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INTRODUCTION

Inequalities involving the absolute moments, v,, of a probability
distribution have a long and honourable history dating (at least) back to
Laplace 1] in 1810 and Gauss [2] in 1821. For example, Gauss stated the
inequality 5v,>9v2 in 1821; this is a special case of the so-called
Gauss—Winckler inequality [(n + 1w,]"" < [(r+ 1)v,]"/" first stated by
Winckler [3] in 1866 (with a false proof). Laplace dealt with a probability
distribution function @ corresponding to a mass (1) on [0, a] =1 with Q(x)
concave on I, and proved that v, < (3)a’. Extensive generalizations of this
inequality were given by Winckler and seem to have been ignored since,
although some special cases appear in the 1950 monograph of Fréchet [10].

In this paper, which is of a semi-historical nature, we deal with a large
number of such inequalities from a more modern point of view. We correct,
resurrect, or extend these inequalities and present a few new ones. In this
introductory section we shall give an outline of what appears in subsequent
sections. To this end, let F: R — [0, 1] be a proability distribution function,
let a € R, and set

v=[ Ix—al' dF(x),  PE)=Pr(X—a|>x), Q(x)=1—Px).

In Sections 1-4 we give Cebysev type inequalities of the form
P(x,) < A(r,v,, x,) giving upper bounds for P(x,). In particular Section 2
gives a correct proof of an inequality due to Camp [6], Section 3 does the
same for two inequalities of von Mises [8], and Section 4 gives a comparison
of these results when both apply. (In most cases the upper bounds of von
Mises are better than that of Camp.) Special cases of von Mises’ bounds are
given in Section 5 for which it is also noted that the case r = 2 was given by
Gauss and the cases r > 1 by WincKkler.
In Section 6, which constitutes almost a third of the paper, we present
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versions of more than twenty inequalities of Winckler involving y,.(x)=
J317dQ() 0<x<a< ) and v, =y,(a). As examples of such inequalities.
in-case Q is concave on [0, a) we have

00, (28)

10> (14 1) ¥lew - ow)l i Q) >

r r l/n
1 1/n < ( )
[t + D] < r+1 \r—n

[(r+ 1w, )" O<n<r), (30)

LRS00 (> 0,0<x<a) (32)
n r n(n + 1)
-+ D) — 1+ D) + Dy w)
n(n+ 1) ren
< T CETESY) x"T"Q(x) (r,n,x>0), (34)
m(n + 1) x"g,(x) — n(m + 1) x"x,(x)

< (m—n) x""Q(x) (m>n>0,x2>0), 41)
(1 +%)%— (1 +%);—§<%—% (m>n >0, afinite). (43)

Moreover, if Q'(x) is continuous and nonincreasing on [0, a) then

(n+ D)x™y,(x) > (m+ 1) x"y,(x) (m>=n>0), (45)
(n+ l)(r—-m)%+ (r+ 1)(m—n)%
> (m + 1)(r—n);—',"', (m>n>0,r>m+n,a finite). (48)

The special case r=2, x=a (so y,(x)=v,) of (28) was stated in 1821 by
Gauss, as well as a corresponding inequality for the case Q(x,) <
(r/(r + 1)) Q(x), also for r =2, x = a. Inequality (30) is what was proved
(correctly) by Winckler. By an incorrect modification of the proof he also
“obtained” the improved Gauss—Winckler inequality, which is (30) with the
factor {...} replaced by 1.
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The case x=a, r=2 of (32) gives the Laplace inequality mentioned
above. In case 0 < a < o0, inequalities of the form (34), (41), (45) yield
corresponding inequalities involving the absolute moments v,,v,, etc., on
setting x = «; in fact (43) follows from (41) in this way.

The first valid proof of the Gauss—Winckler inequality appears to be due
to Faber [7] in 1926. In Section 7 we give a modification of a proof of it by
von Mises |8] which makes use of Liapounov’s inequality; a short proof of
this latter inequality is also given in Section 7. The paper concludes by using
this same method of proof to give a powerful extension of the
Gauss—Winckler inequality, and an application of it to obtain the (probably)
new inequality

IFn+k+ DY (Tr+k+ 1)1 ©O<n<rk=12,.), (50)

involving the gamma function of analysis.

1

Let F:R—[0,1] be a probability distribution function and let a € R.
Then the rth absolute moment of F about a is defined by

v,=v,‘a=J |x — a|” dF(x), r>0. (1)

It will be more convenient to deal with the probabilities
Px)=Pr(X—al>2x), Q()=1-Px)=Pr(X—a|<x), (2)
than with F in what follows. In particular we note that
Q(x)=F(a+x)—F(a—x), x>0,

from which it follows that

f:’ X" dO(x)=v,. 3)

Note that Q(0) =0, Q(0)= 1 and Q is nondecreasing on [0, c0). We shall
give several inequalities relating v, and P(x,) under appropriate hypotheses
on Q. These results are essentially due to Gauss [2], Winckler [3], Camp
[6], and von Mises [9]. We shall first deal with the inequalities of Camp and
von Mises since those of Winckler and Gauss then follow as special cases.
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2. CAMP’s INEQUALITY

Suppose that x,>0, r>0, p>1, k=p(l+(1/r), and x, = px,. If
Q'(x) exists and is nonincreasing on the interval |x,, kx,|, then

(p—1)(r+1) (v, L

T 0o+ D+ iy I T ponrrni @

P(x,) <

To prove (4), we shall use the following lemma, also due to Camp [6].

