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Abstract

We prove that the material parameters in a Dirac system with magnetic and electric potentials are uniquely
determined by measurements made on a possibly small subset of the boundary. The proof is based on
a combination of Carleman estimates for first and second order systems, and involves a reduction of the
boundary measurements to the second order case. For this reduction a certain amount of decoupling is
required. To effectively make use of the decoupling, the Carleman estimates are established for coefficients
which may become singular in the asymptotic limit.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

This article is concerned with the inverse problem of determining unknown coefficients in
a Dirac system from measurements made on part of the boundary. A standard problem of this
type is the inverse conductivity problem of Calderdn [4], where the purpose is to determine the
electrical conductivity of a body by making voltage to current measurements on the boundary.
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In mathematical terms, if y is a smooth positive function in the closure of a bounded domain
§2 C R”, the boundary measurements are given by the Cauchy data set

Cy ={lye. ydulse); V- (yVu)=0in 2, ue H'(2)}.

Here u|3 and y0,ulss are the voltage and current, respectively, on 952, corresponding to a
potential u satisfying the conductivity equation in §2 (d,u denotes the normal derivative). The
inverse problem is to determine the conductivity y from the knowledge of the Cauchy data
set Cy,.

The inverse conductivity problem has been well studied, and major results include [1,21,28]
which prove that C,, determines y in various settings. Less is known about the partial data prob-
lem, where one is given two sets I, I3 C 92 and the boundary measurements are encoded by
the set

CVP ={(ulr. ydulr): V- (yVu)=0in 2, ue H' (2)}.

There are two main approaches for proving that y is determined by C )1; 112 The first approach,
introduced in [3,16], uses Carleman estimates with boundary terms to control solutions on parts
of the boundary. The result in [16] is valid in dimensions 7 > 3 and for small sets I (the shape
depending on the geometry of 9£2), but assumes that /7 has to be relatively large. The second
approach [12] is based on reflection arguments and is valid when n > 3 and I'1 = I and I may
be a small set, but it is limited to the case where 952 \ I7 is part of a hyperplane or a sphere.
Results similar to [12] but without the last restriction were recently proved for n =2 in [11] and
for the linearized problem in [8].

We are interested in inverse problems with partial data for elliptic linear systems. In the case
of full data (that is, I} = I> = 052), there is an extensive literature including uniqueness results
for the Maxwell equations [25,26], the Dirac system [22,27], and the elasticity system [9,23,24].
However, it seems that partial data results for systems are more difficult to establish. The re-
flection approach is in principle more straightforward to extend to systems, and the recent work
[5] gives a partial data result analogous to [12] for the Maxwell equations. As for the Carleman
estimate approach, there is a fundamental problem since Carleman estimates for first order sys-
tems, such as the ones in [27], seem to have boundary terms which are not useful in partial data
results.

In this paper, we prove a partial data result analogous to [16] for a Dirac system. To our
knowledge this is the first such partial data result for a system. The proof is based on Carleman
estimates, and it involves a reduction to boundary measurements for a second order equation.
The corresponding boundary term is handled by a Carleman estimate for second order systems,
designed to take into account the amount of decoupling present in the original equation. In the
set where one cannot decouple, we need to use the first order structure as well. The Carleman
estimates need to be valid for coefficients which may blow up in the asymptotic limit, in order to
obtain sufficiently strong estimates for solutions on the boundary.

Let us now state the precise problem. We consider the free Dirac operator in R3, arising in
quantum mechanics and given by the 4 x 4 matrix

P(D)=(G9D GbD), (1.1)
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where D = —iV and 0 - D = 01D + 02 D> + 03 D3, where o0 = (01, 02, 03) is a vector of Pauli

matrices with
o1 — 0 1 o — 0 —i on 1 0
'=\1 o) 2=\ oo ) = \o -1 )

Let £2 € R3 be a bounded simply connected domain with C*° boundaiy, let A e C®(£2; R3 ) be
a vector field (magnetic potential), and let g+ be two functions in C*°(£2; R) (electric potentials).
We will study a boundary value problem for the Dirac operator

Ly=P(D)+V, (1.2)
where the potential V has the form
_ _(g+r o-A
V_P(A)+Q_<0-A q_12>’ (1.3)

. __(9+Dh 0
with Q = (7> q_lz)'
Let u be a 4-vector u = (Zj) where uy € L2(.Q)2. By [22, Section 4], the boundary value

problem

Lyu=0 1in§2,
ur=jf onds2,

is well posed if 0 is in the resolvent set of Ly, and then there is a unique solution u € H'(£2)* for
any f € H'/2(9£2)?. The boundary measurements are given by the Dirichlet-to-Dirichlet map

Ay H'?20392) > H2(02), fru_|se.

It is known that the map Ay is preserved under a gauge transformation where A is replaced
by A + Vp where p|s = 0. Such a transformation does not change the magnetic field V x A,
and the inverse problem is to recover the quantities V x A and g+ from the boundary measure-
ments.

We are interested in the inverse problem with partial data, where the boundary information is
the map Ay restricted to a subset I” C 9£2. More generally, we can consider boundary measure-
ments given by the restricted Cauchy data set

C = {usloe.u_|r); ue H'(£2)*is asolution of Lyu =0 in £2}.

If 0 is in the resolvent set of Ly, then CI, = {(f, Av fIr); f € H'/>(3£2)*}. Again, the set
C{; is preserved when A is replaced by A + V p where p|s = 0, so the inverse problem is to
determine V x A and g4 from C {; .

We will prove the following partial data result. Let ch(£2) be the convex hull of £2, and if
xo € R? define the front face of 352 by

F(xo) = {x €982; (x —xp) - v(x) <0}

If ' €082, we write I' =082 \ I" for the complement in 3£2.
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Theorem 1.1. Let §2 C R’ be a bounded simply connected domain with connected C  boundary,
let A1, Ay € C°(£2; R3_), and let q1 +, g2+ € C®(82; R). Let I" be any neighborhood of F (xo)
in 052, where xo ¢ ch(S2), and assume the boundary conditions

A=Ay ondg, (1.4)
qi,+ =q2,+ and 0,q1+=0vg2+ 0nads2, (1.5)
q1—#0 onrl°. (1.6)

IfCy, =Cy,, then V x Ay =V x Ay and g1 + = g2 + in 2.

We remark here that in the case where 2 is a convex set, the front face F(xg) can be made
arbitrarily small by moving xg close to the boundary [16]. For example, if §2 is the unit ball, then
for all £ > 0 we may choose x¢ to be (1 + €)e; so that F(xg) = {x € S2; x> ﬁ}.

