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1. INTRODUCTION 

This paper is motivated by Berge’s conjecture that every undirectefl regular 
graph, except the complement of a complete graph, has at least two disjoint 
maximal independent sets of vertices. By complementation this is equivalent 
to the conjecture that every incomplete regular graph has two or more 
disjoint cliques. In [l], we established this form of the conjecture for regular 
graphs of degree < 6. Here we prove that incomplete graphs of degree 7 or 8 
possess disjoint cliques. Any terminology or notation undefined in this 
paper may be found in Harary’s book [2]. 

2. PROOF OF THE THEOREM 

We may restrict ourselves to connected graphs, for the result is trivial 
otherwise. Let G be an incomplete regular graph of degree x (t 7) and p 
vertices where p 2 x + 2. Suppose that the largest clique U of G has k 
vertices where 2 < k < X. (If k = x + 1, G is either complete or discon- 
nected.) Let Y be a largest clique in (W) = (V(G) - U}, where j Y / = y 
and1 <y<k. 

LEMMA 1. There is no incomplete regular graph G with y  = 1 and k < x. 

Proof. If y = 1, ( W) has no edge and k 3 x, which implies that k = x 
by hypothesis. Counting edges between U and Win two ways we have that 
(p - X)X = x, i.e., p = x + 1. Therefore G = K,,, , contrary to hypothesis. 
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LEMMA 2. If y = k, U and Y are disjoint chques of G. 

Proof. Suppose the contrary; then Y is not a clique of G but is properly 
contained in a clique 2 of G which interesects U, But / 2 ] > 1 Y 1 + 1 = 
y + 1 = k + 1, contrary to maximality of k. 

LEMMA 3. If y > x + 1 - k, U and Y are disjoint cliques of G. 

Proof. Each u E U is adjacent to x + 1 -k vertices of W. If y > x + 1 -k, 
{{u} u Y) is not complete; hence Y is a clique of G, disjoint from U. 

LEMMA 4. If k = 2, either G has disjoint cliques or no incomplete regular 
graph with k < x exists. 

Proof. If k = 2, y = 1 or 2. The result follows by applying Lemmas I 
and 2, respectively. 

Turan’s theorem (see, e.g., [3, p. 2371) states that any graph with p vertices 
and T(p, n) edges contains K, where 

and 

p = t(n - 1) + r (O<r<n-1) 

T(p, n) = (:) + 1 - t(p - n + 1 + r)/2. 

Since (U> has (5 edges and there are k(x + 1 - k) edges from U to W, 
< W) has q edges where 

q = px/2 - ; 0 
- k(x + 1 - k). 

We now apply Turan’s theorem to (W) which has p - k vertices, q edges 
and no K,,, and obtain: 

LEMMA 5. 

q d T(P - k, y + 1) - 1. (1) 

In view of Lemmas 1 to 5, we need only consider regular graphs with 
parameters p, x, y, k satisfying x <p - 2, 3 < k < x, y < x + 1 - k, 
1 < y < k and inequality (1). 

Using the computer it is easily found that only the following cases have 
to be considered for degrees 7 and 8. 
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x=7 k=4 y=3 p=12 

x=8 k=4 y=3 p&l3 

k=5 y=4 pa12 

k=5 y=3 p>14. 

Lemmas 6, 7, 8, and 9 establish the result for regular graphs with these 
parameters. In each of the proofs, the notation K(al , a2 ,..., a,) means 
“some clique of G containing the vertices a, , a2 ,..., a,” and C(a, , a2 ,..., at) 
means “the clique of G with vertices a, , a2 ,..., a, .” If a vertex v has degree x 
we say “v is saturated.” 

LEMMA 6. If x = 7, k = 4, y = 3, and p = 12, G has di:ijoint cliques. 

Proof. Assume the contrary and suppose U = {I, 2, 3,4}, Y = (5, 6,7), 
and H = V(G) - U - Y = {8,9, 10, 11, 121. 

Since K(5, 6, 7) A U and k = 4, without losing generality 1 C(4, 5, 6, 7). 
By definition of k and y, each vertex of H is adjacent to at most 5 vertices 
in U u Y and hence has degree at least 2 in (H). We deduce (H) possesses 
two independent edges, say [8, 91 and [lo, II]. Now K(8,9) f? U and if 4 
were adjacent to 8 and 9, the degree of 4 in G would be 8. Thereifore, without 
losing generality, !I K(1, 8, 9). But K(1, 8, 9) n C(4, 5, 6, 7); hence, without 
losing generality, El C(1, 5, 8,9). A similar argument shows that K(10, 11) 
contains a vertex of U and a vertex of Y. The degree of vertices 1 and 5 
forbids either to be adjacent to both 10 and Il. We conclude, without losing 
generality, 3 C(2, 6, 10, II), which does not intersect C(l, 5, 8, 9). 

LEMMA 7. If x = 8, k = 5, y = 4, and p > 12, then G has disjoint 
cliques. 