LEMMA. Let P be nonincreasing on |x,, kx,| with P'(x) nondecreasing
on this interval, where x> 0, k = p(1 + (1/r)) with p> 1, r > 0. Let y(x) =
P(x,) + m(x — x,) be the equation of the secant line to the graph of P
through the points (x,, P(x,)) and (x,, P(x,)), where x, = px,. Then

-kxp -kxo
| X T'Px)dx> | x"'p(x)dx. (5)
L Je

We first use (5) to prove (4) where P, Q are related by (2), noting that the

hypotheses on P are implied by those on Q. To this end, we have

X d(1—P)=~| x"dP

X Xo

v,=|'°0x'd(1—1>)>|

=xjP(x,) + 7 ] X" 'P(x) dx,
o
since X"P(X)=X"{Fd(1l —P)< [P x"d(1 —P)=[Fx"dQ—0, as X - o.
Hence,

-kx hx
v, 2= xoP(x,) + rJ e 'P(x) dx > x{P(xy) + 1 ‘ ’ x"yp(x)dx,
Xg Y Xo
using the lemma. Using m = [P(x,) — P(x,)]/(p — 1)x,, this eventually
reduces to

P, L+ (p= D+ Dp"(1+ (1)

KN Ay e R TENE) (-
L L+ (p— D)0+ DL+ (/0|

>x°? (p—l)(r+l)+P(x‘) (p—D(r+1) {

from which (4) follows.

Proof of Lemma. Let z(x)=P(x,) + P'(x,)(x — x,) be the equation of
the tangent line to the graph of P at the point (x,, P(x,)). Since P’ is
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nondecreasing we have P(x) > z(x) on |x,, kx,], so that (5) will follow if we
can show that

kxg kxo
( x"‘z(x)dx}‘ X" y(x) dx. 6)

Using the preceding computation,

r kaox"'y(x) dx = x|, 3—[1 +

Y xg

1
TR 1)]”"")

Lt (p= D)+ DA+ )
* -Dr+D Plxg -

A similar computation gives

~kxgo
r ‘ x"'z(x) dx = x})
o

[p"(1 + (1/r))" — 1] P(x,)

+ (p _T—irTT> xOP’(xl)s .

From this we see after further reduction that (6) is equivalent to

Px)—Px)) r(p—D+p _,,  rp—1+p
xX(p—1) r+1 <P r+1

"

or by the mean value theorem, to
P'(X) < P'(x)), where x,< X <x,= px,.

Since P’ is nondecreasing, the result follows.

Remark 1. 1t is easy to see that equality is attained in (4) for the case
that Q(x)=0 for 0<x<x,, Qx)=1 for x>kx,, and Q(x)=
(x—xg)/(k—1)x, for x,<x<kx,. In this case of course,
P(x)= y(x) = z(x) in the lemma, and P(x,)= 1.

Remark 2. In [6], a different notation was used from that used here. The
proof of (6) given in [6] does not appear to be valid. Moreover in [6] only
the special case that F(x) = |~ _ f(f) dt was considered, where F had mean
value 0, and it was assumed that f(x) was a monotonic decreasing function
of |x| for |x| > x,. Taking @ =0 in the preceding, Q'(x) = f(x) — f(—x) is
thus nonincreasing for x > x, as required.
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Remark 3. In case Q'(x) exists and is nonincreasing for x > 0, we may
set X, =c0, x; = Ao, p=24/c in (4) and let c-+ 0 to obtain

P(Aa) <v/|Aa(l + (1/r)]", (7)

precisely as in Camp [6]. As noted there. this is an improvement of
Pearson’s inequality [5].

Remark 4. Note that the case x, > 0 allows one to handle the case of a
bimodal distribution F corresponding to a continuous probability density
function f having maxima at x =a + x,.

3. VoN MISES’ INEQUALITY [9]

Under the assumptions of Section 1, we now weaken somewhat the
hypotheses on Q. Here we only assume that there are three values x,, x,, z,
with 0< xy < x, < 2z, such that the graph of Q(x) for x> x, always lies
under the line D passing through the two points (x,,Q,) and (z, 1), where
Q.= Q(x,). That is, we assume

o<, + —<
zZ—x,

(x—x)  Jor x2>x,. (8)
Then

P(x)=1-Q(x) <5, ©)

where c is the unique solution (c > x,) of the equation

r+1
0

CY’

+rc=(r+ l)x,. (10)

Moreover, if

rel
(r+ 1, <=5+ re, (11)

where a is the unique solution (a > x,) of the equation

att = xgtt=(r + v la—x), (12)
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then

a—XxX
P(x,) < .

