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Abstract

In this paper, we study Gorenstein projective and flat modules over a Noetherian ring R. For an
R-module M , we show that Gorenstein projective dimension of M is finite if and only if Gorenstein flat
dimension of M is finite provided the Krull dimension of R is finite. Moreover, in the case that R is local,
we prove that Gorenstein projective dimension of an R-module M is finite if and only if R̂ ⊗R M belongs
to the Auslander category of R̂.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper, R will denote a commutative ring with non-zero identity and R̂ will
denote the completion of a local ring (R,m). When discussing the completion of a local ring
(R,m), we will mean the m-adic completion.

Auslander and Bridger [2] introduced the G-dimension, G-dimR M , for every finitely gen-
erated R-module M (see also [1]). They proved the inequality G-dimR M � pdR M , with
G-dimR M = pdR M when pdR M is finite. The G-dimension has strong parallels to the pro-

✩ This research was in part supported by a grant from IPM (No. 85130213).
* Corresponding author.

E-mail addresses: esmkhani@ipm.ir (M.A. Esmkhani), mtousi@ipm.ir (M. Tousi).
0021-8693/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.08.030



322 M.A. Esmkhani, M. Tousi / Journal of Algebra 308 (2007) 321–329
jective dimension. For instance, for a local Noetherian ring (R,m), the following conditions are
equivalent:

(i) R is Gorenstein.
(ii) G-dimR R/m < ∞.

(iii) All finitely generated R-modules have finite G-dimension.

This characterization of Gorenstein rings is parallel to Auslander–Buchsbaum–Serre characteri-
zation of regular rings. G-dimension also differs from projective dimension in that it is defined
only for finitely generated modules. Enochs and Jenda defined in [8] Gorenstein projective mod-
ules (i.e. modules of G-dimension 0) whether the modules are finitely generated or not. Also,
they defined a homological dimension, namely the Gorenstein projective dimension, GpdR(−),
for arbitrary (non-finitely generated) modules. It is known that for finitely generated modules, the
Gorenstein projective dimension agrees with the G-dimension. Along the same lines, Gorenstein
flat and Gorenstein injective modules were introduced in [8,9].

Let R be a Cohen–Macaulay local ring admitting a dualizing module D. Foxby [11] defined
G0(R) to be the class of R-modules M such that TorRi (D,M) = ExtiR(D,D ⊗R M) = 0 for
all i � 1 and such that the natural map M → HomR(D,D ⊗R M) is an isomorphism. In [10]
Enochs, Jenda and Xu characterize Gorenstein projective and flat dimensions in terms of G0(R).

Let R be a Noetherian ring with dualizing complex D. The Auslander category A(R) with
respect to D is defined in [3, 3.1]. In [5], it is shown that the modules in A(R) are precisely those
of finite Gorenstein projective dimension (Gorenstein flat dimension), see [5, Theorem 4.1]. This
may be viewed as an extension of the results of [10]. Note that, by [3, Proposition 3.4], if R

is a Cohen–Macaulay local ring with a dualizing module, then an R-module M (viewed as a
complex) is in A(R) if and only if M ∈ G0(R).

The main aim of this paper is to extend the characterization of finiteness of Gorenstein pro-
jective and flat dimensions in [5] to arbitrary local Noetherian rings.

Let R be a local Noetherian ring, possibly without a dualizing complex, and let D denote the
dualizing complex of R̂. We define A′(R) to be the class of R-modules M such that R̂ ⊗R M ∈
A(R̂). In Sections 2 and 3, we characterize Gorenstein projective and flat modules in terms of
the class A′(R). To be more precise, we show the following results.

Theorem A. Let R be a local Noetherian ring and M an R-module.

(i) (See Theorem 2.5.) M is Gorenstein flat if and only if M belongs to A′(R) and TorRi (E,M) =
0 for all injective R-modules E and all i > 0.

