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Abstract

We start from Rieffel data (A, ¥, p), where A is a C*-algebra, p is an action of an abelian group I" on
A and ¥ is a 2-cocycle on the dual group. Using Landstad theory of crossed product we get a deformed
C*-algebra AY . In the case of I' = R" we obtain a very simple proof of invariance of KC-groups under
the deformation. In the general case we also get a very simple proof that nuclearity is preserved under
the deformation. We show how our approach leads to quantum groups and investigate their duality. The
general theory is illustrated by an example of the deformation of SL(2, C). A description of it, in terms of
noncommutative coordinates &, B, 7, 8, is given.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

In [12] Rieffel described the method of deforming of C*-algebras known today as the
Rieffel deformation. Having an action of R? on a C*-algebra A and a skew symmetric opera-
tor J : RY > RY Rieffel defined a new product that gave rise to the deformed C*-algebra A”.
In [13] the Rieffel deformation was applied to the C*-algebra of continuous functions vanishing
at infinity on a Lie group G. An action of R" was constructed using the left and right shifts
along a fixed abelian Lie subgroup I". Having the deformed C*-algebra Rieffel introduced a
comultiplication, a coinverse and a counit, showing that it is a locally compact quantum group.

M. Enock and L. Vainerman in [3] gave a method of deforming of the dual object associated
with the locally compact group G that is (C}(G), A) where C!(G) is the reduced group C*-
algebra and A is the canonical comultiplication on it. Using an abelian subgroup I" C G and
a 2-cocycle ¥ on the Pontryagin dual group I they twisted the canonical comultiplication A
on the reduced group C*-algebra C;(G) obtaining a new quantum group. They also presented a
formula for a multiplicative unitary and described a Haar measure for this new quantum group.

The existence of these two methods of deforming of objects related to a group G prompts the
question about the relations between them. In this paper it is shown that they are dual versions
of the same mathematical procedure. Let us note that the deformation framework of Enock and
Vainerman is in a sense more general than the one of Rieffel: instead of a skew symmetric matrix
on R" they use a 2-cocycle ¥ on the abelian subgroup I". This suggests that it should be possible
to perform the Rieffel deformation of a C*-algebra A acted on by an abelian group I" with a 2-
cocycle ¥ on . A formulation of Rieffel deformation in that context is one of the results of this
paper.

Let us briefly describe the contents of the whole paper. In the next section we revise the Land-
stad theory of crossed products. We prove a couple of useful results that we could not find in the
literature. In Section 3 we use the Landstad’s theory to give a new approach to the Rieffel defor-
mation of C*-algebras. In Section 4 we apply the Rieffel deformation to locally compact groups.
We show that Enock—Vainerman’s and Rieffel’s approach give mutually dual, locally compact
quantum groups. Moreover, a formula for a Haar measure on a quantized algebra of functions
is given. In the last section we use our scheme to deform SL(2, C). The subgroup I" consists
of diagonal matrices. We show that the deformed C*-algebra A is generated in the sense of
Woronowicz by four affiliated elements &, ,3, 7, § and give a detailed description of the commu-
tation relations they satisfy. Moreover, we show that the comultiplication A¥ € Mor(A; A ® A)
acts on the generators in the standard way:

AM@=a0atpey, AP =acp+ B
5+

A

5,
AYP=yea+iey A‘I'(S—S 3 1
Y)=y®a+i®vy, (%) ®B. (1)
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Throughout the paper we will freely use the language of C*-algebras and the theory of locally
compact quantum groups. For the notion of multipliers, affiliated elements, algebras generated by
a family of affiliated elements and morphism of C*-algebras we refer the reader to [18] and [15].
For the theory of locally compact quantum groups we refer to [6] and [9]. For the theory of
quantum groups given by a multiplicative unitary we refer to [19].

Some remarks about the notation. For a subset X of a Banach space B, X cIs denotes the closed
linear span of X. Let A be a C*-algebra and A* be its Banach dual. A* is an A-bimodule where
forw € A* and b, b’ € A we define b - w - b’ by the formula:

b-w-b(a) =wb® ab)
for any a € A.
2. Landstad theory of crossed products

Let us start this section with a definition of I"-product. For a detailed treatment of this notion
see [10].

Definition 2.1. Let I" be a locally compact abelian group, I its Pontryagin dual, B a C*-algebra,

A a homomorphism of I" into the unitary group of M(B) continuous in the strict topology of
M(B) and let p be a continuous action of I" on B. The triple (B, A, p) is called a I"-product if:

:6)7()\)/) =(y, V))W
forany p € "andy € I".
The unitary representation A : I" — M(B) gives rise to a morphism of C*-algebras A €

Mor(C*(I"); B). Identifying C*(I") with Co,(I") via the Fourier transform, we get a morphism
A € Mor(Co(I"); B). Let 7 € Aut(Coo(I7)) denote the shift automorphism:

% (NP =f@'+7) forall feCoo(D).
It is easy to see that A intertwines the action o with t:
My () = 6y (A(N) )

forany f € Cx (I"). The following lemma seems to be known but we could not find any refer-
ence.

Lemma 2.2. Let (B, A, p) be a I"-product. Then the morphism X € Mor(Coo(ﬁ); B) is injective.
Proof. The kernel of the morphism A is an ideal in Coo(f ) hence it is contained in a maximal
ideal. Therefore there exists 3y such that f(yp) = 0 for all f € kerA. Eq. (2) implies that ker A is
T invariant. Hence f(yy + 7) = 0 for all y. This shows that f =0 and kerA = {0}. O

In what follows we usually treat a C*-algebra Coo(ﬁ ) as a subalgebra of M(B) and we will
not use the embedding A explicitly.
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Definition 2.3. Let (B, A, p) be a I'-product and x € M(B). We say that x satisfies the Landstad
conditions if:

() py(x)=xforallp el
(i) themapl >yt )»yx)ﬂ)j € M(B) is norm continuous; 3)
(i) fxge Bforall f,ge Coo(l).

In computations it is useful to smear unitary elements A,, € M(B) with a function & € LY(I):
A =/h(y)ky dy € M(B).
r

Note that A, € M(B) coincides with the Fourier transform of 4: §(h) € Coo(I). In the original
form of Definition 2.3 given by Landstad the third condition had the form:

Apx,xApeB forall f,ge L'(I). 4)
Our conditions are simpler to check, which turns out to be useful in the example considered at
the end of the paper. As shown below both definitions of invariants are in fact equivalent. The

argument is very similar to the one given in [11] which shows that the third Landstad condition
can be also replaced by

rpxeB forall feL(I).
Assume that x € M(B) satisfies the Landstad conditions (3). Choose ¢ > 0 and a function f €
L'(I"). By the second Landstad condition we can find a finite volume neighborhood © of the
neutral element e € I" such that:
[Ayx —xiy|| <e forally eO. 5)

Let xo denote the normalized characteristic function of O C I":

—5 ifye0,

XO(V):{O ify e\ O.

Then by (5) we have:

o — Xy ll <e. (©)
If necessary, we can choose a smaller neighborhood and assume also that:

IAfhro —2rll<e. (7
The calculation below is self-explanatory

AfX=AfX = AfhyoX +AfAhyoX = AfX —AfAyoX) + (A fAyoX —AfXAyo) T AfXAyn
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and together with (6) and (7) shows that:

12 fx =& pxhyo Il < e(llxll + 1A 11)-

Hence we can approximate A yx by elements of the form A yxA ., € B. This shows that A yx € B.
A similar argument proves the second inclusion: xA y € B.

The set of elements satisfying Landstad’s conditions is a C*-algebra. We shall call it the
Landstad algebra and denote it by A. It follows from Definition 2.3, thatif a € A then Ayak; €A
and the map I" € y > Ayal), € A is norm continuous. An action of I” on A defined in this way
will be denoted by p.

It can be shown that the embedding of A into M(B) is a morphism of C*-algebras (cf. [8,
Section 2]). Hence the multipliers algebra M(A) can also be embedded into M(B). Let x € M(B).
Then x € M(A) if and only if it satisfies the following two conditions:

() pyx)=xforallpel;

(i) foralla € A, the map (8)
sy Ayx)nja € M(B)
is norm continuous.

Note that the first and the second condition of (3) imply conditions (8).

Examples of I"-products can be obtained via the crossed-product construction. Let A be a C*-
algebra with an action p of I" on A. There exists the standard action p of the group [onAx ol
and a unitary representation A,, € M(A x, I') such that the triple (A %, I', A,,, p) is a I"-product.
It turns out that all I"-products (B, A, p) are crossed-products of the Landstad algebra A by the
action p implemented by A. The following theorem is due to Landstad [10, Theorem 7.8.8]:

Theorem 2.4. A triple (B, A, p) is a I'-product if and only if there is a C*-dynamical system
(A, I', p) such that B = A X, I'. This system is unique up to isomorphism and A consist of the
elements in M(B) that satisfy Landstad conditions while p, (a) = )Lya)\;j.

Remark 2.5. The main problem in the proof of the above theorem is to show that the Landstad

algebra is not small. It is solved by integrating the action /6 over the dual group. More precisely,
we say that an element x € M(B). is p-integrable if there exists y € M(B) such that

o(y) = / 47 (35 ()

for any w € M(B)i. We denote y by E(x). If x € M(B) is not positive then we say that it is
p-integrable if it can be written as a linear combination of positive p-integrable elements. The
set of p-integrable elements will be denoted by D(&). The averaging procedure induces a map:

¢ : D(€) — M(B).

It can be shown that for a large class of x € D(€), E(x) is an element of the Landstad algebra A.
This is the case for fibf, where b € B and f1, f» € Coo(I") are square integrable. Moreover the
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map:

B> b E(fi1bf2) € M(B) ©)]

is continuous with the following estimate for norms

|€Crivp)| <l fill21B1 f21l2 (10)

where | - ||2 is the L2-norm. Furthermore, we have

{€(fibf2): be B, fi, fr€CouD)NLAD)} = A, (1D
The last equality was not proven in [10]. We shall need it at some point so let us give a proof

here. Leta € A and f1, f2, f3, f4 be continuous, compactly supported functions on I". Consider

an element x = A7 A pak sk g Clearly x = F(f1)F(f2)aF(f)F(fa) and F(f1), ... §(fa) €
L?(I'), hence by (10) x € D(€&). We compute:

@(x):/d)? ﬁ)?()‘fl)‘fza)‘ﬁ)‘fzt)
=/d37 ﬁp(/dyldyzdya dyy fl(J/l)fZ(V2))»y1+Vza)‘V3+y4f3(7/3)f4(3/4))

=/d37/d)/1dyzdy3dy4(()?,)/1 +y2+y+ya) fiv) 2(2)
X )‘Vl+)/2a)”y3+y4f3(7/3)f4(]/4))-

Using properties of the Fourier transform we obtain:

E(x) =fd)/1 dyrdys py+y,(a) f1(v1) f2(2) f3(73) fa(=v1 — v2 — v3)- (12)

If f1, f2, f3 approximate the Dirac delta function and f4(0) = 1 then using (12) we see that
elements €(A ;A ,ak gy A r,) approximate a in norm. This proves (11).