(13)

a—x,

Movreover, when (11) holds, the estimate (13) is always better than (9), while
if (12) has a solution a > x,, which does not satisfy (11), then (9) is better
than (13).

To prove (9), let Q, be the distribution function with Q,(x) =0 for x < 0,
Oox)=0(x,) for 0<x<xy, Gopx)=1 for x>z, and Qylx)=
Q.+ —=Q)x—x,)(z—x,)"" for x,<x <z Then

Xo
b=v(Q)> | X dO+v,(Q0), (14)
0
where v,(Q,) denotes the rth moment about O of the distribution @,. For,

v, =j:0 x"dQ + J.Z x"dQ + JZOO x"dQ,

X0

~Z

> (" xrd +270() ~ *10) dx| + 271 — 0@)],

X5 Q(x) + 7

Xg

4

> [ x7dQ ~ x5 Qule) 47| X Qu(x) x| +2°042),

X0

= ["x 0 + .00

where we have only used the fact that Q is nondecreasing on {z, c0), and
—Q(x) > —Q,(x) for x, < x € z. It is easy to see that equality holds in (14) if
and only if Q(x)= Q,{x) for x > x,, and that v.(Q) =v,(Q,) if and only if
g= .

From (14), it follows that

z l_Q I_Q zr+l_x6+1
Vv > r ld = 1
,/Lox z—x, * zZ—x, r+1
or
zZ—x
Px))=1-Q, <+ 1,51 (15)
V4 _‘XO

Now (15) is satisfied for some z > x,, by hypothesis. On the other hand, the
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right side of (15) assumes its maximum value for z > x, when its derivative
with respect to z has the value O, that is, when z = ¢, where

= xptt=(r+ D ef(e— x)) c>x. (10)

or where c¢ satisfies (10). Moreover this maximum value is found to be equal
to v, /c’, proving (9).
We note that the function g defined by

gx)=xi x4+ rx, X2 x,.

has g(x,) = rx, + xo(xo/x,)" < (r+ Dx,, and g'(x)=r[l —(x,/x)""'| >0
for x > x,, so that since g(x) - oo, as x — oo, Eq. (10) has a unique solution
c>X.

For the second part, we observe that since Q(x,) > 0, the slope of the line
D cannot exceed that of the line D, passing through the points (x,.0),
(x,, Q,), so that z necessarily satisfies

or

z>x0+—Q_'—Ezo. (16)
1

If the value z=c given by (10) is >z,, then the distribution Q,(x)
corresponding to this value of z is admissible, and for it the equality sign
holds in (14)—with Q = Q,—and in (15)—with z = c—hence also in (9).
Thus (9) is “best possible” in this case. On the other hand, suppose the
solution ¢ of (10) is less than z,. Then the admissible values of the right side
of (15), that is, values for z >> z,, are all less than or equal to its value for
z =1z, since h(z) = (z — x,)/(z"*" — x{*!) is strictly decreasing for z > c. In
this case we have
Zog— X

P(x,)é(r#—l)vrMP (17)

From (16),

Zo— X1 _ 1 -0, =P,

Zg —Xp

whence (17) can be written as

26+l —X5+l
<(r+ Dy, (18)
Zg—Xo
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Since both k,(x)=(x"*'—x}*")/(x — x,) and k,(x)= (x — x,)/(x — x,) are
increasing functions for x > x, and x > x,, respectively, it follows from (12)
and (18) that z, < a, and hence that

—X, _ a-—x,

Z
P(xl): . < ’
Zo— Xy a— X,

proving (13) under the assumption ¢ < z,. Inequality (13) is also “‘best

possible” in this case because equality holds in (17) for the distribution

Q = Q,, corresponding to the line D, for which z = z,,, and a = z,.
However, as noted by Fréchet [10, p. 161], the condition

X —Xq

€<Zy=X,t+ ) (19)

Q
involves the very quantity Q, which is being estimated. Suppose now that «
satisfies the condition (11). Since g(x)=x,"'x "+ rx is increasing for
X > Xy, it follows from (10) that ¢ < a. Now if P(x,) > (¢ — x,)/(c — x,) then
it follows from P(x,) = (z, — x,)/(zo — Xx,) that z, > ¢, and so (13) holds as
proved above. If P(x,) < (¢ —x,)/(c — x,) then since ¢ < a, it follows that

c—x, a—x,

P(x,) < .
(')\c—x0 a—x,

so (13) again holds. Thus (13) holds whenever a satisfies (11). Moreover, in
this case (¢ < a) the estimate (13) is always better than the estimate (9). For,
¢ < a together with (12) and (10') implies

a—Xx, a—x c—x v,
—x, (r+ l)vrm <(r+ I)Vrm:;;- (20)

We observe that it is impossible to have both ¢ < a and z,< ¢ for the
distribution @ = @, corresponding to the line D with z = ¢, since if this were
the case we would then have

v,  a—x,

Px)=—]> .
() =7 x

the equality sign holding since z, < ¢ (as noted after (16)), and the inequality
sign holding by (20) since ¢ < a. We thus have a contradiction since (13)
holds when ¢ < a.

