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Abstract

We establish a boundary Harnack principle for a large class of subordinate Brownian motions, including
mixtures of symmetric stable processes, in «-fat open sets (disconnected analogue of John domains). As an
application of the boundary Harnack principle, we identify the Martin boundary and the minimal Martin
boundary of bounded «-fat open sets with respect to these processes with their Euclidean boundaries.
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1. Introduction

The boundary Harnack principle for nonnegative classical harmonic functions is a very deep
result in potential theory and has very important applications in probability and potential theory.

In [4] Bogdan showed that the boundary Harnack principle is valid in bounded Lipschitz
domains for nonnegative harmonic functions of rotationally invariant stable processes and then
in [27] Song and Wu extended the boundary Harnack principle for rotationally invariant stable
processes to bounded «-fat open sets. Subsequently Bogdan—Stos—Sztonyk [7] and Sztonyk [29]
extended the boundary Harnack principle to symmetric (not necessarily rotationally invariant)
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stable processes. In a recent paper [6], Bogdan, Kulczycki and Kwasnicki proved a version of
the boundary Harnack inequality for nonnegative harmonic functions of rotationally invariant
stable processes in arbitrary open sets.

By using some perturbation methods, the boundary Harnack principle has been generalized
to some classes of rotationally invariant Lévy processes including relativistic stable processes
and truncated stable processes. These processes can be regarded as perturbations of rotationally
invariant stable processes and their Green functions on bounded smooth domains are comparable
to their counterparts for rotationally invariant stable processes (see [9,12,15-17,22]). This
comparison of Green functions played a crucial role in the arguments of [12,16,17].

In this paper, we will show that, under minimal conditions, the boundary Harnack principle
is valid for subordinate Brownian motions with characteristic exponents of the form (&) =
|E|2L(|€]?) for some o € (0,2) and some positive function £ which is slowly varying at oco.
Examples of this class of subordinate Brownian motions include, among others, relativistic
stable processes and mixtures of rotationally invariant stable processes. The Green functions
of subordinate Brownian motions considered here behave like c|x|~4+*(¢(|x|~2))~! near
the origin. So these subordinate Brownian motions cannot be regarded as perturbations of
rotationally invariant stable processes in general and their Green functions in bounded smooth
domains are not comparable to their counterparts for rotationally invariant stable processes.

Our proof of the boundary Harnack principle will be similar to the arguments in [4,27] for
rotationally invariant stable processes. One of the key ingredients is a sharp upper bound for the
expected exit time from a ball which, in the case of stable processes, follows easily from the
explicit formula for the Green function of a ball. However, the known methods seem to fail to
get the desired upper bound here and a substantially new idea needs to be introduced. We rely
on the fluctuation theory for real-valued Lévy processes and borrow some results from [26] to
accomplish the desired upper bound.

The organization of this paper is as follows. In Section 2 we use the fluctuation theory for
real-valued Lévy processes to establish a nice upper bound on the expected exit time from an
interval for a one-dimensional subordinate Brownian motion. In Section 3, we use the results
of Section 2 to establish the desired upper bound on the expected exit time from a ball for a
multi-dimensional subordinate Brownian motion and an upper bound on the Poisson kernel of a
ball. The proof of the boundary Harnack principle is given in Section 4 and in the last section we
apply our boundary Harnack principle to study the Martin boundary with respect to subordinate
Brownian motions.

In this paper we will use the following convention: the values of the constants rq, 72, ...
will remain the same throughout this paper, while the values of the constants ci, ca, ... or
C, Cq, Cy, ... might change from one appearance to another. The dependence of the constants
on the dimension, the index « and the slowly varying function will not be mentioned explicitly,
while the dependence of the constants on other quantities will be expressed using c¢(-) with the
arguments representing the quantities the constant depends on. In this paper, we use “:=" to
denote a definition, which is read as “is defined to be”. f(z) ~ g(),t — 0 (f() ~ g(@),
t — 00, respectively) means lim;_.q f(#)/g(t) = 1 (lim;—,~ f(t)/g(¢) = 1, respectively).

2. Some results on one-dimensional subordinate Brownian motion

Suppose that W = (W, : ¢ > 0) is a one-dimensional Brownian motion with

E [eiawf—Wo)] —e " VEeR,1>0,
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and S = (S; : t > 0) is a subordinator (a nonnegative increasing Lévy process) independent of
W and with Laplace exponent ¢, that is

E [e_”’] =e W v o> 0.

A C® function g : (0, c0) — [0, 00) is called a Bernstein function if (—1)? D" g < 0 for every
positive integer n. Any Bernstein function g can be written in the following form

g =a+br+ /Oo(l — e Mu(dr)
0

where a, b > 0 and u is a measure on (0, co) with fooo(l At)u(dr) < oo. w is called the Lévy
measure of g. It is well known that a function g is the Laplace exponent of a subordinator if
and only if g is a Bernstein function with lim)_,o g(A) = 0. A Bernstein function g is called
a complete Bernstein function if its Lévy measure p has a completely monotone density with
respect to the Lebesgue measure. For details on examples and properties of complete Bernstein
functions, one can see [13,23] or [26]. One of the important properties of complete Bernstein
functions is that f is complete Bernstein if and only if A — A/f(A) is complete Bernstein. We
will use this property in the paper.
Throughout this paper we will assume that ¢ is a complete Bernstein function such that

() =22 @2.1)

for some o € (0,2) and some positive function £ which is slowly varying at oo, that is,
L(rt)/€(t) — 1 ast — oo for every A > 0. For concepts and results related to the slowly
varying functions, we refer our readers to [3].

Using Corollary 2.3 of [25] or Theorem 2.3 of [21] we know that the potential measure U of
S defined by

00 00
UA) = E/ I(s,enydt = / P(S; € A)dr
0 0

has a decreasing density u.
By using the Tauberian theorem (Theorem 1.7.1 in [3]) and the monotone density theorem
(Theorem 1.7.2 in [3]), one can easily check that

tot/2—1 1
C(a/2) (=1’
Let u(z) be the density of the Lévy measure of ¢. It follows from Proposition 2.23 of [26] that

u(t) ~

0. (2.2)

o ()
u(t) AT —ay2) (7 t — 0. 2.3)

The subordinate Brownian motion X = (X; : t > 0) defined by X; = Wg, is a symmetric
Lévy process with the characteristic exponent

BO) = ¢p(6%) = |0]7¢(%), VO € R.

Let X, := sup{OV X : 0 < s < t}andlet L; be alocal time of X — X at 0. L is also called
a local time of the process X reflected at the supremum. Then the right continuous inverse L,_1
of L is a possibly killed subordinator and is called the ladder time process of X. The process
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X, -1 is also a possibly killed subordinator and is called the ladder height process of X. (For the
basic properties of the ladder time and ladder height processes, we refer the readers to Chapter 6
of [1].)

It follows from Corollary 9.7 of [10] that the Laplace exponent y of the ladder height process
of X is given by

x(A) = exp <l /oo —IOg(qs(w))de)
0

T 1462
1 [ log(|0]|*A% (6222

= exp (-/ og(lf] g ))d9>, VA > 0. (2.4)
T Jo 146

Under our assumptions, we have the following result.

Proposition 2.1. The Laplace exponent yx of the ladder height process of X is a special
Bernstein function. i.e., A/x()\) is also a Bernstein function.

Proof. Define {r(A) = A/¢(1). Let T be a subordinator independent of W and with Laplace
exponent ¥ and let Y = (¥; : ¢ > 0) be the subordinate Brownian motion defined by Y; = Wr,.
Let ¥ be the characteristic exponent of Y. Then

POV (0) = p(O*) Y () =6, VO eR.
Let p be the Laplace exponent of the ladder height process of Y. Then by (2.4) we have

( 1 /"O log(@(6A)) + log(¥(61)) )
exp| — 3 de
T Jo 1406

( 1 /oo log(P(O1) ¥ (61)) )

1 [ log(%2?
exp —/ Lz)de =A.
T Jo 146

Thus y is a special Bernstein function. [

xM)p )

Proposition 2.2. If there are M > 1, § € (0, 1) and a nonnegative integrable function f on
(0, 8) such that

2(226%)
tog ( (o2

)’ < f(@), V@,1r) € (0,8) x (M, o0), (2.5)

then

x(A)

Am S eaeyiE = (2.6)

Proof. Using the identity

1 [ log(ePrP
A2 = exp —f 1080727 49) . va.p >0,
T Jo 1+92

we get easily from (2.4) that
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*® log(£(126?%))
_ a2
x(A) = A exp( /0 762 d@)

1 [ 2(026%) 1
= A (L(A)) exp( /0 log( 00D ) N dee).