The following lemma is simple but very useful:
Lemma 2.6. Let (B, ), p) be a I'-product, A its Landstad algebra, p an action of I' on A
implemented by ) and YV C A a subset of the Landstad algebra which is invariant under the

action p and such that (Coo(I")VCoo(I")*!S = B. Then Vs = A.

Proof. This proof is similar to the proof of formula (11). Let fi, f2, f3, fa be continuous, com-
pactly supported functions on I". Using (10) and (11) we get:

cls

A={€(hsq(Lpvrp)hs): veV) . (13)
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A simple calculation shows that:

E(Af(ApVAp)hy,) = / dy1dy>dys py 1+, ) f1(vD) 2(12) 5(¥3) fa(=y1 — 2 — ¥3).
Note that the integrand

I'x T3y, v3) = 0+ O 1D 200) 3(3) fa(=vi —v2 —y3) €V
is a norm continuous, compactly supported function, hence
EApVAphp) € VB,
From this and (13) we get VS = A. O

The next proposition shows that morphisms of I"-products induce morphisms of their Land-
stad algebras. The below result can be, to some extent, deduced from the results of paper [4].

Proposition 2.7. Let (B, A, p) and (B’, ), p) be I' -products and let A, A’ be Landstad algebras
for B and B’ respectively. Assume that w € Mor(B, B') satisfies:

o w(Ay)= )»;,;
o 7(py(b)) = ,5}/; (7 (D).

Then w(A) C M(A”) and m|s € Mor(A, A"). Moreover, if m(B) C B’ then w(A) C A. If
7(B) =B thenm(A)=A.

Proof. We start by showing that w(A) C M(A’). Leta € A. Then
Py (n(@)) =7 (py (@) = w(a).
Hence 7 (a) is p’ invariant. Moreover the map:
sy )ym@i, =m(kar}) e MA)
is norm continuous. This shows that 77 (a) satisfies the first and the second Landstad condition of
(3) which guaranties that 77 (a) € M(A”).
To prove that the homomorphism 7 restricted to A is in fact a morphism from A to A’ we

have to check that the set w(A)A’ is linearly dense in A’. We know that 7 (B) B’ is linearly dense
in B’. Using this fact in the last equality below, we get

(C*(F)JT(A)A’C*(I-.))CIS _ (71’ (C*(F)A)A/C*(F))Cls
=(n(B)B) " =B
Moreover

/ /1% ASWEVL
M,m(a)a' ), = (rhyady)r,a')'y,
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hence the set 7(A)A’ is p’-invariant (remember that o’ is the action of I" implemented by A').
This shows that 7 (A) A’ satisfies the assumptions of Lemma 2.6 and gives the density of 7 (A) A’
in A’

Assume now that 7(B) C B’. Let a € A satisfy Landstad conditions (3). Then as was shown
at the beginning of the proof, 7 (a) satisfies the first and the second Landstad condition. More-
over fr(a)g =n(fag) € B forall f,g e Coo(f), hence 7 (a) also satisfies the third Landstad
condition. Therefore 7 (a) € A’.

If 7 (B) = B’ then the equality

E(fim (D) f2) = 7 (€(f1b12)) (14)

and property (11) shows that w(A) = A’.
To prove (14) take w € M(B’)*. Then

o7 (€(f1bf)) = o 7 (€(fibf) = / d9 wo (35 (fibf)

=/d)9w(,5)>(f1ﬂ(b)f2))=w</d)7 ﬁp(flﬂ(b)f2)>
= w(&(fin(b) f2))-
Hence 7 (€(f10f2)) = €(fim (D) f2). O

Let I’ be an abelian locally compact group and ¢ : I' — I'’ a continuous homomorphism.
For p’' e I we set T (p') =9’ o ¢ € I'. The map

¢TI, ¢TGP =700

is a continuous group homomorphism called the dual homomorphism. We have a version of
Proposition 2.7 with two different groups.

Proposition 2.8. Let (B, A, p) be a I'-product, (B, ), p") a I''-product, ¢ : I' — I'" a sur-
jective continuous homomorphism and ¢ : I'' v+ I the dual homomorphism. Assume that

7 € Mor(B, B') satisfies:

o () =2y
o 5}, G(b)) =T (Dyr 1y D).

Then w(A) C M(A’) and 7|5, € Mor(A, A"). Moreover, if m(B) C B’ then w(A) C A'. If
7w(B)=Bthent(A)=A"

Let 7 € Mor(B, B’) be a morphism of C*-algebras satisfying the assumptions of Proposi-
tion 2.7 such that 7 (B) = B’. We have an exact sequence of C*-algebras:

0— kerm — B B — 0. (15)
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The C*-algebra kers has a canonical I"-product structure. Indeed, consider a morphism « €
Mor(B; ker i) associated with the ideal kert C B:

a(b)j =bj
where b € B and j € ker . Note that

a(b)=>b foranyb ekerm C B. (16)

For all y € I" we set )1,, =a(Ary) € M(kerr). The map I" 5 y > )NLV € M(kerm) is a strictly
continuous representation of I" on kers. Moreover ker s is invariant under the action 0. The
restriction of 5 to ker will also be denoted by 0. It is easy to check that p; (iy) =(y, y)iy
which shows that the triple (ker, X, 0) is a I'-product. Let Z, A, A’ be Landstad algebras for
the I'-products (ker 7, &, §), (B, A, p), (B', ), p') respectively. Our objective is to show that the
exact sequence (15) induces an exact sequence of Landstad algebras:

0—-I—-A— A —0. (17)

Let 7 € Mor(A; A’) denote a morphism of Landstad algebras induced by 7. We assumed that 7
is surjective, hence by Proposition 2.7 7 (A) = A’ and we have an exact sequence of C*-algebras:

0 keri — A > A’ — 0.

It is easy to check that the morphism « € Mor(B; ker ) satisfies the assumptions of Proposi-
tion 2.7, hence a(A) C M(Z). If we show that « restricted to ker 7 identifies it with the Landstad
algebra Z, then the existence of the exact sequence (17) will be proven. There are two conditions
to be checked:

(4) akerw) =1,
@i1) if x e kerw and a(x) =0 then x = 0.

Ad(i) Leta ekerm and f € Coo(ﬁ). Then af € B Nkerm, hence

a(@)f =a(af) =af ekerm, (18)
where we used (16). This shows that «(a) satisfies the third Landstad condition for I"-product
(kerm, A, p). As in Proposition 2.7 we check that a(a) also satisfies the first and the second

Landstad condition, hence «(kerm) C Z. Furthermore, E( f1bf,) € kerw for all b € kermr, and
we have

a(€(fibfr) = €(fia ) f2)) = E(fibf).
Using (11) we see that a(kerm) =Z.
Ad(ii) Assume that @ € kerm and «(a) = 0. Note that af € kerm for any feCx (ﬁ). Using

(16)we getaf =a(af) =a(a)a(f) =0.Hence af =0 forany f € Coo(I"), which implies that
a = 0. We can summarize the above considerations in the following:
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Proposition 2.9. Let (B, 1, p), (B’, M, p’) be I" -products with Landstad algebras A, A’ respec-
tively, m € Mor(B, B') a surjective morphism intertwining p and p' such that w(x,) = )»;,. Let

(kerm, A, p) be the I’ -product described after Proposition 2.8 and let T C M(ker i) be its Land-
stad algebra. Then I can be embedded into A and we have a I -equivariant exact sequence:

05>T—>A5 A >0
where T = 1| 4.
3. Rieffel deformation of C*-algebras
3.1. Deformation procedure

Let (B, A, p) be a I"-product. A 2-cocycle on the group I" is a continuous function ¥ : I" x
I' — T! satisfying:

(i) Y(e,p)=¥(p,e)=1forally el
(i) Y1, 2+ IV, 73) =Y (1 + 172, Y (1, 12) forall pr,pa, p3 e T

(For the theory of 2-cocycles we refer to [5].)
For y, y1 we set ¥, (y1) = W (y1, ). It defines a family of functions ¥ : I" T'. Using the

embedding A € Mor(Coo(I); B) we get a strictly continuous family of unitary elements
Up = 1(¥;) € M(B). (19)
The 2-cocycle condition for ¥ gives:
U 9, =Y (21, 72Uy, 07, (Up,). (20)

Theorem 3.1. Let (B, A, p) be a I'-product and let ¥ be a 2-cocycle on I". For any y € I the
map

;3;” :B>b+> ﬁ;”(b) =UZpp(b)Uy € B
is an automorphism of C*-algebra B. Moreover,
ﬁlp:fa)?n—nﬁ;f’ € Aut(B)
is a strongly continuous action ofﬁ on B and the triple (B, X, p¥) is a I'-product.

Proof. Using Eq. (20) we get

N ~
P+ b) = U;1+ﬁzp?|+?2 BVUp, 15,

=v(y, 172)U;§] Py, (Up))* By, (55, (D)) oy (Up) Uy, W (91, 72)
~ A A [ AP
- U;;l Py (U}ifz’o);Z (b)Ufz)Uﬁl =0y, (:0172 (b)).
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This shows that 5¥ is an action of I’ on B. Applying 5% to Ay we get:
pg ) =Ushy )Us = (7, ¥ UZhy Up = (P, ¥ )0y

The last equality follows from commutativity of I". Hence the triple (B, ,, p¥) is a I'-
product. O

The above theorem leads to the following procedure of deformation of C*-algebras. The data
needed to perform the deformation is a triple (A, p, ¥) consisting of a C*-algebra A, an action p
of a locally compact abelian group I" and a 2-cocycle ¥ on I".Sucha triple is called deformation
data. The resulting C*-algebra will be denoted A . The procedure is carried out in three steps:

(1) Construct the crossed product B=A x, I'. Let (B, A, p) be the standard I"-product struc-
ture of the crossed product.

(2) Introduce a I"-product (B, A, p¥) as described in Theorem 3.1.

(3) Let AY be the Landstad algebra of the I"-product (B, A, ,6‘1').

Note that AY still carries an action p¥ of I" given by
,o;f' x) = )»yx)»;.

In this case it is not the formula defining the action itself, but its domain of definition that changes
under deformation. The triple (AY, I', p¥) will be called a twisted dynamical system. The pro-
cedure of deformation described above is called the Rieffel deformation. Using Theorem 2.4 we
immediately get

Proposition 3.2. Let (A, p, ¥) be deformation data and (AY , I', p¥') be the twisted dynamical
system considered above. Then

Ax, =AY X I

In what follows we investigate the dependence of the Rieffel deformation on the choice of a
2-cocycle. Let f: I — T! be a continuous function such that f(e) = 1. For all p;, 7» € I we
set

fr+9)

Af (Y1, V) = .
T v = s

One can check that the map

fi+9)

af : x> @9
e A TS

is a 2-cocycle. 2-cocycles of this form are considered to be trivial. We say that a pair of 2-cocycles
1, ¥, is in the same cohomology class if they differ by a trivial 2 cocycle: ¥, = ¥10f .
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Theorem 3.3. Let (A, p, ¥) be deformation data, giving rise to a Landstad algebra AY . Then
the isomorphism class of the Landstad algebra A¥ depends only on the cohomology class of W.