In the full data case (when I = 0§2), the inverse boundary problem for the Dirac sys-
tem and the related fixed frequency inverse scattering problem have been considered in
[10,13,19,22,27,29]. In particular, Theorem 1.1 for full data was proved in [22] for smooth coef-
ficients and in [27] for Lipschitz continuous coefficients. For I = 952 the boundary conditions
(1.4)—(1.6) are not required, but for partial data results based on Carleman estimates as in [3,16]
such conditions are usually needed at least on the inaccessible part I'. By suitable boundary
determination results and gauge transformations as in [27], we expect that it would be enough to
assume (1.4) only for the tangential components of A; and A on I'“ and (1.5) only on I"°.

The most interesting condition is (1.6), which allows to decouple the Dirac system at least
on some neighborhood of the inaccessible part 17¢. This decoupling is required for the reduction
from boundary measurements for Dirac to boundary measurements for a second order system,
and also in patching the Carleman estimates for first and second order systems together to obtain
decay for solutions on part of the boundary.

Let us outline the structure of the proof. In Section 2, it is shown that the assumption
C \1;1 =C ‘1;2 along with (1.4)—(1.6) implies the integral identity

1
/Uz*(Vl — V2)U1dx:—/—U§+8vU+dS 1.7
q,-
2 re

where U; and U; are any 4 x 4 matrix solutions of Evj U;j =0in £, and further U = Uy — 172

where U, is a solution of Ly, U, = 0in £2 with 172,+ la2 = U1, +|as2- The normal derivative 9, U+
corresponds to boundary measurements for a second order equation.

The matrices Uy and U, will be complex geometrical optics solutions to the Dirac equation,
depending on a small parameter 4 and having logarithmic Carleman weights as phase functions.
Such solutions were constructed for the Schrédinger equation in [16] and for the Dirac equation
in [27]. The construction relevant to this paper is presented in Section 3.

The recovery of coefficients is given in Section 4, and proceeds by inserting the complex
geometrical optics solutions U; and U, into (1.7) and by letting 4 — 0. With suitable choices,
on the left-hand side one obtains (nonlinear) two-plane transforms of the parameters involved,
and microlocal analytic methods allow to determine the coefficients. The argument is an analog
for the Dirac operator of results in [7], and also involves ideas from [22,27].
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The remaining issue, and also the main contribution of this paper, is the analysis in terms
of decay in & of different parts of the boundary term in (1.7). This is done in Section 5. By a
Carleman estimate, we may estimate d,U; by a second order operator applied to U. We will
apply an h-dependent decomposition of §2 into a set where g, — is not too small (so one can
decouple) and where g — is small, and the second order operator will be chosen accordingly.
The coefficients of this operator will typically blow up when & becomes very small.

The second order Carleman estimate is given for a phase function which is convexified by a
parameter ¢ as in [7,16], but there is the new feature that ¢ needs to depend on /4 in a precise
manner related to the decomposition of £2 to obtain sufficiently strong control of constants in the
estimate. In the set where g2, _ is small, we also use a Carleman estimate for the Dirac operator
to obtain the final bounds.

More precisely, the proof of Theorem 1.1 proceeds in several steps. Noting that (1.7) is an
identity for 4 x 4 matrices, the proof begins by looking at the upper right 2 x 2 blocks in (1.7) and
by showing that V x A; =V x A,. After a gauge transformation one may assume that A| = A»,
and then from the upper left and right 2 x 2 blocks of (1.7) one obtains that g1, — = g2, —, and also
q1.+ = g2+ at all points where g _ is nonzero. The coefficients g+ would be recovered from the
lower right 2 x 2 block of the integral identity, but the estimates for this block in the boundary
term seem to be difficult. However, at this point one has enough information on the coefficients
to go back to the Dirac equation and use unique continuation, so that the partial data problem can
be reduced to the full data problem. Then the result of [22] shows that g1 + = g2 4 everywhere,
which ends the proof.

Finally, we remark that there is a large literature on Carleman estimates and unique con-
tinuation, also involving logarithmic weights. We refer to [2,14,20] for such results for Dirac
operators. Inverse problems for Dirac operators in time domain are discussed in [18].

The following simple algebraic identities, valid for a,b € C3, will be used many times
throughout the article:

(o0 -a)(o-b)+ (o -b)(oc-a)=2(a-b)], (o -a)2 =(a-a)l,

P(a)P(b)+ P(b)P(a) =2(a - b)14, P(a)’ =(a-a)ly,
P(a)Q = QP(a).

Here,Q:(‘”I2 0 ) and Q1=(q’12 0 )-

0 g-b 0 q+hr

2. Integral identity

The following integral identity will be used to determine the coefficients. We write (u|v) =
fQ viudx, |ul|®> = (ulu), and (u|v) s = fz v*udS where u and v are vectors or matrices in £2,
and X is a subset of 0£2.

Lemma 2.1. Assuming the conditions in Theorem 1.1, one has the identity

1
((Vi = V2)uiluz) = —<—3uu+|uz,+>
q1 re
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for any solutions u; € H'(£2)* of (P(D)+ Vju; =0 in 2, where u = u| — iy is a func-
tion in (H2 N HO1 (.Q))2 X Hl(.Q)2 satisfying dyuy|r =0, and uy € Hl(.Q)4 is a solution of
(P(D)+ Vo)ur =0in 2 with itz 4 g =u1,+lae and iy _|r =uy _|r.

Proof. Note that the existence of ii; with the stated properties is ensured by the condition
C{;l = C{;z . We first show that

((Vi = Vo)uilua) =i((o - v)(uy,— —iia, )|uz ) pe- 2.1
Since (P(D)w1|wy) = (wi|P(D)wy) + :T(P(v)w1 |lwy)se and V= V,, we have

(Vi = Vui|uz) = —(P(D)uiluz) + (u1| P(D)us)
i(PO)uluz),,
=i(PW)(uy — i) |u2), o +i(PW)ia|uz), -

Then (2.1) follows since (u1 — u2)4 |9 =0, (w1 —i2)_|r =0, and

i(PW)italuz), g = (@2| P(D)uz) — (P(D)iiz|uz)
= (Vaiiz|uz) — (2| Vouz)
=0.

Now u € H!(£2)* with —Au = P(D)(—Viu; + Vaiiz) € L2(£2)*, and since u € H}(£2)?
we obtain uy € H?(£2)? by elliptic regularity. It remains to show that

iq),— (o -v)u_=—0d,u; onas2. 2.2)
Since u1 and 1, are solutions, we have
o-(D+ADur++qi—ui— =0,
o-(D+Axyus 4+ +qo—tir— =0.
This shows that
q1,-u1,— —qa -tz =—0-Duy — (0 -Auy 4+ (0 - Az + in 2.
Restricting to 952 and using the boundary conditions on the coefficients, and writing Duy =

—i(dyu4)v + (Dug)@n on the boundary, where Ay, is the tangential component of a vector
field A, we obtain

q1,—u—=—0-Duy=i(0-v)yus —0 - (Dut)an onds2.