(ii) (See Corollary 3.3.) M is Gorenstein projective if and only if M belongs to A′(R) and
ExtiR(M,P ) = 0 for all projective R-modules P and all i > 0.

Also, by using the class A′(R), we characterize modules of finite Gorenstein projective and
flat dimensions. Namely, we prove the following result.

Theorem B. (See Proposition 3.1, Theorem 3.4, and Corollary 3.5.) Let R be a Noetherian ring
of finite Krull dimension d and M an R-module.

(i) GfdR M � GpdR M (here GfdR M denotes the Gorenstein flat dimension of M).
(ii) If GpdR M < ∞ or GfdR M < ∞, then Max{GfdR M,GpdR M} � d .

(iii) If R is local, then GpdR M < ∞ if and only if M ∈ A′(R).
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Setup and notation. If M is any R-module, we use pdR M , fdR M and idR M to denote the usual
projective, flat and injective dimension of M , respectively. Furthermore, we write GpdR M and
GfdR M for the Gorenstein projective and Gorenstein flat dimension of M , respectively. Let X be
any class of R-modules and let M be an R-module. An X -precover of M is an R-homomorphism
ϕ : X → M , where X ∈ X and such that the sequence,

HomR(X′,X)
HomR(X′,ϕ)−−−−−−−→ HomR(X′,M) → 0

is exact for every X′ ∈ X . If, moreover, ϕf = ϕ for f ∈ HomR(X,X) implies f is an automor-
phism of X, then ϕ is called an X -cover of M . Also, an X -preenvelope and X -envelope of M

are defined “dually.” By P(R) and F(R), we denote the classes of all R-modules with finite
projective and flat dimension, respectively.

We shall use the following facts without comment. If R is Noetherian of finite Krull di-
mension, then P(R) = F(R) (see [14, Theorem 4.2.8]). Also, if R is Noetherian then for any
M ∈ P(R), we have pdR(M) � dimR, where dimR denotes the Krull dimension of R (see [13,
Theorem 3.2.6]).

2. Gorenstein flat dimension

Let R be a local Noetherian ring and let D denote the dualizing complex of R̂. Let Db(R̂)

denote the full subcategory of D(R̂) (the derived category of R̂-modules) consisting of com-
plexes X with Hn(X) = 0 for |n| � 0, see [3]. Let A(R̂) denote the full subcategory of Db(R̂),
consisting of those complexes X for which D ⊗L

R̂
X ∈Db(R̂) and the canonical morphism

γX :X −→ R Hom
R̂

(
D,D ⊗L

R̂
X

)
,

is an isomorphism. Now, we define A′(R) to be the class of all R-modules M such that R̂⊗R M ∈
A(R̂).

Lemma 2.1. Let 0 → M ′ → M → M ′′ → 0 be an exact sequence of modules over a local
Noetherian ring R. Then if any two of M ′,M,M ′′ are in A′(R), so is the third.

Proof. The exact sequence 0 → M ′ → M → M ′′ → 0 yields the exact sequence 0 → R̂ ⊗R

M ′ → R̂ ⊗R M → R̂ ⊗R M ′′ → 0. Now, the conclusion follows from [4, Lemma 3.1.13]. �
Proposition 2.2. Let R be a local Noetherian ring and M an R-module. If GfdR M < ∞, then
M ∈ A′(R).

Proof. By [12, Proposition 3.10], we have Gfd
R̂
(R̂ ⊗R M) < ∞. Using [5, Theorem 4.1], we

conclude that R̂ ⊗R M belongs to A(R̂). So, the assertion follows by the definition. �
In the proof of the following lemma we use the method of the proof of [10, Lemma 3.1].