Theorem 3.3 easily follows from the next two lemmas.
Lemma 3.4. Let (A, p, ¥) be deformation data with a trivial 2-cocycle ¥ = df. Then A and
AY are isomorphic. More precisely, treating f as an element of C*-algebra M(A X o I') we have

AY ={faf*: a e A).

Proof. Fixing the second variable in ¥ we get a family ¥, of the form

W, = f() [ 15 (f), Q1)

where 7, (f)(y') = f(y + P'). Let Uy € M(A x, I') be the unitary element given by ¥;,
(cf. (19)). The function f can be embedded into M(A %, I") and using (21) we get:

Us = F(D) £*hy (f). (22)

Assume that a € A. Then

pY (faf*)=Uzpy(faf*)Uy
U by (fapy (f)*Uy.

Using Eq. (22) we see that

3 (Faf*) = F)fby(f) Py (Haps ()Y fFP) [ by (f) = faf*

which means that the element faf* satisfies the first Landstad condition for the I"-product
(Ax, I, A, /3‘1’). It is easy to check that it also satisfies the second and third Landstad condition,
hence fAf* C A¥. An analogous reasoning proves the opposite inclusion fAf* D A¥. O

Let &1, ¥, be a pair of 2-cocycles on I Their product ¥ ¥, is also a 2-cocycle. Let (A, I, p)
be a dynamical system. The deformation data (A, p, ¥1) gives rise to the twisted dynamical
system (A¥1, I, p¥1). Furthermore, the triple (A1, p¥1, ¥,) is deformation data which gives
rise to the C*-algebra (A¥1)¥2. At the same time, using the deformation data (A, p, ¥1¥) we
can introduce the C*-algebra A¥1¥2,

Lemma 3.5. Let (A, I', p) be a I'-product and let W1, ¥, be 2-cocycles on the group I. Let
(A¥YYY2 pe a C*-algebra constructed from the deformation data A%, ,0‘1'1, W) and ler AY1Y2
be a C*-algebra constructed from the deformation data (A, p, ¥1¥,). Then

AN~ (A",
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Proof. The algebras AY1Y2 and (A¥1)¥2 can be embedded into M(A x o I'): they are Landstad
algebras of the I"-products (A x, I', A, ,5‘1’1 ¥2) and (A x o T A, (,6‘1’l )¥2) respectively. Note that

N _ gy ?2 hence
b4 vy v

",

AP _ Uy P, * ~
p);l (by=U" zppy(b)U);

* 'Z

U * pr @ ¥ A ' NI/AN'Z
=U",U ‘);p);(b)U};'U];zz(p 1);(b).

This shows that p¥1%2 = (p¥1)¥2 and implies that the (A Xp Ix, p¥1%2) and (A xp T,
A, (p¥1)¥2) are in fact the same I'-products. Therefore their Landstad algebras coincide. O

3.2. Functorial properties of the Rieffel deformation

Let (B, A, p) be a I'-product, ¥ a 2-cocycle on the dual group I" and H aHilbert space. Using
Theorem 3.1 we introduce the twisted I'-product (B, A, p¥). Let A, A¥ € M(B) be Landstad
algebras of (B, A, p) and (B, A, p¥) respectively and = € Rep(B; H) a representation of the
C*-algebra B. The representation of B extends to multipliers M(B) and can be restricted to A
and AY.
Theorem 3.6. Let (B, A, p), (B, x, p¥) be I'-products considered above, A, A¥ their Landstad
algebras and 1 a representation of C*-algebra B on a Hilbert space H. Then 7 is faithful on A

if and only if it is faithful on AY .

Proof. Assume that 7 is faithful on A and let a € AY be such that m(a) = 0. Invariance of a
with respect to the action 5% implies that py(a) = U};GU;. Hence

Py (HU;aU by (8f "h—y) = by (fagf*r—y) (23)
forall f, g e Coo(ﬁ ). The element a € AY belongs to ker 7 therefore
7 (b7 ())UpaU3 py(8f*2—y)) =0.
Combining it with Eq. (23) we obtain (0 (fagf*A—y)) =0.
Assume now that f, g € L2(I") N Coo (). Let € denote the averaging map with respect to

undeformed action p. Then fagf*A_, € D(€) and €(fagf*A_,) =0.Indeed, let w € B(H)s.
Then

o(r(€¢(fagf*r—))) =wom(€(fagf*r))
_ / a9 o7 (p(fagf*r,))) =0,

Hence w(w(€(fagf*i_y))) = 0 for any w € B(H)y and m(&(fagf*i_,)) = 0. But
&(fagf*r_y,) € A and 7 is faithful on A hence

¢(fagf*r—y) =0 forall f,ge L*(I")NCoo(l). (24)
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We will show that the above equation may be satisfied only if a = 0. Let f. € L'(I") be an
approximation of the Dirac delta function as used in Theorem 7.8.7 of [10]. This theorem says
that for any y of the form y = fagf™ we have the following norm convergence:

lin%)[QE(yk_y)kykf'é dy =y.
e—

Using (24) we get €(yA_,) = €(fagf*r_,) =0 hence fagf* =0 forall f,g ¢ LX) N
Coo(f'). This immediately implies that @ = 0 and shows that 7 is faithful on AY. A similar
argument shows that faithfulness of 7 on A¥ implies its faithfulness on A. O

Definition 3.7. Let (A, p, ¥), (A/, o/, ¥’) be deformation data with groups I" and I’ respec-
tively. Let ¢ : I" — I'' be a surjective continuous homomorphism, ¢’ : I~ I the dual
homomorphism and 7= € Mor(A, A”). We say that (7, ¢) is a morphism of deformation data
(A, p,¥)and (A, p', ') if:

o« Wo(p' xp")=w",
o 0'yym(@) =m(py(a)).

Using universal properties of crossed products, we see that a morphism (77, ¢) of the deforma-
tion data induces the morphism 7% € Mor(A x I'; A’ x I'") of crossed products. One can check
that 7¢ satisfies the assumptions of Proposition 2.8 with the I'-product (A x o I, A, p) and the
I""-product (A" 3, I'", ), p'). This property is not spoiled by the deformation procedure. Apply-
ing Proposition 2.8 and Theorem 3.6 to the morphism 7% € Mor(A x, I'; A’ X I'"), I'-product
(Ax, I, A, p¥) and I-product (A" x, I, 1/, 'Yy we get

Proposition 3.8. Let (w,¢) be a morphism of deformation data (A, p,¥) and (A', p’',¥')
and let 7% € Mor(A x p I's A" X, T'") be the induced morphism of the crossed products
considered above. Then n?(A¥) ¢ M(A’Y") and 7®| v € Mor(AY; A"Y"Y. Morphism 7 €
Mor(A; A) is injective if and only if so is 7% v € Mor(AY; A’Y") and 7 (A) = A’ if and only
ifr?AY)y=A""Y".

Let (Z, T, p1), (A, I, p), (A’, T, p) be dynamical systems and let

05>T—>ASA >0 (25)

be an exact sequence of C*-algebras which is I"-equivariant. Morphism 7 induces a surjective
morphism 7 € Mor(A x, I'; A" x,, I'). It sends A to A’ by means of 7 and it is identity on
C*(I'). Its kernel can be identified with Z x,, I" so we have an exact sequence of crossed
product C*-algebras:

0Ty, I'—>Ax, 5 A %, I —0. (26)

Note that 7 € Mor(A x, I'; A" 1,y I') satisfies the assumptions of Proposition 2.9 with the
I'-products (A <, I', A, p) and (A" x, I',)', p'). This property is not spoiled by the defor-
mation procedure. Hence applying Proposition 2.9 to the I'-products (A %, I, A, p¥) and
(A" %, T, ), p'Y) we obtain
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Theorem 3.9. Let (Z, I, p7), (A, I, p), (A', I, p') be dynamical systems. Let

0-T—->A5A >0
be an exact sequence of C*-algebras which is I -equivariant, ¥ a 2-cocycle on the dual group

I andT¥%, AY, A'Y the Landstad algebras constructed from the deformation data (Z, p7,¥),
, 0, , , 0, . en we nave the 1 -equivariant exact sequence:
(A, p, W), (A, 0, W). Th h he I"-equivari q

"4
0->7% 5 A¥Y 2 4% S0

where the morphism 7% € Mor(AY; A’Y) is the restriction of the morphism w € Mor(A %, I',
A’ x1,y I') to the Landstad algebra A¥ C M(A %, I).

3.3. Preservation of nuclearity

Theorem 3.10. Let (A, p, ¥) be the deformation data which gives rise to the Landstad alge-
bra AY . C*-algebra A is nuclear if and only if AY is.

The proof follows from the equality A x, I" = A¥ ov I" (Proposition 3.2) and the following:

Theorem 3.11. Let A be a C*-algebra with an action p of an abelian group I'. Then A is nuclear
ifand only if A 1, I" is nuclear.

The above theorem can be deduced from Theorem 3.3 and Theorem 3.16 of [14].
3.4. K-theory in the case of I' = R"

In this section we will prove the invariance of KC-groups under the Rieffel deformation in the
case of I' = R”". The tool we use is the analogue of the Thom isomorphism due to Connes [2]:

Theorem 3.12. Let A be a C*-algebra, and p an action of R" on A. Then
i (A) >~ it (A X p Rn).

Theorem 3.13. Let (A, R", p) be a dynamical system and let (A, p, W) be the deformation data
giving rise to the Landstad algebra A¥ . Then

i (A) ~ K (AY).
Proof. Proposition 3.2 asserts that
Ax, R ~AY X v R
Hence using Theorem 3.12 we get

Ki(A) 2 Kign (A xp R") 2 Kin (AY 3,0 R) 2K (AY). O
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4. Rieffel deformation of locally compact groups
4.1. From an abelian subgroup with a dual 2-cocycle to a quantum group

In this section we shall apply our deformation procedure to the algebra of functions on a
locally compact group G. First we shall fix a notation and introduce auxiliary objects. Let
G>gr—> Ry € B(L?(G)) be the right regular representation of G on Hilbert space L?(G) of
the right invariant Haar measure. Let Coo(G) C B(LZ(G)) be the C*-algebra of continuous
functions on G vanishing at infinity, C}(G) C B(L?(G)) the reduced group C*-algebra gener-
ated by R, and V € B(L?(G x G)) the Kac-Takesaki operator: Vf (g, g') = f(gg', &) for any
fe L%(G x G). By Ag € Mor(Cx(G); Coo(G) ® Coo(G)) we will denote the comultiplication
on Coo(G). It is known that the Kac—Takesaki operator V is an element of M(C(G) ® Coo(G))
which implements comultiplication:

Ag(fH)=V(feDV*

for any f € Co(G). Let I" C G be an abelian subgroup of G, I its dual group and Ap €
Mor(Coo (I"); Coo(I") @ Coo (I)) the comultiplication on Coo (I). Let 7R € Mor(C*(I'); C*(G))
be a morphism induced by the following representation of the group I':

I'sy+—R, EM(C’:(G)).

Identifying C*(I") with Coo (I") we get 78 € Mor(Coo (I'); C*(G)).

Let us fix a 2-cocycle ¥ on the group I". Our objective is to show that an action of "2 on the
C*-algebra Coo(G) given by the left and right shifts and a 2-cocycle on ['? determined by ¥,
give rise to a quantum group. We shall describe this construction step by step.