By Potter’s Theorem (Theorem 1.5.6 (1) in [3]), there exists Ao > 1 such that

| 2(0%6%) I _ logo
L2 ) 1462~ 1+02

Thus by using the dominated convergence theorem in the first integral below, the uniform

convergence theorem (Theorem 1.2.1 in [3]) in the second integral, and the assumption (2.5)
in the third integral, we have

i °°1 2(22%6%) 1
m (0] —_— I
oo fo B\ ) 1162

2n2
:ﬁm/ f / (“”>> L w=o0 O
A 00 (22 ) 1+062

In the case ¢(A) = A%/2 for some o € (0,2), the assumption of the proposition above is
trivially satisfied. Now we give some other examples.

Y@, L) €[l,00) x [Lg, 00).

Example 2.3. Suppose that o € (0, 2) and define
pO) =G+ 1*2—1
Then ¢ is a complete Bernstein function which can be written as ¢ (1) = 29/2¢()) with

O+ D2 —1

o) = "7

Using elementary analysis one can easily check that there is a nonnegative integrable function f
on (0, 1) such that (2.5) is satisfied.

Example 2.4. Suppose 0 < f < @ < 2 and define
P(A) = 2%2 +1P2,

Then ¢ is a complete Bernstein function which can be written as ¢ (1) = A%/ 2¢(») with
L) = 14267972,

Using elementary analysis one can easily check that there is a nonnegative integrable function f
on (0, 1) such that (2.5) is satisfied.

Example 2.5. Suppose that « € (0, 2) and g € (0, 2 — «). Define
d(A) = 142 (log(1 + A))P/2.

By using the facts that A and log(1l 4 A) are complete Bernstein functions and properties of
complete Bernstein functions (see [26]), one can easily check that ¢ is a complete Bernstein
function. ¢ can be written as ¢ (1) = A%/2¢()) with

¢(n) = (log(1 + 1)P/2,
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To check that there is a nonnegative integrable function f on (0, 1) such that (2.5) is satisfied,
we only need to bound the function

log(1 + A26?)
log| ————
log(1 + A2)

for large A and small 8. We will consider two cases separately. Fixan M > 1l anda 6 < 1.

(1) A > M,0 < 1and A > 1/6. In this case, by using the fact that for any @ > 0 the function
X = ﬁ is decreasing on (a, 00), we get that

log(1 4+ 1%6?) log(1 + A?)
log| ———— )| =log| ——————-
log(1 + A2) log(1 + A262)
log(1 + 22)
< log
log(62) + log(1 + A2)

- log(1 +672)
(0]
= %\ 10g(0?) + log(1 + 62

log(1 + 62%) —log(6?)
= log
log(1 + 62)
2) A > M,0 < 1and A < 1/6. In this case we have

log(1 + 226?) log(1 + A2)
log| —————— )| = log| ————-
log(1 + A2) log(1 + A262)
_ (_log(l + 22)
~ \log(l + M26?)
_ ((Jlog(1 + 072)
~ \log(1 + M202) J~
Combining the results above one can easily check that there is a nonnegative integrable function
f on (0, 1) such that (2.5) is satisfied.

Example 2.6. Suppose that « € (0, 2) and 8 € (0, @). Define
¢ = 22 (log(1 + 1)) P12,

By using the facts that A and log(1 + A) are complete Bernstein functions and properties of
complete Bernstein functions (see [26]), one can easily check that ¢ is a complete Bernstein
function. ¢ can be written as ¢ (1) = A%/2¢(1) with

e = (log(1 + 1) ~P/2.

Similarly to the example above, one can use elementary analysis to check that there is a
nonnegative integrable function f on (0, 1) such that (2.5) is satisfied.

The method of Example 2.5 can be used to construct a whole class of complete Bernstein
functions satisfying the assumptions of this paper. For instance, by using arguments similar to
the one used in Example 2.5, one can check for « € (0,2), 8 € (0,2 — «), functions like
)J"/z(log(l +log(1 + MNP, )J"/z(log(l +log(1 +log(1 + IONP2, . are complete Bernstein
functions satisfying the assumptions of this paper. Similar to Example 2.6, forany « € (0, 2), 8 €
(0, @), functions like A%/ (log(1 +1log(1 4+ 1)))~#/%, A%/2(log(1 +log(1 +log(1+ 1)) P/, ...
are complete Bernstein functions satisfying the assumptions of this paper.
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In the remainder of this section we will always assume that the assumption of Proposition 2.2
is satisfied. It follows from Propositions 2.1 and 2.2 and Corollary 2.3 of [25] that the potential
measure V of the ladder height process of X has a decreasing density v. Since X is symmetric,
we know that the potential measure V of the dual ladder height process is equal to V.

In light of Proposition 2.2, one can easily apply the Tauberian theorem (Theorem 1.7.1 in [3])
and the monotone density theorem (Theorem 1.7.2 in [3]) to get the following result.

Proposition 2.7. As x — 0, we have

xc{/Z

L1+ a/2)(ex=2)1/2’
/21

T T/t 22

V0, x)) ~

v(x)

It follows from Proposition 2.2 and Lemma 7.10 of [19] that the process X does not creep
upwards. Since X is symmetric, we know that X also does not creep downwards. Thus if, for any
a € R, we define

1, = inf{t > 0: X; < a}, o, = inf{t > 0: X; < a},
then we have
Pu(t, =0,) =1, x>a. 2.7

Let G (x, y) be the Green function of X%, the process obtained by killing X upon
exiting from (0, 0o). Then we have the following result.

Proposition 2.8. For any x, y > 0 we have

X
/ v(Qv(y +z—x)dz, x <y,
GO (x,y) = {0
v(Qv(y +z—x)dz, x> y.
x—y
Proof. By using (2.7) and Theorem 20 on page 176 of [1] we get that for any nonnegative
function f on (0, c0),

E, / FXONar | = / / 0(2) Fx + 2 — Y)u(y)dzdy, 2.8)
| JO i 0 0

where k is a constant depending on the normalization of the local time of the process X reflected
at its supremum. We choose k = 1. Then

B [ = [T [ v ey - od
| Jo i 0 0

:/ v(Z)[ v(y)f(x+y—z)dydz=f v(Z)/ v(w +z — x) f(w)dwdz
0 0 0 x—z

=/ f(w) v(2)v(w + z — x)dzdw
0 xX—w

+f f(w)/ v(2)v(w + z — x)dzdw. 2.9)
X 0
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On the other hand,
o0 0 o
E[/ f(X! ’°°>)dr}: / GO (x, w) f (w)dw
0 0

— /x GO (x, w) f (w)dw + foo G (x, w) f (w)dw. (2.10)
0 X

By comparing (2.9) and (2.10) we arrive at our desired conclusion.  [J

For any r > 0, let G(") be the Green function of X®"), the process obtained by killing X
upon exiting from (0, r). Then we have the following result.

Proposition 2.9. For any R > 0, there exists C = C(R) > 0 such that

roz/2 xa/2

C(g(r*2))1/2 )7 x €(0,r), r € (0, R).

.
/ GO (x, y)dy <
0

Proof. For any x € (0, r), we have
r r
/ GO (x, y)dy < f GO (x, y)dy
0 0

=f/ v(z)v(y—i—z—x)dzdy—i—//v(z)v(y+z—x)dzdy
0 Jx—y x JO

=/ v(z)/ v(y +z — x)dydz
0 xX—z
+ f v(2) / v(y + 2 — x)dydz < 2V((0, )V (0, x)).
0 x

Now the desired conclusion follows easily from Proposition 2.7 and the continuity of V ((0, x))
and x*/2/(¢e(x 22 O

As a consequence of the result above, we immediately get the following.

Proposition 2.10. For any R > 0, there exists C = C(R) > 0 such that
r /2 xa/Z (r — x)ot/Z
GO (x. y)dy < C— A ,
/0 0= Caeiz a2 " @o — o)
x € (,r), r e (0,R).

3. Key estimates on multi-dimensional subordinate Brownian motions

In the remainder of this paper we will always assume that d > 2 and that @ € (0, 2). From
now on we will assume that B = (B; : ¢t > 0) is a Brownian motion on R? with

E [ei$'(B’_B°)] = e_’mz, ve eRY 1 > 0.

