However, we can choose an open covering U = (V});cr of M” and a strict homomor-
phism of groupoid extensions g3 such that ¥r93(V) is contained in an open set U € 4, for all
V €Y. Composing Vg3 : [ [; Vi = M’ with these inclusions yields a map j : [ [, Vi — [ Ux.
We can then construct a strict homomorphism x ; of groupoid extensions from X”[U] — Y!'[U]
to X/[U] — Y/[U]:

wji,x,v2) = (j (), Y (v, x,v2), j(12)),

i1, y,v2) = (j (D), Y V1, ¥, v2), j (1))
forall x € X{, y € Y|, v, v2 € [[; Vi with x5 (v1) =s(x) =s(y) and xa(v2) = t(x) = t(y).
We then have the following commutative diagram of strict homomorphisms of Lie groupoid

extensions:

X! X, X.

124 X
xa " (84)

X/[0] X [4].

J

The composition Vg o ; is a strict homomorphism of Lie groupoid extensions from
X/[V] — Y/[V] to X, — Y,. It is obvious from diagram (84) that

Yot j
5

X! X2 X" X,

is a bimodule representing the generalized homomorphism F; . F>. Therefore,

(Fio F2)* = (xip) ™" e (Wato )" = () ™' o i o ¥

=) e (W) e ()T oW = FF o FF. D

Proof of Theorem 6.9. If F is a Morita equivalence from X, — Y/ to X, — Y, given by the

bitorsor M’ L i m , then, according to Proposition 2.10, F~! . F is a Morita equivalence

from X, — Y, to itself, whose corresponding bitorsor is given by M < (B x B)/X| — M.
The later is canonically isomorphic to M <— X1 — M, which is indeed the generalized morphism
corresponding to the identity strict homomorphism. Thus it follows from Proposition 6.11 that
(F~!s F)* = id. Therefore the conclusion follows from Proposition 6.11 immediately. O

Remark 6.12. Note that the isomorphism between the horizontal cohomologies of Morita equiv-
alent groupoid extensions is not canonical. It depends on the choice of the Morita equivalence
bitorsors, as seen in the above proof.
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6.4. Obstruction class to the existence of connections

The main purpose of this subsection is to introduce a characteristic class [obs] in
th(;rl (X, — Y,), which measures the existence of connections on a Lie groupoid extension

x. % v,

Forgetting about the groupoid structure, consider any horizontal distribution H on the fiber
bundle X i) Yi. Let 6 € 21(X;, t*R) be its associated £-valued 1-form, i.e. the unique 1-
form that vanishes on H and satisfies Eq. (76). According to Proposition 6.3, 8% 6 is a R-valued
horizontal 1-form on X,. Moreover, since (8'>)2 =0, 3% 0 is a 2-cocycle of the horizontal co-
homology, and hence it defines a class in th(;g (X, — Y,) that we call the obstruction class and

denote simply by [obs]. This terminology is justified by the following

Proposition 6.13.

1. The class [obs] € Hﬁ(’)rl (X, — Y,) does not depend on the particular choice of a horizontal

distribution H on the fiber bundle X i> Y.
2. The class [obs] vanishes if, and only if, the groupoid extension admits a groupoid extension
connection.

Proof. 1. Let H and H' be any two horizontal distributions on the fiber bundle X L Yy, and
0,0" € 2! (X1, t*R) their associated &-valued 1-forms. By construction, § — @’ is a horizontal 1-
form on X . Therefore 3~ 6 and 9™ ¢’ differ by a horizontal coboundary. Hence [07 0] = [0%6'].
This proves (1).

2. Assume that [obs] = 0. The #-valued 1-form 6 € 2! (X, t* ) associated to any horizontal
distribution H on the fiber bundle X Sy | gives a representative 9”6 for the obstruction class
[obs]. Hence, by assumption, there exists a horizontal £-valued 1-form ¢ on X such that 3% 6 =
d™¢. Tt is simple to check that @ =6 — ¢ € 2!(X1, t*£) is indeed a right connection 1-form for

the groupoid extension X, g) Y., O

Combining Proposition 6.13 with the Morita invariance of the horizontal cohomology ob-
tained in Proposition 6.9, we are led to the following main result of this subsection.

Theorem 6.14.

1. Given a Morita morphism f of Lie groupoid extensions from X, — Y! to X, — Y, as in
Eq. (2), let [obs] and [obs] be their obstruction classes. Then [obs'] = f*[obs], where
e th(;rl (X.—Y,)— H}i’)r] (X, — Y)) is the homomorphism given by Eq. (79).