Similarly, if Eq. (12) has a solution a > x, such that (11) does not hold,
then

r+1
0

ar

gla)= +ra< (r+ x, = g(c)



444 PAUL R. BEESACK

implies that a < ¢, and so (20) holds with < replaced by >. Thus (9) is
better than (13) in this case.

Remark 1. Condition (11) is equivalent to the condition ¢ < a. as noted
above, and can be applied without computing c. In general, the situation with
regard to the solutions a of (12) is as follows: either (12) has no solution
a > x, (this holds if xj > v, clearly), or has a solution a, with x, <« < x,
(this holds if x; < v, < (x]+ --- + x)/(r + 1)), and in both cases, (9) is our
only estimate; or (12) has a solution a, with x; < a. In this latter case, either
(11) holds, in which case ¢ < a and (13) is a better estimate than (9), or
a < c and (9) is better than (13).

Remark?2. Von Mises [9] gave a geometric “proof” of the basic
inequality (14). In his book, Fréchet [10, p. 159]—who must have remained
unconvinced by von Mises’ proof—altered the argument somewhat. and
claimed that

[ xdQ>| xdg,

“xg Xg

which would be enough to prove (14). Fréchet’s “proof” was also geometric.
Unfortunately, the last inequality is false in general as can be seen by taking
x,=0, x, =1, Q(x):xl/2 for 0<x<1, Qyx)=0Q, +Qilx— 3=
(1/2V2) + (x/v/2), 50 z=3/(2\/2),and r > 4.

4. COMPARISON OF BouNDs oF CAMP AND VON MISES

First we note that if Camp’s hypothesis, that Q'(x) is nonincreasing on
[xq, kx,], is satisfied then taking Q,(x)=Q, + Qi(x —x,) we see that
z=x,+ P(x,)(Q})~". Hence von Mises’ hypothesis will be satisfied if and
only if x, +P(Q)) " <kx,=px,(1+(1/r)), which reduces to P, <
px,Q@,r '. This not only involves the quantity P, = P(x,) to be estimated,
but in general will not be satisfied for large r. Hence in order that both
estimates apply we shall assume that Q'(x) is nonincreasing on [x,, o), and
that x, > 0. (The useful case x, =0 is excluded in Camp’s estimate.)

We now show that when Eq. (12) has a solution a > c, then the von Mises
estimate (13) is better than the estimate (4) of Camp, that is
a—x; - px,

Vl
a— X, a—Xx,

(p— D +1) A B
ST -0+ 07+ ) x5 (- Dir+ D

Moreover, equality can hold only if a = pxy(1 + (1/r)).

C,.
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Writing (a — px,)/(@ — x,) =1 — [(p — 1)x,/(a — x,)], and using the fact
that

r r+1

a+1_x0

- Ty
(r+D@—x) '
by (12), it is easy to verify that ¥, < C, if and only if

r

r+1p (1 +%)rax6 <atl'4xit'p(r+1)p” (1 +%) ’
or
G(x):x’“—(x—pxo)x(’,(r+l)p’<l+%>r>0 for x=a.
Now G(px,) = (px,) "' > 0, while
G'x)=(r+1) [x’—x(’,p’<1+%)r], G'(px,) <0,

and G"(x)> 0 for all x> 0. Moreover G'(x)=0 for x = px,(1+ (1/r)),
while G(px,(1 + (1/r)))=0. It follows that G(x)> 0 for all x > px,, with
strict inequality unless x = px,(1 + (1/r)). Since a > ¢ > x, = px,, this
proves the assertion.

For example, for the standard normal distribution N(x;0, 1), we take
a=0 in Sectionl, and r=1, x,=0.5, p=1.2, so x,=0.6. One finds
a = 1.09577, that (11) is satisfied, and ¥, =0.83215, C, =0.83587. Since
(14 (1/r)) px,= 1.2, is close to a, one would expect V', C, to be close,
from the above analysis. In this case, v, =/2/n=0.7978846,
¢=10.9316625, and the larger estimate, v,/c =0.85641; from tables, the
actual value of P(x,) is 0.5485.