Suppose that S = (S; : ¢ > 0) is a subordinator independent of B and that its Laplace exponent
¢ is a complete Bernstein function satisfying all the assumptions of the previous section. More
precisely we assume that there is a positive function £ on (0, co) which is slowly varying at co
such that ¢ (1) = A%/2¢()) for all & > 0 and that there is a nonnegative integrable function f on
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(0, 8) for some § > 0 such that (2.5) holds. As in the previous section, we will use u(#) and ()
to denote the potential density and the Lévy density of S respectively.

In what follows, we will use X = (X; : t > 0) to denote the subordinate Brownian motion
defined by X; = Bg,. Then it is easy to check that when d > 3 the process X is transient. In the
case of d = 2, we will always assume the following:

A1l. The potential density u of S satisfies the following assumption:

ut)y ~ct’7 ', 1t o0 (3.1

for some constants ¢ > Qand y < 1.
Under this assumption, one can easily see that the integral

00 i r2
/0 (4mt)™" exp <_Z> u(t)de

is finite for all » > 0 and thus the process X is also transient for d = 2.
We will use G(x, y) = G(x — y) to denote the Green function of X. The Green function G
of X is given by the following formula

[e¢)
G(x) = / (A1)~ I PIE0 (dr,  x e RY.
0
Using this formula, we can easily see that G is radially decreasing and continuous in R? \ {0}.

In order to get the asymptotic behavior of G near the origin, we need some additional
assumption on the slowly varying function £. For any y, #, £ > 0, define

td/y) L
Ape(y, 1) = £(4r/y) ?

We will always assume that
A2. There is a & > 0 such that

Age(y, 1) <g(t), Vy,t>0,

for some positive function g on (0, 0o0) with
o
/ 1402l o (1)dr < o0.
0

It is easy to check (see the proofs of Theorem 3.6 and Theorem 3.11 in [26]) that for the
subordinators corresponding to Examples 2.3-2.6, A1 and A2 are satisfied.
Under these assumptions we have the following.

Theorem 3.1. The Green function G of X satisfies the following

al'((d — @)/2) 1

, 0.
2 2T (1 + a)2) =t

G(x) ~

Proof. This follows easily from A1, A2, (2.2) and Lemma 3.3 of [26]. We omit the details. [J
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Let J be the jumping function of X, then
© 2
J(x) = / (@rt) e FED (e, x e R,
0
Thus J(x) = j(Jx|) with
o0 2
jr) = / (Art)~ 4%/ (nde, > 0.
0
It is easy to see that j is continuous and decreasing on (0, 0o0). In order to get the asymptotic

behavior of j near the origin, we need some additional assumption on the slowly varying function
{.For any y, t, & > 0, define

£(4t/y) t

) y < -,

Teg(y.n) =1 A/ £
0, y = g

We will always assume that
A3. There is a &€ > 0 such that

Tee(y, 1) <h(@), Vy,t>0

for some positive function h on (0, c0) with

o
/ p+O02=1e~1p (1) dr < o0.
0

It is easy to check (see the proofs of Theorem 3.6 and Theorem 3.11 in [26]) that for the
subordinators corresponding to Examples 2.3-2.6, A3 is satisfied.
Theorem 3.2. The function j satisfies the following

al(d+a)/2) L)
21=amd2T (1 — @/2) rd+

j@r) ~ , r— 0.
Proof. This follows easily from A1, A3, (2.3) and Lemma 3.3 of [26]. We omit the details. [

For any open set D, we use tp to denote the first exit time from D, i.e., Tp = inf{t > 0 :
X; ¢ D}. Given an open set D C R?, we define XtD(a)) = X;(w) ift < tp(w) and XtD(w) =90
if t > 7p(w), where 0 is a cemetery state. We now recall the definition of harmonic functions
with respect to X.

Definition 3.3. Let D be an open subset of R?. A function u defined on R is said to be
(1) harmonic in D with respect to X if
Ey [[u(Xep)l] <00 and u(x) =Ey [u(X,)], x € B,

for every open set B whose closure is a compact subset of D;
(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
xeD,

u(x) = Ey [u(Xep)];

(3) harmonic for X D if it is harmonic for X in D and vanishes outside D.
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In order for a scale invariant Harnack inequality to hold, we need to assume some additional
conditions on the Lévy density u of S. We will always assume that
Ad. The Lévy density u of S satisfies the following conditions: there exists C1 > 0 such that

u@) < Ciu(t+1), Ve>1
It follows from (2.3) that for any M > 0 there exists C> > 0 such that
u(t) < Cop(2t), Vi € (0, M).

Using A4 and repeating the proof of Lemma 4.2 of [21] we get that
(1) For any M > 0, there exists C3 > 0 such that

J(r) =C3j@2r), Vre(0,M). (3.2)
(2) There exists C4 > 0 such that
Jr) <Caj(r+1), Vr>1. 3.3)

It is easy to check (see [26]) that for the subordinators corresponding to Examples 2.3-2.6,
Ad is satisfied. Therefore by Theorem 4.14 of [26] (see also [21]) we have the following Harnack
inequality.

Theorem 3.4 (Harnack Inequality). There exist ri € (0,1) and C > 0 such that for every
r € (0,r1), every xo € RY, and every nonnegative function u on R which is harmonic in
B(xg, r) with respect to X, we have

su u(y) <C inf  u(y).
yeB(xEr/Z) Y€EB(x0,r/2)

For any bounded open set D in RY, we will use G p(x, y) to denote the Green function of
XP . Using the continuity and the radial decreasing property of G, we can easily check that G p
is continuous in (D x D) \ {(x, x) : x € D}.

Proposition 3.5. For any R > 0, there exists C = C(R) > 0 such that for every open subset D
with diam (D) < R,
1

Gp(x,y) < G(x,y) < C :
P e(lx — y[D)lx — yld—=

Y(x,y) € D x D. 3.4)

Proof. The results of this proposition are immediate consequences of Theorem 3.1 and the
continuity and positivity of Lr~Hri® on (0, 00). O

The idea of the proof of the next lemma comes from [29].
Lemma 3.6. For any R > 0, there exists C = C(R) > 0 such that for every r € (0, R) and
Xg € R,

ro/? (r — |x — xo)*/?
Lr=2)Y2 (((r — |x — x0))72) /2’

EX[TB(xo,r)] <C x € B(xg,r).

Proof. Without loss of generality, we may assume that xo = 0. For x # 0, put Z, = % Then
Z; is a Lévy process on R with

E(e?7) = B 7%y = ¢ 101 g e R,



1612 P. Kim et al. / Stochastic Processes and their Applications 119 (2009) 1601-1631

Thus Z; is of the type of one-dimensional subordinate Brownian motion we studied in the
previous section. It is easy to see that, if X; € B(0, r), then |Z;| < r, hence

Ex [TB(O,r)] = IE\xl [f]v

where T = inf{t > 0 : |Z;,] > r}. Now the desired conclusion follows easily from
Proposition 2.10. O

Lemma 3.7. There exist r € (0, r1] and C > 0 such that for every positive r < ry and xq € R4,

o

Exo [TB(xo,r)] > Cm

Proof. The conclusion of this lemma follows easily from Theorem 3.2 and Lemma 3.2 of [24].
O

Using the Lévy system for X, we know that for every bounded open subset D and every f > 0
and x € D,

Ex [f(Xep)i Xep— # Xep| = /EC /D Gp(x,2)J(z — y)dzf (y)dy. (3.5)
(See, for example, Appendix A.3 of [11].) For notational convenience, we define
Kp(x,y) = / Gp(x,2)J(z—y)dz, (x,y)€ D x D", (3.6)
D

Thus (3.5) can be simply written as
B, [ ()i Xop- # Xop] = [ Kol )7 0)0.
e

Using the continuity of Gp and J, one can easily check that Kp is continuous on D X D
As a consequence of Lemmas 3.6, 3.7 and (3.6), we get the following proposition.

Proposition 3.8. There exist Cs5, Cq > 0 such that for every r € (0, rp) and xo € R4,

re/? (r — |x — xo)*/?

