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1. Introduction

Stochastic comparisons of random vectors are of interest in the context of risk theory and reliability and some other
fields. In this paper we consider specific results about stochastic comparisons of random vectors (Ty, Ty, .. ., T,,) where the
joint distribution function is given by

n
F(ti, ..., ta) = / [ R, ... 0m)dI @, ... On), (1.1)
RM -1
where [T is an m-dimensional probability distribution and, for any vector (64, ..., 85) in the support of IT, F;(+|04, . . ., On)

is a one-dimensional distribution function. For example, this model can be used in the following situations:

e Applications in finance: In risk management, the default risk of an obligor can be assumed to depend on some random
factors, such as macroeconomics variables. Given a realization of the factors, defaults of a firm are assumed to be
independent. Two particular models of interest in this context are the case where the conditional defaults follow a
Bernoulli model or a Poisson model. An extension of these static mixture models, arises when the default times of n firms
Ty, ..., T, are independent given the observation of some m-dimensional random economic factors @. If F;(-|0) denotes
the conditional distribution of T;(0) = [T;|® = 0], and IT denotes the distribution of ®, then the joint distribution of
(Ty, ..., Ty) is given by (1.1).
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e Applications in reliability: Let us consider that Ty, ..., T, are the random lifetimes of n components, which are working
in an m-dimensional random environment ®. Given ® = 0, that is, given specific values of the environment, the
components are independent. Again the joint distribution of Ty, ..., T, is given, with the notation of the previous
example, by (1.1).

If F;(-]0) is absolutely continuous, for each 8 in the support of ®, with a density function f;(-|0), then the distribution of

(Ty, ..., T,) is absolutely continuous, and the joint density function is given by
n
fet = [ TR0 04T ... O (12)
RM =1

This model is known as multivariate mixture model, and can be applied not only in risk theory and reliability, but
also in some other different contexts and situations, for example it can be used to model heterogeneity (see [1]) and
if F;(-|01, ...,6n) = F(-|6;), where F denotes a distribution function, then (1.1) describes special frailty models. If the
components are not only independent, but also equally distributed, that is F;(-|@) = F(-|0), foralli = 1, ..., n, then the
random vector (Tq, ..., T,,) isexchangeable. The role of this model in reliability, in the exchangeable case, can be seenin [2,3].

For this model several authors have provided conditions to obtain dependence properties of the random vector
(Ty, ..., Ty), as can be seen in [4-8]. See also [9]. For a recent review of this topic see [10]. An analysis of stochastic
dependence for such models in the context of financial applications and reliability and survival analysis is presented in
the recent papers by Denuit and Frostig [11] and Frostig and Denuit [12] (in this respect see also Section 4).

The purpose of this paper is, given two random vectors as above, (S, ..., Sy, ©1) and (Ty, ..., Ty, ®3), to provide
conditions to obtain stochastic comparisons of (S, ...,S,) and (Ty, ..., T,). In particular we shall present a detailed
discussion about stochastic orders of, the so-called, dynamic type. These stochastic orders are particularly interesting from
a conceptual and mathematical point view. They (see e.g. [13]) are defined in terms of the notion of history, which describes
the state of a random vector of lifetimes, of a set of components, at a given time t; this approach leads to the notions of
multivariate hazard rate and multivariate mean residual life orders. Since several notions of positive dependence can be
defined in terms of stochastic orderings, we will also obtain some results in the spirit of Shaked and Spizzichino [5] as
corollaries of our achievements. In particular we obtain sufficient conditions for the HIF notion, which was left as an open
problem in that paper.

The paper is organized as follows. In Section 2 we recall the definitions and main properties of the stochastic orders and
dependence properties considered in this paper. The main results will be given in Section 3 and applications to proportional
hazard models and mixture models in credit risk will be given in Section 4. Along the paper for any event A the notation
[X |A] stands for any random variable whose distribution is the conditional distribution of X given A. By =, we denote
equality in law.

2. Previous notions and results on stochastic orders and related concepts

In this section we recall the definitions of some stochastic orders that will be considered along the paper. Also some facts
for positive dependence notions are considered. For the definitions and properties of stochastic orders, the reader can refer
to [13,14].

Given two random vectors X and Y we say that X is less than Y in the usual multivariate stochastic order, denoted by
X<qY,if

E[¢(X)] = E[p(V)], (2.3)

for all increasing functions ¢ : R" > R, for which the previous expectations exist. In the univariate case, given two random
variables X and Y, with survival functions F and G, then (2.3) is equivalent to

F(t) < G(t), forallt € R.

Given two random variables X and Y we say that X is less than Y in the convex [increasing convex] order, denoted by
X Zexiien Y, if

E[¢(X)] < E[p(Y)],

for all convex [increasing convex] functions ¢, for which previous expectations exist. In the multivariate case there are
several possibilities to extend this concept, depending on the kind of convexity that we consider.