In case a < ¢, or even more generally, the estimate (4) of Camp is only
sometimes better than the estimate (9) of von Mises. Consider the simple
case r = |, when the oounds (4), (9), respectively, are

__Mpml g U
L+4p(p—1) lx,  2(p—1}’ ¢’

2
where ¢? — 2px, + x2=0, so c=(p+ /> — 1)x,. The condition C, <V,
becomes

2Ap—-1) v, 1 < 1 v
L+4p(p—1) x,  14+4p(p—1) " py\/p"—1 X0
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Since

1 S I 2(p—1) 2(p—1)
p+\/p—1 2p 4p(p—1) " L+4dp(p—1)

for all p > 1, we see that C, < V, holds for large p. However, if v, < x,,. then
V, < C, holds for p near 1. We note that in this case. a = 2v, — x,, whence
a < ¢ holds precisely when v, < $(p+ 1+ v/p” — I)x,. The latter condition
also holds for large p so that Camp’s estimate (4) is better than the better of
von Mises’ estimates for large p, when r=1.

For general r, we again denote the estimates (4) and (9) by C, and V,.
Computation shows that C, < V, if and only if

v, :x(’,+(p— (r+1) [x{,p’ (l +%)r—c’]z > xpc’, (21)

where ¢ is the unique solution (¢ > x, = px,) of Eq. (10), that is, of
gley=xi""x""+re=(r+1) px,.

Since g(pxo(l + (1/r))) > (r + 1) px,, it follows that ¢ < px,(1 + (1/r)) so
the term in square brackets in (21) is positive. Unfortunately, ¢ is a function
of both r and p, and I have found no simple condition that will assure (21).
One can show that (1 + (8/r)) px, < e(<(1 + (1/r)) px,) if B € {0, 1) is such
that

1 rel
W<(1—ﬂ)l? ,

which is clearly satisfied for any p > 1 and all large r, or any r > 0 and all
large p. Replacing v,/c" by v./[(1 + (8/r)) px,|” we see that C, < V, if

st (1= (8] 0

and this is clearly true for fixed » > 0 and all large p.

As a first example with a < ¢, we use the standard normal distribution and
take r=1, x,=1, p=2, so x,=2. One finds a < 0.6 <c=2+ /3, and
C,=0.15269, V,=0.21379, so (4) is better than (9) in this case. The actual
value of P(x,) is 0.0445.

On the other hand, also using the standard normal distribution, with r = 2,
Xo=1,p=2,s0x,=2,v,=1,we find a=1 < c=2.9422. Now, C, =% =
0.142857, V, =0.115519, so (9) is better than (4). The actual value of P(x,)
is still 0.0455. Note that both estimates with r = 2 are better than those with
r=1.
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5. THE CASE x,=0: INEQUALITIES OF GAUSS AND WINCKLER

Von Mises’ results are much simpler in the case x,=0. Here the
hypothesis is that for numbers x,, z (0 < x, < z), the graph of @(x) for x >0
lies under the line D, passing through the two points (x,, @,) and (z, 1),
where Q, = Q(x,). Stating only the better bound where applicable, (9) and
(13) reduce to

Px) <t f x>+ 1", (22)
(1 +(1/r)"x] Tt a
X
[(r+ Dy, ]

It is easy to verify that both the upper bounds in (22), (23) remain less than
unity for all > 0. In case x, = {r/(r + 1)}[(r + 1)v,]"", both upper bounds
reduce to 1/(1 + r).

The bounds (22), (23) for the case r=2 were given without proof by
Gauss |2, Art. 10]. For r > 1 these bounds were also given by Winckler [3.
Sect. 8], but under more restrictive hypotheses. See also Section 6. In
addition, the conditions given by Winckler for (22), (23) were that P(x,) <
1/(r + 1), P(x,) > 1/(r + 1), respectively. By (19) these are equivalent to the
conditions ¢ > z,, ¢ < z,, when x, =0, and so also follow from our analysis.
Additional special cases are given in Fréchet [10, 164-167].

Px)< 1 i ox <+ Dyl (23)

6. INEQUALITIES OF A. WINCKLER

In a paper published in 1866, Winckler [3] obtained a large number of
inequalities dealing with a probability distribution F derived from a
continuous probability density function ¢ which is unimodal and symmetric
on a bounded interval [—a, «], so that ¢(—x)= ¢(x), ¢ is decreasing on
[0,a], o(—a)=@(a) =0, and [°_ ¢ dx = 1. We shall restate some of these
results under the less restrictive hypotheses for F listed in Section 1, adding
additional hypotheses as required. In particular, we use the notation of
Section 1, except that now we assume F is defined on [a@ — a. a + «|. and Q
is defined and nondecreasing on [0, a], where 0 < a < 400, and

b, = J: ¢ dow),  Qa)= L. (24)

We also define

w)=[ rdow, 0<x<a (25)

409 98 2-10
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6.1

First we give Winckler's proof of (22), (23) under the hypotheses given in
Section 5. That is, we suppose that the graph of Q(¢) for 0 < ¢  x lies under
a straight line D, through the point (x,, Q(x,)), which we may assume has
an equation y = u + [Q(x,) — u|(¢/x,), where 0 < u < Q, = Q(x,). That is,