2. If a Lie groupoid extension admits a connection, so does any Morita equivalent Lie groupoid
extension.

Proof. Observe that (2) is a trivial consequence of (1). Now let 6 be a R-valued 1-form on X
satisfying Eq. (76). Then, according to Lemma 6.7(3), the pullback f*0 € 21(X’, t'* &) satisfies
Eq. (76) as well. By Lemma 6.7(1), the relation 8 (f*6) = f*(3% ) holds, which implies that
[obs'] = f*[obs]. O
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6.5. Moduli space of connections on a Lie groupoid extension

We now study the space of right connection 1-forms of a Lie groupoid extension X Sy 1=
M assuming that the obstruction class vanishes. Denote by Z L (X1, t"'R) (resp. Z ;§\> (X1,t*R))

hor

the space of horizontal 1-forms in £2! (X, t*f) (resp. 1-forms in £2!(X1, t*R)) which are 3™ -

hor
closed.

Proposition 6.15. For any Lie groupoid extension X 2y 1 = M with vanishing obstruction
class, the space of right connection 1-forms is an affine subspace of Z'(X1, t* ) with underlying
vector space Zﬁor(Xl ,t*R).

Proof. Since the obstruction class vanishes, there exists a right connection form « €
21Xy, t*R). It is easy to see that a 1-form o’ € 2'(X, t*R) is a right connection 1-form
(i.e. is 8™ -closed and satisfies Eq. (76)) if, and only if, « — &’ € Z] (X, t*R). O

hor

Two right connection 1-forms « and o’ on a Lie groupoid extension X LN Y1 = M are said
to be equivalent if, and only if, « — o’ = 3™ 8 for some B € 2! (M, R). By M we denote the

moduli space of right connection 1-forms on a Lie groupoid extension* X LN Y1 = M. The
following proposition is thus immediate.

Proposition 6.16. For a Lie groupoid extension X 2y 1 == M with vanishing obstruction class,
the moduli space of right connection 1-forms M is an affine subspace of Hal,;l (X, — Y,) with

underlying vector space th(’)rl (X, —>Y,).

‘We now describe the relation between the moduli spaces of right connection 1-forms of Morita
equivalent extensions. We start with a lemma.

Lemma 6.17. Assume that f is a Morita morphism of Lie groupoid extensions from X/ LN Y!
to X, LN Y.. A l-form a € 21(X1, t*R) is a right connection 1-form of the Lie groupoid exten-
sion X &5 v = M if, and only if, f*a € 2V (X|,t* &) is a right connection 1-form of the Lie

groupoid extension X/, Oy i

Proof. For any o € 2!(X1, t*8), according to Lemma 6.7(1), we have f*3%a = 8> f*a = 0.
Hence o is 3% -closed if, and only if, so is f*a. According to Lemma 6.7(3), Eq. (76) holds
for « if, and only if, it holds for f*«. Hence it follows that « is a right connection 1-form on

X 2, Y1 = M if, and only if, f*« is a right connection 1-form on X’ Yy =M. o

4 Readers should not confuse this with moduli space of flat connections in gauge theory. Here there are no gauge groups
involved.
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Theorem 6.18.

1. For any Morita morphism of Lie groupoid extensions f from X’1 ¢—> Yl’ =M to X; i>
Y1 = M, the pullback map f* : Hal’D1 X.—Y.) — Hal’bl(Xi — Y!) induces an isomorphism
of their corresponding moduli spaces of right connection 1-forms M and M.

2. The moduli spaces of right connection 1-forms of Morita equivalent extensions are isomor-
phic.

Proof. By Theorem 6.9, the map f*: Hal’bl X.—> Y, > Hal,;l (X! — Y)) is an isomorphism,
which, according to Lemma 6.17, sends M into M. It is thus enough to show that the restric-
tion of f* to M is surjective onto M’. Assume that [o'] € M. Since f*: Hal,;l(X, —-Y,) —
Hal’Dl(Xﬁ — Y/) is surjective by Theorem 6.9(1), there exists « € Z;D(Xl,t*ﬁ) such that
f*la] = [o']. That is, f*a =o' 4+ 8> p’ for some B’ € 21 (M’', &). However, since o’ + 3™ '
is also a right connection 1-form on the groupoid extension X 2, Y[ = M’, according to

Lemma 6.17, o must be a right connection 1-form on the groupoid extension X 2, Yi= M.
This concludes the proof. O

6.6. Connections for G-gerbes over manifolds

The main goal of this subsection is to compute the horizontal cohomology of a groupoid G-
extension of a Cech groupoid, i.e. of a G-gerbe over a manifold, where G is a connected Lie
group. As a consequence, we show the existence of connections.

First we need to introduce some preliminary constructions. We do not have to restrict our-
selves to the case of G-gerbes over manifolds at this point, although this is the only case that we

are concerned about in applications.