Since u4 =0 on 9£2 we have (Duy)wn =0 on 982, and (2.2) follows upon multiplying the last
identity by i (o - v) and using the identity (o - v)? =1. O
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3. Construction of solutions

The recovery of coefficients will proceed by inserting complex geometrical optics solutions
u1 and uy into the identity in Lemma 2.1. These solutions depend on a small parameter & > 0,
and have the form u = e~*/"m where p is a complex phase function and m has an explicit form
when & — 0.

For second order elliptic equations, complex geometrical optics solutions go back to [4,28] in
the case where p is a linear function, and they have been used extensively in inverse problems for
different equations (see the surveys [30,31]). A more general construction was presented in [16],
allowing phase functions p = ¢ + i1y where ¢ is a so-called limiting Carleman weight and
solves a related eikonal equation. See [6] for a characterization of the limiting weights. In [16],
the logarithmic weights ¢ (x) = log |x — x| were used to obtain results in the inverse conductivity
problem with partial data.

For the Dirac system considered in this article, a construction of complex geometrical optics
solutions was given in [27]. This construction, specialized to logarithmic Carleman weights, will
be reviewed here. Let A, g+ be coefficients in C %0 (£2). Instead of 4-vector solutions we will use
4 x 4 matrix solutions U (so that every column of U is a solution) to Ly U =0 in 2, having the
form

U=e""(Co+hCi+h*R). (3.1)

Here h is a small parameter, p = ¢ + i1 is a complex phase function satisfying the eikonal
equation (V ,o)2 =0, Cp and C; are smooth matrices with explicit form, and R is a correction
term. In particular, the eikonal equation arises by inserting the ansatz for U into the equation
Ly U = 0 and by requiring that the term involving the smallest power of / vanishes. This last
condition reads P(Vp)Co = 0 which implies that the matrix P(Vp), hence also the matrix
P(Vp)? = (Vp)?1y, should have nontrivial kernel, leading to the equation (Vp)? =0. We re-
fer to [27, Section 3] for more details.

We move to the specific choices of p and C;, following [7,27]. Fix a point xg € R3 \ m,
where ch(£2) is the convex hull of £2, and let ¢ (x) =log|x — x¢|. We choose

Y(x) = distsz< 0 w),

lx —xol’

where @ € §2 is chosen so that v is smooth near 2. Then p = ¢ + i satisfies (Vp)? =0
near 2.

It will be convenient to make a change of coordinates as in [7]. Choose coordinates so that
x0=0, w=eq, and £2 C {x3 > 0}. Write x = (x1, re'?) where r > 0 and 0 € (0, =), and intro-
duce the complex variable z = x| +ir. Also write e, = (0, cos 6, sinf) and ¢ = ej +ie,. In these
coordinates one has
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As in [27, Section 3], the matrices Cy and C; will be chosen to satisfl transport equations
involving the Cauchy operator ¢ - D. We will also use a function ¢ € C°°(£2) solving

- (Vé+A) =0 inS2.

A particular solution ¢ is obtained by extending A smoothly into R® as a compactly supported
vector field, and by letting ¢ = (¢ - V)~!(—¢ - A) where the Cauchy transform is defined by

1
€9 ) = —/ FGr—yiRe¢ — yaIm&) dy; dya.

2
R2

yi+iy2

Below, we will always understand that ¢ is this solution. The extension of A outside £2 will not
play any role in the final results.

The following proposition gives the existence and required properties for complex geometrical
optics solutions. We use the notation introduced above, and the notation

QI: q+12 — ‘1712
q-I I g+l )’

We also write A < B to denote that A < CB where C is a constant which does not depend on 4.

Proposition 3.1. Let a € C*(82) satisfy (¢ - V)a =0 in 2. Then for h > 0 sufficiently small,
there exists a solution to LyU =0 in §2 of the form (3.1) where p =logz,

1 .
Co=—-P()r 2%
Z
with¢ - (Vo + A)=0in £2, and
1 . 1 -
C = lT(P(D +A) = 01)(r~"%e%a) + —P@O)C

with ||C~'1||W|,OO(_Q) < 1. Further, we have

IR g2y S 1.

Proof. To obtain the H!(£2) estimate for R, in fact we need to compute more terms in the
asymptotic expansion in terms of & and look for a solution of the form

U=e*"(Co+hCy+h*Cy+h>Cs + 1 Ry).

With the choices of smooth matrices C; given below, Proposition 3.1 in [27] implies the existence
of such a solution with ||C;|ly1.. < 1 and | Rall 2@y + hIIVRallL2(0) < 1if & is small enough.
We then obtain the required solution (3.1) upon taking R = Cy + hC3 + hR;4.
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The conditions for C; in [27, Proposition 3.1] are

Co=P(Vp)Co,  MaCo=0,

| —

Ci=—-(P(D+A) - Ql)éo-i- P(Vp)Cy, MaCy =iHa wCo,

| — o~

Cr=-(P(D+A)—Q;)C1+P(Vp)Co,  MsCr=iHawCi,

~

1 ~
C3 = IT(P(D+A) — Q])Cz.

Here M4 and Hx w are the transport and Schrodinger operators
1
My =\2Vp-(D+A)+ l—.Ap Iy,

—0 - Dq- 0 (VxA)—qiq-I

Also, C ; are smooth matrices in £2 solving the transport equations.
Let ¢ and a be as stated. Using the special coordinates, we have

1 1
MA:—<2;.(D+A)+—>I4.
Z r

Then CO =r~Y2eibq], §olves MA Co =01in £2, and Cy has the desired form. Now one can solve
the transport equations C, and C3 by the Cauchy transform for instance, and this shows that also
Cyisasrequired. O

Remark. It is possible to perform the above construction of solutions with p replaced by —p

or p, since these functions also solve the eikonal equation. The corresponding forms for the
solutions are, respectively,

1 , h . h .
U=ellh |:——P(§)r_l/2e’¢a + = (P(D+A)— Q) (r ?e%a) — = P()C + 0(h2)],
Z 1 Z
_ 1 _ - h T h _ o~
U= ep/h[:P(g)rl/zemc_l +—(P(D+A)— Q) (r~"?e%a) + = P(5)C1 + 0(h2)},
Z l Z
where £ - (V¢ + A)=0and ¢ - Va=0in £2, and ||C || yr.0 () S 1.