Q(x,) —u Q) —u
+T[, or t>6(—xl—)—_ux'

for 0 <t < x. It follows that

Q) <u

16 =] 1 dQ) > [ lew® -y doe

xj
[Q(x,) —u]

xq Q(x) ,
= mjﬂ (y—u) dy,

or

xi [QG)—u]™!
r+1 [Q(x)—ul”

Now let g(u)=(Q —u)"*'(Q, —u)~', and compute
g'w)=(Q—uw)(Q,—u) " "u—[(r+ 1)Q, —rQ]}
IfQ,<(r/(r+1)Q, g'(u) >0 for 0 <u<Q,, so g(u)> g(0), and thus

X (@)™

xr(x) > rr 1 W
If, however, (r/(r + 1))Q < @, (<Q), then g has an absolute minimum for
u=(r+1)Q,—rQ>0.Inthiscase Q —u=(r+1)(Q—Q,),and Q, —u =
r(Q — Q,), whence

x(x) 2> (0 <x, < x). (26)

/Qx)< oW @)

T 0(). (28)

2> (14 ) 500 - el ¥ Q) >

When x=a, Q(x)=1, x{x)=v,, and (27), (28) reduce to (23), (22),
respectively.
6.2
We may rewrite (27), (28) in the form
Q'(x1) - 1

0 (x)’ x1<(1—_}_(l/rT),Xr(x)[Q(x)—Q(xl)]‘ls

X1 < (r+ Dy, (x)
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whence if n > 0 also,

M0+ DB B Q) < 0
o X !

r
STy @ o 1T secem
If now we assume Q is concave on [0,x], then we may take D to be a
tangent line at (x,, Q(x,)) for each x, € |0, x]. Then the last inequalities
hold for 0<x, <x, r>0, n>0. Now integrate these inequalities with
respect to dQ(x;) over [0, x,(x)], [x,(x), x], respectively, where Q(x,(x))=
(r/(r + 1))Q(x), and add the corresponding integrals. A change of variables
y=Q(x,) in the integrals on the right side leads to the inequality

(4 Dxalx) )" ( r )”"s(r+1)x,(x) RS

| Q) Sr+l \r—n | 0O(x) ’

provided 0 < n < r, and Q is concave on {0, x]. For x = a this reduces to

[(n+ 1), ] < 3r+rl (r—r—n )”n£ [(r+ ,]'", O<n<r. (30)

Observe that the factor

r ro\Mn ro\" 1 \" n
( ) >1©(—>=(1— ) >1——.
r+1 \r—n r+1 r+1 r
If r > n> 1 the latter inequality follows from Bernoulli’s inequality, so that
the first factor on the right side of (30) is larger than 1 in this case. By
calculus one can show it exceeds 1 for 0 < n < r. In [3] Winckler used (26)
and a false argument to obtain (29) and (30) with this factor replaced by 1
when 1 n < r. The results are true and we shall later (Section 7) obtain
them using a different proof. (The argument in [3] was as follows: for each
X, € (0, x] we have an inequality of the form (26) when Q is concave on
[0, x], just as above; solve as above for x{, then x|, and integrate the
resulting inequality with respect to dQ(x,) over the interval [Q~'(u), x] and
finally set ¥ =0 to obtain the result. The falsity of the argument lies in the
fact that in (26), u is a function of x,—in fact u = Q(x,)—x,Q'(x,).)

6.3

In this subsection we give some generalizations of Winckler of earlier
inequalities of Laplace and Gauss. From now on we assume throughout that
Q is concave on [0, a], and nondecreasing with Q(0)=0, Q(a)=1, where
O0<a<g .
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In this case, if 0 < x, < x, with Q, = Q(x,), Q@ = Q(x). we have
0, .
Q(t)>Tt- 0<r<x,.
“*1

00>0+ 272 (—x)  x<i<x

Hence

1) = | rdow =" rdow+| ¢ dQu)

<X x__xl

\
" *to -0,

<[ (3) ewden +| 00—l dow,

o

and this reduces to

QO)(x" ! — X171 — xQ(x )(x" — x7)
(r+ Dx—x)

Xy

x(x) < (0<x,<x) (31)

valid for any r > 0. Taking limits as x, — x, or as x, - 0 we obtain

2,(%) < ilQ@L x>0.r>0, (32)

’
Moreover, if Q(a) =1, with a finite, then

ar+l __xr+l _aQ(x)(ar_xr)

< ) <x<a .
v, Tt Da—x 0<x<a,r>0 (33)

The inequality (33), for x =0, r =2, gives the result v, < a?/3, first proved
by Laplace [1] in 1810.
For additional results, rewrite (29) in the form

Q)" = x) < Q)" = X1 — (r + 1), (x)0x — x, )

multiply by x~'x{~', and integrate with respect to x, over [0,x]. An
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integration-by-parts of the integral on the left, and algebraic simplification
leads to the inequality

n(n+ 1)