K (. 3) < Cs i(ly — 50| — 37
st () = G T =00l =D G G — e — o) )17 7
forall (x,y) € B(xg,r) X B(xg, V)c and
r® -
KB(xo.r) (X0, ) = CeJ (y — x0) —=, Vy € B(xo,r) . G.8)

()
Proof. Without loss of generality, we assume xo = 0. Forz € B(0,r) and r < |y| < 2,
Iyl =r=<Iyl=lzl =lz=yl=lzl + Iyl =r + |yl =2yl
and for z € B(0,r) and y € B(0, 2),
yl—r=lyl—lzl=lz—yl=lzZl+ Iyl =r+yl <yl + 1
Thus by the monotonicity of J, (3.2) and (3.3), there exists a constant ¢ > 0 such that
cJ() = J@=y < jlyl=r). () €BO,r) xBO".
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Applying the above inequality and Lemmas 3.6 and 3.7 to (3.6), we have proved the proposition.
O

Proposition 3.9. For every a € (0, 1), there exists C = C(a) > 0 such that for everyr € (0, 1),
Xxp € R and x1, x> € B(xg, ar),

KB(X(),I‘)(-xlv y) S CKB(xo,r)(-x27 y)’ y € B(-xO’ r)c-

Proof. This follows easily from the Harnack inequality (Theorem 3.4) and the continuity of
K B(xy,r)- For details, see the proof of Lemma 4.2 in [29]. [

As an immediate consequence of Theorem 3.2, we have

Lemma 3.10. There exists 3 € (0, 2] such that for every y € RY with |y| < r3,

ol(@te)/2) Ly _ ;o 2%l +a)/2) Ly )
22—“71‘1/21“(1—0[/2) |y|d+a =IO = nd/zl'*(l_(x/z) |y|d+a ’

The inequalities below will be used several times in the remainder of this paper.

Lemma 3.11. There exist rq € (0, r3] and C > 0 such that

Soc/2 ro{/2
<C , YO <5 <r <dry, (3.9)
1/2 1/2
(=) 7 (e
gl—a/2 pl-a/2
<C , YO <s <r <dry, (3.10)
1/2 1/2
(=) 7 (o)
172 172
sle2 (E(s’z)) < crl-er (e(fz)) . V0 <s <r<dn, 3.11)
_on1/2 —2\\ /2
> (e672) (™)
[ sl+—a/2ds f CT, VO <r f 4}"4, (312)
_on1/2 _on1/2
r(e672) (e
/0 a2 ds <C Py E YO < r < 4ry, (3.13)
® L(s72) r=2)
/; e ds <C prant VO < r < 4ry, (3.14)
T e(s7) er=2)
ds<cC ., YO <r <dn (3.13)
0 Sa—l roz—2
and
r Sa—l o
ds < C———, VO < 4ry. 3.16
/0 " T Ty e 310

Proof. The first three inequalities follow easily from Theorem 1.5.3 of [3], while the last five
from the 0-version of Theorem 1.5.11 of [3]. O
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Proposition 3.12. Foreverya € (0, 1), there exists C = C(a) > 0 such that for everyr € (0, r4]
and xg € RY,

re27 @y — x| =)'

EE=nY2 (ly = xol = r)*/?
Vx € B(xg,ar), y € {r < |xg—y| <2r}.

Kpxgrn(x,y) <C

)

Proof. By Proposition 3.9

(&)
KB (X, y) < — KB(xy,r)(w, y)dw
r B(xg,ar)

for some constant ¢c; = c¢y(a) > 0. Thus from Lemma 3.6 and (3.7), we have that

2
KB(y,n(x,y) < _df / G B(xp,n) (W, 2)J (z — y)dzdw
™ JB(xp.r) J B(xp,r)

2
= E [tB(x.n]J(z — y)dz
™ JB(xo.r)
3 ro/? /' (r — |z — xo))*/?
<= J(z —y)dz
rd (Lr=2)V2 J e E(r — 1z = xo))~2)1/2

for some constants ¢; = c¢2(a) > 0 and ¢3 = c3(a) > 0. Now applying Lemma 3.10, we get

dz

cqr/2—d / (r—lz—xoD)**  €(z—yl™?)
€22 Jagn € =1z = x0D )2 [z = yld+e

for some constant ¢4 = c4(a) > 0. Since r — |z — xo| < |y — z| < 3r < 3r4, from (3.9) we see
that

KB(xo,r) (x,y) <

r—le—xD™ _  (y =)
(E((r = lz = xo) 212 = 7 (e(ly — 272)172

for some constant ¢5 > 0. Thus we have

core/2 ez =y )2
Knvatooy < SO0 [ Wyt
o €D Jpgn 1o = yl+er?

cere/>~4 / €z —yI7?p'?
T W22 Sy y—xol-r)e 1z — yldtel?

C7rot/27d /oo (E(S_z))l/z
\

= WepIR T+a/2

dz

ds

y=xol-r

for some constants cg = cg(a) > 0 and ¢7 = c7(a) > 0. Using (3.12) in the above equation, we
conclude that

a/2—d _ —_ )2y 1/2
cgr (((ly = xol —r)™7))
Kpo,m(x, y) = €272 (|y — xo| — r)e/2

for some constant cg = cg(a) > 0. O
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4. Boundary Harnack principle

In this section, we give the proof of the boundary Harnack principle for X.
Using an argument similar to the first part of the proof of Lemma 3.3 in [27] and using
Lemma 3.10 and (3.14)—(3.15) we can easily get the following lemma. We skip the details.

Lemma 4.1. There exists C > 0 such that for any r € (0,r4) and any open set D with
D C B(0,r) we have

P, (X,D € B(0, r)c) < Crfaﬂ(rfz)/ Gp(x,y)dy, xe€ DNB@O,r/2).
D

Lemma 4.2. There exists C > 0 such that for any open set D with B(A, kr) C D C B(0, r) for
somer € (0,rq) and k € (0, 1), we have that for every x € D \ B(A, kr),
1 (1 (™)

/ Gp(x,y)dy < Cro—4-2/2
D

(@42 E((4r)2)> Py (XTD\B(A,m € B(A,kr)).

Proof. Fix a point x € D\ B(A, «r) and let B := B(A, &-). Note that, by the harmonicity of
Gp(x, -)in D\ {x} with respect to X, we have

Gow. A= [ KA »Goe iy = [ Kn(A, )G p(x, y)dy.
DB DNB(A, %)

Since 3’fT’ <|y—A|] <2rforye B(A, 3’fT’)C N D and j is a decreasing function, it follows

from (3.8) in Proposition 3.8 and Lemma 3.10 that

(5 ) /
G ,A) > cl————— G ,J(y — A)d
p(x )>61€((K_2,)_2) R p(x, Iy )dy
. () /
2r)—=—— G ,v)d
crj( F)g((%)_z) prsa, p(x, y)dy
v —al2r)7?)

>k ——— Gp(x, y)dy
(EH™2) DNB(A, %5y

for some positive constants c; and c¢;. On the other hand, applying Theorem 3.4 we get
/ Gp(x, y)dy <3 / Gp(x, A)dy < csr? kG p(x, A)
B(A. %) B(A.%5)

for some positive constants c3 and c4. Combining these two estimates we get that

Kry=2
vd,—a tF))

d, d
/DGD(x,y)dy =cs (r K+ )

>GD(x,A) 4.1

for some constant c¢5 > 0.
Let 2 = D\ B(A, “C). Note that forany z € B(A, “C)and y € 2,27y —z| < |y — A| <
2|y — z|. Thus we get from (3.6) that for z € B(A, 1),

cg ' Ko(x,A) < Ko(x,2) < ceKq(x, A) (4.2)
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for some cg > 1. Using the harmonicity of Gp(-, A) in D \ {A} with respect to X, we can split

Gp(-, A) into two parts:
Gp(x,A) = E¢[Gp(Xq, A)]
Kr
= E, [GD(X,Q,A): X, € B(A, )]

+Ex [ Go(Xeg, A) : Xey €
=1L+ 5.
Using (3.4) and (4.2), we have
I < ccKqp(x, A) Gp(y, A)dy
B(A, <)
1 dy
BA.<y |y — Al L(ly — AI72)

for some constant ¢7 > 0. Since |y — A| < 4r < 4ry4, by (3.9),

<1 Kpx, A)

ly — Al (4r)e?
=cg
ey — A7) = @)

for some constant cg > 0. Thus

1 (drye/?
B, |y — Al79/2 4((4r)72)