Let X Sy | = M be a Lie groupoid G-extension. Its kernel is the Lie group bundle X — M

with Lie algebra bundle & — M. For any n € N, consider the fiberwise group cohomology
]_[m H" (K, Rn) of IC with values in R relative to the adjoint action, which is clearly a vec-
tor bundle over M, denoted by H"(KC, R) — M.

As we have seen in Section 2.1, any element x € X defines a Lie group isomorphism
Ad, : Kyx) = Ks(x), and thus a Lie algebra isomorphism Ady : Rix) = Rsx). These iso-
morphisms induce an isomorphism of cochain complexes mapping f € C®(Kg) X --- X
Ics(x)» -ﬁs(x)) to (k] s ey kn) = Adxfl f(Adx k] yses Adx kn) in Coo(/Ct(x) X oo X ICt(x), Rt(x))-
Therefore it induces an isomorphism H" (Ks(x), Ks(x)) = H" (Kt(x), Ri(x)), which is still de-
noted by Ad, by abuse of notation. In other words, H" (I, &) — M is a vector bundle over M
on which the groupoid X| =% M acts from the left. That is, H" (K, 8) — M is a left vector bundle
over the groupoid X| = M. In fact, this action descends and induces an action of the groupoid
Y1 = M since any element in the kernel C of X, i> Y, acts trivially on H" (IC, 8) — M. Indeed

for a connected Lie group G, it is well known that the inner automorphisms of G preserve the
cohomology classes of H" (G, g). Thus we have proved the following

Proposition 6.19. For alln e N, H" (K, R) — M is a vector bundle over the groupoid Y| = M.
Considering /C as a Lie subgroupoid of X| = M, one obtains a monomorphism of groupoid

extensions i from X —- M = M to X|; — Y| = M. The horizontal cohomology of K —
M = M can be easily described by the following
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Lemma 6.20. We have

LK, — M)~ Q' (M, H" (K, R)), (85)

hor

where H" (K, R) — M is the vector bundle constructed above (ignoring the Y,-action).

Proof. The natural identification %ﬁ r(IC )y >~ I'(r* Al TM) given by the differential of
7w : K, — M induces an isomorphism .Qhor(IC,,, t*R) ~ 2/(M, E,), where E, is the vector
bundle [, em C oO((IC lm)", Rm) — M. It is simple to check that, under this isomorphism, the
differential 9% : hor(lCn,t*R) — .Qhor(ICnH,t*ﬁ) becomes the operator 9 : 21(M, E,) —
Q!(M, E,11), which is the fiberwise group cohomology differential C°((K|,)", &) —
C®((K|m)™ L, R). Taking its cohomology, one obtains an isomorphism Hl’:o’i(IC, — M,) ~
UM, H' (K, R)). O

For all n € N, from the induced map i : X, — X,, we obtain a chain map i * hOr(X,,, t*R) —
hor(lCn, t*RK) and hence a map in cohomology
7 HUL(XL = Y. = HELKC, - ML). (86)

Composing the maps given by Eq. (86) with Eq. (85), we are led to

Proposition 6.21. Let X1 — Y| = M be a Lie groupoid G-extension, with kernel being the
Lie group bundle IC — M with corresponding Lie algebra bundle & — M. For any | € N, the
inclusion map i : K, — X, induces a natural restriction map

X, > v)— 2 (M, H"(K, ®), (87)

hor

where H" (IC, ) — M is the vector bundle constructed above (ignoring the Y,-action).

It is simple to see that this restriction map i* is stable with respect to Morita morphisms of
Lie groupoid extensions.

Lemma 6.22. Let f be a Morita morphism of Lie groupoid extensions from X. 2, Y! to

X, LN Y, as in diagram (2). Let K and K' denote the kernels of ¢ and ¢’ respectively. Then
the following diagram commutes:

*

"X, = Y) —— HE (X, > Y)

‘| E

UM, H (K, R)) — UM, H (K, ])).

hor

Let us turn our attention to the case of a G-extension of a Cech groupoid ]_[ Uij = 11 Ui
associated to an open covering (U;) e of a manifold N. In this case, vector bundles over the



1416 C. Laurent-Gengoux et al. / Advances in Mathematics 220 (2009) 1357-1427

Cech groupoid L1 i Uij = [1; U; are in 1-1 correspondence with ordinary vector bundles over
the manifold N. For all n € N, we denote by H" (IC, £) y the vector bundle over N corresponding
to the vector bundle H" (IC, ) over [ |; j Uij = LI; Ui obtained as in Proposition 6.19.