(4 D x"00) = (1 4+ D ) + -

Xria(X)

n(n+1)
Sr4+mr+n+l)

x"TQ(x), (34)

valid for x >0, r > 0, n > 0. In particular, if Q(a) =1 with « finite, we may
take x = o above, so Q(x)=1. On division by a"*" we obtain

nn+1) {

(r+1) ——("+1) STrneEnr |

1—(r+n+1);'*"3,(35)

r+n‘

Sorr>0,n>0.
We may also rewrite (31) in the form

Q(x) LX)~ (r+ Dalx) x —x,

x x"—xt

Q(x)) <

Now muitiply by x} ' (# > 0) and again integrate over [0, x] to obtain after
some simplification,

xO(x) < (1 + 1) X"y ,(x)
+n(n+ D)[x""0(x) — (r + 1) x"x,(x)] A(n, r), (36)
where

—x)xi! -y
dxl:J0 s

A r)=x""" ‘J‘( fldn (37)

x"— x4

One could obtain additional inequalities from (36) by multiplying by x™ !

and integrating over [0, X], and so on. Instead, we observe that on
expanding (1 —¢")~"' and integrating, we obtain

°° 1

An,r)=

= (kr+n)}kr+n+1)

1 1 1
Tt ) i rnr D T T w1

for all n >0, r > 0. Moreover, if r > 1, A(n,r) > 1/(rn) for all n> 0, and
An, ry < 1/[r(n --r + 1)) for all n>r. In particular, since
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n(n+ 1)A{n,r) > 1 for n >0, r > 0, it follows that we may rewrite (36) in
the form

n+1 XAX) XX
X)) > ——— [Py R asi RN A .r> 0.
Q(x) AT D=1 | n(r+ = ol n>0.r>0.(38)
If Q(a) = 1. we obtain
i ey for n>0,r>0 (39)
—_—— - r ,r> 0. 3
priaiec N P or n ’

where A = A(n, r) is defined by (37). If r=1, A=n"", whence

2y, <vn+ n f n>0 40
g2 r )
a a" n+1 ° (49)

For n =1, (40) gives the same result as (32) for r=1. x=aq.
Note that (32) can be written in the form

jo ro(e) di < % (;0 r' dt) (jo o(t) dt) :

with ¢ nonincreasing on [0, x], and thus is an early special form of
Cebysev’s inequality. This approach was pushed somewhat further in [3],
but with only partial success. Instead of pursuing this, we return to (32). and
rewrite it in the form

(D[ 0 <xIOw). > 0,550

Multiply by x7' """ (m > n), and integrate over [0, x| to obtain

m-—n 1 m
(4 D2 )~ By ) < ) — ).

or after multiplication by m(m — n)x",
m(n+ 1) x"x,(x) — n(m + 1) x"y(x) < (m — n) x"*"Q(x),  (41)

valid for m>n >0, x > 0. Similarly we may multiply (41) by x"~""~!
(where r>m+n, m>n), integrate by parts, and then multiply by
r(r —m)(r — n)x™*" to obtain
mr(r—m)(n+ 1) x™ "y, (x) + ra(n — r)(im + 1} x" "y, (x)
+nm(m — n)(r + 1) x" 7y, (x) < (m — r)(r — n)(n — m) x"*"*"Q(x),

provided O <n<m,m+n<r. (42)
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If Q(a) = 1 with « finite, we may take x = « in (41), (42) and, dividing by
mn, and by r’m?n?, respectively, obtain

1+ )ﬁ—(1+i)"—"’<—_i if m>n>0. (43)
a” mja™ S n m vom=nzt

1 1 1 Lyw, 1 1 1 Iy,

Lo )

n n)\m rla" " r ri\n m

1 1 1 Ly v 1 1 1 1 1 1
R R S e e T
m m/\n a m rl\n r/\n m
provided 0 < nm, m+n<r.
6.4

In this final subsection we shall obtain some reverse inequalities to those
in 6.3 by assuming somewhat more, namely, that Q is not only
nondecreasing and concave, but, in fact, that Q' is nonincreasing and
continuous on [0, a] (0 < a < o). In place of (32) we may then write

n+1

)= [ rQ@d> [ Q) d="——0'(),  n>0

n+1

We now proceed as in the analysis leading to (41)—(44). Multiply the last
inequality by x™~"~! (m > n), and integrate to obtain

m—n’ l ~X
- > m 7 —_ 3 ,
o ) = XX 2 | QO dt = ()
or after some reduction
(n+1)x"x,(x) > (m+ 1) x"x,(x) if m>n>0. (45)

Similarly, multiply through (45) by x"~™~"~! (r >m+n), and integrate
over [0, x]. After multiplication by (r — n)(r — m)x™*", we have

(n+ 1)(r—m)x"" "y, (x) + (r + 1)(m — n) x™ "y, (x)
2 (m + 1)(r — n) X" "y (%), (46)

valid form>n2>0,r>m+n, x > 0.
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If Q(a)=1 where « is finite, we may set x = « in (45), (46) to obtain