Let p® be the action of I" on Coo(G) given by right shifts: o (f)(g) = f(gy) forany f €
Coo(G). Let BR be the crossed product C*-algebra Coo(G) X R I" and (B, 1, p) the standard

I -product structure on it. The standard embeddings of C, SG) and Coo(f) into M(BR) enable
us to treat (7% ® id)¥ and V*(1 ® f)V (where f € Cxo (1)) as elements of M(C}(G) ® BX).
One can show that V*(1® A,,)V = R, ® ,, forall y € I", which implies that

VEI® V= (R @id)Ap(f) (27)
forany f € Coo(f). Using ¥ we deform the standard I"-product structure on BX to (B 1, p¥).
Proposition 4.1. Let (BX, 1, p¥) be the deformed I' -product and V (n R ® id)¥ € M(C*(G) ®
BR) the unitary element considered above. Then V(xR @id)W is invariant with respect to the
actionid ® p¥.

Proof. The 2-cocycle equation for ¥ implies that:
. N/ s ~
(id®p; )W = (d® py)¥
=@ Uy)"Ap(Up)¥.
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The second leg of V is invariant with respect to the action p hence
(id®@py )V = (1 U)((d® pp)V)I @ Us)
=(1QU)VU @ Uy) =V (x" ®@id)A Uy (I & Uy).
The last equality follows from (27). Finally
(ide a7 )[V(r* @id)w]

=V (7R @id)Ap(Up)* I @ Up)I @ Up)*(x® @id) A p(Up) (7 * @ id)w

=V(r® ®id)w
where in the last equality we used the fact that Uy is unitary. O

Let p be the action of I' on Cs(G) given by left shifts: ,o}f(f)(g) = f(y~'g) for any
f € Coo(G). Let BL be the crossed product C*-algebra Coo (G) XL I" and let (BL, A, p) be the
standard I"-product structure on it. For any y1, y» € I we set

VL) =Y (1L =91 — 7).
This defines a function ¥* € Cb(Fz) The standard embeddings of COO(G) and COO(F ) into

M(BL) enable us to treat (7 @ id)¥*V and V(1 ® fIV* (where f € Cp (F)) as elements of
M(CHG)® BR). One can show that V(1 ® Xy)V* =R, ® L, forall y € I", which implies that

VI® HV = (R @id)As(f) (28)
forany f € Coo(f). Let ¥ denote a 2-cocycle defined by the formula:

(1, 72) =¥ (=p1, —1n)

for any 1, 7> € I". Using ¥ we deform the standard I"-product structure on B to (BL, A, /6‘17).

Proposition 4.2. Let (BL, 1, p¥) be the deformed I'-product and (x® @id)¥*V ¢ M(C(G) ®
BL) the unitary element consideied above. Then (R @ id)@*V e M(CHG) ® BL) is invariant
with respect to the action id ® p¥.

Proof. One can check that

P+ =YL =1 — 12— 1) =8 G DY 1+ D2, DY (1, 7).

Hence

(i[d® ;”) =@ Uy AUy W™
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Moreover

([d®pL)\V=U®U;) VI e Uy) =& U (r" ®id)AxT;)V.

<

Following the proof of Proposition 4.1 we get our assertion. 0O

Let p denote the action of "> on Coo(G) given by the left and right shifts, B the crossed
product C*-algebra Coo(G) X1, I” 2 and (B, A, p) the standard I">-product. The standard embed-
ding of C (G) into M(B) applied to the second leg of V € M(C}(G) ® Coo(G)) embeds V into
M(C}(G) ® B). We have two embeddings AL and AR of Cyo (ﬁ ) into M(B) corresponding to the
left and the right action of I". Moreover by Eqs. (27) and (28) we have:

Vb (H)VE = (@R @A) Ax),
VIRV =) anh 29)

forany f € Coo(f). Note also that:

(id® Ay )V ([Id® A, )= (R @ DV(R), @ ). (30)
Let us introduce elements &L and wX:
vl = (xR @al)(w*), wX = (z® @ AF)(W) e M(C}(G) ® B). 31)

Multiplying ¥, V and ¥ ® we get the unitary element:
vV =wlvyR e M(CHG) ® B). (32)

Using the 2-cocycle ¥ @ ¥ on I'? we deform the standard I'?-product structure on B to
(B, 2, p*®Y).

Proposition 4.3. Let (B,)»,ﬁ@@w) be the deformed I'*-product structure and VY e
M(C!(G) ® B) the unitary element given by (32). Then V¥ is invariant with respect to the

action id ® p¥®¥. Moreover, for any y1, y» € I' we have

(id® Ay, 1) VY (Id® 1%

Vlg}/z) =Ry ® I)V(I/(Ryz ®1I). (33)

Proof. Invariance of V¥ with respect to the action id ® ;35‘8”1’ follows easily from Proposi-
tions 4.1 and 4.2. The group I” is abelian, hence

(d @Ay, ) VY ([d@ 2%

)’1,)/2) =({d® )”Vl,yz)lIJL V‘I/R(id RQA\F

hon)

L. . R
=y (1d®)‘V1»V2)V(1d®)“;1’V2)W :

Using (30) we get
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(d @Ay, ) VY ([d® 1%

f ) =WER_y, @ DV (R, ® DWE

=(R_,, @ DWLVUR(R, ®1)
=([R_y, @ DVY (R, ®I).

This proves (33). O

The first leg of V¥ belongs to C!(G) soitacts on L%(G). It is well known that slices of Kac—
Takesaki operator V by normal functionals w € B(L*(G))x give a dense subspace of Coo(G)
(see [1, Section 2]). We will show that slices of V¥ give a dense subspace of Coo(G)¥®Y

Theorem 4.4. Let (B, A, ,6‘7'@‘1’) be the deformed I'*-product structure and V¥ € M(C}(G)®B)
the unitary operator given by (32). Then

V={(e®id)V?: 0 eB(L*G)),}
is a norm dense subset ofCoo(G)qN’@w.

Proof. We need to check that for any w € B(éz(G))* the element (0 ® id) VY € M(B) satisfies
Landstad conditions for I” 2-product (B, X, /3‘1'@"”). The first LandsNtad condition is equivalent to
the invariance of the second leg of V¥ with respect to the action ¥ ®¥ (Proposition 4.3). Using
(33) we get

App[(@®@id)VPAE . =R, -w-R_, ®id)VY (34)

Y1:Y2

for any y1, y2 € I'. The norm continuity of the map
r?s (.9 = Ry, -o-R_,, € B(LXG)),

implies that (w ® id)V¥ satisfies the second Landstad condition. To check the third Landstad
condition we need to show that

filweidv?]feB (35)

for any fi, f» € Coo(f X f). Let us consider the set
W={fi[(w@idV¥]f: fi, L eC(I' xI), we B(Lz(G))*}CIS. (36)
We will prove that W = B which is a stronger property than (35). Taking for w € B(L?(G))x

elements of the form 7w R (h3) - - 7R (hy), for fi € Coo(ﬁ X ﬁ) elements A% (h)AL (hy) where
hi, hy € Coo (1) and similarly for f> we do not change the closed linear span. Thus we have:

W = {KR(hl))xL(hZ)[((T[R(I/B) - nR(h4)) [ ld) (VII/)])\,R(hS))\L(I’%)
hi,ha, ... he € Coo(I), w € B(LX(G)), .
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Note that

AR ) [(( R (h3) - - 7R (h)) @id) (V) ]2F (hs)2 " (he)
=18 [ @id) (7R @ A1) (W*(ha @ h2))V (2R @ AR) (W (h3 ® hs)) |1 L (he),

hence W coincides with the following set:

PEe[(e@id) (2 @ A") (W (he @ h))V (w* © 4.5) (¥ (s @ hs)) ]2 (he):
B o, hs € Coo(F), w € B(LA(G)), |

Using the fact that & and ¥* are unitary we get

W =R [(e ®@id) (7 ® @ A7) (ha ® ko) V (7 ® @ 1%) (hs © hs) [A" (he):
hi,ha, ... he € Coo(I7), w € B(LX(G)), |
= M EDAE M) [((r R (h3) - - ¥ (ha)) @ id) (V)RR (hs) A" (he):
hi,ha, ..., he € Coo(I7), w € B(LX(G)), .

Now again

{(AERDAE M) [((7 " (h3) - - 7% (ha)) @ 1d) (V)] R (hs)AE ()
hi,ha, ..., he € Coo(I), € B(LZ(G))*}CIS

—{Ail®idV]f2: fi, /r €Cu(l x '), 0 € B(LX(G)), |
hence we get

cls

W={fi[@®idV]f2: fi. fr€Coall x '), weB(L*(G)),}

The set {(w ® id)V: @ € B(L%(G)),} is dense in Coo (G) which shows that W = B and proves
formula (36).

We see that the elements of the set )V satisfy the Landstad conditions. To prove that V is
dense in Coo(G)?®Y we use Lemma 2.6. According to (34), V is a p¥®Y -invariant subspace of

COO(G)@‘X"I’. Moreover we have that (C*(I"?)VC*(I"2))ls =)V = B. Hence the assumptions of
Lemma 2.6 are satisfied and we get the required density. O

Remark 4.5. The representation of Coo(G) on L2(G) is covariant. The action of I'? is im-
plemented by the left and right shifts: L, , R,, € B(L?(G)), where by Lg € B(L%(G)) we
understand the unitarized left shift. More precisely, let § : G — R™ be the modular function
for the right Haar measure. Then L, € B(L?(G)) is a unitary given by:

(Le£)(€) =8(2) f(g7'¢)
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for any g, g’ € G and f € L?(G). This covariant representation of Co,(G) induces the represen-
tation of crossed product B = Coo(G) %, I" 2, which we denote by 7. Clearly it is faithful on

Coo(G), hence by Theorem 3.6 it is faithful on COO(G)‘IN"@W.
Let us introduce the unitary operator:
W= (id®7")V? e B(L*(G) ® L*(G)). 37)

Theorem 4.6. The unitary operator W € B(L*(G) ® L*(G)) considered above satisfies the pen-
tagonal equation:

Wi Was Wi = Wiz Was.
Remark 4.7. A similar construction of the operator W and the proof that it satisfies the pentag-
onal equation was given by Enock and Vainerman in [3] and independently by Landstad in [7].
We included the following proof for the completeness of the exposition.
Proof. Let us introduce two unitary operators X, ¥ € B(L?(G) ® L*(G)):
X=(ider)(¢k), v=(der™)(¢") (38)

where R @l ¢ M(C}(G) ® B) are elements defined by (31). Note that

X e M(Cf(G) ® Cf(G)), Ye M(C’;(G) ® C}"(G)), 39

hence W =YV X € M(C}(G) ® K) where I is the algebra of compact operators acting on
L%(G). Inserting p3 — (—p1 — 72 — p3) into the 2-cocycle condition

YL+ Y@, 73) =Y @1+ 72, Y (1, 172) (40)

and taking the complex conjugate we get

YL -V =PIV, 1 — 73— ) =YL )Y D1+ 72, =71 — P2 — 73).
This implies that
V(1L PP+ 72, 73) = D1 7)Y (2, D1+ P3) (41)

where U*(p1, y2) =¥ (31, —71 — 72). Using Egs. (38), (40), (41) and the fact that V implements
the coproduct we obtain:

XT2V1*2Y23 Vio=Y13V13Y23 V1*3,
ViaX23ViaX12 = V33X13 V23 X23.