Theorem 6.23. Let X i) Y1 = M denote a Lie groupoid G-extension X1 — ]_[ij Uij = ]_[j U,
of a Cech groupoid ]_[ij Uij = ]_[j U; associated to an open covering {U;} jej of a manifold N.
Then, for any pair n,l € N, the map in Eq. (87) factorizes through QUN, H (K, RB)N) —
QLM, H (K, R)):

Hn,l

hor

X.—> Y1)

; l (88)
QUN,H (K, R)n) — 2/ (M, H" (K, 8)).
p

Moreover, 1* : H}'f(;i(X, — Y,) = QUN, H (K, R)N) is an isomorphism and the restriction map
it H}'fo’i(X, — Y,) — Q2UM, H" (K, R)) is injective.

We need some preliminaries. Any smooth function f on the manifold N can be pulled back
to a function f, on X, using any appropriate composition of consecutive face maps together
with the projection ]_[i U; L, N.In other words, fn = p} f, where p, is the composition X, i)
i, Ujy-j, = N. The following result is straightforward.

Lemma 6.24. For any ¢ € 2'(X,,, t*R) and any function f € C*(N), we have

3™ (ful) = far19”¢.

For any open set U C N, we denote by X [p_lU] = p‘l(U) and Y [p‘lU] = p_l(U) the
restriction of the groupoids X; = M and Y| = M to the open submanifold p~!(U) of the unit
space M, respectively. It is clear that X|[p~'U] — Y{[p~'U] = p~'(U) is a G-extension.

For any fixed integers n and [, we define a pre-sheaf £/ over N by U > H}'I’O{(X,[p_1 U] —
Y.[p~'UY), the restriction maps rU : H: (X [p~'U] — Y.[p~'UD) — HE (X [p~'V] -
Y,[p_1 V1) being the pullbacks of the natural inclusion of X,[p_l V] — Y,[p_1 V] into
X.[p~'U]— Y.[p~'U] for any open subsets V C U of N.

Lemma 6.25. For any n, [ € N, the pre-sheaf E™! is a sheaf.

Proof. First, let (U;);c; be open subsets of N, U = Uie, U; and (f;)ies a partition of unity of U
with supp(f;) C U; for all i € I (which exists since we consider paracompact manifolds only).

First, let [w;] € H;’(;ﬁ(X,[Ui] — Y,[U;]) be the cohomology class of some horizontal cocycle

wi € ' (X,[U;], t*R), for all i € . If r{j;mUj [wi] = rl[]’ijj [w;] for all i, j € I, then, thanks to
Lemma 6.24, w =) ;; (F]?i/) ,» wi 1s a horizontal cocycle in RUX, U], t*R). By construction, its
class [w] € H (X, [U] — Y.[U]) satisfies rgl_ [w] = [w;], foralli e 1.

hor
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Secondly, let [w] € H;’oﬁ(X,[U ] — Y.[U]) be the class of some horizontal cocycle w €

QUX,, t'R). If rll]]i [w] = 0 for all i € I, then there exists a horizontal form
ni € 21(X,_1[Ui].t“K) such that 8% n; = wl|y, for all i € I. Set n = e, (Fi)n_1mi. By
Lemma 6.24, we have

Drl = Z(Z)nabni = Z (f}‘l-/)nw|Uz =w.

iel iel
As a consequence, we have [w] = 0. Therefore, Emlis asheaf. O

We define two other sheaves over N:

FrliU e WU, H' (K, f)§),
gl U Q'(p7'u, HY(K, 8)).

The covering M —> N induces a morphism of sheaves F"/ —> G™! and, by Proposition 6.21,

the inclusion K, > X, induces a morphism of sheaves £ L5 gL
Now we need a general fact about sheaves over a manifold.

Lemma 6.26. Let £, F and G be sheaves over a manifold N, and leth: € - Gand p: F — G
be morphisms of sheaves with p injective. Assume that for any contractible open set U, the map
hy : EU) — G(U) factorizes through

EW)

i
/ lhv (89)

FU) —— GW)

where the map hy : E(U) — F(U) is an isomorphism. Then the morphism of sheaves h : £ — G

factorizes through
7
—_—
p

where h : £ — F is an isomorphism of sheaves.

h

Q=<—™M

]_'

We can now turn to the proof of the our main results in this section.

Proof of Theorem 6.23. It remains to show that the morphism of sheaves i* factorizes through
the monomorphism p* as an isomorphism of sheaves 7*:
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5”’1

e ©0)

]:'n,l - 5 gn,l'
*

Indeed, evaluation of the pre-sheaves gnl Frl and g™ in diagram (90) on N, seen as an open
subset of itself, yields diagram (88).

As a consequence of Lemma 6.26, since gnl Frl and G"! are sheaves, it suffices to prove
that, for any contractible open subset U of N, there exists a group isomorphism i;; such that

HE (X p~ U1 vp'UD)

i .
/ llU (91)

QLU H"(K, R)y) ——— 2U(p~'U, H" (K, R))
P

U

commutes.