Iy < c7cgK(x, A)

for some constant cg > 0. Now using (4.2) again, we get

1
I < cpor®/ 274 — Ko(x, 2)dz
£((4r)=2) B(A,<)

for some constant cjo > 0. On the other hand, by (3.4),

L= / Gp(y, APy (Xs, € dy)
(5 <ly—Al=T)

dy < cok

o/2 .«

1 1
< e / Py(Xz, € dy)
{

opy-a<ey [y — Al Ly — A7)

r

for some constant c1; > 0. Using (4.3), the above is less than or equal to

1 Kr Kr
Cnga/z_d i (XIQ € {Z <ly—Al= ?}>

P
e(4r=2) "
for some constant cjp > 0. Therefore

1
Gp(x,A) <cp®/?dpe—d___—___ (Xm eB (A, %))

£((4r)72) P

for some constant c¢;3 > 0. Combining the above with (4.1), we get

1 (™)
€((@2rn=2

Gp(x,y)dy <c L —
/D b ” (@)

Kr
X Py (Xop 00, € B (A 5))

)

(4.3)

Kq(x, A)
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for some constant ¢4 > 0. It follows immediately that
d- 1 (™)
Gp(x, y)dy < crar®,x 477 ——— (1 + —2—~
/;) £((4r)72) £((2r)72)

x Py (X € B(A, Kr)). O

TD\B(A k1)

Combining Lemmas 4.1 and 4.2 and using the translation invariant property, we have the
following:

Lemma 4.3. There exists c; > 0 such that for any open set D with B(A,«xr) C D C B(Q,r)
for somer € (0, r4) and k € (0, 1), we have that for every x € D N B(Q, %),

e LD «H™
¢ d—a/2 2
Py (Xep € B(Q. 1)) < c1x €(((4r)2) (1 * 6((2r)‘2)>

X Pr (Xep poasery € BAKT)).

Let A(x,a,b) ={yeR?:a < |y —x| <b}.

Lemma 4.4. Let D be an open setand 0 < 2r < ry. For every Q € R? and any positive function
u vanishing on D N B(Q, %r), thereisao € (1—601", 1—61r) such that for any x € D N B(Q, %r),

rC(

_— J(y— d
0((2r)72) B(Q,%)c (y — Qu(y)dy

E)C [M(XTDQB(Q.U)); XTD(]B(Q,U) € B(Q’ U)C] S C

for some constant C > 0 independent of Q and u.

Proof. Without loss of generality, we may assume that Q = 0. Note that by (3.13)
11
©

.
f Iyl — o) HY2(yl — o)™ u(y)dydo
A(0,0,2r)

10,

Iyl Lt
- f 10 /;0 Uyl = o)™yl — o)~ dou(y)dy
A, r2r)J Er

=S i
<c / / (s~ 2572 ds | u(y)dy
A0,%r2r) \Jo

1/2
10\ 2\ " 100\ /2
<o eyl —— Iyl — — u(y)dy
A0, 12 2r) 6 6

for some positive constants ¢; and c¢;. Using (3.11), we get that there is a constant ¢3 > 0 such

that
172
/ . (II 10r>_2 /<|| 10r)1“"/2 (d
V= — = — u(y)dy
A0, 1% o) 6 6

< c3/ Ay 2y u(y)dy,
A0,1 o)
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which is less than or equal to

ol )
Ch———7s £y uy)dy
(@212 /A(o,'g’,zr)

for some constant ¢4 > 0 by (3.10). Thus, by taking c5 > 6¢cpca, we can conclude that there is a
oS (%r, %r) such that
/ Lyl = )2yl = )™ u(y)dy
A(0,0,2r)

< cslez/ €1yl Pu(y)dy. 4.4
e2r)HY2 Ja,12 21

Let x € D N B(0, r) Note that, since X satisfies the hypothesis H in [28], by Theorem 1
in [28] we have

Ey [M(XfDmB(o,a)); Xtpnsoo) € B(0, G)C]
== Ex [M(XtDﬂB(O’g)); XIDQB(O.U) S B(Oa U)Ca TDQB(O,O) = TB(O‘U)]

= Ex [M(X‘EB(O,O)); XTB(O,U) € B(Oa G)Ca TDNB(0,0) = tB(O,(T)]

Ey [”(st(o,a)); Xtpoo) € B(0, U)C] = / Kp(0,0)(x, y)u(y)dy.
B(0,0)¢

In the first equality above we have used the fact that u vanishes on D¢ N B(0,0). Since
0 < 2r < ry4, from (3.7) in Propositions 3.8, 3.12 and Lemma 3.10 we have

Ex [M(XTDQB(OYJ)); XTDQB(()YJ) € B(O’ G)C] E f KB(O,(T) (-x’ )’)u()’)d)’
B(0,5)¢

e / o2 (0((ly| — o) 2)'/?
A(0,0.2r) (Z(cr2))1/2 (ly| —o)2/?

+cﬁ/ jlyl—o) ot (0 = Ix*”

B(0,2r)¢ E(oc2N2 (o — |x2)1/2

for some constant cg > 0. When y € A(0, 2r, 4) we have %|y| < |y| — o, while when |y| > 4
we have |y| —o > |y| — 1. Since 0 — |x| < o < 2r, we have by (3.9) and the monotonicity of j,

01/2 _ C{/Z o
Jllyl = o)—2 (@ = D <c J(|y|>r— y € A, 2, 4)

u(y)dy

u(y)dy

W@ o — w212 =7 (@2’
and
o o (@ —[x)*? r -
Jyl )(z( N2 @ = kD212 = =c7jllyl = )E((Zr)—z)’ Iyl =

for some constant ¢7 > 0. Thus by applying (3.2) and (3.3), we get

. “/2 (0 — |xD*/? r
T =) G e = = P g
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for some constant cg > 0. On the other hand, by (3.9) and (4.4), there exist positive constants cg
and cq such that

/ o= (((ly| — o) 22
40020 (Le=2))? Iyl —0)?
100\~ g2 €|yl — o)~ 2)/2
—) ——s d
S( 6 ) (15(0*2))1/2 /A(o,a,2r> (Iy| — 0)«/2 u(y)dy
g @ne? re/? / 5
L(y| Hu(y)d
((2r)=2)"? (e2r)=2)"* Jaw. 12 2n) YR

o

u(y)dy

< cor

-
<05
0@2r)=?) A0, 2

which is less than or equal to

ey DIy u(y)dy,

rOl

Cll =7 5"
20((2r)72) A, 1 2r)
for some constants c¢1; > 0 by Lemma 3.10. Hence

E, [”(anmB(o.n)); Xfr)m;(o.n) € B(0, U)C]

J(y)u(y)dy

J(y)u(y)dy,

-
<ci————5e
€((2r)=2) B(0,10r)c

for some constant cjo > 0. O
Lemma 4.5. Let D be an open set. Assume that B(A, kr) C DN B(Q, r) for some0 <r < 2rq
and k € (0, %]. Suppose that u > 0 is regular harmonic in D N B(Q, 2r) with respect to X and

u = 0in DN B(Q,2r). If w is a regular harmonic function with respect to X in D N B(Q, r)
such that

u(x), x€B (Q, 3—;) U (DN B(Q,r)),

wx) =
0, xeA(Q,r,3—r>,
2
then
L L2172 3
u(A) > w(A) > Ck mu(x), Vxe DNB (Q, §r>

for some constant C > Q.

Proof. Without loss of generality, we may assume Q = Oand x € D N B(0, %r). The left-hand
side inequality in the conclusion of the lemma is obvious, so we only need to prove the right-hand
side inequality. Since u is regular harmonic in D N B(0, 2r) with respect to X, we know from
Lemma 4.4 that there exists o € ( %, %) such that

u(x) = IEX [M(XTDQB(O.J)); X‘[Dng(o_g) S B(Ov U)C]

4 J(yu(y)dy

< Ao
€(2r)7%) JB(0, 29
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for some constant ¢; > 0. On the other hand, by (3.8) in Proposition 3.8, we have that

w(A) =/ . Kpnp.n (A, yu(y)dy
B©,%

\%

_/ \ Kpaery (A, y)u(y)dy
B0, %)

()
J(A — d
zcz/my)c (4= 3 )y

for some constant ¢, > 0. Note that |y — A| < 2|y| in A(0, 2 5, 4) and that [y — A| < |y[ + 1 for
|y| > 4. Hence by the monotonicity of j, (3.2) and (3.3),

(rcr)®
5((”) 2) BO,¥)¢
for some constant ¢z > 0. Therefore
L@
ﬂ(( r)” 2)

for some constant ¢4 > 0. [J

w(A) > c J()u(y)dy

w(A) = ¢4 u(x)

We recall the definition of «-fat set from [27].