(n+l)—vi,’,>(m+1) 1',','1 if m>nz0. (47)
a «a

v y
(n+ )r—m)—=+ (r+ 1)(m—n)—
a a

>(m+l)(r—n)% if mzn>20,r>m+n. (48)

7. INEQUALITIES OF LIAPOUNOV AND GAUSS—WINCKLER

Again we return to the rth absolute moment of Section 1.
~0C N
V=Ve=| |x—al"dF(x)=| rdQ(x) (r>0).
Y- -0

We observe that v, =1, and if v, exists for some n > 0, then v, exists for
0L r<n, and

gl (49)

This follows from Holder’s inequality with conjugate exponents
p=n/r>1, and g = n/(n — r), which gives

L

[ ([ se) ([ 0]

0
and hence (49).

We next prove that the function g(r)=log v, is convex on [0, o), that is.

gAs +ut) < Ag(s) +ug(t)  for 0<s<t,0<Ai<lA+u=1. (50)

i

Indeed, using Hoélder’s inequality with p=4"'. g=u "', we have

g(As + ut) = log ‘: () (x')* dO < log (‘: X dQ)' (J:’ X! dQ) -
= Ag(s) + ug(t).

Inequality (50) may be written in a different form, when it is called
Liapounouv’s inequality [4]:
vea L ve oyl e if 0<agb<e. (50")

c

This is just (50) with a=s.c=1,A=(c—b)/(c—a), u=(b—a)/(c —a).
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We shall use (50) to prove the so-called Gauss-Winckler inequality,
namely,

[n+ D N+ D Y7 0<ngr, &)

provided Q' is continuous and nonincreasing on (0, co0). Note that this is an
improvement of (30); as noted following (30), Winckler obtained (51) by an
invalid argument in 1866. According to Fréchet {10, p. 68], the first proof of
(51) was due to Faber [7] in 1926. The following proof is a modification of
von Mises’ proof [8] given in 1931. The special case n=2, r=4, of (51),
namely,

v, 2>

AT
(RN

(52)

v

was stated without proof by Gauss |2, Art. 10]. )
To prove (51), observe that the existence of v, = |7 ¢"Q’ dt under the
hypotheses on Q' implies that

il

| roade>| t’Q’(t)dt;(%) Q’(a)~%—»0 as a— .
and
£ £r+l
| Q' (1) dr> Q' (e) -0 as &-0.
Y0 r+1
Hence,
_QOrt L o
= | ), el
or
(r+ Ly, ={ 7 d]-Q' ()], (53)
0

and, in particular, the latter integral exists. Similarly, since v, exists, J, =
15 td|—Q’(#)] < oo follows in the same way, and the function Q, defined by
Ql(t) =0, <0,

0.0 =7 [ udi-Q'@l. >0,

is a probability distribution function. We may write the preceding equality in
the form

(r+ D, =J, | dO(1)=1,7,,
-0
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where 7, denotes the rth moment about 0 of @, (and thus exists). Now apply
(50) to the moments v, =J; '(r+ ). with s=0. r=r. u=(n/r)< 1, to
obtain

loglJ; '(n + 1),] < (1 —%) loglJ;' - 1-1,] +%log|J1’ Logr L)
Since v, = 1, this reduces to (51). We observe that this proof is valid even in
the case that Q'(0+)= —o0. In case 0 < Q'(0) < oo, a slightly simpler proof
can be given, using §,(x) =1 — {Q’(x)/Q'(0)} in place of Q,(x).

If, in addition to the preceding hypotheses on Q, we assume that —Q" is
continuous, positive and decreasing, then from (53) we may write

P42

!)
5=l +

N

r+2‘|0 1" dQ" ().

1y, =~ "yt dr =
(r+ Dy, ==| Q"0 "

This reduces as before to
(r+ ){(r+2p,= |0J ¢ dQ() =J, |0 1" dQ,(1),
where J, = [ 1> dQ"(¢t) exists (since J, does), and
0:) =3 | u*dg"w),

From this, the same analysis as before shows that
[(n+ Dn+ 2w, "<+ D+ 2w,]' 7 i 0<ngr
More generally, if Q is a probability distribution function with Q(x) =0
Jor x<0, Q(0)=0, Q(0) =1, and if (—1)*7'Q* is positive, continuous.
and decreasing on (0, o) for k=1, 2,..., N, then

{n+1)(n+2)-- (n+kw, ' "
SHr+D(r+2) - (r+kpt" i 0K, (54)

holds for 1 <k N. As an application of (54), consider the case Q(x)=
1 —e % x>0, for which the hypotheses of (54) are satisfied for arbitrary
N > 0. Since v, =I"(r + 1) in this case, (54) reduces to

M+ k+ DM+ k+ DY 0<n<rk=12,3... (55)
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