However, according to Corollary 3.19, the G-extension X, p*IU 1— Y.[ p’1 U] of the Cech
groupoid [ [; ; U;; NU = [ [; Ui NU of the contractible open manifold U has a refinement which
is isomorphic to a trivial G-extension. In other words, there exists a refinement U = | | V, of
the open covering | [;.; U; N U of p~'U together with a Morita equivalence

aeA

iel

UxG<—[[VepxG —— X [p~'U]

| |

U L1 Vap Yilp~'U]
[ I
U LI Ve pH(U).

Therefore, applying Lemma 6.22 to each Morita morphism, one obtains the commutative
diagram

(Y]
LU % G)[T] = UIB) <— HEAX[p~'Ul— Y.[p~'UD

o | ’

QU H" G, ) — == QB H"(G,9) = 27U, H"G,9)

n,l @ n,l
H (U xG),— U, — H,

hor

where, the restrictions of H" (IC, R) to contractible open sets have been identified with the trivial
vector bundles with fiber H" (G, g). Here (3) is an isomorphism by Lemma 6.9, (1) and (2)
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are isomorphisms by Theorem 6.9 and the injection (4) factorizes through the injection (5) to
yield py;. Thus one obtains the commutative diagram (91). O

We can now state the main corollary of this result.
Corollary 6.27. Any groupoid G -extension of a Cech groupoid admits a connection.

Proof. It suffices to prove that the obstruction class [obs] of any groupoid G-extension of a
Cech groupoid vanishes. Since the vanishing of [obs] is preserved under Morita equivalence,
we can assume that (U;);es is a good open covering and X =~ ]—[11 Uij x G, Y1 ~ ]_[U Uij.
In particular KL >~ [ [; U; x G is the trivial group bundle. Consider the g-valued 1-form on X
given by 6 = p36g, where py : [ ]; ;Uij x G — G is the projection onto the second component
and O¢ is the right Maurer—Cartan form on the Lie group G. Since 6 satisfies Eq. (76), we
have [obs] = [0¥0]. Moreover, by construction, one has i*[obs] = i*[0¥ 0] = [005] = 0, where
i*: (X —Y,)—> H> l(IC. — M,) is the restriction map. By Theorem 6.23, i* is injective.

hor hor .
Hence the obstruction class [obs] vanishes. O

Note that for bundle gerbes, the existence of connections was proved by Murray [42]. Another
consequence of Theorem 6.23 is the following

Corollary 6.28. Let X, 2, Y, be a Lie groupoid G-extension X1 — ]_[ Uij = ]_[ Ujofa Cech
groupoid ]_[l] Uij = ]_[ U; associated to an open covering (U;) jey ofa manlfold N Assume

that « is a right connection 1-form with Ehresmann curvature o € .Qz(X 1, t*R).

1. The class of w in th 2(X — Y,) is zero if, and only if, the band is flat.

2. If N is simply connected and [w] vanishes in Hh (X — Y,), then the band is trivial. And
therefore the extension is central.

Proof 1. According to Corollary 5.16, the band is flat if, and only if, [@*]1 =0 in
(IC — M,) or, equivalently, if, and only if, [w] = O in Hhor (X, — Y,) since
hor (IC — M, — thof(X, — Y,) is injective.

2 The band can be identified with an Out(G)-principal bundle over N. Hence, since N is
simply connected, it must be trivial if it is flat. O

hor
l

6.7. Flat gerbes

First of all, we introduce the following definition which generalizes the same notion in the
case of abelian gerbes [8,17,29,42].

Definition 6.29. Given a Lie groupoid extension X 2y | = M, and a right connection 1-form
o € 21 (X1, t*R) with Ehresmann curvature o € 2%2(X 1, t*f),

1. a curving is a two-form B € 22%(M, R) such that 8™ B = w;

2. and given (o, B), 2 =d'B € 23(M, R) is called the 3-curvature of («, B), where
dv : Q2°(M,R) — 2°7'(M, R) is the exterior covariant derivative with respect to the in-
duced connection V on the Lie algebra bundle & — M as in Section 4.5.
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Proposition 6.30.

1. Given a Lie groupoid extension X LN Y1 = M, and a right connection 1-form o €
2Y(X,, t*R) with Ehresmann curvature o € 2%(X1,t*8), a curving exists if, and only if,
[w] € HIL;?(X, — Y,) vanishes.

2. If Xy LN Y1 = M is the groupoid extension of a Cech groupoid, then a curving exists, if and
only if, the band is flat.

Proof. The first assertion is straightforward. And the second follows from the first and Corol-
lary 6.28. O

Remark 6.31. The above proposition indicates that the existence of both connections and curv-
ings on a G-gerbe over a manifold would force it to be close to being a G-bound gerbe (or an
abelian gerbe).