Given two random vectors X and Y we say that X is less than Y in the multivariate convex [increasing convex] order,
denoted by X < yjicx Y, if

E[¢(X)] = E[p(V)]. (2.4)

for all convex [increasing convex] functions ¢ : R" — R, for which the previous expectations exist.
If (2.4) holds for all componentwise convex [increasing componentwise convex] functions ¢, then we say that X is
less than Y in the componentwise convex [increasing componentwise convex] order, denoted by X < jicex) Y. Some other
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appropriate classes of functions defined on R" can be considered to extend convex orders to the multivariate case, by means
of a difference operator. Let A{ be the ith difference operator defined for a function ¢ : R" — Ras

Ap®) = p(x + €1) — (%)

where 1, = (0, ..., 0, ’-/l\ 0, ...,0).Afunction ¢ is said to be directionally convex if AfA?d)(x) >0foralll<i<j<n
and e, § > 0. We observe that directionally convex functions are also known as ultramodular functions (see [15]). A function
¢ is said to be supermodular if Af Aj‘.scp(x) >0foralll <i <j<nande,§ > 0.If ¢ is twice differentiable then, it is
directionally convex if 82¢/8x,-8xj > Oforevery1 < i < j < n,and it is supermodular if 82¢/8x,-8xj > 0 for every
1 <i < j < n.Clearly a function ¢ is directionally convex if it is supermodular and it is componentwise convex.

When we consider directionally convex [increasing directionally convex] functions in (2.4) then we say that X is less
than Y in the directionally convex [increasing directionally convex] order, denoted by X <gircxjidir-cx) Y- If we consider
supermodular [increasing supermodular] functions in (2.4) then we say that X is less than Y in the supermodular [increasing
supermodular] order, denoted by X <¢mism] Y.

The supermodular order is a well known tool to compare dependence structures of random vectors whereas the
directionally convex order not only compares the dependence structure but also the variability of the marginals.

Now we consider some notions in the absolutely continuous case. Some remarks for the discrete case will be given along
the section.

Given two random variables X and Y, with densities f and g, respectively, we say that X is less than Y in the likelihood
ratio order, denoted by X <, Y, if

f(9)g(t) = f(t)g(s) foralls <t.

In the multivariate case, given two random vectors X and Y, with joint densities f and g, respectively, we say that X is
less than Y in the multivariate likelihood ratio order, denoted by X <, Y, if

fxAygxvy) > f(x)g(y), forallx,yeR",

where (X Ay) = (min(xy, y1), ..., Min(x,, yn)) and (x vV'y) = (max(xq, y1), . . . , Max(x, yn)).
The likelihood ratio order is related to the MTP, dependence notion, as we will recall next.
Given a random vector X with density f, we say that X is MTP, (multivariate totally positive of order 2) if

fxAPfxVY = fXf(y), forallx,yeR", (2.5)

that is, if X <. X.

Recall that any function f : R" — R, which satisfies (2.5) is said to be MTP,.

In the discrete case the definition of multivariate likelihood ratio order can be given by replacing the joint density by the
joint probability function.

Next we consider some orders of interest in reliability, where the random variables denote the random lifetimes of some
units or systems. These orders are motivated from a time-dynamic point of view and for the definitions and properties the
reader can refer to [16-19,13]. B _

Given two random variables X and Y, with survival functions F and G, respectively, we say that X is less than Y in the
hazard rate order, denoted by X <y, Y, if

F(t)G(s) < F(s)G(t) foralls <.

In the absolutely continuous case, given two non-negative random variables X and Y with hazard rates r and s
respectively, then X <, Y if r(t) > s(t) forallt > 0.

In the multivariate case it is possible to provide several extensions. We consider the time-dynamic definition of
the multivariate hazard rate order introduced by Shaked and Shanthikumar [16]. For some other extensions, from a
mathematical point of view, see [20].

Let us consider a random vector X = (Xq, ..., X;) where the X;'s can be considered as the lifetimes of n units. Fort > 0
let h; denote the list of units which have failed and their failure times. More explicitly, a history h; will denote

hy = {X; = x;, X; > te},
where I = {iy, ..., i} is a subset of {1, ..., n}, I is its complement with respect to {1, ..., n}, X; will denote the vector
formed by the components of X with indexinland 0 < x; < tforallj = 1,..., k and e denotes vectors of 1's, where the
dimension can be determined from the context.

Now we proceed to give the definition of the multivariate hazard rate order. Given the history h;, as above, let j € I, its
multivariate conditional hazard rate, at time t, is defined as follows:

1
witlhe) = lim Pt < X; <€+ Atlh] (2.6)

Clearly n;(t|h,) is the “probability” of instant failure of component j, given the history h;.
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Now let X and Y be two n-dimensional random vectors with hazard rate functions n.(-|-) and XA.(:|-), respectively. We say
that X is less than Y in the multivariate hazard rate order, denoted by X <, Y, if, for every t > 0,

ni(tlhe) > Ai(tlhy)
where

he = {Xiy = Xy, Xigy > te} (2.7)
and

hy ={Y; =y, Y; > te}, (2.8)

wheneverIN] =¢,0 <x; <y, < te,and 0 < x; < te, wherei € [ U].

Given two histories as above, we say that h; is more severe than h;.

The multivariate hazard rate order, as the multivariate likelihood ratio order, is not necessarily reflexive. In fact if a
random vector X satisfies X <y, X, then it is said to have the HIF property (hazard increasing upon failure, see [19]), and it
can be considered as a positive dependence property. Also the HIF notion can be considered as a mathematical formalization
of the default contagion notion in risk theory. Loosely speaking, the default contagion notion means that the conditional
probability of default for a non-defaulted firm increases given the information that some other firms have defaulted. In
particular, concerning the HIF notion, we have that if the information becomes the worst, that is, the number of defaulted
firms is larger and the default times are earlier, then the probability of default for a non-defaulted firm increases.