Definition 4.6. Let k € (0, 1/2]. We say that an open set D in RY is «-fat if there exists R > 0
such that for each Q € 9D and r € (0, R), D N B(Q, r) contains a ball B(A,(Q), «r). The pair
(R, k) is called the characteristics of the x-fat open set D.

Note that all Lipschitz domains and all non-tangentially accessible domains (see [14] for
the definition) are x-fat. Moreover, every John domain is k-fat (see Lemma 6.3 in [20]). The
boundary of a «-fat open set can be highly nonrectifiable and, in general, no regularity of its
boundary can be inferred. x -fat open set may be disconnected.

Since £ is slowly varying at oo, we get the Carleson’s estimate from Lemma 4.5.

Corollary 4.7. Suppose that D is a k-fat open set with the characteristics (R, k). There exists
a constant Ry such thatif r < Ry, Q € dD, u > 0 is regular harmonic in D N B(Q, 2r) with
respect to X and u = 0 in D N B(Q, 2r), then

u(A-(Q)) = Cu(x), VxeDNB (Q, %r)

for some constant C > 0.

The next theorem is a boundary Harnack principle for bounded «-fat open set and it is the
main result of this section.

Theorem 4.8. Suppose that D is a k-fat open set with the characteristics (R, k). There exists a
constant rs = r5(D, o, £) <r4 A R such that if 2r < rs and Q € 3D, then for any nonnegative
functions u, v in R? which are regular harmonic in D N B(Q, 2r) with respect to X and vanish
in D¢ N B(Q, 2r), we have
! u(Ar(Q) _ulx) _ Cu(Ar(Q))7
v(A-(Q) ~ v(x) T v(A(Q))

for some constant C = C(D) > 1.

VxeDﬁB(Q,%)
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Proof. Since ¢ is slowly varying at co, there exists a constant rs := rs(D, «, £) < r4 A R such
that for every 2r < rs,

ax( (T wEn™H WEH™ E((Kr)‘2)> <5

E((kr)™) 7 L((@4r)™2) 7 L(@r)=2) " €(2r)™2) @

Fix 2r < rs throughout this proof. Without loss of generality we may assume that Q = 0 and
u(A-(0)) = v(A,(0)). For simplicity, we will write A,(0) as A in the remainder of this proof.
Define u; and u; to be regular harmonic functions in D N B(0, r) with respect to X such that

ux), r=lxl <—,

up(x) =
0, X EB(O,

YRR

) U (DN B(0,r))
and

u(x), x€B (0, 3_r> U (DN B(0,r)),
uz(x) = 2

3r
07 r§|x|<_s
2

andnote thatu = u1 +ur. DN {r <|y| < %’} is empty, then 1 = 0 and the inequality (4.8)
holds trivially. So we assume D N {r < |y| < 37’} is not empty. Then by Lemma 4.5,

e L) %)
«@n?)

for some constant ¢; > 0. For x € D N B(0, %), we have

u(y) <cik u(A), VyeDNB (O, 3%)

3r
up(x) = Ey “(XtDmB(or)) XTDnB(Or) eDN {r <lyl < ?}i|

3r
S p ”(y) IEDx (XTD(}B(OV,«) € D m {r S |y| < ?})
r<|y|<
S p u(}’) ]PX (XfDﬂB(O‘r) € B(Ov r)C)
DN{r<lyl<¥y
Lo ) ™)

< ClKk WM(A)]PX (XTDﬂB(O,r) € B(0, r)C) .

Now using Lemma 4.3 and (4.5) we have that for x € D N B(0, 3),

B (o o WA ) (1 z((%)%)

M) = e 207 W) (@42

Kr
X u(A) P, (X,(DQB(OJ_))\B(A%) € B (A, 7))

Kr

s u(A Pr (Xry0, 050, € B (41 7)) (4.6)

IA
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for some positive constants ¢ and ¢3 = c3(k). Since 2r < r4, Theorem 3.4 implies that
Kr
u(y) = c4u(A), yeB (A, 7)
for some constant c4 > 0. Therefore for x € D N B(0, 5)

Kr
0 ) = Ex [0t | 2 048 P (Xa 0,0 000 1) € B (4 7)) @7

Using (4.6), the analogue of (4.7) for v and the assumption that u(A) = v(A), we get that for
x € DN B, %),

Kr
ui(x) < 3 v(A) Py (XT(DWO_,))\B(A,% e B (4, 7)) < esu(x) 4.8)
for some constant cs = c¢5(x) > 0. For x € D N B(0, r), we have

ur(x) = / Kb (6, Du(z)dz
B(0,%)¢

= f / Gpnp.r(x, y)J(y —z2)dyu(z)dz.
B(0,%)c J DNB(0,r)
Let
s(x) 1=/ G B, (x, y)dy.
DNB(O,r)
Note that for every y € B(0, r) and z € B(0, 3)¢,

1

§IZI Sll=r=lzl =yl = ly—zI <yl +lzl =7+ Iz <2z
and that for every y € B(0, r) and z € B(0, 12)¢,

Izl —1=|y—z| < lz| + L.

So by the monotonicity of j, for every y € B(0,r) and z € A(0, 37’, 12),

. . 1 ya!
J2Z) = jRIzD = J(y—2) < j <§Iz|) <]J <§|zl)
and for every y € B(0, r) and every z € B(0, 12)¢,
JUzl =D =J(y—2) = jzl+ D).
Using (3.2) and (3.3), we have that, for every y € B(0, r) and z € B(0, 3—r)“’,
cg iz < J(y —2) < c6jlz])
for some constant cg > 0. Thus we have

c,1<u2(X) S(X)<
T T uA) [ sA) T

7, (4.9)



P. Kim et al. / Stochastic Processes and their Applications 119 (2009) 1601-1631 1623

for some constant ¢; > 1. Applying (4.9) to u and v and Lemma 4.5 to v and v,, we obtain for
x € DN B(0, 5),

S() _ Hua(A)
w0 = ) o %”2(A) V(%)
-2 -2
LEDD ) @i

< cgk
£(2r)72) v(A) €272
for some constant cg > 0. Combining (4.8) and (4.10) and applying (4.5), we have

r
ulx) <cov(x), VxeDNB (0, 5)

for some constant cg = cg(x) > 0. [

5. Martin boundary and Martin representation

In this section we will always assume that D is a bounded «-fat open set in R? with the
characteristics (R, k). We are going to apply Theorem 4.8 to study the Martin boundary of D
with respect to X.

We recall from Definition 4.6 that for each Q € D and r € (0, R), A,(Q) is a point in
DN B(Q, r) satisfying B(A,(Q), «xr) C DN B(Q, r). From Theorem 4.8, we get the following
boundary Harnack principle for the Green function of X which will play an important role in this
section. Recall that rs < R is the constant defined in Theorem 4.8.

Theorem 5.1. There exists a constant ¢ = c¢(D, «, £) > 1 such that forany Q € 0D, r € (0, r5)
and z, w € D\ B(Q, 2r), we have

1 G0G@ A Gpi.x) Gk Ar(Q)
Gp(w, A (Q) — GD(w,X) = Gow. A,(0)

xeDﬂB(Q,%).