Proof. Suppose the contrary and let U = {l, 2, 3, 4, 5), Y = {6,7, 8,9), 
and V(G) - U - Y = H >_ (10, 11, 12). Since U n K(6, 7, 8, 9), without 
losing generality, 3 C(5, 6, 7, 8, 9) 5 is saturated and is adjacent to no 
vertex of H. If a vertex v of H were adjacent to each element of (1, 2, 3, 4}, 
G would have disjoint cliques C(5, 6, 7, 8,9) and C(l,2, 3,4,v). We deduce 
that <H) has minimum degree 2. 

If (H) has a triangle, say K(10, 11, 12) then by an argurnent identical 
to that used in Lemma 6, without losing generality 1 K(1, 6, 10, 11, 12) and 
vertices 1 and 6 are saturated. Hence C(l, 5, 6). Any other vertex of H 
would be in a clique of G not intersecting C(l, 5, 6). We conclude p = 12 
and 10 is adjacent to three vertices in U, say 1, 2, 3. But K(1, 2, 3, 10) n 
C(5, 6, 7, 8, 9). Since k = 5, some point of the latter clique is in K(1,2, 3, 10). 

#zb/z&-8 



236 COCKAYNE AND HEDETNIEMI 

This is impossible since 1 is not adjacent to 7, 8, or 9, 5 is not adjacent to 10, 
and 6 is saturated. Therefore (H) has no triangle. 

We conclude that (H) has two independent edges [IO, 111 and [12, 131. 
Without losing generality, 3 K(1, 6, 10, 1 I), which intersects K(12, 13) in 
the set 1; Since (H) is triangle free, no vertex of H is in I and a degree count 
shows no vertex of U v Y is in I. This completes the proof. 

LEMMA 8. If x = 8, k = 4, y = 3, and p > 13, then G has disjoint 
cliques. 

ProoJ: Suppose the contrary and that U = (1,2,3,4}, Y = {5, 6, 7), and 
V(G) - U - Y = HI (8,9, 10, 11, 12, 13). Since U n K(5,6,7), without 
losing generality, 3 C(4, 5,6,7). If u1 , u2 , ua is a triangle in (H) K(u, , u2 , us) n 
C(4,5,6,7). A degree count shows 4 is not adjacent to ul, u2, and us. 
Hence 3 C(5, Z.Q , u2 , u,), contrary to maximality of y. Maximality of y, k 
implies each vertex of (H) has degree at least 3 in (H). But (H) has no 
triangle; hence (H) has 3 independent edges, say [8, 91, [lo, 111, and [12, 131. 

Case 1. Suppose vertex 4 does not form a KS with any of these three 
edges. Without losing generality, !I C(l, 5, 8, 9), which intersects K(10, II) 
and K(12, 13). Since (H) has no triangle, the degrees of vertices 1 and 5 
enable us to conclude without losing generality 3 K(1, 10, 11) and K(5, 12, 13) 
which saturates vertices 1 and 5. But then K(5, 12, 13) cannot intersect U. 

Case 2. 3 K(4, 8, 9) which implies 4 is saturated. Without losing 
generality, 3 C(l, 5, 10, 11) which intersects K(4, 8, 9) and we conclude 
either 3 C(1,4, 8, 9) or 3 C(4, 5, 8, 9). The degree constraints imply that 
neither of these may intersect K(12, 13). This completes the proof. 

LEMMA 9. If x = 8, k = 5, y = 3, and p > 14, then G has disjoint 
cliques. 

Proof. Suppose the contrary. Let U = {l, 2, 3, 4, 5), Y = (6, 7, S}, and 
V(G) - U - Y = H 2 (9, 10, 11, 12, 13, 14). Without losing generality, 
3 K(5,6, 7, 8). By an argument identical to that used in the proof of Lemma 8, 
(a) has no triangles, has minimum degree 2, and hence has at least 6 edges. 
Each of these forms a triangle with a vertex in (1,2, 3,4}; therefore, for some 
pair of edges [ulul], [uzuz] of (H), without losing generality, 3 K(1, u1 , q) 
and K(1, u2 , a,), each of which intersects K(5, 6, 7, 8). If u1 , vl , u2 , and 2r2 
were distinct, the degree of vertex 1 would be greater than 8; therefore, 
3 K(1, 9, 10) and K(1, 10, 11) say. By intersection with K(5, 6, 7, 8) we 
conclude without losing generality 3 K(1, 8, 9, 10) and K(1, 8, 10, 11) which 
saturates vertex 1. If there were an edge [a, b] in (H) where {a, b} n 
(9, 10, 111 = a, K(a, b) could not intersect K(1, 8,9, IO). We conclude 
3 K(9, 12), which intersects K(1, 8, 10, 1 l), and K(11, 13), which intersects 



DISJOINT CLIQUES 231 

K(1, 8, 9, 10). These intersections imply 8 is adjacent to both 12 and 13, 
contradicting the degree of vertex 8. This completes the proof of the lemmas 
which together establish the following result. 

THEOREM 1. If G is an incomplete regular graph of degree 7 or 8, then 
G has disjoint cliques. 
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