We want to point out that the definition of the multivariate hazard rate order in the discrete case does not follow just con-
sidering discrete hazard rates in (2.6). In this case some additional considerations have to be taken into account (see [21,22]).

Another stochastic order of interest, from a time-dynamic point of view, is the mean residual order.

Given two random variables X and Y, with mean residual lives

m(t) = E[X — t|X > t],

and
I(t) = E[Y —t]Y > t],

respectively, we say that X is less than Y in the mean residual life order, denoted by X <., Y, if, for every t > 0,
m(t) < I(t).

In the multivariate case, given an n-dimensional random vector X, and a history h; = {X; = x;, X; > te}, then for the
component j € I, its multivariate conditional mean residual function, at time ¢, is defined as follows:

mj(¢t|he) = E[X; — th].

In this case m;(t|h;) is the expected residual life of component j, given the history h;.

In a similar way to the multivariate hazard rate order, Shaked and Shanthikumar [17] define the multivariate mean
residual life order. Let X and Y be two n-dimensional random vectors with multivariate conditional mean residual life
functions m.(-|-) and .(-|-), respectively. We say that X is less than Y in the multivariate mean residual life order, denoted
by X <n Y, if, forevery t > 0,

mi(t|he) < li(t|h})

where h; and h; are given in (2.7) and (2.8), respectively.

Again the multivariate mean residual life order is not necessarily reflexive. If a random vector X satisfies X <, X, then it
is said to have the MRL-DF property (mean residual life decreasing upon failure, see [17]), and it is considered as a positive
dependence property. Again the MRL-DF notion can be interpreted in the context of default contagion. In this case we have
that the mean time to default of a non-defaulted firm decreases, when the number of defaulted firms increases and the
default times are earlier.

To conclude we include the following relationships among the previous orders.

Univariate case:

=r= Z=wn= st
Smil = Six -
Multivariate case:
=ir= Z=wr=> st

¥ U

Smrl Siex

and

Scx[icx] <~ Sccx[iccx] = fdir—cx[idir—cx] = fsm[ism] . (29)
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3. Stochastic comparisons of conditionally independent random vectors

We are now ready to start with our treatment of the general case in which we have two random vectors (Sy, ..., Sy, ©1)
and (Ty, ..., Ty, ©,). Generally, unless stated otherwise, we shall assume that Sy, ..., S, and Ty, ..., T, are independent
random variables given ®; = 0 and ®, = 0 for any value of 0, respectively, and ®, and ®, are m-dimensional random
vectors. As first we describe sufficient conditions for the multivariate stochastic order of (Sq,...,S,) and (Tq, ..., T,), in
the usual sense.

Theorem 3.1. If, foralli: 1,...,n,

(i) [Si|®1 = 0] or [T;|®, = 0], or both, are increasing in the stochastic order in 0,
(i) [Si|@1 = 0] <4[Ti|®, = 8], for all ,
and
(iii) @1 <4 O,

then
Sty Sp) <t (Ty, ..., Ty).
Proof. Let ¢ : R" — R be an increasing function. We are going to prove condition (2.3).
Let us suppose that (i) holds for S;(8) = [S;|®; = 0] (the proof in the other case is similar). Then it is easy to see that
E[¢(51(0),...,S,(0))] isincreasingin®. (3.10)
Also condition (ii) is equivalent to (see Theorem 6.B.16(b) in [13]),
(51(0), ..., 5:(0) <s (T1(9), ..., T,(0)), forall#. (3.11)
Let us denote by IT; and IT, the joint distribution function of ®; and @, respectively. We have the following chain of

inequalities (we assume that the conditions of Fubini’s theorem hold)

E[B(S: ... Sw)] = f E[G(S:(8). .. . Sa(8))]dIT; (6)
Rm

> / E[G(S1(8), ..., Sx(8)]dIT>(®)
Rm

Z/ E[¢p(T1(9), ..., Ta(0))]dIT2(8) = E[¢(Ty, ..., To)],
Rm

where the first inequality follows from (iii) and (3.10), and the second inequality from (3.11). Therefore (Sy, ..., S;) <
(T1,...,Ty). O

Remark 3.2. Condition (i) is a well known property. Given a family {X(0),0 € x < R™} of random variables, if X(0) is
increasing in the stochastic order in 0, then {X(0), 8 € x € R™} is said to be stochastically increasing (SI). The SI notion can
be seen also, in the literature, as a condition of positive dependence. If (X, ®) is a bivariate vector, X is Sl in @ if [X|® = 6]
is SI (see [23,13]).

The previous theorem is a particular case of the following one.

Theorem 3.3. Let (S1,...,S,, ©®1) and (Ty, ..., T,, ®,) be random vectors, where ®1 and ®, are m-dimensional random
vectors, and the components Sy, ...,S, and Ty, ..., T, are not necessarily conditionally independent random variables given
©®; = 0 and ®, = 0 for all O, respectively. If
(i) [S1,...,5:|©®@1 =0]or [Ty, ..., T,|®, = 0], or both, are increasing in the stochastic order in 0,
(i) [S1, ..., 5:1©1 = 0] <4[Th, ..., T4|®; = 0], for all 6,
and

(iii) ©1 <4 Oy,

then

(S'la e 7571) Sst (Tlv R Tn)'

Proof. The proof follows similar steps to that of Theorem 3.1. O

In the conditionally independent case, (i) and (ii) in Theorem 3.1 are equivalent to (i) and (ii) in Theorem 3.3, respectively.