Since ¢ is slowly varying at oo, there exists a positive constant r¢ := r¢(k, £) < rs such that
for every 2r < rg,

I £ 1C T WY
— < min ,
2 T )

K2 =2y A2
ax(€(64r )’ (Gr ))52. )

er=2 7 e

Lemma 5.2. There exist positive constants ¢ = ¢(D,«) and y = y(D,a) < « such that for
any Q € 0D and r € (0, rg), and nonnegative function u which is harmonic with respect to X in
D N B(Q, r) we have

2\ € ((k/2)7%r72)
u(A(Q)) =c <;) W

Proof. Without loss of generality, we may assume Q = 0. Fix r < r¢ and let

u(A(K/Z)kF(Q))’ k:O, 1, (52)

K\ k
= (E) ro A=Ay, 0) and B = B(Ag.mi1). k=0,1,....
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Note that the By’s are disjoint. So by the harmonicity of u, we have

k=1 k=1
WA = Y By [uYey) : Yoy € Bi] =Y / K (Ag, Du()dz.
=0 1=0 Y B
Theorem 3.4 implies that

f K, (Ax, Du2)dz = cou(Ay) | Ka, (Ar, 2)dz
By By

for some constant ¢y = co(d, o) > 0. Since dist(Ag, B;) < 2n;, by (3.8) in Proposition 3.8 and
the monotonicity of j we have

(Mie1)” (1)
Kp (Ak,2) =2 atdJ QA —2)————— - =z aJ@n)————-, z€ B
¢ ()™ (M) ™)
Applying Lemma 3.10 and (5.1), we get
(D)™ (@) ™2) () ™)
K (Ag,2) > ¢ 77k+;+a m ) M+ ~
@t L((ni+1) %) L((Mk+1) )
d+ oy -2
S 26 (5) o (77k+1d)+ (On1+1) 2)’ e B
8 M) (k1))
for some constant ¢y = ¢2(d, a, £) > 0. Thus we have
oy -2
f Ka, (Ar, 2)dz > 3 (M+1) ((771+1)_2)’ LB
B M+ L((Mk+1)72)
for some constant c3 = ¢3(d, «, £) > 0. Therefore,
k—1
)™ u(ADL () ™) = ea Y (1)~ u(ADE((ni41) ™)
1=0
for some constant ¢4 = c4(d, o, k,£) > 0. Let a; = (nk)_“u(Ak)E(m) so that a; >

c4 Z;:ol a;. By induction, one can easily check that a > ¢5(1 + ¢4 /Z)kao for some constant
¢5 = c5(d, ) > 0. Thus, with y =« — In(1 + %‘)(ln(2//c))_1, we get

vk Y ((K/Z)—Z(k-i-l)r—Z)
€ ((k/2)72r=2)
Applying (5.1), we conclude that (5.2) is true.

2
u(Ar(Q)) =c (—)
K

u(A 2 (Q)).

Lemma 5.3. Suppose Q € 0D andr € (0,rs). If w e D\ B(Q,r), then

o .0

L(kr/2)72) JB(0.r)

for some constant ¢ = c¢(D, a, £) > 0.

1
Gp(A(Q),w) >c J <§(Z - Q)) Gp(z, w)dz

Proof. Without loss of generality, we may assume Q = 0. Fix w € D \ B(0,r) and let
A = A;(0) and u(-) := Gp(-, w). Since u is regular harmonic in D N B(0, (1 — «/2)r) with
respect to X, we have
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. ¢
u(A) = Eq [” (XTDmB(O,(l—K/z)r)) ’ XTDﬂB(O,(]—K/2)r) € B(0,r) ]

= / K pnB,(1—c/2)r) (A, D)u(z)dz
B(0.r)°

= / / GpnB©,(1—«/2r) (A, y) J(y — 2)dyu(z)dz.
B(0,r)¢ J DNB(0,(1—k/2)r)
Since B(A, kr/2) C DN B(0, (1 — k/2)r), by the monotonicity of the Green functions,
GpnBo,(-«/2r) (A, Y) = Gpawr)(A,y), ¥y € B(A, kr/2).
Thus

u(A) = / / G seaer/2y (A ) I (y — 2)dyu(z)dz
B(0.r)¢ J B(A.kr/2)

= / Kpacry2)(A, 2u(z)dz,
B(0,r)¢

which is greater than or equal to
Kkr/2)*

01/ J(z— )L)_z

B(0,r)° L((kr/2)=7)

for some positive constant c; = ¢1(d, «, £) by (3.8) in Proposition 3.8. Note that |z — A| < 2|z|
for z € B(0, r)¢. Let M :=diam(D). Hence

Oerl
2 )
L((kr/2)72) Ja©.rm)

K%r¢ 1
> CSW O u(z)J (51) dz (5.3)

for some constant ¢z = c3(d, o, £, M) > 0. We have used (3.2) in the last inequality above. [

u(z)dz

u(A) > c u(2)J (2z)dz

Lemma 5.4. There exist positive constants ¢y = c1(D, o, £) and co = c2(D, o, £) < 1 such that
forany Q € 0D, r € (0,r¢) and w € D \ B(Q, 2r/«), we have

Ee [GpXeprgs ) Xepy, € BQ, 1| 16k Gplrow),  x e DN B,

where By = B(Q, (k/2)r), k=0,1,....

Proof. Without loss of generality, we may assume Q = 0. Fixr < rgand w € D\ B(0, 4r). Let
nk = (k/2)kr, Br == B(0, 1) and

up (x) = By [GD(X,DmBk, W): Xepoy € BO, r)C] , xeDNB.
Note that for x € D N B4
U1 () = B [ G0 (Xapey 05 Xeprg,,, € BO 1]

. —_ c
= B [ G0 (Xepnyy, W) T8y = Tt Xepes,,, € BO.7Y]

= Ex I:GD(XTDﬂBk’ UJ), TDﬁBk+1 = TDNBy>» XTDﬁBk € B(Oa r)c:l

< B[ G0 (Xapes, » )i Xepe, € BOY°].
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Thus

up+1(x) < wup(x), x € DN Biyr. 5.4
Let Ay := Ay, (0) and M :=diam(D). Since Gp(-, w) is zero on D¢, we have

uk(AQ) = Ea [ G0 (Xepog s W) Xepey, € AQ, 7, )]

< Ea, [Gp(Xeyy» ); Xey € AO, 7, M)]
< / K, (Ar, 2)Gp(z, w)dz.
A0,r,M)

Since r < r4, by (3.7) in Proposition 3.8, we get that for z € A(0, r, M),

2
e/ (i — |Ag)*/2

212 @ — 1A =212

Kp, (Ag,2) <cij(zl —me)

for some constant ¢y = c;(D, @) > 0and k =1, 2, .... Since ny — |Ax| < nr < r¢, from (3.9)
we see that

2
(=14 !

€ — 1A 202 = 2

Thus
o
. Mk
Kp (Ak,2) = c2j Izl —m)—=
L)
for some constant ¢ = c2(D, «, £) > 0 and k = 1, 2, .. .. Therefore by the monotonicity of j
u 1
ur(Ap) <o k_2 / J (—z) Gp(z,w)dz, k=1,2,.... (5.5)
e Jaormy  \2

From Lemma 5.3, we have
K.arC(
—
((kr/2)72) Jao.r.m)

for some constant c3 = c3(D, «, £) > 0. Therefore (5.5) and (5.6) imply that

ke € ((k/2)72r2)
up(Ag) < cq4 (—) W

Gp(Ag,w) > ¢ J (%z) Gp(z, w)dz (5.6)

> Gp(Ap, w)

for some constant ¢4 = c4(D, «, £) > 0. On the other hand, using Lemma 5.2, we get

2

vk —2k,.—2
Gotanw =es (2) /)

()

for some constant ¢5 = ¢5(D, @) > 0. Thus by (5.1)

Gp(Ag, w)

—k(a—y)
ui(Ag) < ce (;) Gp(Ag, w)
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for some constant cg = c¢(D, @) > 0and k =1, 2, .... By Theorem 5.1, we have
_ (A 2 —(k=1)(a—y)
u (x) < 1(x) < up—1(Ag—1) < cacsce (_)
Gp(x,w) ~ Gp(x,w) Gp(Ag—1,w) K

fork=1,2,.... O

Let xg € D be fixed and set
Gp(x,y)
Gp(x0,y)’

M p is called the Martin kernel of D with respect to X.

Now the next theorem follows from Theorem 5.1 and Lemma 5.4 (instead of Lemmas 13 and
14 in [4] respectively) in very much the same way as in the case of symmetric stable processes
in Lemma 16 of [4] (with Green functions instead of harmonic functions). We omit the details.

Mp(x,y) = x,y € D,y # xp.

Theorem 5.5. There exist positive constants Ry, My, ¢ and B depending on D, o and | such that
forany Q € 0D, r < Ry and z € D\ B(Q, M1r), we have

lx — yl

B
IMp(z,x) —Mp(z,y)| <c ( ) , X, ye DNB(Q,r).

In particular, the limit impsy . Mp(x, y) exists for every w € dD.

There is a compactification DM of D, unique up to a homeomorphism, such that Mp (x, y) has
a continuous extension to D x (DM \ {xo}) and Mp(-, z1) = Mp(-, z2) if and only if z; = z5.
(See, for instance, [18].) The set ¥ D = DM \ D is called the Martin boundary of D. For
7€ dMD, set Mp(-, ) to be zero in D€,

A positive harmonic function « for X? is minimal if, whenever v is a positive harmonic
function for X2 with v < u on D, one must have u = cv for some constant c¢. The set of points
z € 3™ D such that Mp (-, z) is minimal harmonic for X? is called the minimal Martin boundary
of D.

