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Abstract

Entire matrix-valued functions of a complex argument (entire matrix pencils) are con-
sidered. Upper bounds for sums of characteristic values and a lower bound for the smallest
characteristic value are derived in the terms of the coefficients of the Taylor series. These
results are new even for polynomial pencils.
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1. Introduction and statement of the main result

Entire matrix-valued functions of a complex argument (entire matrix pencils)
arise in various applications, see for instance [1,10,14] and references therein. The
spectrum of matrix pencils was investigated in many works. Mainly the spectrum
perturbations of polynomial matrix pencils were investigated, cf. [5,7,12,13]. In the
very interesting paper [8], upper and lower bounds are derived for the absolute values
of characteristic values of polynomial matrix pencils.
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On the other hand, estimates for sums of the roots of entire functions are very
important for the theory of these functions and its applications. An essential role
here is played by the Hadamard theorem [11, p. 18]. In the present paper we derive
upper bounds for sums of characteristic values of entire matrix pencils. In addition,
we suggest a lower bound for the smallest characteristic value.

Besides, we generalize the main result from the paper [2] (see also [3, Chapter 19])
oninequalities for sums of zeros of entire scalar functions of finite order. These inequal-
ities supplement the Hadamard theorem. Namely they not only assert the convergence
of the series of the zeros, but also give us the estimate for the sums of the zeros. It should
be noted that the generalization requires additional mathematical tools.

Let C" be a Euclidean space with the Euclidean norm || - || and the unit matrix 7,.
For an n x n-matrix Q, A, (Q) (k = 1, ..., n) are the eigenvalues with multiplicities
taken into account and ordered in the following way: |Ar+1(Q)| < [Ak(Q)|.

Letay, k =1,2,...ben x n-matrices. Our main object in this paper is the entire
matrix pencil

f) = g Gy @=1ln 1 eC) (1.1)
with a finite y > 0. Put M ¢ (r) := max; = || f(2)|| (v > 0). The limit
— InlnM¢(r)
p(f) == Tim ——L2
r—00 Inr

is the order of f. A zero zx(f) of det f(z) is called a characteristic value of f.
Everywhere in the present paper it is assumed that the set {z;(f)} of all the charac-
teristic values of f is infinite. Note that if f has a finite number [ of the characteristic

values, we can put zk_l (f)y=0fork=1,1+1,...and apply our arguments below,

where z,:] (f) means Zk(l ik The characteristic values of f are enumerated in the
non-decreasing way: '

lZk (O] < Mzt (HI k=1,2,..).

Assume that the series

(e.¢]
O =Y aa; (1.2)
k=1

converges. Here and below the asterisk denotes the adjointness. So 67 is an n x
n-matrix and by (1.1), and (1.2) we have p(f) < 1/y. Put

wr(f) =/ A@Op) fork=1,...,n and r(f)=0 for k>n+1.

Theorem 1.1. Let condition (1.2) hold. Then the characteristic values of the pencil
f defined by (1.1) satisfy the inequalities

J | j Y
< _— i=1,2,...).
2 kZI[waH k+ 1)V} v :

k=1
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The proof of this theorem is presented in the next section.

Let us assume that under (1.1), there is a constant dg € (0, 1), such that

lim /fla || < 1/do
k— 00

and consider the function
o0

2 e doM)f
ﬂM—Z%WV%

That is, f(k) = f(dpA) and zk(f) = zx(f)/do. Clearly, the series

o0
Gf. = Z dgkaka,’:
k=1

converges. Moreover,

313

(1.3)

wr(f) = [m@f) fork=1,....,n and wr(f)=0 fork>n+1.

Theorem 1.1 implies

Corollary 1.2. Under (1.1), let condition (1.3) hold. Then

J 1 J

> <Y () +

k=1 m =1 (k+ 1)y

n?

(G=12..).

2. Proof of Theorem 1.1

Consider the polynomial matrix pencil

moam—k
Foy=)_ Gy Y @ =1

k=0

with the characteristic values ordered in the non-increasing way:
lze(F)| 2 [zk+1(F)| (k=1,...,mn —1).

Introduce the block matrix

—ai —az - —A4m—1  —dpm
sl 0 0 0
An=| 0 &L, -~ 0 0
0 o - L 0

Lemma 2.1. The relation det F (L) = det(Al,, — A,,) is true.

2.1)
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Proof. Let z( be a characteristic value of F. Then

m _m—k

Z
Z 7 arh =0,

where h € C" is the eigenvector of F(z¢). Put

Z0 —*

(kY
Then zoxx = xxg—1/kY (k =2,...,m)and

m _m—k m

20 _ _
- Wakh = ];akxk + zox1 = 0.

Xp = k=1,....m).

So x = (x1, ..., xp) satisfies the equation A,,x = zox. If the spectrum of F(-) is
simple, the lemma is proved. If det F'(-) has non-simple roots, then the required result
can be proved by a small perturbation. [

Set

m
O = Z agay,
k=1

and

wp(F)=+/A0F) fork=1,....,n and wp(F)=0 fork=n+1,..., mn.