Next we consider the stochastic comparison for some convex and related orders. We first consider a result for the ism
order in the same situation as that in Theorem 3.1, and we assume also that [S;|®; = 0] =[T;|®, = 0], for all 6. We will
denote by F;(-|0) the common survival function of [S;|®; = 0] and [T;|®, = 0].
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Theorem 34. If, foralli: 1,...,n,

(i) [Si|®1 = 9] is increasing or decreasing [increasing], at the same time, in the stochastic order in 0,
(i) F;(-|9) is componentwise convex in 6
and
(iii) ®1 Sccx[iccx] @2,

then
(51, ey Sn) <ism (T17 ey Tn)-

Proof. Let ¢ be an increasing supermodular function, we assume that ¢ is twice differentiable, then following [24,12]

02 02
Ema0ﬂ¢6hsb.u,&NQ1=9]=:§j/}kﬁﬁ¢uh.u, xu) 5o Fial®) 3o Fumw)[]dn@mm

hLk

a
+Z/Mmm,5mfmmgmmm

Therefore, under (i) and (ii), E[¢(S1, S2, . . ., Sp)|®1 = 0] is componentwise convex [increasing componentwise convex]
in 0, and the result follows as in the previous result. [

Now we consider a different situation. Let (Sq,...,S,, ©1), (Ty,..., T, ®,) be random vectors, where ®; =
(©11,...,01p) and O3 = (O34, ..., ©,,) are n-dimensional random vectors, and the conditional distributions of S;
[T;] given ®1 = 6 [@, = 0] just depends on ®¢; = 6; [@,; = 6;]. In this case we will fix the notation S;(6;) = S;(0)
[Ti(6) = Ti(9)]

Now we can state the following theorem.

Theorem 3.5. If, foralli: 1,...,n,

(l) 51(9) fcx[icx] T,‘(@),fOT all 9,
(ii) E[¢(Si(0))] or E[¢(T;(0))], or both, are convex [increasing convex] in 6 for all convex [increasing convex] functions ¢,
and
(111) ®1 fccx[iccx] 92

then

(517 ) Sn) Sccx[iccx] (Tl’ ey Tn)~

Proof. Following [24] it is not difficult to show that if (ii) holds for S;(#),i = 1, 2,...,n, then E[¢(51(61), ..., S:(61))]
is componentwise convex [increasing componentwise convex] in 0 (the proof when (i) holds for T;(0),i = 1,2, ...,n,is
similar). Now (i) is equivalent to (S1(61), ..., Sn(6n)) <cexiicex] (T1(61), ..., Ta(6,)), and the proof follows similar steps to
that of Theorem 3.1. O

Related results can be found in [12]. In particular we observe that Proposition 3.5 in [12] can be obtained from
Theorems 3.4 and 3.5.

Remark 3.6. Recall that given a family {X(0), 6 € x < R} of random variables, if X(0) is SI and E[¢ (X (0))] is increasing
convex in 0 € , for all increasing convex functions ¢, then {X(0),0 € x S R} is said to be stochastically increasing and
convex (SICX) (see [13]). Therefore condition (ii) (in the increasing convex case) is weaker than the SICX notion.

From (2.9) we get the following result.

Corollary 3.7. Under the same conditions as in the previous theorem, then

(sl 5 ey Sn) Sdir—cx,cx[idir—cx,icx] (T], ) Tn)'

In the same situation for (Sy,..., Sy, ©1), (Tq,..., Ty, ®,) as that in the previous result, we consider now the
multivariate likelihood ratio order.

Theorem 3.8. If, foralli: 1,...,n,

(@) Si(0) =5 Ti(9), for all 6,

(b) Si(6) < Si(6") forall 6 <6,
and

(c) ©1 <, 0;
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then
(Sls '-'7571) Sll‘ (Tla ey Tn)

Proof. Let us denote by f;(t;|¢) the density function of S;(0). It is not difficult to show that condition (ii) implies that
n
ftr, o tlfr, o 60 = [ [A(16), isMTPyin (1, ..., ta, 61, ..., 6p).
i=1

Now from Theorem 2.4 by Karlin and Rinott [25], then (S1, ..., Sy) < (Tq,...,Ty). O
When @ = ©,, then we have the following result obtained by Shaked and Spizzichino [5].

Corollary 3.9. If, foralli: 1,...,n,

(i) Si(0) <; Si(0") forall6 < 6,
and

(ii) © is MTP,,
then

(51, PR Sn) is MTPZ
Following the results given for the likelihood ratio order, it is natural to conjecture the following result.

Conjecture 3.10. Let (51,53, ...,5:, ©1), (T1, Ty, ..., Ty, ©,) be random vectors as in Theorem 3.8, if for alli: 1, ...,n,

(1) Si(0) =« Ti(9), for all 0,
(i) Si(0) <n Si(0") forall® <6,
and
(iii) ®1 <; ©;

then
(517 oo ,Sn) <hr (Tlv ER) Tn)~

A consequence of this result would be the following: Let (S;, S, ..., S, ®) be a random vector where (S, S,, ..., Sy) is
conditionally independent given ® = 0.1f S;(0) <y, S;(0’) forall < 6§’ andi: 1, ..., nthen

S15 -5 Sn) =ne(S15 -+, Sp) (S (St -+, Sp) € HIF).