The following lemma will be useful. We denote by Ad, -1 the isomorphism I (s*& — M) =
I'(t*& — M) obtained by mapping a section o € I"'(s*& — M) to the section x — Ad, -1 0(x)
in ("R — M).

Lemma 6.32. For any n € 2X(M, 8), we have
(@¥'0> —8%d")n = [, Ad,-1 s*].

Proof. Since V! is the pullback of V via t, one has (dvtt* — t*dv)n = 0. Therefore, it suffices
to prove the following relation

(@¥ Ad,-1 8" — Ad,—1 5"y = [&, Ad -1 s™7]. (92)
The latter is equivalent to:
Vi Ad 180 — Ad, -1 8V 0 = [a(u), Ad, -1 5¥0 ], Yu e T X, 93)

where o is any local section of & — M in a neighborhood of s(x).
If u = £ is vertical, then

d
VEAd,1s*0 = atl Ad(y exp(rey-1 870 =€, Ad, -1 8¥0] = [a(u), Ad,-1 8% ].

T=
Hence Eq. (93) holds.

On the other hand, if u € H, is horizontal, and X € X(X;) is a horizontal vector field
through u, then according to Eq. (47), we have V,ﬁ (Ad,-15*0) =a([X, (Ad,-1 s*0)"])|x. Since
(Ad,-18*0)> =s*0< and o = Ad, 1 -8, we have VL(Ad, 1 s%0) = Ad, -1 -B([X,s*0 7).
According to Eq. (48), we have V! (Ad, 1s*0) = Ad,1(V3(s*0)) = Ad, 1 §*Vs,,0. Eq. (93)
thus holds in this case. This concludes the proof. O

Let Z(R) — M be the subbundle of & — M defined in Remark 5.19. We have the following:
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Theorem 6.33. Assume that X 2, Y1 =2 M is a Lie groupoid extension with connection and
curving. Let 2 € [23(M, R) be the corresponding 3-curvature. Then S2 € [23(M, Z(R)). More-
over, we have

dv2 =0, "R =0. (94)

Proof. Denote the curving by B € 2%(M, ). When being restricted to the group bundle
K &> M, the relation 9% B = w yields that 7*B — Ad; -1 7*B = (), Yk € K. Differentiating
this relation with respect to k at the identity, and using Eq. (70), one obtains that

—adB =a)ﬁ. (95)

Recall that ® € £22(M, End(R)) is the curvature of the covariant derivative on the Lie algebra
bundle & — M. By the Bianchi identity, the relation d" w® = 0 holds. We therefore have

0=d"o®=—dvadp =—ad;vy =—adg.

As a consequence, the 3-curvature takes its values in the subbundle Z(K) — M.

We have dV2 = (dV)?B = —o®(B) = —adp(B) = —[B, B] = 0 since B is a 2-form.
According to Eq. (95), the Bianchi identity (52) reads dV'a™ B + [, 3 B] = —adpp (o) =
[a, t* B]. The latter is equivalent to dvV'a> B — [o, Ad,—1 s*B] = 0. According to Lemma 6.32,
we have 9™ £2 = 8> dV B = 0. This concludes the proof. O

Definition 6.34. A Lie groupoid extension X 2, Y1 = M is called flat if there exists a right
connection 1-form € 2' (X1, t*R), a curving B € 2%(M, R) such that the induced connection
on the group bundle K &> M is flat, and the 3-curvature £2 vanishes.

Recall that, from Corollary 5.16, the band is flat if, and only if, [0"] =0 in HL> (K, — M.).
Hence when a Lie groupoid extension is flat, its band must be flat. In fact, requiring the band to
be flat is slightly weaker than requiring the group bundle X ©> M to be flat.

The following proposition is obvious.

Proposition 6.35. Given a connection on a Lie groupoid G-extension X | Py 1 =2 M, where M
is a disjoint union of contractible manifolds, the following are equivalent:

o the group bundle is flat, i.e. o = 0;
o there exists a trivialization x : K~ M x G such that F; =0 forall g € G.

Let X 2, Y| = M be a G-extension with kernel X Z> M. Denote by Z(K) Z> M its bundle
of centers. Assume that G is a connected Lie group with compact center Z(G), i.e. Z(G) is
isomorphic to a torus. Hence the automorphism group Aut(Z(G)) is discrete. It thus follows
that, for any connection on the extension X; — ¥Y; == M, the induced connection on the kernel
K 2> M defines a flat connection on the subgroup bundle Z (k) 2 M. Therefore, the induced
connection on the Lie algebra bundle Z(R) — M is also flat, which implies that its pullback
connection on t*Z(R) — (n € N) is flat as well. By
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D : QXY ' Z(R)) — 2K (¥,, ' Z(®)),

we denote its exterior covariant differential.
It is simple to see that the adjoint action of X| = M on & — M induces an action of Y1 = M
on Z(K) — M. Thus we have a differential

3: 25V, ' Z(R)) > 25 (Yoq1, t* Z(R)). (96)
Lemma 6.36. The following relations hold:
32 =0, D*=0, (3, D] =0.