4. Uniqueness proof

In this section, we give the proof of Theorem 1.1 modulo the estimates for boundary terms
which are contained in Section 5. Note that if ¢ - £ = 0, we have (o - £)> =0 and P(¢)? =0.
The starting point for the recovery of the coefficients is Lemma 2.1, which implies that

1
(Vi = V2)Ui|U,) = —<ql—3uU+|U2,+> 4.1)
,— FC
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where U; are 4 x 4 matrix solutions ofﬁvj Uj=0in2,U=U; - 02, and 02 solves Ly, 172 =0
in 2 with Utlopo=0,U_|r=0.

We use Proposition 3.1, or more precisely the remark after it, and choose solutions U; and U,
with

1 . .
U = eﬂ/h[—gp(g)r—l/zel@al + Rl],

1 . .
U =e P/t [ZazP(C)r_l/ze_”Pz + R2:|,

where ¢ - (Vg + A;) =0 and ¢ - Va; =0 in £2, and where ||R1||H|(Q) < h and

1Rl 112y S -
The next result, whose proof is given in the next section, takes care of part of the boundary
term in (4.1).

Lemma 4.1. The upper right 2 x 2 block of(ql% WUy |Uz 4)reiso(l)ash — 0.

It is now possible to show that the magnetic field is determined by partial boundary measure-
ments.

Lemmad4.2. Vx A=V x Ay in 2.

Proof. Since P($)Q;P(¢) = P(5)P()(Q))r =0, the left-hand side of (4.1), with the above
choices for Uy and U,, becomes

e P1=92)g a,
/U;(Vl—V2)U1dx=—/P(§)P(A1—A2)P(§)de+0(h).

Q Q
The identity P(¢)P(A) = —P(A)P(¢) +2(¢ - A) 14 implies

i(p1—¢2)
/ U3 (Vi — Vo) Uy dx = —2/ P@)(¢ - (A — AM%M + o).

2 2

Taking the limit as 7 — 0 in the upper right 2 x 2 block of (4.1), gives by Lemma 4.1 that

/eiwbrm)(a O (A — Ay))ararz 2~ dx = 0.
2

We choose aj(z,0) = 22g(z)b(0) and ay(z,0) = 1, where g(z) is a holomorphic function on
Q¢ ={z€C; (x1,re?) e £2}, smooth on its closure, and b(0) is any smooth function. Note that
¢ = £(0). Moving to polar coordinates in the x’ variables and by varying b(6), we obtain that for
all 0

(0-9¢) / PP (A — As) - (e1 +ie)g(z)dZ Adz =0.
29



M. Salo, L. Tzou / Advances in Mathematics 225 (2010) 487-513 497

Since o - ¢ is not zero for any 6, it follows that

/ =B (AL — As) . () +ie))g(z)dZ Adz=0.
£29

The last expression is related to a (nonlinear) two-plane transform of V x (A; — A») over a
set of two-planes. We may now apply the arguments in [7, Section 5] (see also [17, Section 7],
where the last identity is the same as formula (40)). One first shows by complex analytic methods
that the identity remains true with ¢/ (®1=%2) and g replaced by 1. It follows that

fs-(Al —Ay)dzAndz=0
$2¢

whenever £ is in the two-plane spanned by e and e,. Varying xo and w in the construction of
solutions slightly, this implies that

f £ (A1 —A)dS=0

PN$2

for all two-planes P such that the distance between the tangent space T (P) and the point (0, e;)
is small. Finally, an argument involving the microlocal Helgason support theorem and the mi-
crolocal Holmgren theorem shows that V. x A1 =V x A2 in §2. O

Since 2 is simply connected and V x A; =V x Aj, we see that A; — A, = Vp for some
function p € C*°(£2). Also, by the assumption that A| = A on 352, we see that p is constant on
the connected set 2. Thus, we can assume that p|y = 0 by substracting a constant. Then C{,;
is preserved under the gauge transformation A, — A 4+ V p, and consequently we may assume
that A; = A;. We shall write A = A = A, and ¢ = ¢ = ¢;.

By Proposition 3.1 there exist solutions U; and U, to the equations Ly, U; =0 in 2 (j =
1, 2), such that

. 1 h
U =ep/hel¢[_—P(;)r_“2a1 +-(P(D+Veo+A)—011)(r " a))
Z 1
h A o
—;P(g“)Cl—i-h Ry |,

[ h
Us = e—P/he—"f’[EP(g)r—l/Zaz +=(P(D = Vg = A)+ 021) (r™ar)

hA* 2p
+ZC2P(C)+h Ry |,

where ¢ - (Vo + A)=0,¢-Va; =0, [Cjllyre S 1 and [|R} ]| 10y S 1.

With these choices for U; and U,, we have the following result for the boundary term in (4.1)
which will be used in recovering the electric potentials. Again, the proof is deferred to the next
section.
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Lemma 4.3. The upper left and right 2 x 2 blocks of (ql%av Uy|\Up 4+ )re are o(h) as h — 0.

From the upper left and right 2 x 2 blocks of (4.1), it turns out that one can recover g_
everywhere and ¢ at those points where g_ # 0.

Lemma 4.4. One has q1,— = q2,— in $2. Also, q1,+ = q2.+ at each point of §2 where q1 _ is
nonzero.

Proof. We introduce the notations Q =Q01—Qranda; = r12q ; to make the formulas shorter.
Now Vi — V, = Q, so (4.1) becomes

1 h _ha, -
/[EP(C)a2+7(P(D—V¢—A)+Q2,1)az+ZCZP(§)+h Rz}

NI o h A
xQ[—ZP(g)a1+l—.(P(D+V¢+A)— Q1.1)a1 —;P(C)C1+h Rl:|dx

1

_ —(—BVU+|U2,+> . “2)
qi1,— re

Since P({)QP(;) = P({)P(;)Q; = 0, the term on the left of (4.2) wAhich is Ogl) with respect
to i vanishes. Also, for similar reasons, all terms involving %P({)Cl and gc;P(;) and R;

behave like O (h2). Thus we obtain

h (1 A
7/§[P(§)Q{(P(D+v¢+A)— Q1,1)a }a
2

—{(P(D =V — A)+ 021)a} QP (¢)ar ] dx + O (h?)

1
= —(—aUU+|Uz,+> : 43)
q1,— re
Also the terms involving V¢ + A vanish because

P)OP(Ve+A)+ P(Vop+ A)QP()
=[P()P(Vo+A)+ P(Vo+ A)P()]0;
=2[¢- (V¢ +A)]0r =0.