Lemma 2.3. Let R be a Noetherian ring, K be a cotorsion R-module of finite flat dimension
and M be an R-module. If TorRi (E,M) = 0 for all i > 0 and all injective R-modules E, then
Exti (M,K) = 0 for all i > 0.
R
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Proof. We prove by induction on fdR K = n. First, let K be flat and cotorsion. Then K is a
summand of a module of the form HomR(E,E′) where E and E′ are injective [7, Lemma 2.3].
It is enough to show that ExtiR(M,HomR(E,E′)) = 0 for all i > 0. We have the following
isomorphisms

ExtiR
(
M,HomR(E,E′)

) ∼= HomR

(
TorRi (E,M),E′)

for all i � 0. Thus ExtiR(M,HomR(E,E′)) = 0 for all i > 0. Now, suppose, inductively, that
n > 0. Let F → K be a flat cover of K with kernel L. Then F → K is surjective. So, we have
the exact sequence

ExtiR(M,F) −→ ExtiR(M,K) −→ Exti+1
R (M,L),

for all i > 0. Also, L is cotorsion by [7, Lemma 2.2] and fdR L = n − 1. Since K and L are
cotorsion, then so is F . Hence, by inductive hypothesis, ExtiR(M,K) = 0, for all i > 0. �
Lemma 2.4. Let R be a Noetherian ring and M an R-module.

(i) If R is a local ring and M ∈ A′(R), then there exists a monomorphism M → L with
fdR L < ∞.

(ii) Assume ψ :M → L is a monomorphism such that fdR L < ∞ and that TorRi (E,M) = 0
for all injective R-modules E and all i > 0. Then M possesses a monic F(R)-preenvelope
M → F , in which F is flat.

(iii) Let R-homomorphism f :M → L′ be an P(R)-preenvelope. Assume ϕ :M → L is a
monomorphism such that pdR L < ∞ and that ExtiR(M,N) = 0 for all projective R-
modules N and all i > 0. Then there exists a monic P(R)-preenvelope M → P , in which P

is projective.

Proof. (i) Since M belongs to A′(R), Gfd
R̂
(M ⊗R R̂) is finite by the definition and [5, The-

orem 4.1]. Therefore, by [5, Lemma 2.19], we have an exact sequence of R̂-modules and
R̂-homomorphisms 0 → M ⊗R R̂ → L, where flat dimension of L is finite as an R̂-module.
So, we obtain an exact sequence 0 → M → L of R-modules and R-homomorphisms. The flat
dimension of L is finite as an R-module, because every flat R̂-module is also flat as an R-module.

(ii) Using [6, Proposition 5.1], there exists a flat preenvelope f :M → F . First, we show that f

is F(R)-preenvelope. To this end, let ψ ′ :M → L′ be an R-homomorphism such that fdR L′ < ∞
and let 0 → K → F ′ π−→ L′ → 0 be an exact sequence such that π :F ′ → L′ is a flat cover. Then
K is of finite flat dimension and also by [7, Lemma 2.2], it is cotorsion. Lemma 2.3 implies that
ExtiR(M,K) = 0 for all i > 0. So, we have the exact sequence

0 −→ HomR(M,K) −→ HomR(M,F ′) −→ HomR(M,L′) −→ Ext1R(M,K) = 0.

Therefore, there exists an R-homomorphism h : M → F ′ such that πh = ψ ′. Since f :M → F

is flat preenvelope, there exists an R-homomorphism g :F → F ′ such that h = gf . Hence, there
exists the R-homomorphism πg :F → L′ such that πgf = ψ ′. Thus f is F(R)-preenvelope.

Since f is an F(R)-preenvelope, there is an R-homomorphism θ :F → L such that θf = ψ .
So f is monic, because ψ is monic.
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(iii) Since ϕ :M → L is monic, it turns out that f :M → L′ is also monic. Now, let 0 → K →
P

π−→ L′ → 0 be an exact sequence such that P is projective R-module. It is easy to see that K ∈
P(R). On the other hand, by hypothesis and induction on projective dimension, ExtiR(M,Q) = 0
for all i > 0 and for all Q ∈ P(R). Therefore, Ext1R(M,K) = 0. Hence f :M → L′ has a lifting
M → P which is monic and still an P(R)-preenvelope. �
Theorem 2.5. Let (R,m) be a local Noetherian ring, M an R-module, and n a non-negative
integer. Then the following conditions are equivalent:

(i) GfdR M � n.
(ii) M ∈ A′(R) and TorRi (E,M) = 0 for all injective R-modules E and all i > n.