Proof. The first relation is a general fact for any Lie groupoid representation. Let us prove the
second one.

Since the fibers of Z(K) — M are tori, for any m € M, the inverse image of the exponential
map exp : Z(R),, — Z(K),, of the identity element in Z(K),, is a lattice L,,, C Z(K),, of max-
imal rank. This lattice is smooth, i.e. it is generated by smooth sections. The identity section in
Z(K) — M is horizontal and by Lemma 4.6, a section of Z(K&) — M is horizontal if, and only
if, its image under the exponential map is horizontal. Hence it follows that any smooth section of
the lattice L — M is horizontal. As a consequence, the pullback t*/ of a section / of the lattice
L is a parallel section of t*Z(8) — Y,,.

This fact allows us to give an explicit local expression of D with the help of sections of
the lattice L — M as follows. Choose 1, ..., l; local smooth generators of the lattice L — M
on some open set U C M. Any w € 2™ (t~1(U), t*Z(R)) can then be written uniquely as w =
Zle w; ® t*l; (where wy, ..., w; are m-forms on t_l(U) and t*/; denotes the pullback of /;
through t, for all i € {1, ..., k}). Hence, the covariant differential of w is given by

k
Do = Z(da)i) QR t*l;, 97)
i=1

where d stands for the usual de Rham differential. Hence it follows that D? = 0.

Next we give an explicit expression of d with the help of sections of the lattice L — M.
Consider any point (yy, ..., y,) € ¥,. Let ({1, ..., Iy) be smooth generators of the lattice L in a
neighborhood U of t(y,) and li, e l,’( smooth generators in a neighborhood V of s(y,). The
adjoint action of any y € s~lavynt! (U) C Y1 must preserve the lattice L. That is, for any
I € Lg(y), we have (Ady)’ll € Ly(y). As a consequence, there exists a matrix (Ma])/;’j:1 with
constant integral coefficients such that, on s~ (V) Nt~ 1(U), Ady- l} = 21;:1 M;1;. Taking the
pullback under t, one obtains that

k
Ad it = ZML{ t*1;. (98)

a=1

The restrictions of w € 2™ (Y, t*Z(R)) to t~1(U) and t~!(V), can be written in an unique way
asw = ZI;-:] w;j®t*ljand w = Zﬁ:] a)’/ ® t*1’., respectively, where w1, . .., wx € 2"t~ 1(U))
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and w),..., 0! € ™t~ (V)). By the definition of 3, for any (yi,...,y,) € ¥, with y, €
s~ (V) Nt~ (U), we have:

n—1
do = Z(-l)" (&) @+ (=1)" Ad; ! (e7) @
i =0

n—1 k k

=Y D EDHEN 0 L + (1) Y_(en) o @ Ady €

=S D () w0 O+ (DY S MY (e)) W @ . ©9)
i=0 j=1 j=la=1

The relation [9, D] = 0 thus follows immediately from Eqgs. (97)-(99) together with the fact that
the de Rham differential commutes with the pullback maps (e')* for all i € {0,...,n}. O

If Y1 =% M is a Cech groupoid associated to an open covering of a manifold N, the Lie
algebra bundle Z(R) — M over Y1 = M corresponds to a Lie algebra bundle over N, denoted
by Z(R&)y — N.

Lemma 6.37. Assume that Y1 = M is a Cech groupoid associated to an open covering of a
manifold N. Then the cohomology of the cochain complex (96) is given by

QKIN,Z(®)y), n=0,

100
0, n>0. (100)

H" (Y., ' Z(8),9) = {

Proof. Y| = M is Morita equivalent to N = N, and under this Morita equivalence, the module
Z(R) — M over Y1 = M becomes the trivial one Z(K)y — N. Thus the conclusion follows
from a general fact regarding groupoid cohomology of Morita equivalent groupoids [20]. O

Now we are ready to state the main result of this section.

Theorem 6.38. Let X 2, Y1 = M be a G-extension with kernel IC LN M, and ¢ € 21 (X1, t*R)
a right connection 1-form with Ehresmann curvature o € 2*(X1, t*&). Assume that =0, ie.

the group bundle K 2 Mis flat. Then

1. w is valued in the center t*Z(R), i.e. w € 2%(X1,t*Z(R));
2. d¥'w=0;
3. there exists an n € 2%(Y1, t*Z(R)) such that ¢*n = w, and satisfies

an=0, Dn=0;
4. if Y1 = M is the Cech groupoid associated to an open cover of a manifold N, then there

exists a curving B € Q2%(M, Z(R)), and the 3-curvature §2 descends to a 3-form 2y in
Q23(N, Z(R)N) such that 72y = 2, where w : M — N is the projection.
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Proof. 1. According to Eq. (71), if X =0, then §xcw = 0. Hence w must take its values in the
center of the Lie algebra {.