Now we can check the pentagonal equation:
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Wi,WasWin = X[ Vs Y WasYia Vin X 1o
= X1, Vi5Y23 Va3 X3 Vio X 12
= (X1, V5 Y3 Vi2) (Vi Vas Viz) (Vi X23 Via X 12)
= (Y13Vi3Y23 V}5) (Vi3 Va3) (Va5 X 13 V23 X23)
=Y13V13Y23X13V23 X203 = (Y13 V13 X13) (Y23 V23 X23) = W3 Was.

In the second equality we used the fact that the second leg of element ¥ commutes with the first
leg of W (see (39)). O

Our next aim is to show that W is manageable For all y € I we set u(y) = (= 7,7). It
defines a function u € Cb(F) Applying 7R € Mor(Coo(F) Ci(G)) tou e M(COO(F)) we get
the unitary operator:

J =7Rw) e M(C}(G)) C B(L*(G)). (42)

Theorem 4.8. Let W € B(L*(G) ® L*(G)) be the multiplicative unitary and J € B(L*(G)) be
the unitary operator (42). Then W is manageable. Operators Q and W entering Definition 1.2
of [19] equal respectively 1 and (J @ Y)W*(J* ® 1).

Remark 4.9. The presented proof seems to be simpler than the Landstad’s proof given in [7]. In
what follows we shall use the bracket notation for the scalar product: let H be a Hilbert space,
x,y€ H,and T € B(H). Then (x|T|y) denotes the scalar product (x|7Ty).

Proof. Let x,y,z,t € L2(G), Y1, V2, V3, ¥4 € I'. The Kac-Takesaki operator is manageable,
therefore

(x ®11(Ry, ® Ly)VI(Ryy ® Ry,) Iz ® )
=(R_y,x @ L_,t|V|R);z® Ry, )
= (Ryyz® Loyt V¥ RZ, % ® Ry, )
=(Z®t(R_y; ® L)) V*(R_y, ® R,)IX® ).

Using well-known equalities

V(I ® Rg)V =Ry @ Ry,
VI®L)V*=R,QL,

and commutativity of I" we get the following formula:

(Z®1I(R-yy ® L) V* (R ® Ry @ )
= (Z ® tl(R—V3+V4 ® RV4)V*(R—)/1+)/2 ® LV2)|X ® y)' (43)

Hence:
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(x ®11(Ry; ® Ly,)V(Ry; ® Ry)z ® )
= (Z ® t|(R—V3+V4 ® RV4)V*(R—)/1+)/2 ® LV2)|X ® y)' (44)
Using continuity arguments, this equality will be extended. We will repeatedly use the identifica-

tions C*(I"%) = Coo(I'?) = Coo (I") ® Coo(I), etc. Let u,, be a unitary generator of C*(I"). Let
us define the following morphisms:

@ € Mor(C*(I') ® C*(I'); CH(G) ® CH(G)): @ (uy, ®uy,) = Ry, @ Ry,
@f e Mor(C*(IN) @ C*(I'); CH(G) @ CF(G)): P (uy, ®uy) =Ry, ® Ly,

and automorphism ® € Aut(Coo(f ) given by the formula:
O, v2) = f(=P1. 71+ 72)
forany f € Coo(f 2). One can check that
Oy, @Uy,) =U_y 4y, @ lUly,.

Using the above morphisms we reformulate (44):

(x ®t|®lL("‘71 ®“J/z)vq§1R(“V3 Quy,)lz ®y)
= (Z2®@1|PF 0 O(uy, ® Uy ) VO 0 Oy, ®uy) | ®y).

By linearity and continuity we get

(xtef(NHVE(@Iz®Y)
=(z@1Pf 0OVl 0 O(f)T® )

for any f, g € M(Coo(I") ® Coo(I")). In particular

(x@tdF (W )VekWw)z®y)
=(zetefocoW) Vol o0 (¥)x®y).

Itis easy to see that X = @R (W), Y = L (¥*) and ©(¥) = ¥ (u ® I) where X and Y are given
by (38). Therefore

ofooW)=0f(PueD) = DHX" (45)
Similarly we prove that
Plo0(W)=Y*(J*®1I) (46)

and finally we get



P. Kasprzak / Journal of Functional Analysis 257 (2009) 1288—1332 1311
(x@tef (¥Ver W)z e y)

=EZRUI DX VY (I*®I)X®y).

This shows that
=((J®DYVX(J*®I)'=(J@DW*(J*®I) and Q=1. O

Proposition 4.10. Ler W € B(L?(G) ® L*(G)) and J € B(L*(G)) be the unitaries defined in
(37) and (42) respectively. Let x,y be vectors in L*(G) and wy,y € B(LZ(G))>k a functional
given by wy y(T) = (x|Ty) forany T € B(L%(G)). Then we have

[(@ry @IDW]" = (@745, 45 @A) (W). (47)

Proof. Using manageability of W we get:

(@x,y ®IDW = (@55 ®Id)(W) = (05.; ®id)((J @ HW*(J* ® 1))
= (05,05 @I (W*) = [(0pz, 5 @IW)]". O

Let A be a C*-algebra obtained by slicing the first leg of a manageable multiplicative unitary
W e B(L%(G) ® L*(G)):

={(0®i)W: w e B(LX(G)),}I".

Theorem 1.5 of [19] shows that A carry the structure of a quantum group. The comultiplication
on A is given by the formula:

Asar> W@ HW* e M(AQ® A).

At the same time, using the morphism 7" € Rep(B; L?(G)) introduced in Remark 4.5 we can
faithfully represent Coo(G)?®¥ on L2(G). By Theorem 4.4 T (Coy (G)7®¥) = A, hence we
can transport the structure of a quantum group from A to COO(G)'II@W. Our next objective is to
present a useful formula for comultiplication on Coo (G)¥®¥ which does not use multiplicative
unitary W. The construction is done in two steps.

e Let p be the action of "> on Co. (G) given by left and right shifts along the subgroup I C G.
The comultiplication is covariant:

A6 (0r1.7: () = (0y1.0® p0.y2) (A6 (/)
for any f € Coo(G). Therefore, it induces a morphism of crossed products:
A € Mor(Coo(G) % I'*; Coo(G) ¥ I'* ® Coo(G) x I'?).

A restricted t0 Coo(G) C M(Coo(G) x I'?) coincides with Ag and A restricted to
Coo(I"?) € M(Coo(G) x I'?) is given by
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A(h) = (A @ 1F)h € M(Coo(G) % I'* ® Coo(G) % I'?)
where AL, AR € Mor(Coo(f ), Coo(G) X I'?) are morphisms introduced after the proof of

Proposition 4.2 and h € Coo (I'?).
e Let ¥ be a 2-cocycle on I". Recall that ¥* € M(Coo(I"?)) is defined by

T (p1, P2) =Y (71, =71 — 1)
Let us introduce the unitary element 7" € M(Cx (G) % e Coo(G) ™ F2):
T =R erl)y*

and a morphism A¥ € Mor(Coo(G) X I'?; Coo(G) % I'? @ Coo(G) x I'?) given by the
formula

A¥Y (@) =T A@@)T* (48)
for any a € Coo (G) X Iz

Theorem 4.11. Let AY € Mor(Coo(G) X I'?; Coo(G) % I'? ® Coo(G) % I'?) be the morphism
defined by formula (48). For all a € Coo(G)¥®Y we have

and
A% | gyrer €MOr(Cxo(G) 78 Coe(6)7®Y © Coe(G)72Y),

Moreover AY | Con(G)TOW coincides with the comultiplication implemented by W'

Coo(G)7®¥ 501> W(a® DYW* € M(Coo (G) 7B ® Coo(G) 72,
Proof. By Theorem 1.5 of [19] it is enough to show that
(i[d®@ A”)VY = VviVE.
From the definition of A it follows that

(d®AVY = (d® A) (7R @ 1L)(¥*)V (xR @ AR)(¥))

= (" @25)e* V), (V" @25)¥),;.

Hence

(id® Aw)vw =(1® T)((”R ® )”L)W*V)u(v((”R ® AR)W)13)(1 ®T7).
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By Eq. (29) we get
1@ T)Vip=Via((r* @1F @ 1") o (Ap ®id)(¥*))
and
Vi1 @) = (R @rk@ak) o (0 ®@id) o (id® Ap)(¥*)) Vi3
where o is the flip operator. Therefore

([d@ AWV = ((xR @ 15w V) L, (7R @ a ¥ @A) o (A ®@id)(¥*))
x (r*@rf @iy o (o @id) o (id® Ap)(¥*))(V (2R @ 2F)w) ;.

We compute

VG147,V ==Y, =1 — 2 —3)

=V PLPIYQL =V =PIV G, =P — 7 — PP (P2, —P1 — V2 — V3)
=Y P, )Y QL =V — P3).

The above equality implies that

(R@rf@rl)o(Ap @id)(¥*)(n* @28 @A) 0 (0 ®@id) 0 ((d® A p) (¥*)*
=((r" @1 )w),((r" @1 )w),,.
Hence
(d® A%)VY = (xR @ 1)V (xR @) #) , (rF @ 1) w v (xR @ 2K)w)
= Vlllzlvllg-

This ends the proof. O
4.2. Dual quantum group

Let G be a locally compact group, I" an abelian subgroup of G and ¥ a 2-cocycle on I.
Using the results of previous sections we can construct the quantum group (Co(G)¥®¥, AY)
and the multiplicative unitary W € B(L23(G) ® L%(G)). In this section we will investigate the
dual quantum group in the sense of duality given by W. Our objective is to show that this is
the twist, in the sense of M. Enock and L. Vainerman (see [3]), of the canonical quantum group
structure on the reduced group C*-algebra C(G).

Tlle(A)rem 4.12. Let W € B(L3(G) ® L%*(G)) be a manageable multiplicative unitary (37) and
(A, A ) a quantum group obtained by slicing the second leg of W:

A={({d®w»)(W*): @ e B(L2(G))}.
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Then

1. A=C*(G).
2. The comultiplication on A is given by

Asars Aja)=ZX*TA@EXZ eMA® A)

where A is the canonical comultiplication on C}(G) and X is given by (38).
3. The coinverse on A is given by

Kia)=Jik(a)J*
where K is the canonical coinverse on C}(G) and J is given by (42).
The proof was communicated to the author by S.L.. Woronowicz.
Proof. Using Eq. (33) we get
R, [(d®®)W]R),, =(dQ R_, Ly, -®-L_y Ry, )W (49)
for any y1, y» € I'. Therefore R, € B(L?(G)) is a multiplier of A and representation:
sy~ R, eM(A)

is strictly continuous. This representation induces a morphism which we denote by x €
Mor(Cso (1), A). Applying it to ¥ and ¥* we obtain

X=(x®x)(¥)eMARA),
Y=(x®n")(¥*) eMARK).