The expression (4.3) becomes

h (1 A A
n / E[P(;“)Q{(P(D) — Qi.1)ai}ay — {(P(D) + Q2.1)a2} QP (t)ar ] dx + O (h?)
2

1
= —(—BVU+|U2,+> : (4.4)
C]l,— re
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Note that —QQLI -0 QI = qls where § = ¢2.+92,— — q1.+491,—, 80 (4.4) can be written as

h 1 ~ h 1
. / “[P©)P(DaNGs — P& PE)@] 01 dx + / S PO+ 0 (1)
2 2

1
_ _<—aUU+|U2,+) . 4.5)
q1.- e

Now, in the second integral on the left of (4.5), the upper left 2 x 2 block is zero. Thus, multi-
plying (4.5) by 2! and taking the limit as 4 — 0 in the upper left 2 x 2 block, we obtain from
Lemma 4.3 that

1
/ ~[(0-0)(0 - Din)is — (o - D)o - )i} (g1, — g2, dx =0. (4.6)
2

At this point we make the choices
ar=r='"210), a=r"'2

where by (0) is a smooth function. Since

- 1 _ _ 30 0b
Valz—zr zbrey +r712¢by +r 3/2z8—01e9

where eg = (0, —sinf, cosf), we have

1
2[(0 -{)(0 - Dayay — (o - Da)(o - $)ai |

= Lo 00 et - l[(a 0o e)—(0-e)(o-O)]r b
T T80 T 2i ’ ’ o
Using the identity
(0-a)(o-b)=(a-b)lh+ic-(axb), abeC,

we obtain from (4.6) that

ab
f[i(o : ;)a—; — (o -e9>b1}<q1,_ — g2, )r*dx =0. 4.7)
2

Using the condition (1.5), we may extend g1, + — g2, + by zero outside £2 and therefore we can
assume that g; + — g2 + € Cg (R3). We write (4.7) as

/|:i(a . g)%—b@l — (o .eg)b1i| ( / /(ql,_ —q2,-)(x1,1, 9)}’_1 dxy dr) do =0.
0 R O
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Note that ¢ and e only depend on 6. Integrating by parts in 6 and using that g—g =1iep, We obtain

/(U'g“)b1<//woq,r,@)r_ldxldr> do =0.
0 R 0O

Varying by, it follows that

0 _—qgy _
(G-C)/%(m,r,@)r_lcﬁ/\dz=0,
29

for all 6.
Since o - ¢ is never zero, we finally get

0q1,——q2-) 1 -
_— = dzAndz=0
/ 02 gz
2

for all 6. This implies the vanishing of a Radon transform on certain planes. Now varying the
point xq in the definition of ¢, the direction € S in the definition of ¥, and varying 6, we
obtain from the microlocal Helgason and Holmgren theorems as in [7] that

a(q1,— —qz,—)rq
06

=0 in$2.

Thus g1, — go._ is independent of #. Since g1, — g2, € C.(R?), we obtain ¢, _ =g, in 2
as required.

Finally, we return to (4.5) and now consider the upper right 2 x 2 block. In the first integral
on the left this block is zero, so multiplying by #~! and letting 7 — 0 in the upper right block
gives by Lemma 4.3 that

1

/ —(o-¢)gayazdx = 0.
Z

2

By a similar argument as above, we obtain that § = 0. Since ¢; — = g, _, this implies g1 + = ¢2.+
at each point where g1 _ is nonzero. 0O

We have proved that A; = A and g1, — =¢»,— in £2, and that g| + = g2, at any point where
q1,— is nonzero. The next logical step would be to consider the lower right 2 x 2 block of (4.1)
to show that g1 + = g2 4 everywhere in §2. However, the estimates for the boundary term in this
case appear to be quite difficult. We will choose another route and reduce the remaining step to
the full data problem, by using unique continuation.

Lemma 4.5. Assume the cgzditions of Theorem 1.1, and assume in addition that there is some
neighborhood W of I'“ in §2 such that
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Al=Ay=A inW,

gr=q+=qg+ nW.
Then C ?/IQ =C ?,f , that is, the boundary measurements with full boundary data coincide.

Proof. Without loss of generality, we assume that "¢ is connected (if not then argue on each
connected piece). By shrinking W if necessary, we may assume that also W is connected and
g-#0in W.

Let (f, g) be an element of Cafz, so that there is a solution u € Hl(.Q)4 of Ly,u; =0in £
such that u; y = f and u;,_ = g on 32. Since CF] = C{,;, there is a solution up € H'(§2)* of
Ly,ur =01n §2 satisfying

U+ =U2 + Ona.Q, Uy, —=uz— on /.

Set u = u1 — up. Then clearly uy =0 on 9§2 and u_ =0 on I', and by (2.2) we also have
oyu4+ =0 on I'. Furthermore, since all coefficients are identical in W and g_ # 0 in W, we have
that u 4 satisfies

1 ~
(—AIQ +2(A-D)l — — (0o -Dg_)o -D+ Q>u+ =0 inW,
q-

Uy =0ousy =0 on WNT,

where Q is some smooth 2 x 2 matrix.

The last system has scalar principal part, and the unique continuation principle holds (see [15,
Theorem B.1]). Since W is connected we conclude that vy =0 in W, and consequently 9,1
vanishes on I"¢. Since g_ # 0 in W, the relation (2.2) again implies that u_ = 0 on all of 9£2.
We have proved that (f, g) € Caf, showing that C‘a,f? C C?,;Q The inclusion C‘a/f - C‘a,f? is
analogous. O

We have proved that all the conditions in the preceding lemma hold, so we obtain that
C‘a,f? = C‘a,f The uniqueness result in [22] (or [27]) for the full data case then implies that
q1.+ = g2+ in £2. This ends the proof of Theorem 1.1.

5. Carleman estimates

In this section we prove Carleman estimates and establish Lemmas 4.1 and 4.3 which allow
to take care of the boundary term in the identity (4.1). This involves an estimate for d, U on part
of the boundary. To explain the strategy, we note that any solution u of Lyu =0 in £2 satisfies

g - (D ~|—A)u, ~|—q+u+ =0,
o-(D+Auy+qg_u_=0.
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Then in the set where g_ # 0, the equations decouple and we see that u_ satisfies the second
order equation

1
o~(D+A)<q—o-(D+A)u+) —gius =0. .1

We will estimate 9, u4 on part of the boundary by using a Carleman estimate for a second order
equation, as in [16]. However, to account for the set where ¢_ is small we need to do the analysis
very carefully, cutting off the coefficients in a suitable #-dependent way and also letting the
convexification depend on /. The details are given in the following result.

We will use below the notation given in the beginning of Section 2, and also the sets 9§21+ =
{x € 982; £V¢(x)-v(x) = 0}. Further, we consider the semiclassical Sobolev spaces with norm
defined by

”u”H:L1 = || (1 + (hD)z)S/ZuHLZ(Rn), ue C?O(Rn), s €R.