Proof. (i) ⇒ (ii). By Proposition 2.2, M belongs to A′(R). Also, [12, Theorem 3.14], implies
the last assertion in (ii).

(ii) ⇒ (i). There is an exact sequence

0 −→ C −→ Pn−1 −→ · · · −→ P1 −→ P0 −→ M −→ 0,

where the modules P0, . . . ,Pn−1 are projective. It is enough to show that C is Gorenstein flat.
For this, by [12, Theorem 3.6], it is enough to show that C admits a right flat resolution

X = 0 −→ C −→ F 0 −→ F 1 −→ F 2 −→ · · ·
such that HomR(X, Y ) is exact for all flat R-modules Y (i.e. C admits a co-proper right flat
resolution) and TorRi (E,C) = 0 for all injective R-modules E and all i > 0.

We have

TorRi−n(N,C) ∼= TorRi (N,M),

for all R-modules N and for all i > n. Therefore TorRi (E,C) = 0 for all injective R-modules E

and all i > 0.
By Lemma 2.1 and Proposition 2.2, the module C belongs to A′(R). So, Lemma 2.4(i) implies

that there exists an exact sequence 0 → C → L of R-modules and R-homomorphisms such
that fdR L < ∞. Using Lemma 2.4(ii), there exists a monomorphism f :C → K which is a

flat preenvelope. We obtain the short exact sequence 0 → C
f−→ K → B → 0. For every flat

R-module F ′ we have the short exact sequence

0 −→ HomR(B,F ′) −→ HomR(K,F ′) −→ HomR(C,F ′) −→ 0,

because f is a flat preenvelope. Let E be an injective R-module and ER(R/m) be the injective
envelope of R/m. Since HomR(E,ER(R/m)) is a flat R-module and ER(R/m) is an injective
cogenerator, we conclude that

0 −→ C ⊗R E −→ K ⊗R E −→ B ⊗R E −→ 0

is an exact sequence. So, TorRi (E,B) = 0 for all i > 0 and all injective R-modules E, because
K is a flat R-module and TorR(E,C) = 0 for all i > 0. Also, by Lemma 2.1 and Proposition 2.2,
i
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we obtain B ∈ A′(R). Then proceeding in this manner, we get the desired co-proper right flat
resolution of C. �
Corollary 2.6. Let (R,m) be a local Noetherian ring and let M ∈ A′(R). Then GfdR M =
Gfd

R̂
(R̂ ⊗R M). In particular, if M ∈ A′(R) then GfdR M < ∞.

Proof. By [12, Proposition 3.10], Gfd
R̂
(R̂ ⊗R M) � GfdR M . We show that GfdR M �

Gfd
R̂
(R̂ ⊗R M). As M belongs to A′(R), we get that R̂ ⊗R M belongs to A(R̂). So, by [5,

Theorem 4.1], Gfd
R̂
(R̂ ⊗R M) is finite. Set Gfd

R̂
(R̂ ⊗R M) = t and let

0 −→ C −→ Pt−1 −→ · · · −→ P1 −→ P0 −→ M −→ 0,

be an exact sequence of R-modules and R-homomorphisms such that Pi ’s are projective. We
prove that C is Gorenstein flat and so the assertions hold.

We obtain the exact sequence

0 −→ C ⊗R R̂ −→ Pt−1 ⊗R R̂ −→ · · · −→ P1 ⊗R R̂ −→ P0 ⊗R R̂ −→ M ⊗R R̂ −→ 0.

By [12, Theorem 3.14], C ⊗R R̂ is a Gorenstein flat R̂-module. By Lemma 2.1 and Proposi-
tion 2.2 the module C belongs to A′(R). In view of Theorem 2.5, it is enough to show that
TorRi (E,C) = 0 for all injective R-modules E and all i > 0.