Recall that W € M(A ® A), hence
V=Y*WX* e M(A®K) (50)

which immediately implies that V), Va3, V12 V5 € M(A®K ®Coo(G)). The pentagonal equation
for V together with (50) gives

Vi3 = V3 Va3Via Vi e M(A ® K ® Coo(G)),
therefore
VeM(A®Cux(G)). (51
Similarly we prove that

W eM(Cj(G) ® A). (52)
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Formula (51) and point 6 of Theorem 1.6 of [19] imply that the natural representation of
Ci(G) on L2(G) is in fact an element of Mor(C:(G), A) Slmllarly, (52) implies that the nat-
ural representation of A on L?(G) is an element of Mor(A, C’(G)). The general properties of
morphisms gives

C:(G)A = A,
ACH(G) = C(G).

But C(G) and A are closed under the star operation, hence A=A*= AC*(G) C!(G), which
proves point 1 of our theorem. To prove point 2 we recall that the comultiplication on A is
implemented by ¥ W* X, hence

Ay@)=ZX*'V'Y*(I®a)YVXE
=XX'V*I®a)VXXZ
=(ZX*2)A(@)(ZX D).

Point three follows from Proposition 4.10. O
4.3. Haar measure

Let G be a locally compact group, I" an abelian subgroup of G and ¥ a 2-cocycle on I.
Throughout this section we shall assume that the modular function é on G restricted to I” is
identically equal to 1. Let (Coo(G)?®¥, A¥) be the quantum group that we considered previ-
ously. In what follows we will identify Coo(G)¥®¥ with its image in B(L?*(G)).

Definition 4.13. Let f € Coo(G) and R, € B(L2(G)) be the right regular representation of
group G. We say that f is quantizable if there exists w € B(L%(G)), such that f(g) =Na)(Rg)

for any g € G. Given a quantizable function f we introduce an operator Q(f) € Coo(G)¥®¥ C
B(L?*(G)) given by:

A(f) = (@Rid)W € Coo (G) 78 .

Note that the equation f(g) = w(R,) does not determine w € B(LZ(G))*. Nevertheless, the
operator Q(f) does not depend on the choice of the functional that gives rise to f. It is easy to see
that the vector space of quantizable functions equipped with the pointwise multiplication forms
an algebra which in the literature is called the Fourier Algebra. We use the term quantizable func-
tion to stress that with such an f we can associate the operator Q(f) = (0 ® id)W € B(L?(G)).

Theorem 4.14. Let (Coo (G)¥®Y, AY) be the quantum group with multiplicative unitary W €
B(L2(G) ® L*(G)) considered above. Let f, h € Coo(G) be quantizable functions given by func-
tionals @ € B(L2(G)), and JTRS B(L2(G))x respectively. They yield operators Q(f), Q(h) €
B(L2(G)). Assume that h € L>(G). Then Q(f)h € L*(G) is a quantizable function and

Q(Q(fHh) = Q) Q(h). (33)
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Proof. Note that

A(NHAh) = (0 ®id)(W)(n Q@ id)W
= (0w Q@ ®1d)(Wi3Waz)
= (@®u®id) (W)W W),

The above calculation shows that Q(f)Q(h) is given by the quantization of the function k €
Coo(G):

k(g)=(@® ) (W (I QR)HW).
Using the identity W*(1 @ R)W = X*(R, ® Rg)X we get

k(g) = (& ® w)(X*(Ry ® Rg)X).
Therefore, to prove formula (53) we need to show that

(@@ w)(X*(Rg @ Ry X) =[Q(f)R](g). (54)
In order to do that we compute
(0® id)((Ryl ® Ly2)V(Ry3 by Ry4))h(g) = Lyzf()/l : V3)Ry4h(g)
1
=582(y2) f (11 — y2)gv3)h ((—12)gva).
Using the assumption that §(y) = 1 for any y € I" we get
(@®id)((Ry, ® L)V (Ryy ® Ry))R(2) = f((v1 — v2)gv3)h((—v2)gva).

The equality h(g) = w(Ry) implies that

(@ @id)((Ry, ® Ly,)V(Ry; ® Ryp))h) ()
= (@ ® 1) ((Ry;—y, ® R—y,)(Rg ® Rg)(Ry; ® Ry,)). (55)

Let v e Aut(Coo(f X f)) be the automorphism given by

S(L)P1, 72) = fF(P1,—p1 —P2) forall feCoo(I” x I).

By continuity, (55) extends to

[((@id)((r* @) (f)V (T @n")(f))]h(e)
=W ([Tfex®)d ()R, ® R) (xR @7 %) (f2))

forany f1, f» € Co(I" ® ). Taking f1 = ¥* and f> = ¥ we obtain ©(¥*) = ¥ and
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[(0®@id)(YVX)]h(g) = (0 ® 1) (X*(Ry ® Rg)X)
where X and Y were introduced in (38). Recall that W = YV X, hence
A(fHn(Q) = (@ ® W) (X*(Rg ® Re)X) =k(g).
This proves formula (54) and ends the proof of our theorem. O
Let f € C(G) be a quantizable function i.e. f(g) = w(R,) for some w € B(L%(G))x. Sup-
pose that Q(f) = 0. This means that (v ® id)W = 0 which together with Theorem 4.12 shows
that w(Ry) =0 for all g € G. Hence f(g) =0 for any g € G, which shows that the quantization

map @ is injective and its inverse is well defined. We shall show that the closure of this inverse
is the GNS map for a Haar measure of (Coo (G)¥®¥, A¥). Let us introduce My C Coo(G)¥Y®Y:

Mo ={Q(f): f-quantizable and f € LZ(G)}.
For all Q(f) € Ny we set no(Q(f)) = f. This defines a map ng : Ny — L%(G).

Proposition 4.15. Let no be the map defined above. Then this is a densely defined, closable map
from Coo(G)Y®Y 10 L2(G).

Proof. Let ¥* be a 2-cocycle obtained from ¥ by a flip of variables: ¥ (91, o) = ¥ (D1, P1).
Let Q¥ be the quantization map related to ¥ > . Using the equality

(@® 1)(X*(Rg ® R)X) = (1 @ w)(ZX*Z(Rg ® R) X X)
and Theorem 4.14 we see that for quantizable, square integrable functions /, i’ € L?(G) we have
QUh' = Q% (h)h. (56)
Let us assume that lim,,_, oo Q(f,) =0 and lim,,_, o, no(Q(f,)) = f. Using Eq. (56) we see that:
Q¥ (h) f = Jim Q% (h) fn = Jim Q(fu)h =0 (57)

for all quantizable functions & € L?(G). To conclude that f is 0 we have to show that the set of
operators

{Q% (h): h is quantizable and h € L*(G)} € B(L*(G))

separates elements of L>(G). In order to do that we introduce a multiplicative unitary W related
to the 2-cocycle ¥ % . The C*-algebra obtained by the slices of the first leg of W will be denoted
by AT, By point 1 of Theorem 1.5 of [19], AY” separates elements of L?(G), hence it is enough
to note that:
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A" = {(@®iWT: 0 eB(LX(G))}™"

= {(a)x,y ®id)W?%: x, y are of compact support }CIS

C {Qz(h): h is quantizable and & € LZ(G)}CIS.

The last inclusion follows from the fact that, when x and y are of compact support, then the
function f defined by f(g) = wx, y(Ry) is also of compact support. O

The closure of the map 1 will be denoted by 1 and its domain will be denoted by 91.

Proposition 4.16. Let n : 91+ L?(G) be the map introduced above. Then N is a left ideal in
Coo(G)®Y and n(ab) = an(b) for all a € Coo(G)¥®Y¥ and b e M.

Proof. LetbeMNanda € COO(G)J@’W. Let us fix a sequence of quantizable functions f;, such
that a = lim,— o Q(f,). Map 7 is the closure of 15, therefore there exists a sequence h,, €
Coo (G) of quantizable functions such that:

lim Q(hy)=b and  lim 5(QUrm)) =n(b).
Using Theorem 4.14 we get Q(£,)1(Q(m)) = 1(Q(f2)Qhn)) and
an(QUin) = Tim Qf)n(Qm)) = 1im n(Q(f)Qhm))-
The closedness of the map ; implies that

aQhm) €N and  n(aQ(hm)) =an(Qhm)).

Taking limits with respect to m and using the closedness of 1 once again we conclude that ab €
and n(ab) =an(b). 0O

The above proposition shows that the map 7 : 9N+~ L%(G) is a GNS map. To show that 7
corresponds to the Haar measure of (Coo (G)¥®¥, A¥) we shall need the following
Proposition 4.17. Let n: 9N L%(G) be the map introduced above. For a € N and ¢ €
(Coo(G)Y®¥Y* let us consider their convolution ¢ x a = (id ® @)A(a) € Coo(G)Y®Y. Then

@ * a is an element of Nt and

(g xa)=[(d® p)W]n(a). (58)

Proof. Recall that with any normal functional w € B(L%(G)), we can associate a function fo €
Cxo(G) where f,(g) = w(Rg). Assume that a = Q(f,) for some f, € L%(G). In particular
a € Nand n(a) = f,. We compute
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pra=>1d®p) (W @® HW)
=([1d® @) (W* (0 @ id) (W) @ 1)W)
= (@ ®id® ¢)(Wy;Wi2Wa3)
= (@ ®id® ¢)(WinWi3)
=0 -0oQidW (59

where b = (id ® ) W € M(C}(G)). Therefore to prove that ¢ x a is an element of 91 it is enough
to show that f},., € L2(G) forall b € M(C;(G)). First we check it for b = R,. Note that

fro@)=b-w(Ry) = w(R;;Rg) =w(Rgyg)
= fu(8'8) = (Rg ) (8) = (bfw)(8)
for any g, g’ € G, therefore fp.,, = bf,. By linearity this equality is satisfied for any b €
span{R;: g € G}. We extend it using a continuity argument. There exists a net of operators
b; € lin-span{R,: g € G} strongly convergent to b € M(C;(G)). Functional w is strongly contin-

uous hence lim; b; - w = b - @ in the norm sense. Therefore lim; f},., = fp.» Where lim; is taken
in the uniform sense. At the same time lim; b; f,, = bf,, in the L?-norm, hence

Sow(g) = lil,m Jbiw(8) = lil,m bi fuw(8) = bfw(g)
for almost all g € G. This shows that fp.,, € L%(G) and

foo =bfw (60)

for any b € M(C}(G)). Using (59) and (60) we get the following sequence of equalities:

77((;0 *a) = fb-a} = bfa)
=bn(a) =[(d® @) W]n(a)
which proves (58) for a = Q(f,,). But the set
la=(®idW: f,eL*(G))
is a core for 71, hence Eq. (58) is satisfied for any a € 91. O
Remark 4.18. Let 7% 7L € Rep(C*(I"), L?>(G)) be representations that send generators uy €
M(C*(I")) to Ry, and L, € B(L?(G)) respectively. Let f, f € M(C*(I")) and w € B(L*(G))4

be such that f,, € L>(G). Then using a method similar to the one used in the proof of Proposi-
tion 4.17 we can show that

Far(promipy =T (O (kD) (fo) 61)

where « is the coinverse on C*(I").
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With GNS-map n : )t — L?(G) we can associate a weight ¥ COO(G)LZ:@W = Ry
hY (a*a) = (n(a)|n(a)).