However this result is not true, for a counterexample see Example 3.5 in [5].

Anyway, it is possible to give some conditions under which we can obtain the dynamical hazard rate order.

Let us consider two random vectors (Sq, ..., Sy, ®¢) and (Ty, ..., T,;, ®;,), where ®; and ®, are m-dimensional random
vectors, and let us denote by si (0) and rﬁ((-)) the hazard rates of [(S;|®; = 0] and [T;|®, = 0)], respectively. Let us denote
by n and A the dynamic multivariate hazard rates of S = (S, ...,S;) and T = (Ty, ..., T,,), respectively. Finally S and T are
conditionally independent given ®; = 6 and ®, = 0, respectively. In this case, following arguments similar to those in the
proof of Proposition 2.39 in [3], we have the following equalities

ny(elhe) = / $ (8)771(B],)d0 (312)
]:Rm

and
A(Elh) = / 1 (8)7, (0] ,)d, (3.13)
]Rm

where h; and h; are histories for S and T, respectively, and 77;(8|D) is the conditional density of ®;, fori = 1, 2 given a history
D.
Now we state the following result.

Theorem 3.11. [If, foralli: 1,...,n,

(i) [Si|®1 = 0] (or [T;|®, = 0]) is increasing [decreasing] in the hazard rate order in 0,
(ii) [Si|©®1 = 0] <[Ti|©> = 8], for all 6,
and
(iii) [O©1|he] <g [=st] [O2]h}], for every two histories he and hy, for (Sy, ..., Sy) and (Ty, . .., T,) respectively, where h, is more
severe than hy,
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then
(Sl, -~-a5n) <hr (Tla .. -’Tn)-

Proof. First we observe that condition (i) is equivalent to the condition si((-)) (or r{(e)) is decreasing [increasing] in 0, for all
t > 0. We will consider the case in which si((-)) is decreasing [increasing] in 0, for all t > 0, the other case follows under
similar arguments.

Let us denote by 1 and X\ the multivariate conditional hazard rates of (Sy,...,S;) and (Ty, ..., T,), respectively. And
finally, let us consider two histories h; and h; as in (2.7) and (2.8). Let j € I U], recalling (3.12) and (3.13), we have the
following chain of inequalities

ni(tlh) = / 5 (8)1(81h)d0 = E[s}(©1[h,)]
X

v

E[s}(®,|h))]
E[r}(®,]h)] = A;(t|h)),

Y

where the first inequality follows from (i) and (iii), and the second inequality follows from (ii). Therefore
(Sla~-~7sn)§hr (T17'~'5Tﬂ)' g

An important consequence of this theorem is the following result.

Theorem 3.12. [f, foralli: 1,...,n,

(i) [Si|® = 0] is increasing[decreasing] in the hazard rate order in 0
and
(ii) [®]he] <5 [>4] [@®]h;], for every two histories h; and hy, for (S1, ..., Sy), where h is more severe than hy,

then
(S1,...,Sy) € HIF.
Therefore we provide conditions for the HIF property of random vectors with conditionally independent components,
which was an open problem in [5].

Next we consider the mean residual life order. In the conditionally independent case, we provide first the following
expression for the multivariate mean residual life.

Proposition 3.13. Let (Sy, ..., Sy) be a random vector with the property of being conditionally independent given ©. Denote by

. (0) the mean residual life of [Si|®@ = 0], forj: 1,..., n, and denote by m.(:|-) the multivariate conditional mean residual life
of (51,...,S,), then

m;(t|he) =/m{(0)ﬂ(9|ht)d9, (3.14)
X

where hy = {S; = s;,S5; > t}andj € I, and 7 (-|h,) is the conditional density function of © given h;.

Proof. Let us consider the history h; = {S; = s;, S; > te}, where I = {iy, ..., i} andI = {j1, ..., jnx}. Letj €I, then
m;(t|he) = E[S; — t|h¢] = E{E[S; — t|®]|h;} = E[m.(©®)|h],

where the last inequality follows from the conditional independence of Sy, ..., S, given ®. O

Now we give conditions for the mrl order multivariate mixture models.

Theorem 3.14. [f, foralli: 1,...,n,

(i) [Si|®1 = 9](or [T;|©®, = 0)) is increasing [decreasing] in the mean residual life order in 0,
(ii) [Si|®1 = 8] <pnlTi|®2 = 0], for all 6,
and
(ili) [©1]h] <s [=4] [O2|h,], for every two histories h, and h;, for (S1, ..., Sn) and (T, ..., T,) respectively, where h, is more
severe than hy,

then
(517 cee ,Sn) Smrl (Tla B Tn)-
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Proof. The proof is similar to that of Theorem 3.11. First we observe that condition (i) is equivalent to the condition mi((-))
(or li (0)) is increasing [decreasing] in 0, for all t > 0. We will consider the case in which m{((-)) is increasing [decreasing] in
0, for all t > 0, the other case follows under similar arguments.

Let us denote by m and [ the multivariate conditional mean residual lives of (S1, ..., S,) and (T4, ..., T,), respectively.
And finally, let us consider two histories h; and h; for (S, ..., S,) and (Ty, ..., T,), such that h; is more severe than h;.
Recalling (3.14), we have the following chain of inequalities

m;(t|h) = / m.(6)71(]h,)d® = E[m}(©1]h,)]
X

IA

E[m(©,|h))]
E[L(®,]h)] = Ii(t|h}),

where the first inequality follows from (i) and (iii), and the second inequality follows from (ii). Therefore
(Slv---asn)fmrl (T1,~--7Tn)~ o

A

Now it is possible to provide the following result.