For each fixed z € 9D and x € D, let

Mp(x,z):= lim Mp(x,y),
Dsy—z
which exists by Theorem 5.5. For each z € d D, set Mp(x, z) to be zero for x € D°.

Lemma 5.6. For every z € 9D and B C BC D, Mp (X<p. 2) is Py-integrable.

Proof. Take a sequence {z;y}m>1 C D \E converging to z. Since Mp (-, z,) is regular harmonic
for X in B, by Fatou’s lemma and Theorem 5.5,

e [Mp (Xep,2)] = B [ Jim M (X 2n)]

< liminf Mp(x, zu) = Mp(x,z) <oo. [
m—00

Lemma 5.7. For every z € 0D and x € D,

TB(x,r)

1
Mp(x,z) = E, [MD (XD ,z)], foreveryO <r <r6/\§pD(x). 5.7
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Proof. Fixz € 0D, x € Dandr <rg A %pD(x) < R.let
K\m
Nm = (5) r oand z,:=A4,,0), m=01,....
Note that

1
B(zm, tm+1) C B <Z7 znm> NDCB(z,nu)NDCB(z,r)ND CD\B(x,r)

for all m > 0. Thus by the harmonicity of Mp (-, z,,,), we have

Mp(x,zm) = Eyx [MD (th(x’,-)a Zm)] .

On the other hand, by Theorem 5.1, there exist constants mg > 0 and ¢; > 0 such that for
every w € D\ B(z,nn) and y € D N B(z, Nm+1),
Gp(w, zm) Gp(w,y)

=ci
G p(x0, Zm) Gp(xo,y)
Letting y — z € 0D we get

MD(wa Zm) =

=ciMp(w,y), m=>myg.

Mp(w, zm) < ciMp(w,z), m >my, (5.8)

for every w € D\ B(z, nm).

To prove (5.7), it suffices to show that {MD(XfB(xv,),zm) :m > mo} is Py-uniformly
integrable. Since M p(Xp, s 2) is [P,-integrable by Lemma 5.6, for any ¢ > 0, there is an
No > 1 such that

B¢ [Mp (Xep,,)-2) s Mp (Xey,,)-2) > NoJe1] < 4871 (5.9)

Note that by (5.8) and (5.9)
Ex [Mp (Xtg, ). 2m) s Mp (Xvp(,,)» 2m) > Noand Xoy € D\ B(z, nm)]

I3 &
<c1E; [MD (X,B(x’,_), z) ;c1Mp (XIB(”), z) > NO] < c] v = T
1
By (3.7) in Proposition 3.8, we have for m > my,
Ec[Mp (X5, 2m): Xegr € DO BG )]
= / Mp(w, 2m)Kpx,r)(x, w)dw
DNB(z,0m)
ref? (r — lwe?

sof o MpwziGe - -1 w
DOB(G.1m) " (€212 (0((r = [wh=2))1/2

for some ¢; = cx(d, @, £) > 0.Since |[w —x| > |x —z|—|z—w| > pp(X) =N =2r—r=r,
using the monotonicity of J and (3.9) to the above equation, we see that

Ex I:MD (X'g?(x,r)’ Zm) 7 XTB(x,r) € D m B(Z7 UM):I
r()l
= jr)—— Mpw, zp)dw
=) JpBeam) "

< ey / Mp (w, 2)dw = c4G p(x0, zm) " / G p(w, zm)dw (5.10)
B(Z’nm) B(Zﬂlm)
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for some c3 = c3(D,a,€¢) > 0and ¢4 = c4(D, a,£,r) > 0. Note that, by Lemma 5.2, there
exist cs = ¢5(D, a, £, mg) > 0, ce = c6(D, o, £, mg,r) > 0and y < « such that

K)—)/m € ((1c/2) 720D (i /2) = 2mop =2)
2 € ((k/2)=2(1c /2)~2mor=2)

< (%)_ym ¢ ((K/z)*z’" (x/2)*2<'"0+”r*2) . (5.11)
On the other hand, by (3.4)

Gp(x0, zm) " < ¢s ( G (X0, Zmy) !

dw
Gp(w, zm)dw < 07/
/I;(z,nm) " B(zm.2nm) LW — Zm| 72w — 2y |4
20m a—1 o
< CS/ 2 5-ds 509—(nm) 5 (5.12)
o £ L(2nm) ™)

In the last inequality above, we have used (3.16). It follows from (5.10)—(5.12) that there exists
cio = c10(D, a, £, mg, r) > 0 such that

E, [MD(XD 2m)i Xegoy € DN B, 2r/m)]

TB(x,r)’

KN (@—y)m £ ((K/Z)—Zm(K/Z)—Z(m0+1)r—2)
=10 (—)
2 €((k/2)72m(2r)72)
Since £ is slowly varying at co, we can take N = N (¢, D, mg, r) large enough so that form > N,
E)C [MD (X'L’B(er)’ Zm) 7 MD (XTB(x,r)’ Zm) > N]
<E:[Mp (Xep.,, 2m) s Xep,) € DN B(z, 2r/m)]
+Ey [MD (XfB(x.rV Zm) s Mp (XTB(x.r)’ Zm) > N and st(x,r) € D\ B(z, 2r/m)]
i\ @=ym £ ((kc/2) 72" (ke /2)"2motDr=2) ¢
<10 (_) + - <e.
2 £ ((K/Z)—Z’"(Zr)—z) 4

As each Mp Xy, s zm) 1s Py-integrable, we conclude that {MD(XTB(“), Zm) © m > mg} is
uniformly integrable under P,. [

Using the fact that P, (X, € dU) = 0 for every smooth open set U (Theorem 1 in [28]), one
can follow the proof of Theorem 2.2 of [8] or the proof of Theorem 4.8 of [17] and show that the
two lemmas above imply that Mp (-, z) is harmonic for X. We skip the details.

Theorem 5.8. For every z € 0D, the function x — Mp(-, z) is harmonic in D with respect
to X.

Recall that a point z € 9 D is said to be a regular boundary point for X if P,(tp = 0) = 1 and
an irregular boundary point if P,(tp = 0) = 0. It is well known that if z € 9D is regular for X,
then forany x € D, Gp(x,y) > Oasy — z.

Lemmas5.9. (1) If z,w € 0D, z # w and w is a regular boundary point for Y, then
Mp(x,z) > 0as x — w.
(2) The mapping (x, z) — Mp(x, z) is continuous on D x 0 D.

Proof. Both of the assertions can be proved easily using our Theorems 5.1 and 5.5. We skip the
proof since the argument is almost identical to the one on page 235 of [5]. [J
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Lemma 5.10. Suppose that h is a bounded singular o-harmonic function in a bounded open set
D. If there is a set N of zero capacity such that for any z € dD \ N,
lim h(x) =0,

D>x—z

then h is identically zero.

Proof. Take an increasing sequence of open sets {D,,}n>1 satisfying D,, C D41 and
U;’le D, = D. Sett,, = tp,. Then 1,, 1 7p and lim,; 0 Xr, = X, by the quasi-left
continuity of X. Since N has zero capacity, we have

Py,(X:p € N)=0, xeD.
Therefore by the bounded convergence theorem we have for any x € D,
h(x) = lim E,(h(X,), Tn < TD)
m—0oQ
= lim Eo(h(Xg,)1ap\w (Xep)i Tn < 7p) = 0.

So far we have shown that the Martin boundary of D can be identified with a subset of the
Euclidean boundary 9 D.

If 1 is the set of irregular boundary points of D for X, then / is semi-polar by Proposition
I1.3.3 in [2], which is polar in our case (Theorem 4.1.2 in [11]). Thus Cap(/) = 0. Using this
observation and the above lemma, now we can follow the proof of Theorem 4.1 in [27] and show
the following theorem, which is the main result of this section.

Theorem 5.11. The Martin boundary and the minimal Martin boundary of D with respect to X
can be identified with the Euclidean boundary of D.

As a consequence of Theorem 5.11, we conclude that for every nonnegative harmonic function
h for XP, there exists a unique finite measure p© on d D such that

h(x) =/ Mp(x,z)u(dz), x € D.
aD

u is called the Martin measure of /.
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