Proposition 4.19. Let h¥' be the weight on COO(G)@@M/ introduced above. Then it is a faithful
trace. In particular it is strictly faithful.

Proof. Letu € M(C*(I")) be the unitary element which appears in formula (42). From the above
remark and Proposition 4.10 it follows that

n(((@x,y @IDW)") =n((7" @) - 0z 5 - 75 @) @id)W)
AU (K(u))n((a);,y ® id) W)
= nR(u)rrL (K(u))n((a)x,y ® id)W).
The set
la=(®idW: f,eL*(G))}
is a core for 1, hence we have
n(a*) = 7R @r" (kc@)n(a)
for any a € 1. Now we can prove the trace property:
h¥ (a*a) = (n@ln(@) = (n(@)n(a))
= (rh (k@) 7R @) n(a*) 7t (k@) 7R w)*n(a*))
= (n(a*)In(a*)) = h* (aa®).
Let us prove the faithfulness of 2% . Assume that 1% (a*a) = 0. Then
4 (a*c*ca) =0=h"¥ (caa*c*)
hence n(a*c*) = a*n(c*) = 0. The set of elements of the form 7(c*) is dense in L2(G), hence
a = 0. The notion of strict faithfulness was introduced in [9]. It can be shown that a faithful trace

is automatically strictly faithful. This ends our proof. O

Using Propositions 4.17 and 4.19 one can check that the assumptions of Theorem 3.9 of [9]
are satisfied. Hence we get

Theorem 4.20. Let (COO(G)‘IN@W, AY) be the quantum group with the multiplicative unitary W
and the weight h¥ considered above. Then h¥ is a Haar measure for (Coo(G)Y®Y  AYY and W
is the canonical multiplicative unitary.
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5. An example of quantization of SL(2, C)

In this section we use the Rieffel deformation to quantize the special linear group:

SL(2,(C)={<(; ’?):a,ﬂ,y,SeC, a(S—ﬂy:l}.

(In what follows SL(2,C) will be denoted by G.) The resulting quantum group is the C*-
algebraic version of one of the x-Hopf algebras introduced by S.L. Woronowicz and S. Za-
krzewski in paper [17]. As a x-algebra it is generated by four elements &, ,3 7V, 8, satisfying the
following commutation relations:

>
=
I
S
>

ab =da,
&y =pa,
By =78,
Bs =38,
P8 =47,
ad=1+py,
aa* =a*a,
ap* =1p*a, BB* = BB,
apt=1"'p*a. Byt =7'p, prE=7"7,
a8 =8*a, B8 =118, pbr=idrp. 88 =58%5 (62)

where ¢ is a nonzero real parameter. The comultiplication, coinverse and counit act on them in
the standard way:

AG) =a®a+B®7, k(@) = 8, e@) = 1,
AB) =a®@p+p®S, k(B)y=-B. B =0,
AD) =7 ®a+86®7, k() =—7, e(y) =0,
AG) =7 @B+5®3, K@) = a, e(d) = L (63)

The deformation procedure in our example is based on the abelian subgroup I" C G of diag-

onal matrices:
F:{(lg w(L): we(C*}.
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To simplify some calculations we pull back the action of I'> on Coo(G) to the action of C? on
Coo(G). The resulting action is denoted by p:

waan@=r((%5 2)e( ) (64

Let us fix a 2-cocycle on the dual group. The additive group (C, +) is self-dual, with the duality
given by:

C?3(z1,22) > exp(ilm(z1z2)) € T.

Let s € R. For any z1, z» € C we set

Y (z1,22) = exp(is Im(zlzg)).
It is clear, that ¥ € Cp(C?) satisfies the 2-cocycle condition. Using results of Section 4 we

deform the standard C2-product structure on Coo (G) 0 C? t0 (Coo(G) x 0 C2, , ,5‘17‘3”1'). In our
case ¥ is just the complex conjugate of ¥ and the deformed action of the dual group is given by

ﬁzgl:@;;p b) = )Lfsil,sb:azl,zz (b))\iszl,s@

for any b € Coo(G) X, C?. The Landstad algebra A of the deformed C2-product carries the
structure of a quantum group. Our aim is to show that this quantum group is the C*-algebraic
version of the Hopf x-algebra described above. The relation between parameters s, € R is t =
exp(—2s).
5.1. C*-algebra structure

In this section we will construct four affiliated elements ¢, B .V, H n A and show that they
generate C*-algebra A.

Let 7, T; € C*(CH)" C (Coo(G) % 0 C?)" be infinitesimal generators of the left and right
shifts. By definition 7; and T, are normal elements satisfying:

Azy,z =exp(ilm(z1 7)) exp(ilm(z27,)) (65)
for any z1,z2 € C. Let «, B, y, § be coordinate functions on G:
@, B, 7,8 €C(G) = (Coo(G))" C (Coo(G) 3, C)".
Consider also a unitary element:
U = exp(is Im(7,*7;)) € M(C*(C?)) € M(Coo(G) x,, C?). (66)

We use it to define four normal elements affiliated with Coo(G) % C2:



P. Kasprzak / Journal of Functional Analysis 257 (2009) 1288—1332 1323

p=U*yU,  §=USU*. (67)
In the next lemma we present different formulas for &, ,é .V, 8 which will be needed later.

Lemma 5.1. Let o, B, 7,8 € Coo(G)" C (Coo(G) %y C2)" be coordinate functions on G. Let
T, T, be infinitesimal generators defined by (65) and let

&,B,7,8 € (Co(G) x, C?)"

be normal elements (67). Then

1. «aand T; + T, strongly commute and & = exp( s(Tl>|< + Tr*))a;
2. Band T; — T, strongly commute and B = exp( (Tl* Tr*))ﬂ, ©68)
3. yand T; — T, strongly commute and y = exp(s (T* Tl*))y
4. 8 and T; 4 T, strongly commute and §= exp(s(Tl + Tr*))é
Proof. The fact that 7; + 7, and « strongly commute follows from the identity
exp(iIm(z(Tz + Tr)))a exp(—iIm(z(T; + Tr))) =
We check it below:
exp(iIm(z(Tl + T,)))a exp( 1Im(z(T1 + T, ))) Az, Zoz)» =exp(—z+ 2o =c.
To prove the equality & = exp(—s(7;* + 7,*))a note that
a = exp(is Im(7,*T;) ) exp(—is Im(7*T;))
= exp(is Im((Tl + Tr)*Tl))a exp(—is Im((T; + Tr)*Tl)), (69)

where we used the fact that exp(is Im(TI*Tl)) = 1. Using the strong commutativity of 7; + T,
and « and the following identity:

exp(is Im(w7}) ) exp(—is Im(wT})) = exp(—sw)e,

we get & = exp(—s(7;* + T,¥))a. This ends the proof of point 1 of (68). Using the same tech-
niques we prove points 2,3, 4. O

Our objective is to show that &, 3, 7, § are generators of C*-algebra A. In particular we have
to show that they are affiliated with A. The following proposition is the first step toward the proof
of this fact.

Proposition 5.2. Let (Coo(G) %, C2,x, ﬁ’zl@lp) be the deformed C*-product, A its Landstad
algebra and & € (Coo(G) %, C2)" the normal element defined in (67). Then f(&) € M(A) for
any f € Coo(C).
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Proof. Let us first prove the invariance of f(&) under the action 5¥®Y . It is enough to check
that & is invariant. In order to do that we calculate

)\21,220‘)‘;,12 = Pz, (@) =exp(—z1 + 22)a. (70)
Furthermore

ATQW A\ ATQW

Pz (@) =Pz, (UO‘U*)

=5 % (AL S @p5 % (U)*.

We compute ﬁ'IN’@‘I’(U) and ,5';@‘1’ (@) separately:

21,22 21,22
AlINI®l1/ _ _ oA *
P2z (@) = Az, 53021, (@A gz 3
_ _ _ *
= A5z 500z 7,

=exp(sz1 + s22)a,
pHEY () = p4 %Y (exp(is Im(7;°T))))
= P2,z (exp(is Im(7T,°T;)))
— exp(is ({7 + )71+ 21))

=Ulksz,,—57, ¥ (21, 22)-
Using (70) we get

AT QY

Pz (@) =exp(szi +522)Uhszy, —sz, 0 7, = U™

=exp(sz1 + s22) exp(—sz; — s72)UaU* = a.
Let us now check that the map

C? 3 (21,22) = Ay 0 f@AS . € M(Coo(G) x C?) (71)

21,22

is norm continuous. For this note that:

)le,sz(&))\* = U)"thzf(a))‘;],zz U*

21,22
=Uf(e 1 2a)U™.
Function f is continuous and vanishes at infinity, hence we get norm continuity (71). This shows
that f (@) satisfies the first and second Landstad condition of (3) which is enough to be an element

of M(A). O

To prove that & is affiliated to A we need one more
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Proposition 5.3. The set

I={f@aA: f €Cx(O)}

is linearly dense in A.

Proof. Recall that p$®‘1’ is the action of C? on A implemented by unitary elements A 21,20 IS

easy to see that 7 is invariant under p@®“". Let g € Coo(C) be a function given by the formula
g(z) = (1+7zz)~!. Then g(&) = U(1 + a*a)U* and we have:

(C*(C?)g(@)AC*(C2))™ = (C*(C?) (1 + a*a) " U*ACH (C?))™
c (C*(C?)zcH ()™ (72)
where we used the equality C*(C?)U = C*(C?). Note that the set U* AC*(C?) is linearly dense
in Coo(G) X, C2. Using the fact that « is affiliated with Co(G) X, C2 we see that the set
C*(C3H (1 + a*a) 'U*AC*(C?) is linearly dense in Coo(G) X CZ. Hence by (72) the set
C*(CHIC*(C?) is linearly dense in Coo(G) X C2. Using Lemma 2.6 we get the linear den-
sityof Zin A. O

Let us define the homomorphism of C*-algebras:

Coo(©) 3 f> 7 (f) = f(@) € M(A).

Theorem 5.4. Let w be the homomorphism defined above. 1 is a morphism of C*-algebras:
7 € Mor(Coo(C); A). In particular & is the normal element affiliated with A.

Proof. By Proposition 5.3 we have 7 (Co(C))Al'l = A which shows that 7 € Mor(Cs(C); A).
Let id € Coo(C)" be the identity function: id(z) = z for all z € C. Applying morphism 7 to
id € Coo(C)" we get w(id) =id(@) =a € A". O

Using the same techniques we show that ,é 7, $ n A. In the next theorem we prove that they
are in fact generators of A.