Theorem 3.15. If, foralli: 1,...,n,

(i) [Si|® = 0] is increasing[decreasing] in the mean residual life order in 0
and
(ii) [®lhe] <s [=s] [®]h}], for every two histories h; and h, for (Sy, ..., Sy), where h; is more severe than hy,

then
(Sy,...,S;) € MRL-DF.

In view of previous theorems, it seems that condition (iii) in Theorems 3.11 and 3.14 is the most difficult to verify, so it
would be interesting to describe some sufficient conditions for

(©1]hy) =st[>51(®>hy)

where h; is more severe than h;. Now we describe some results in such a direction. We will give conditions for likelihood
ratio order of (®1|h;) and (©,]h;), which in turns implies the stochastic order. The results are given for random vectors not
necessarily with the property of being conditionally independent. We start with a result concerning the case when ®; and
®, are real random variables.

Theorem 3.16. Let (Sq,...,Sy, ©@1) and (Ty, ..., Ty, ©,), be random vectors, where ® and ©, are random variables. If
(i) G(t|0)/F(t|0) isincreasing[decreasing]in 6, for allt, where G(t|0) and F (t|0) are the survival functions of (Si, ..., S:|®1 =
0) and (Ty, ..., T;|©2 = 0),
(11) (")1 Slr[zlr]@L
and
(iii) forevery K C {1,...,n}andxx <y
&ty (Vi |Tg > teg; & =0)
fse Xk Sz > teg; &1 = 0)

is increasing in 6,

where by fs, (Xi |B) and gr, (yx|B) we denote the conditional density functions of Sx and T, respectively, given some event
B

then
[©1lh] <1 [Z1][O2]h;]
where h; is more severe than h;.
Proof. Let
hy = {T, =y, T > te],T@ > te@}
and
he = {s, =X, = XS > te@} ,

wherex; <y, < te;and x; < te.
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If we denote by m;(6]A), the conditional density of ©; given A, fori = 1, 2, and by fs, (x;|B) and gr, (y;|B) we denote the
conditional density functions of S; and Tj, respectively, given some event B, then we have

m1(0]hy) o< mq <9|S@ > te@)fs, (X,|S@ > te@; O = H)fs] (X]|Sl = Xj; S@ > te@; O = 9)
and

72(01h)) o 72 (9|T@ > “W) e, (y,|T@ > te; O2 = 9)

o0 (o]
X[ /t gT](YJ|T1=YI;T@>fe@;@2=9)dy1-

Now we prove that [©1|h] <;[©,]h;], the proof for [©|h] >.[©,]h;] follows under similar arguments. The result will
follow if we prove that

iy <0|T@ > t8@>

1 (0187 > tery)

(3.15)

and

&n (y,IT,U]>t ur 02:6’)/;00"'/:0&1 (yflT’ i Trgy > tegp 02:9>dyf

fs, <X1|S@ > IEW; 0 = Q)fsj (X]|S[ = X, S@ > fw; O = 9)

(3.16)

are increasing in 6.
As far as (3.15) is concerned, we have that

- (Ole > te@) ’@ (“W'e) 72(0)
7 (9|s@ > ter U]> Fu (te@|9) 71(0)
)3
(

and therefore, by (i) and (ii), is increasing in 6.
Finally we observe that (3.16) can be written as

/ foo e (ViITry > ey ©2 = 0) gy (WM = vis Ty > tery ©; ze)dy
J
t fs’ XI|SIU] > teIU], 0 = e)fsj (X]|Sl =X; S IU] > teIU], [eh —9)

and this expression is increasing in 6 by (iii). O

Remark 3.17. Now we extend the previous result to the multivariate case, where ®; and ©, are replaced by random vectors,
of the same dimension, @, and @,. First we note (see [26] and [3, p. 109]) that in the multivariate case, given two random
vectors S and T with joint densities fg and gy, if S or T, or both, are MTP, and fs(u)/gr(u) is increasing in u, then S <. T.
Clearly if S <, T then fs(u) /gr(u) is increasing in u.

Theorem 3.18. Let (S1,...,S,;, ®)and (Ty, ..., T,, ®,), be random vectors, where ® and ©®-, are random vectors of the same
dimension. If

(i) G(t|®)/F(t|®) isincreasing[decreasing]in 0, for allt, where G(t|0) and F (t|0) are the survival functions of [St, ..., Sp|®1 =
9] and [Tl, e, Tn|®2 = 9],
(ii) ®1 <y [>11]O2,
(iii) ©1is MTP, and f (-|0) is MTP; in 0 or ®, is MTP, and g(-|0) is MTP, in 0, or both, where f (-|0) and g(-|0) are the conditional
densities of S and T given ®1 = 0 and ©, = 0, respectively,

and
(iv) forevery K C {1,...,n}and xx <y
Ty > tex; ©, =0
8re Wk [Tic > tex: ©; = 6) is increasing in 9,
fse Xk |Sg > teg; @1 =0)
then