In particular we will consider the case s = 1 with the equivalent norm | u ||H51Cl = |lu]l + ||h Dul||
for u € H} (£2).

We also recall that a smooth function ¢ : £ — R is called a limiting Carleman weight in
an open subset 2 of R3 if Vo # 0 in 2, and if for the symbols a(x, £) = |£]> — |Ve|? and
b(x,£&) =2V - &, the Poisson bracket {a, b} vanishes on the characteristic set where a = b = 0.
An example of a limiting Carleman weight is ¢ (x) = log |x — xo| for xo ¢ £2. For the motivation
of this definition and a more thorough discussion of limiting Carleman weights, we refer the
reader to [6] and the references therein.

LemmaS5.1. Let A € C®(2; R and q_,§ € C*®(R2), and let ¢ be a limiting Carleman weight
near §2. Let 0 < o < 1, and let

~ 1 1
A(x,D) = {ZA'D— 7-(0-Dg-)o-D, |=|<|logh?],

2A-D, otherwise,

_ 1 . . q 1 a
G0 = { —3(0-Dg)o - A+d, 17| < VTToght,

q, otherwise.

There exist constants ho, Co, C, where Co and C are independent of «, such that whenever
0 < h < ho and when

- h _
G=¢+——, &)= (Collogh®|)”",

one has the estimate
h2

E(h)(”e‘ﬁ/hv”z—i—|’e¢/thv||2)—h3 / avw}e‘z’/havv‘zdS

082_

<Cle? " h*(=A+ Ax, D) +§)v|* + Ch® / dyp|e?/"3,0|*ds,

forany v e H2(2) with v]|se =0.
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Proof. The proof follows ideas in [16] (see also [27]). First let Cy be a fixed number, and initially
choose hg = 1. Below we will replace ho by smaller constants when needed, and M > 1 will
denote a changing constant depending only on ¢ and the coefficients A, g—, and g. In the end of
the proof we will make a more precise choice of Co.

Write ¢ = f(¢) where f(A) = A + S(h) 2 , and introduce the conjugated operator Py g =
e?/M(—h2A)e=?/" = A + i B where A and B are the formally self-adjoint operators

= (hD)* — (V§)?, B=V@ohD +hDoV§.
Then, if v is as above, integration by parts gives that
[ Po.gvll*> = [l AvII* + | Bv]|* + (il A, Blv|v) — 2h°((3,@)d,v|dyv)

In terms of symbols one has i[A, B] = h Op;,({a, b}). The limiting Carleman condition implies,
as in [16, Section 3] and [27, Lemma 2.1], that

{a, b}(x,§) = mf(fp) Vol +mx)a(x, &) +1(x, §)b(x, &)

where

m(x) = —4f(¢)

¢"Vg - Vo I ) = <440”V<0 21" (¢) W)) .

+
Vo2 IVol2 ~ f'(9)

Here we have chosen hg so that S(h) max(sup |¢|, 1) < 1/2 for h < hy, which ensures that

f'(¢) = 1/2. Quantization gives

i[A, B]= %f((p) |V<,0|4 [moA+Aom+LoB+BoL]+hzq(x)

where § is a smooth function whose C¥ norms are uniformly bounded in /. Since |V¢| is positive
near §2, we have

h2
I Po.gvll* > lAv|* + [ Bv|® +3ze vl = M|l Av]) = Mhlv 1 1Bl
— MI? ||| = 217 ((3,@)d,v]3,v)

This used integration by parts and the fact that v|3; = 0. We obtain

1 1

Po.gvll* > =l Av]* + S| Bu|)? — MR |v))?

I Po,gvll 2|| vl +2II vl +M (h)ll v]? Ilvllﬂslc1
— 203 (3 @)y vl9yv)

For the term involving |[v]| Hl, We note that
N

IhDv||* = ((hD)*v|v) = (Av|v) + (IV@[*v|v) < |Av]* + M|v]?,
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and by the assumptions on /o we have that

2 2

1
~NAVI* > ——5——Av|]* > =——>——|IhD
2M2¢(h) 2M2¢(h) 2Me(h)

2

Therefore, the Carleman estimate becomes

h2
Me(h)

I Po.gvll* > 1131 =28 (0v@)dv1u0) 5 -

Next, consider the operator

Pj = h26¢/h(—A + A(x, D) + c})e_¢/h

= Py +hA(x,hD +iV§) +h*q.

We have

Il =203 (@@)dldu) g
< 4| Ppul|* + 4h*|| A(x, hD + ngb)sz +4n*| g%

If hg is chosen so that |log(h*)| > 1 for h < hg, then by the definition of A(x, D) and g(x) it

holds that
[AGe. hD + iG] < My flog ()10l 1 .
Igvll < M,/ [log(ne)]lv]l.
Thus
2
ol lvlZ, =21 (Gu@)dvldw), o < MIPoI> + MA2[log () [[vI1, -

At this point we choose C so that Co > 2M 2 which implies

h2
2Ms(h)’

Mh*|log(h®)| <

With this choice, we arrive at the Carleman estimate

2

Me(h)

10131 =207 (@@)dvldsv); < M Pyull?.
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Finally, replacing v by e?/ My gives that
12

Me(h)

< M| e? "2 (=A + A(x, D) +§)v .

(10l + D) )~ 28 (@udre? vl o) o

Since 3,¢ = f'(¢)d, @, the result follows. O

Remark. The motivation for the choice of & (/) comes from the fact that e?/" < h=C®¢?/h where
C is independent of . Here the factor h~¢* can be controlled by any negative power of & if o
is chosen small enough.

It will be essential to use the convexified weight ¢ instead of ¢, since we will need the stronger
constants obtained from convexification to carry out the estimates for boundary terms. Next we
give a Carleman estimate for the Dirac operator, which will also be required for controlling the
boundary terms.