Let E be an injective R-module and let HomR(−,ER(R/m)) denote by (−)∨, where
ER(R/m) is the injective envelope of R/m. From the natural monomorphism E → (E∨)∨, we
conclude that E is a direct summand of (E∨)∨. So, it is enough to show that TorRi ((E∨)∨,C) = 0
for all i > 0. By the next result, id

R̂
(E∨)∨ is finite. It therefore follows from [12, Theorem 3.14]

that TorR̂i (C ⊗R R̂, (E∨)∨) = 0 for all i > 0. Suppose F• → C is a flat resolution of C. For every
i > 0, we have

TorRi
(
C,

(
E∨)∨) ∼= Hi

(
F• ⊗R

(
E∨)∨)

∼= Hi

(
(F• ⊗R R̂) ⊗

R̂

(
E∨)∨)

∼= TorR̂i
(
C ⊗R R̂,

(
E∨)∨)

.

The last isomorphism comes from the fact that F• ⊗R R̂ is a flat resolution of C ⊗R R̂, considered
as an R̂-module. Thus, TorRi (C, (E∨)∨) = 0 for all i > 0. �
Lemma 2.7. Let (R,m) be a local Noetherian ring and let K be an R-module such that
idR(K) is finite. Let HomR(−,ER(R/m)) denote by (−)∨, where ER(R/m) is the injective
envelope of R/m. The R-module (K∨)

∨ considered with the R̂-module structure coming from
ER(R/m), that is, (r̂f )(x) = r̂(f (x)), for all r̂ ∈ R̂, f ∈ HomR(K∨,ER(R/m)) and x ∈ K∨.
Then id

R̂
(K∨)

∨ is finite.

Proof. We deduce that fdR(K∨) is finite. It is easy to see that fd
R̂
(K∨ ⊗R R̂) is finite. By the

adjoint isomorphism, we have the following isomorphism

Hom ˆ
(
K∨ ⊗R R̂,ER(R/m)

) ∼= HomR

(
K∨,ER(R/m)

)
,

R
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as an R̂-modules. This ends the proof, because the injective dimension of Hom
R̂
(K∨ ⊗R R̂,

ER(R/m)) is finite as an R̂-module. �
3. Gorenstein projective dimension

In this section over a Noetherian ring R with finite Krull dimension, we show that Gorenstein
projective dimension of an R-module is finite if and only if its Gorenstein flat dimension is finite.

Proposition 3.1. Let R be a Noetherian ring of finite Krull dimension and M be an R-module.
Then GfdR M � GpdR M .

Proof. See [12, Remark 3.3 and Proposition 3.4]. �
Theorem 3.2. Let R be a Noetherian ring of finite Krull dimension, M an R-module, and n a
non-negative integer. Then the following conditions are equivalent:

(i) GpdR M � n.
(ii) GfdR M < ∞ and ExtiR(M,P ) = 0 for all projective R-modules P and all i > n.

Proof. Assume that GpdR M � n. Then GfdR M < ∞, by Proposition 3.1. Also, [12, Theo-
rem 2.20], implies that ExtiR(M,P ) = 0 for all projective R-modules P and all i > n.

Next, we show that (ii) ⇒ (i). There is an exact sequence

0 −→ C −→ Pn−1 −→ · · · −→ P1 −→ P0 −→ M −→ 0,

where the modules P0, . . . ,Pn−1 are projective. It is enough to show that C is Gorenstein pro-
jective. For this, by [12, Proposition 2.3], it is enough to show that C admits a right projective
resolution

X = 0 −→ C −→ P 0 −→ P 1 −→ P 2 −→ · · ·

such that HomR(X, Y ) is exact for every projective R-module Y (i.e. M admits a co-proper right
projective resolution) and ExtiR(C,P ) = 0 for all projective R-modules P and all i > 0.