[©1]he] <ir [>1] [©2]h}]

where h; is more severe than h;.
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Proof. Asin the previous theorem we give the proof for [@|h;] <;[@®;]h;]. Let h; and h; be as in the previous theorem. Now
under the same notation as in the previous theorem and from Remark 3.17, the result follows if we prove that

2(0h;) /71 (Blh,)  is increasing in O (3.17)
and that
[©4]h;) or [@y|h;], orboth, are MTP,. (3.18)

The proof of (3.17) follows, from (i), (ii) and (iv), under the same arguments of the proof of Theorem 3.16.
Now we prove (3.18). We give the proof for [@1|h;], the proof for [@; |h;] is analogous. Given a history h; = {S; = s/, §; >
te}, we observe that

7T1(9|h[) X nl(G)P[ST > te|®1 = 91f5,(S[|Sj > te, @1 = 9),
and then (3.18) follows from (iii). O

Itis important to note that condition (iii) in Theorems 3.11 and 3.14 just requires a stochastic comparison in the <; sense.
In the two previous results we give conditions for the likelihood ratio order. Therefore it would be interesting to find other
conditions, different from those of Theorems 3.16 and 3.18 for the usual stochastic order. This remains as an open problem.
We want to point out that conditions (iii) and (iv) in Theorems 3.16 and 3.18, respectively, are implied by the condition
1,05, 0) < (Ty, ..., Ty, ©y).

To conclude this section we observe also that a combination of Theorems 3.12 and 3.18 can be used to provide the
following result for the HIF property. This result can be compared with Corollary 3.9

Theorem 3.19. Let (S, ..., Sy, ©®) be a random vector, where, for all values 0 in the support of ®©, Sy, ..., S, are conditionally
independent givenin ® = 0. If, foralli: 1, ...,n,

(i) Si(8) < Si(®") forall 6 < @,
(ii) © is MTP,
(iii) f;(-10) is MTP, in 0, where f;(-|0) is the conditional density of S; given ® = 6,
and
(iv)
Jsx Yk ISx > tex; ® = 0)
fSK (XK|SV > teK5 0= e)

is increasing in 0,

then
(81,...,S,) € HIF.

4. Applications

4.1. Mixture models in credit risk

An important application of multivariate mixture models is given in portfolio credit risk. In this context if we consider a
loan portfolio with respect to n different obligors, the default risk of each obligor is assumed to depend on a set of economic
factors, which are modelled stochastically. Given a realization of the factors, defaults of individual firms are assumed
to be independent. Some important applications arise when the defaults are modelled via Bernoulli or Poisson random
variables. In this case Belzunce and Semeraro [7] and Denuit and Frostig [ 11] have provided several results about dependence
properties between the individual defaults. Next we provide some additional results about stochastic comparisons.

e Bernoulli mixture models

Let us consider the case where the default probability of the ith firm, given some random economic factors ® = 9, is
given by p;(0). If we denote by S;(0) the indicator random variable of default of the ith firm, then S;(0) is a Bernoulli
random variable with parameter p;(0) = P[S;(0) = 1]. If we consider the unconditional distribution of defaults of the
n firms, (Sq, Sa, . .., Sp), obtained by integrating over the distribution of the economic factors ®, then (51, S5, ..., Sy) is
said to follow a Bernoulli mixture model (see [23, p. 219]). Let us describe situations where some of the previous results
can be applied.

First we observe that given a function ¢ : R" — R, we obtain that

E[¢(Si(0))] = ¢(0) + (#(1) — ¢(0))pi(). (4.19)



1668 F. Belzunce et al. / Journal of Multivariate Analysis 100 (2009) 1657-1669

Therefore if ¢ is increasing, then the behaviour of E[¢(S;(6))], with respect to 8 depends only on p;(0). For example, if
pi(0) is increasing in 0, then E[¢(S;(0))] is increasing in 0, and therefore S;(0) is SI'in 0 (see Remark 3.2. Let us consider
another set of n Bernoulli random variables, T;(0), T>(0), ..., T,(0), where P[T;(8) = 1] = q;(0), that can be considered
as the random defaults of another set of firms given a realization of the economic factors, ® = 0. It is not difficult to see
that, if p;(0) < q;(0) then S;(0) <. T;(0). In fact it can be proved easily that S;(0) <. T;(8). Therefore as a consequence
of Theorem 3.1 (S, ...,Sy) <& (T1,...,T,). We can consider also the situation where the default probability of the
ith firm can be computed under two different scenarios, ®; and ©®,, as P[default of ith firm|®; = 0] = p;(0) and
P[default of i-th firm|®, = 0] = q;(0), respectively. Under previous conditions and assuming that ®; <, ®,, we have
again, from Theorem 3.1, that (Sy, ..., Sy) <« (Ti, ..., Ty). Let us consider now the potential loss of the ith firm, given
by e;, where e; is positive and deterministic. Then the portfolio loss under the two scenarios, are given by L; = Z?:1 e;S;
and L, = ZL] e;T;, and under previous considerations we obtain that Ly < L,.