Lemma 5.2. Let A € C>®(2; R%) and q € C®(82), and let ¢ be a limiting Carleman weight
near 2. Suppose o, Cy, €(h), and ¢ are as in Lemma 5.1. There exist C, ho > 0, with C inde-
pendent of o, such that for 0 < h < hg one has

|e?/"u|* < Ce(h) |9/ (o - (D + A) + qL)u|®.  ue Bl ()™

Proof. We follow the argument in [27, Lemma 2.2], where more details are given. The Carleman

estimate in Lemma 5.1 implies that
nooo GIN(_p2 AP |2
%HM”H;d <C|e? " (—=h*AD)e M“Lz,

forallu e C C?"(.Q)z. It is possible to shift the estimate to a lower Sobolev index and prove that
for h small one has

h2
e(h)

Now write e?/ " (—h2AL,)e?/ " = Pg where Pg(hD) =e?/ (o -hD)e %" Since (hD)~! Pz(hD)
is an operator of order 0, we obtain

—_ull?, < C||e? M (— thIQ)e(Z)/hu“il—ll

h2

o) —|lul3, < C|e? (o - hD)e—Whu”

If h is small (so 1/e(h) is large), we may replace o - hD by o - (hD 4 hA) + hq I, in the last
inequality. This shows the desired estimate for u € C2° (£2)2, and the result is then valid for
ue Hé (£2)? by approximation. O

We may now give the proof of Lemma 4.1, which provides an estimate for the part of the
boundary term required for determining the magnetic field.
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Proof of Lemma 4.1. Recall that U; are solutions of Ly i U; =0in £2, where

U, .
U1,+=€'°/h[—gr 29101 (0 0 ¢)gua+ (R Ri)2x4]»

U;+=e—p/h[lr—1/2e—i¢za2( 0) +<’33> ]
’ z 7 ) 4xa Ry ) ax2

with |R1 | g1y S s IR2 Ml 12y S b Also, U = Uy — Uy where Us solves Ly,Up =0 in £2

with Us 4 |y = Uy +]ae. Thus U, |y =0, and we have U_|r = 3,U|r =0 and also Uy €
(H*N Hy(£2))*** by Lemma 2.1.

Denote by J the upper right 2 x 2 block of (ql% 3,U|Us. 1) re. Writing W = Wi — W, where
W1 and Wg are the right 4 x 2 blocks of U; and 02, respectively, we have

|
J:/e”’/th—avWerS.
q1,—
FC

Since g1,— # 0 on I"¢, we get (using the Frobenius norm on matrices) that

||J||2<c(f||1%z||2dx>< /||€_Wh3uW+||2dS>.
re re

2
Write —¢ = —¢ + S(h—h) % for the convexified weight corresponding to —¢, as in Lemma 5.1. We
note that e=#/" = me=%/" where 0 < m < 1, and also the estimate ||I§2||Lz(1~c) < C||ﬁ2||H1(Q) hS

h which follows from the trace theorem. These facts yield

1712 < h2||le=?/ o, Wy ||i2 (5.2)

rey:

At this point we wish to use the Carleman estimate of Lemma 5.1. This allows to estimate
0, W4 by a second order operator applied to W,. Since W, = W 4 — W2,+ where W is a
solution with explicit form which can be estimated, we want to choose the operator so that it
will make terms involving W2,+ vanish. Note that when g — # 0, W2,+ solves (columnwise) the
equation

1 ~ -
o-(D+ Az)(qz—ff (D + Az)W2,+) —q2,+W2 4+ =0.
In the set where g2, # 0 this may be rewritten as
1 - -
|:—A12 +2(A2- D) — q—(G “Dgy,—)o - (D + Az) + Q212} W4+ =0, (5.3)
2,—

where go = Ay - Ay + D - Ay — g2,4+92.—. Since W4 |3 =0, the estimate in Lemma 5.1, applied
to —¢ and Ay, ¢2,—, and ¢, shows that



M. Salo, L. Tzou / Advances in Mathematics 225 (2010) 487-513 507

T2 e oW P+ e W, ) + 4 / duple /"o, W, | ds

A,

8(/’1)

S e 2 (A + As(x, D)+ Go) Wi | — 1 / duple o, W, |? ds.
082
Recall that 0,W,|r = 0. Now I" is a neighborhood of the front face F(xg), but we have

F(xp) = 082_ since ¢ was the logarithmic weight. This shows that the last boundary integral
vanishes. Since d,¢ > 0 on I'“, the Carleman estimate can be written as

# [le¥raw, Pas (e 9w P+ ¥ mw. )
FC

< e h (A + Ax(x, D) + G2 W |

(h)

Going back to (5.2), we have arrived at
1+ s (e W+ e D )
S|P (=A + Ax(x, D)+ G) W |, (5.4)

Let S = {x € £2; | 1 | < 4/|logh“|} be a subset of §£2 where g — is bounded away from zero,

with an - dependent bound The proof will then be completed by establishing the following two
estimates:

e M (= A+ Ao x. D) + @) W [ 125, = 0(D). (5.5)

W e /M (A + Aa(e. D) + a2 Wi |2,

So() +h(|e "W |* + e "hDW.|?). (5.6)
Proof of (5.5). By (5.3), we have (—A + Ar(x, D) + PIWre=(—A+ As(x, D) + QW 4

in S;,. To obtain sufficient decay in &, we will need to convert —A W  into first order derivatives
of Wi + by noting that W; solves

o-(D+ADW ) ++q1,-W;—=0.
Then applying o - (D + A1) implies
AW 4+ =-2A1-DWi 4 —qi1,—0 -DWi _+ Q1+ Wi+ + Q1 -Wi _
for some smooth matrices Qg +. Thus, the most significant terms in the expression
(—A+ Az(x, D) + g2) W 4, regarding growth in h, are Ap(x, D)W; 4 and —2A; - DW 4 and

—q1,—0 - DWy,_. Since Wy 4 = e”/"M and Wy _ = /" R where [ M| 10y S 1. 1Rl g1 (@) S
h, we have
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-6 A A 2
h3 e “’/h(—A + Asx(x, D) + §2) W4 “Lz(sh)
—@/h p/h 2 . 2 —@/h p/hys)2
< hHe P/hePlh Ay (x, hD — IV'O)M“LZ(S,,) +h||e ¢/her/ M||L2(Sh)
—@/h p/h p|? 1-C
+h|e=#/ter! R||L2(Sh) Sh'TCY(Jlogh®| + 1)
since e ?/" < h=Cee=¢/1 where C is independent of «. Choosing o > 0 so small that
1 — Ca > 0, this goes to zero as h — 0.
Proof of (5.6). In £2 \ S, the coefficient g _ is close to zero, and we will use that W, solves
the equations
o (D+ AWy +qo Wy _ =0,
o (D+A)Wa_ +qo 1 Wa 4 =0,

which implies that
(—A+245-D+ )W i+ (0 - Dgs,_)Ws,_ =0.
By the definition of As(x, D) and g>(x), we have on 2 \ S;,

(—A+2A2(x, D)+ §o)Ws = (~A+2A2- D+ ) Wi 4
— (0 - Dga,)W_+ (0 - Dgs, )Wy _. (5.7)

Note that we have written W,, _ in terms of W_ and W _. For the first term on the right-hand
side of (5.7), a similar argument as in the proof of (5.5) implies

W e (A +242 - D+ ) Wi 4|20 SH' ™ =0(1)

when « is small enough. Since Wy _ has explicit form, the third term satisfies

n3|e=?/" (o - Dgo,_ )W, n3=C = o(1).