Lemma 2.2. The characteristic values of F satisfy the inequalities

J

nv .
Z k(P <Y [a)k(F) + m] (=1,...,mn).

k=1

Proof. By Lemma 2.1,

MA) =zk(F) (k=1,2,...,nm). (2.2)
Take into account that
J J
DA <Y S sk(Aw) (=1, nm), (2.3)
k=1 k=1

where s;(A,,) are the singular numbers of A,, ordered in the non-increasing way
(see, for instance, [4, Section 2.2]). But A,, = M + C, where
—ay —adz -0 —dm—1 —dm
L I I

0 0 0 0
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0 0o - 0 0
wlh 0 o 0 0
c=|0 &L, -~~~ 0 0
0 0 - LI 0
We have
6p 0 -~ 0 0
e R I
0 0 --- 0 0
0 0 0 0
0 I,/2% 0 0
cc*=10 0 0 0
0 0 s 0 Iy/m*
We can show that s (M) = wy (F). In addition,
1
s (CO)=——— (k=jn+1;j=0,....m—2;1=1,...,n
©(C) e (k= J )

and
si(C)y=0 (k=m—-Dn+L1=1,...,n).
Since j = (k—1)/nand (k —1)/n+2 > (k + 1)/n, it follows that,

sk(C)éﬁ (k=1,...,nm).
Take into account that
J J J J
D sk(Am) =) sk (M +C) <) sk (M) + Y sk (C),
k=1 k=1 k=1 k=1

cf. [4, Lemma I1.4.2]. So
J J
D oskAw) < Yo [or(F) + 0" (k+1D77] (=12, mn).
k=1 k=1
Now (2.2) and (2.3) yield the required result. [

Proof of Theorem 1.1. Consider the polynomial pencil
mooak

A
Sm () = ]; Wak-
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Clearly, A™ f,,(1/1) = F(X). So zx(F) = Z,:](fm). Now Lemma 2.2 yields the
inequalities

J J
Dol (N +n Y k+ DT (=1, nm). 2.4)
k=1

k=1
But the characteristic values of entire matrix functions continuously depend on their
coefficients. So forany j = 1,2, ...,

J J
Dl = Y )
k=1 k=1

as m — oo. Now (2.4) implies the required result. [J

3. Applications of Theorem 1.1

Put
" k=12
Tk—wk(f)‘i‘m (k=1,2,..).
The following result is a consequence of the well-known Lemma I1.3.4 from [4] and
Theorem 1.1.

Corollary 3.1. Let ¢(1)(0 < t < 00) be a convex scalar-valued function, such that
¢ (0) = 0. Then under conditions (1.1) and (1.2), the inequalities

J

J
DodlaNITH <) pm) (G=1,2,..)
k=1

k=1
are valid. In particular, for anyr > 1,

J J
DlaOI <Y g (G=23...)
k=1 k=1

and thus

J
> (O
k=1

1/r

1/r j 1/r

j
1
< w (f) +n” — (j=2,3..). (3.1
2 2 T

k=1
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Furthermore, assume that
ry>1, r=>1.

Then

Y k+ 1T =y -1,

k=1

where ¢ (+) is the Riemann Zeta function. With the notation

n L/r
Ny (f) = [Z A;/zwf)}
k=1

relation (3.1) yields

(3.2)

Corollary 3.2. Under conditions (1.1), (1.2) and (3.2), the inequality

00 1/r
(Z |zk(f)|—’> <N+ @ yr) = DY
k=1
is valid. Moreover, if y > 1, then

D IO S NI + 17 @) = ).
k=1

Consider now a positive scalar-valued function @(t1, 1, .

J, defined on the domain
0<y<tjui<n<y <

and satisfying

o o 00 t
— > T > > > or > > o > 15,
o~ on o, R /

Corollary 3.3. Under conditions (1.1), (1.2) and (3.5),

(2 (HI 2D Lz (O < @, 1o,

(3.3)

(3.4)

.., tj) with an integer

(3.5)

L Tj).

Indeed, this result follows from Theorem 1.1 and the well-known Lemma 11.3.5

from [4].

In particular, let {d;};2, be a decreasing sequence of non-negative numbers. Take

J
O(ty, 1, ..., tj) = detk.
k=1
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Then Corollary 3.3 yields

j j j
D dila (O <Y wdie =Y dilor(f) + (k+ D)7V
k=1

k=1 k=1

4. Lower bounds for characteristic values

Consider the polynomial F defined by (2.1). If m < oo, we can take y = 0. Let
h be a normalized eigenvector corresponding to a characteristic value z(F). Then

m—1 —1—k
F m
mEh=-3
k=

< [k + DI
Hence,
" lags [l]z(F) 1k
|2(F)) <k§) DT
or

lag
PN

Hence it follows that |z (F)| < xo where x is the unique positive root of the equation

i: llars1l
[(k + D1y x 1+

k=0
Put
) - ’"Z‘l a1
POT Lia+ o
and

So(F) i= "Vp(F) if p(F) <1
A 0] if p(F) > 1.

Due to Lemma 1.6.1 from [3], xo < §o(F). Moreover, thanks to Corollary 1.6.2 from
[3]

o llall
sup
k=1,..., (khr”

xo <2
We thus get

Lemma 4.1. Any characteristic value z(F) of the pencil F defined by (2.1) satisfies
the inequalities |7(F)| < 80(F) and
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|z(F)] <2 sup

k=1,....m

Again consider the polynomial pencil

m k

A
Sm(A) = Z W“k-

k=0

Since zx (F) = Zk_l (fm), due to the previous lemma we can write

. o (kDY
2|z(fm)l = inf —.
k=1,..om | |lak|

Letting m — 0o, we arrive at

Corollary 4.2. Any characteristic value z(f) of the pencil f defined by (1.1) satis-
fies the inequality

20> e
z > in —.
25\ T

It is well-known that the polynomials of the type (2.1) play an essential role in the
theory of discrete-time systems, cf. [6,9]. If any characteristic value of F satisfies the
inequality |z(F)| < 1, then the corresponding discrete-time system is stable. Thus
Lemma 4.1 gives us a stability criterion.
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