Let us consider, for example, that the two scenarios are modelled by multivariate logit-normal distributions, that is, for
i=1,2

o — ( exp{Zi} exp{Z}} )
T\ T 4expizi) T 1 +expiZi)

where Z! ~ N(uq, £1) and Z, ~ N (i3, X,). Given that the multivariate stochastic order is preserved under increasing
transformations, and from results for multivariate normal distributions (see [27]), if u1; < upiforall1l < i < nand
Y| = X,, then @O <; O,.
In case that the probability of default, p;(0), depends only on the value 6;, that is p;(0) = p;(6;), we can consider
applications for the Ir and icx orders. For example, is not difficult to prove that, if p;(6;) is increasing in 6;, then S;(6;) is
increasing in the likelihood ratio order, and therefore we can apply Theorem 3.8. From (4.19), if we consider an increasing
convex function ¢, then, if p;(6;) is increasing and convex, then we can apply Theorem 3.5.

e Poisson mixture models
Another possibility in this context is to consider that “a company may potentially “default more than once” in the period
of interest, albeit with a very low probability” (see [28]). In this case given n companies, the number of defaults for each
company (S, ..., Sy), is a random vector such that conditional on some random economic factors @ = 0, the random
vector (Sy, ..., S,|® = 0) is a vector of independent Poisson distributed rvs with parameter 1;(0). Applications of this
model can be found also in actuarial mathematics (see Section 10.2.4 in [28]).
It is not difficult to see that if 1;(0) is increasing in 0 then S;(0) is increasing in the likelihood ratio order in 0, therefore
is increasing in the stochastic order and therefore condition (i) in Theorem 3.1 is satisfied, and similar results to that
considered for Bernoulli mixture models can be given. For example we can consider the case where the distribution
of the parameters (11, ..., A,) is a multivariate lognormal distribution. This leads to a multivariate Poisson lognormal
distribution for (S, ..., Sy). Given that the multivariate lognormal distribution can be obtained from a multivariate
normal distribution through an increasing transformation, and given that the usual stochastic order is preserved under
increasing transformations, we can provide conditions on two scenarios distributed according to multivariate lognormal
distributions, as in the Bernoulli case, to apply Theorem 3.1.

4.2. Proportional hazard models

Let us consider the case in which for alli: 1, ..., n, S;(0) and T;(0) are non-negative random variables, with proportional
hazard rates given by

pi(®)ri(t) and q;(®)r;(v),

where p;(-) and q;(-) are real functions and r;(-) is a hazard rate. Then the distribution functions of S;(8) and T;(0) are given
by

Fi (t)Pi(()) and Fi ()% (6) ,

respectively, where F; is the associated survival function to r;, that is F;(t) = exp(— fot r;(x)dx), and the density functions of
Si(0) and T;(0) are given by

pi(®)ri(t)Fi(t)" ® and qi(0)r;(t)F;(t)% (O] ,

respectively.

Applications of this model can be given in the context of lifetimes. For example, it can be used to describe risk models
(see Chapters 7 and 10 in [29]). Dependence properties for this model have been provided by Shaked and Spizzichino [5]
and Frostig and Denuit [12]. Other applications can be given in the context of Bayesian minimal repair.

Consider n independent units with survival functions F;,i : 1, ..., m, and suppose that each one is imperfectly repaired
upon failure. That is, upon failure of unit i, this is perfectly repaired with probability p; or is minimally repaired with
probability 1— p;. This model was proposed by Brown and Proschan [30] and it is known as imperfect repair model. Following
[31], we can generalize this model assuming that p; depends on some m-dimensional random environment ©, that is, given
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© = 0, then p; = p;(0). If we denote by I7(0) the joint distribution function of ®,and S = (51, ..., S;), denotes the waiting
time of the first perfect repair of the n components, then the joint survival function of S, is given by

F(tr, ... tm) = / [ [Fi@P®dr ).
R™ =1

For this model Belzunce and Semeraro [7] provide some dependence properties. Next we describe conditions on p;(-) and
gi(-) under which we can apply some of the previous results to compare two random vectors (S, ..., Sy) and (Tq, ..., Ty)
as above, working on two random environments ®; and @, respectively.

Let us consider that p;(0) (or q;()) is decreasing in 0. Then it is not difficult to verify that S;(8) <. S;(8") for all @ < ¢/,
and therefore S;(0) < S;(0"). If we assume also that p;(0) > ¢;(), for all 0, then is not difficult to prove that S;(0) <. T;(0),
and therefore S;(0) < T;(0). Let us assume that ® <,; ®,, then from Theorem 3.1, (S, ..., S;) <g (T1, ..., Ty).

Letus considernow that®; = (@11, ..., @1y)and @, = (O3 1, ..., O3 ;) are n-dimensional random vectors, and let us
assume thatp;(0y, ..., 6,)and q;(61, ..., 6,) depend only on 6;. Let us consider that p;(9) (or g;(#)) is not only decreasing, but
also concave in 6. Then from Theorem 8.C.1 and 8.C.5 in [13] it is possible to prove that {S;(0), 0 € x € R} € SICX. Therefore
from Remark 3.6 we have that S;(#) (or T;(#)) satisfies condition (ii) in Theorem 3.5. Under the assumption p;(8) > gq;(#), for
all 6, we have condition (i) in Theorem 3.5, therefore if ® <;.x ®, then from Theorem 3.5, (S1, ..., Sp) <icex (T1, ..., Tp).

Let us consider as above that p; only depends on 6;, and that, for all i: 1,...,n, pi(t) = gi(-). As mentioned
before, if p;(#) is decreasing in 6, then S;(0) <|, S;(0’) for all & < 6'. Therefore, from Theorem 3.8, if ®; <. ®, then
St S) <y (Ty, ..., Ty).
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