Theorem 5.5. Let &, ,é, 7, H n A be affiliated elements introduced in (67). Let us consider the set:

V={/i@ LB L) [+@): fi, o, f3. fa € Coo(C©)] CM(A).
Then V is a subset of A and V' = A. In particular A is generated by elements @, /§ 7, Se A
Proof. Let us start with a proof that V C A. Mimicking the proof of Theorem 5.2 we show that

elements of V satisfy the first and the second Landstad condition (3). To check that they also
satisfy the third one, we need to show that

Xf1(&) (B) () f148)y € Coo(G) 3, C? (73)
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for any x, y € C*(C?). Let us consider the set

cls

W= xfi@ LB L) 28y fi, f. f. fr € Coo(©), x,y € C*(C?)}
Note that W = (C*(C?)VC*(C?))s. We will show that:
W =Cw(G) x, C?

which is a stronger property than (73). Using (67) we get

cls

W = {xUf1(@U** £2(B) fs(NU fsB)U*y: fi, fo. f3. fs € Coo(C), x,y € C*(C?)}
By unitarity of U we can substitute x with xU* and y with Uy not changing W:

cls

W = [xfi(@U*? (8) fs(U? fa(®)y: fi, f2. f3, fa € Coo(C), x,y € C*(C?)}

The map

C? 3 (z1.22) > Pz, (F (@) = f(exp(—z1 + z2)at)

is norm continuous, hence:

[f(@)x: f€Ca(C),x € C*CH}™® = {xf(@): [ €Co(C),x eC*(C?))",
In particular

cls

W ={fi@xU*? fB) 50U fs8)y: fi, fos f3, 1 € Coo(C), x,y € C*(C?)}
Similarly, we commute f1(§) and y:

cls

W ={f1(@xU*? () 50Uy f2@): fi, fo, f3. f1 € Coo(©), x,y € C*(C?)}

Substituting x with xU? and y with U*?y we get

cls

W={f1@)xf2(B) 5)yfa@): fi, fo. f3. f4 € Coo(C), x,y € C*(C?)}
Commuting back fi(«) (f4(5) resp.) and x (y resp.) we obtain

cls

W = [xfi(@) £B) 0) f28)y: fi. o, f3, fa € Coo(C), x,y € C*(C?)}

The last set is obviously the whole Coo(G) %, C2. Therefore we conclude that elements of

V satisfies the Landstad conditions and ¥V C A. Moreover V is pa®q’—invariant and the set
C*(C*)VC*(C?) is linearly dense in Coo(G) Xp C2. Using Lemma 2.6 we see that Vels — 4.
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In particular &, ,3, 7, $ separate representations of A and
(1+&*a) " (1+8*B) (1 +7p) (1 +89) ' ea.
By Theorem 3.3 of [18] we see that A is generated by &, B, 7,5. O
5.2. Commutation relations
The aim of this section is to show that generators &, ,3 7, 5 satisfy relations (62). Note that
in general it is impossible to multiply affiliated elements, so we have to give a precise meaning
to (62). We start with considering a more general type of relations. Let p, g be real, strictly

positive numbers and (R, S) a pair of normal operators acting on H. The precise meaning of the
relations

RS =pSR,
RS*=qS*R
was given in [16]:

Definition 5.6. Let (R, S) be a pair of normal operators acting on a Hilbert space H. We say that
(R, S) is a (p, g)-commuting pair if:

1. |R]| and |S| strongly commute.
2. (Phase R)(Phase S) = (Phase S)(Phase R).
3. On ker R we have

(Phase R)|S|(Phase R)* = /pq |S|.

4. On ker S we have

(Phase S)|R|(Phase $)* = +/q/p |R]|.

The set of all (p, g)-commuting pairs of normal operators acting on a Hilbert space H is denoted
by D, 4(H). Note that (1, 1)-commuting pair of normal operators is just a strongly commuting
pair of operators.

We need a version of the above definition which is suitable for a pair of normal elements
affiliated with a C*-algebra. In what follows we shall use the symbol z(7T) to denote the z-

transform of an element 7: z(T) =T (1 + T*T)_%.

Definition 5.7. Let A be a C*-algebra and (R, S) a pair of normal elements affiliated with A. We
say that (R, S) is a (p, g)-commuting pair if

L z2(R)z(8*) =z2({/Pq $")z2(Vq/p R),
2. z(Vq/p R)z(S) = z2({/Pg $)z(R).
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The set of all (p, g)-commuting pairs of normal elements affiliated with a C*-algebra A is de-
noted by D, 4(A).

It turns out that Definitions 5.6 and 5.7 are in a sense equivalent. Namely we have:

Proposition 5.8. Let (R, S) be a pair of normal operators acting on H. It is a (p, q)-commuting
pair in the sense of Definition 5.6 if and only if

{Z(R)Z(S*) =z(/PqS*)z(Ja/P R), a4

2(Vq/p R)z(S) = 2({/pq $)z(R).

Proof. It is easy to see that a pair (R, S) of (p, ¢)-commuting operators satisfies (74). We will
prove the opposite implication. Using (74) we get:

2(v/q/p R)z2(8)z(8)* = 2(/pq $)z(R)z(S)*
=2(J/Pq $2(/pq ) 2(+/q/p B). (75)
Hence
z(Va/pR)*z2(v/q/p R)z(S)z(S)*

=2(q/p R)*2(/pq $)z(/Pq S)*z2(\/q/p R)
=2(85)2(9)*z(/q/p R)*z(/q/p R). (76)

: * _ * _ 2
T is a normal operator, hence z;27 = 2727 = 27| and we get

(z(va/pIRI))2(181) ==2(181)* ((v'a/ P IR])).
This shows that (| R], |S|) is a pair of strongly commuting operators.

Using the polar decomposition of normal operators R and S we rewrite the second equation
of (74):

Phase(R)z(v/q/p |R|)z(IS|) Phase(S) = Phase(S)z(+/pq |S)z(IR|) Phase(R).
Strong commutativity of |R| and |S| and identities

Phase(S) Phase($)*z(|S]) = z(IS]),
Phase(R) Phase(R)*z(|R|) = z(IR|)

gives

Phase(R) Phase(S) Phase(S)*z(|S1)z(v/q/ p | R|) Phase(S)
= Phase(S) Phase(R) Phase(R)*z(|R|)z(y/Pq |S|) Phase(R).
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Uniqueness of the polar decomposition implies that phases of R and S commute:
Phase(R) Phase(S) = Phase(S) Phase(R).

Using Eq. (75) we get

Phase(R)z(y/q/p IR1)z(1S) = z(v/Pq |SI) Phase(R)z(v/q/p IR]).

We already know that |R| and |S| strongly commute, hence

Phase(R)z(1S1)z(v/4/p IR]) = z(v/Pq |S|) Phase(R)z(v/q/p |R]).
This shows that on ker R+ we have
Phase(R)|S| Phase(R)* = \/pq |S].
Similarly, one can prove that Phase(S)|R|Phase(S)* = /¢/p |R| onker S*. O
The next theorem shows that &, ,é A $ n A satisfy relations (62) in the sense of Definition 5.7.
Theorem 5.9. Let &, ,3 Vs H n A be elements given by (67). Then

L. (@.8).(B.7) € Dr1(A),
2' (&a ﬂ)) ()’iv (,S\) € DI,I(A))
3. (&’ );)’ (IB’ 8) € Dl,t’l(A):

where t = exp(—2s). Consider normal elements & ,3 y n A (a product of two strongly commut-
ing normal elements is well defined). Then (&6, By) € D1.1(A) and

ad— By =
Proof. Directly from (67) it follows that (&, §) € D.1(A) and (B, 7) € Dy.1(A). Note that the af-
filiated element & nCy (G) is p-invariant: p;, ., («d) = ad where p is the action defined by (64).

Therefore, at the level of the crossed product, @8 commutes with C*(C?). Using the fact that
U € M(C*(C?)) we get

68 = UasU* = asé.

A

Similar reasoning shows that ,@ 7 = By. Therefore (&6 ,3 )€ D1,1(A) and

ad— By =ad— By =1.

Now let us prove that (&, ,3) € Dj;(A). Using the faithful representation 7" of A on L2(G)
we can treat generators &, ,8 as normal operators acting on LZ(G) We will show that (&, ﬂ) €
D, /(L%(G)) which by Proposition 5.8 is equivalent with the containment (&, ,3) € Dy,+(A).
Using Lemma 5.1 we get:
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Phase(@) = exp(is Im(7; + 7;)) Phase(a),
|&| = exp(—sRe(T; + T,)) |l

N . T7)
Phase(B8) = exp(—ls Im(7; — T,)) Phase(B),
|81 =exp(sRe(T; — T,)) 8]
Moreover, it is easy to check that
exp(is Im(7; + T,)) B exp(—is Im(7; + T;)) = exp(—2s),
exp(is Im(7; — T,)) exp(—is Im(7; — 7;)) = exp(—2s)a, 78

exp(—isRe(T} + T,))|Blexp(is Re(Ti + 7)) = |exp(is)B| = I,
exp(—is Re(T; — T,))|a| exp(is Re(T; — Tr)) = |exp(21s)a| = |a].

Egs. (77) and (78) show together that:

1. Phase(a) Phase(,é) = Phase(,é) Phase(a),
2. Phase(&)|B| Phase(&)* = exp(—2s)|B|,

3. Phase(B)|&|Phase(B)* = exp(—2s)al,
4

|&| and | ,é| strongly commute.

Note that kera = ker,é = {0} hence (&, B) € Dl,t(LZ(G)). Using the same techniques we prove
all other assertions of our theorem. O

5.3. Comultiplication

Let AY € Mor(A; A® A) be the comultiplication on A. As was shown in Theorem 4.11, it is
given by:

AY (@) =T AWT*, (79)

where A € Mor(Coo(G) X C?; Coo(G) % C? ® Coo(G) x C?) is uniquely characterized by two
properties:

e A =TI, AT)=1T,;
e A restricted to Coo(G) coincides with the comultiplication on Coo (G).

In our case the unitary element 7" is of the following form:
T =exp(isIm(7* ® Ty)). (80)

Theorem 5.10. Let (A, AY) be the quantum group considered above and let &, B , )?,5 be the
generators of A given by (67). Comultiplication A acts on generators in the standard way:

AY@)=a0a+pey, AYB =

X
APy =7Ra+57, AY (@) = ® B (81)
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Remark 5.11. The action of A¥ in the formula above is given by the sum of affiliated elements.
In general it is not a well-defined operation. But in our case (as will be shown) this is a sum of
two normal strongly commuting elements of (A ® A)". This operation is well defined and gives
a normal element affiliated with (A ® A)".

Proof. Applying morphism A to U € M(C*(I'?)) (see (66)) we get:
AU) = exp(is Im(Tl ® T,*)). (82)
Let R be a unitary element given by the formula:
R =exp(is Im(7;* ® T;)) exp(is Im(7; ® T}¥)).

Using (79), (80) and (82) we get:

AY@)=R@®@a+BRy)R*
=R(@®a)R*+ R(B® y)R*. (83)

Note that

(U*®@U*)R=exp(isIm(T @I - IQT)I QT — T ®])). (84)

It is easy to check that elements (7, ® I — I ® T;) and (I @ T; — T; ® I) strongly commute with
a ® «. Hence by identity (84), (U* ® U*)R commutes with o ® «. Similarly, we check that the
unitary element (U ® U)R commutes with 8 ® y. Using these two facts we get

Re®@a)R*"=UU)(U"®U*)R(a ®)R*(U @ U)(U*®U™)
=UU) (@) (U*®U") =a®a (85)

and

RB®y)R*=(U*®@U*)(UU)RB®y)R*(U*®U*)(U ®U)
=(U"@U*)BRNURU)=®7. (86)

Egs. (83), (85), (86) give:
AV @) =aa+B®7.

All other assertions of our theorem are proven using the same techniques. O
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