2. This follows from 1. and the Bianchi identity (52).

3. One needs to prove that w is basic with respect to the right action of K. Note that w is a
horizontal 2-form according to Proposition 6.2. For any x € X and k € Ky(y), let o be any local
section of I — M through k. For any v; € T, X1, i = 1, 2, the elements u; = 0 - S, (v;) and v;,
i = 1,2 are composable in the tangent groupoid TX| = T M, and u; - v; = (Ry)sui, i = 1,2.
Then the relation 3~ w = 0 implies that

Ol (Re) 1, (Re)s2) = @l (11 - 01, u2 - 12) = 0l (1, u2) + Adg ol (v, v2)

= 0)|x(v], U2)5

where, in the second equality, we used the assumption that o/ = 0. Thus it follows that w is
basic. Hence there exists an 1 € £22(Y1, t*Z(R)) such that w = ¢* 1.

Since the groupoid morphism ¢ : X, — Y, commutes with their actions on Z(R) LYY , it
follows that ¢*3 = 0™ ¢*. Thus we have 9n = 0 by Eq. (53). On the other hand, we have 0 =
dV'o = dvtd)*n = ¢* Dn. It thus follows that Dn = 0.

4. This follows from 3. together with Lemma 6.37. O

Remark 6.39. It would be interesting to compare our definition of curving and 3-curvature with
the one defined by Breen and Messing [14]. It is clear that our definition reduces to the standard
one in [29,42] for bundle gerbes.

6.8. Connections on G-central extensions

We now study connections and curvings on Lie groupoid G-central extensions. By Theo-

rem 3.12, to any central G-extension X £> Y1 = M corresponds a Z(G)-central extension
X| — Y] = M so that

NX[XG
1= 7(G) s

(101)

where Z(G) actson X| x G diagonally: (X, g) - h = (Xhy(x). h~'g), Vh € Z(G). Recall that X,
is a G-G principal bibundle, where the actions are given, respectively, by

g‘[xvg/]z[xvgg/]v [x,g’]g:[x,g’g].

Denote by 77 : X| x G — X the quotient map, by pry (X1 xG— X, and pr, : X1 xG—G
the projections. Also, denote by 7 : X 1 — X1, the embedding defined by x — 7 (x, 1).

The following result describes the precise relation between connections on these extensions.
Note that in this case 2™ (X, t*R) (resp. 2™ (X, t*Z(RK))) can be naturally identified with the
space of g (resp. Z(g))-valued m-forms on X,,. Denote by 6 the left Maurer—Cartan form on G.

Theorem 6.40. For a groupoid central G-extension X 2, Y1 = M, there is a one—one corre-
spondence between right connection 1-forms a € 2'(X1, g) which are also right principal G-
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bundle connections, and connections & € 2" ()N( 1, Z(@)) of the groupoid central Z(G)-extension
55y =M

Proof. Assume that o € 2'(X1, g) is a connection 1-form for the right principal G-bundle
X1 — Y. It is simple to see that t*a must be Z(g)-valued and & = t¥a € (X, Z(g)) is
a connection 1-form for the Z(G)-principal bundle X, — Y. Conversely, given a connection 1-
form & € 21(X, Z(g)) for the Z(G)-principal bundle X — Y1, pria+pr; 0 € 21X xG, 9)
is basic with respect to the diagonal Z(G)-action. Hence it defines a 1-form « € 2y x,, @) such
that 7 *a = prj @ + pr} 6. It is simple to check directly that « is a connection 1-form for the right
principal G-bundle X; — Y;.
Now we have

79 % =0 (pr{ & + pr3 0) = pr; 9 a + pr5 376 = pr} 9 a,

since 0 is a left Maurer—Cartan form. Hence it follows that 8 <« = 0 if, and only if, 9@ = 0.
Therefore the conclusion follows. O

We end this section with the following important
Corollary 6.41.

1. There is a one—one correspondence between connections o on the central G-extension X1 —
Y1 = M such that for all g € G, M x {g} is horizontal, and connections & on the central
Z(G)-extension )f] —-Y =M.

2. The form B € 2*(M, Z(g)) is a curving for o if. and only if, it is a curving for &. In this
case, their 3-curvatures coincide.

3. There is a one—one correspondence between flat central G-extensions X1 — Y1 = M such
that for all g € G, M x {g} is horizontal, and flat central Z(G)-extensions X1 — Y1 = M.
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