It is easy to deduce from the assumption that ExtiR(C,P ) = 0 for all projective R-modules P

and all i > 0.
It follows from [12, Theorem 3.15] that GfdR C < ∞. Since GfdR C < ∞, it follows from [5,

Lemma 2.19] that there exists a monomorphism C → L with fdR L < ∞.
Let i > 0. By assumption and induction on projective dimension, ExtiR(C,Q) = 0 for all

Q ∈ P(R). On the other hand, we have

ExtiR
(
C,HomR(E,E′)

) ∼= HomR

(
TorRi (C,E),E′)

for all injective R-modules E and E′. Therefore, TorRi (E,C) = 0 for all injective R-modules E.
Note that, for each non-zero R-module N , there exists an injective R-module E′ such that
HomR(N,E′) �= 0 and HomR(E,E′) is flat for every injective R-modules E and E′.
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Now, using parts (ii) and (iii) of Lemma 2.4, there exists a monic P(R)-preenvelope
ψ :C → Q, in which Q is projective. We consider the exact sequence

0 −→ C
ψ−→ Q −→ B −→ 0,

where B = Cokerψ . Let P be a projective R-module. Applying the functor HomR(−,P ) to
the above exact sequence, we see that ExtiR(B,P ) = 0 for all i > 0, because ψ : C → Q is
a projective preenvelope. Also, GfdR B < ∞, by [12, Theorem 3.15]. Then proceeding in this
manner, we get the desired co-proper right projective resolution for M . �

We can deduce from Proposition 2.2, Corollary 2.6 and Theorem 3.2 the following result.

Corollary 3.3. Let R be a local Noetherian ring, M an R-module, and n a non-negative integer.
Then the following conditions are equivalent:

(i) GpdR(M) � n.
(ii) M ∈ A′(R) and ExtiR(M,P ) = 0 for all projective R-modules P and all i > n.

Theorem 3.4. Let R be a Noetherian ring of finite Krull dimension d and M be an R-module.
Then the following conditions are equivalent:

(i) GfdR M < ∞.
(ii) GpdR M < ∞.

Moreover, if one of the above conditions holds, then GpdR M � d .

Proof. (i) ⇒ (ii). We prove the claim by induction on GfdR M . First, let M be a Gorenstein flat
R-module. Let F be a flat R-module. Consider the minimal pure injective resolution

0 −→ F −→ PE0(F ) −→ PE1(F ) −→ · · ·

(see [14, pp. 39 and 92]). Note that, by [14, Lemma 3.1.6], PEn(F ) is flat for all n � 0 and also,
by [14, Corollary 4.2.7], PEn(F ) = 0 for all n > d . It is well known that every pure injective
module is cotorsion. So, by [12, Proposition 3.22], ExtiR(M,PEj (F )) = 0 for all j � 0 and all
i � 1. Therefore, Extd+i

R (M,F) ∼= ExtiR(M,PEd(F )) for all i � 1, and so Extd+i
R (M,F) = 0 for

all i � 1. In view of the above fact, GpdR M < ∞ follows from Theorem 3.2.
Now, let GfdR M = t > 0 and let 0 → K → P → M → 0 be an exact sequence such that P is

projective. By [12, Proposition 3.12], GfdR K = t − 1. Hence, induction hypothesis implies that
GpdR M < ∞.

(ii) ⇒ (i). This follows from Proposition 3.1.
Now, if either GpdR M < ∞ or equivalently GfdR M < ∞, then, by [5, Lemma 2.17],

GpdR M = pdR H , where H is an R-module. This completes the proof. �
Now, we are ready to deduce the main result of this section by using Proposition 2.2, Corol-

lary 2.6 and Theorem 3.4.
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Corollary 3.5. Let R be a local Noetherian ring of Krull dimension d and M an R-module. Then
the following conditions are equivalent:

(i) GfdR M < ∞.
(ii) GpdR M < ∞.

(iii) M ∈ A′(R).

Moreover, if one of the above conditions holds, then GpdR M � d .
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