N S

To prove (5.6), it remains to show that

W "o - Dgy, YW- ||22(rz\sh)

Soy+h(|e "Wy |*+ |e?"hDW,|?). (5.8)

To this end we will apply the Carleman estimate for a Dirac operator given in Lemma 5.2. This
will allow to estimate W_ by o - (D + A>) W_, which again may be broken into terms involving
the explicit solutions W 4 and the term W, which is admissible.

However, the Carleman estimate only applies to functions vanishing on the boundary. One has
W_|r =0since Uj — = 02,_ on I, but W_ could be nonzero on I"“. Here we are saved by the
fact that the estimate is over the set £2 \ S, which has to be a positive distance away from "¢ if h
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is small, by the assumption that g> _ # 0 on I"“. Thus, let V be a neighborhood of "¢ in which
q2,— # 0, choose xo € C°(V) with xo =1 near I', and let x =1 — xo. Then

6 2 P 2
n’ ”e Yo - Dgy, - )W- ”LZ(Q\S,,) 5h3“e o xw- ”LZ(Q)'

Applying Lemma 5.2 to xy W_ € HO1 (£2)%*2 gives

ey w_ ”iz(m Seme™M (o (D+A2))(xW-) Hi%m

2

Sem|e (o - (D + AD)W_ 720,

+8(h)||efé/h(‘7‘DX)W—HiZ(Q)'

We write

o - (D+A)W_=0-(D+ADWi_—0-(D+A)DWar_ +0 - (Ay— ADW _
=—q1+Wit+ @+ Woi+0-(Ay—ADW) _
=—@+Wit(@+—q1)Wit+o-(A2—ADW; —.

Thus

e~ -+ ADW-| < [ ¥/ + 9/ |

S ot

by the explicit form of W;. Finally, since g2, — 7 0 on the support of o - D x, we have in this set

1 -
W_= W],_ + q—(T . (D + A2)W2’+
2,—

1 1
=W _———0 - D+A)WL+ —0 - (D+ AW +
q2,— q2,—
1 1 q1,—
=W,_-——0 - (D+A)Wi+—0 - (A2 —ADW 4+ — —W; _.
q2,— q2,— q2,—

Consequently
[e=? (@ - DOW-| o) SH + [T W[ + [P DW, |
Combining these estimates gives

h3 ||ef‘7’/h(0 “Dqp )W_ ”iZ(Q\Sh)

<) + he(h)(|e "Wy |* + e " hD W, |?).

This shows (5.8) if « is chosen small enough. The proof is complete. O
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Next we will prove Lemma 4.3, which is used in recovering the electric potentials. The
stronger decay of suitable blocks in the boundary integral (o(k) instead of o(1) as in Lemma 4.1)
is due to the fact that Ay = A, = A. Otherwise, the proof will be mostly parallel to that of
Lemma 4.1.

Proof of Lemma 4.3. The solutions U; and U, have the form

T1 S
U1,+=€p/h€’¢[—gr 2a1(0 0 -¢)as+ (R R/l)2x4:|1

- T1 R
Uy, = e Plhe=ib| Z =112, 0 + Ri/z ,
' Z 08 ) 4n R ) 4xr

with [|R; [l 1) S s IR i ) S
We denote the upper left 2 x 2 block of (q%_av U+|U§)pc by J, and will show that J = o(h).

The argument for the upper right block is analogous. If Wi, W, are the left 4 x 2 blocks of U,
and U,, respectively, and if W = W — W», then

PR |
J:/e_p/he_'¢R2—8UW+dS.
q1,—
re

Repeating the argument in the proof of Lemma 4.1, we obtain the estimate (5.4):

h . .
1 + o (e W [+ e ¥/ hw. )

S e M (= A+ As(x, D) +Go) W4 |-
Here Az and ¢, are the coefficients in Lemma 5.1 for Ay = A, g2 _,and g =A-A+D-A—

q2.+q2,—. Let Sp = {x € 2; |qz%| < J/log h*} as before. Then the desired conclusion J = o(h)
will be a consequence of the foﬁowing two estimates:

W e M (= A + Ay, D) + @) We | 125, = (). (5.9)

W e (= A+ Ao (x, D) +@2) We | 120,
So(R?) +h(|e "Wy |* + |e?"hDW,|)?). (5.10)

Proof of (5.9). In S}, one has
. . 1 .
(—=A+ Ax(x, D) + g2) Wy = (—A +2A-D— q—(o -Dqy._)o - (D+ A) + qz) Wi 4.
2,—

Using that W is a solution of the Dirac system with A; = A, we obtain after some computations
that
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(—A+2A-DYWi 4 =M Wi 4+ M Wi -

in £2, where M 1 are smooth matrices in £2 which are uniformly bounded with respect to .
Using the Dirac equation again, we have in Sy,

(—A+Ax(x, D)+ Go) Wy = My s Wi 4 + My Wi _,

where Ml,i are matrices in S, satisfying ||M]’i||Loo(Sh) < /|log h*]. By the explicit form for
W1+, one has

W e M (= A+ Ay (x, D) + @) Wi |15, S 7 log .

This proves (5.9) if « is chosen small enough.

Proof of (5.10). In £2 \ S, we obtain the identity (5.7) where Ap = A:

(=A +24A5(x, D)+ )Wy = (=A+2A4-D+§)Wy 4 — (0 - Dgo,_)W-
+ (0 - Dga. )Wy _.

As in the proof of (5.9), it follows that

W e ?M(—A+24- D +@)Wi 4|20 SHTC = 0(h?)

for o small. Also, clearly

W e o - Dgr YW1 |72, S B =0(h?).

Using the cutoff x and the Carleman estimate of Lemma 5.2 in the same way as when prov-
ing (5.6), we have

6 2 i 2
h3”€ Wh("'D‘I2,*)W*”L2(Q\Sh)§h3||e WhXW*”LZ(Q)

SHem)([e (o - (D + AYW_ |72 + [ @ DOW_|720).

‘We note that

o-(D+AW_=—-q2 Wi + (24 —q1.)W1+ ing2,

and
1 q1,—
Wo=W _-——o0c-(D+AWL——-W;_ onsupp(o-Dy).
q9,— q2,—

This implies that
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hS”‘f_@/h(U “Dga, )W ”iz(.Q\S;,)

SH e (h) + he(h)(||e "W |* + |e? "hDW,|)?).
Now 13=C%¢(h) = o(h?) for a small, so we have proved (5.10). O
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