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Abstract

We give factorizations for weighted spanning tree enumerators of Cartesian products of
complete graphs, keeping track of fine weights related to degree sequences and edge directions.
Our methods combine Kirchhoff’s Matrix-Tree Theorem with the technique of identification
of factors.
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1. Introduction

Cayley’s celebrated formula 7"~ for the number of spanning trees in the complete
graph K, has many generalizations (see [5]). Among them is the following well-
known factorization for the enumerator of the spanning trees according to their
degree sequence, which is a model for our results.

Cayley—Priifer Theorem.

deg(T -2
xeg( ):xle...xn(x1+...+xn)n R

T eTree(K,)

where Tree(K,) is the set of all spanning trees and x%¢T) .= T}, x?egf(i).
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Although this is most often deduced from the bijective proof of Cayley’s formula
that uses Priifer coding (see, e.g., [5, pp. 4-6]), we do not know of such a bijective
proof for most of our later results. Section 2 gives a quick proof (modelling those
that will follow) using a standard weighted version of Kirchhoff’s Matrix-Tree
Theorem, along with the method of identification of factors.

We generalize the Cayley—Priifer Theorem to Cartesian products of complete
graphs G = K,;, x --- x K, . The number of spanning trees for such product graphs
can be computed using Laplacian eigenvalues. Section 3 generalizes this calculation
to keep track of the directions of edges in the tree, as we now explain. Note that
vertices in G are r-tuples (i, ...,j,)€[n] x -+ x [n,], and each edge connects two
such r-tuples that differ in only one coordinate. Say that such an edge lies in direction
i if its two endpoints differ in their ith coordinate. Given a spanning tree 7" in G,
define the direction monomial
dir(7T) — t[ q\'{edges in T in direction i}\.

1

q
i=1

Theorem 1.

dir(T) 1 ey =t
> T il § B O DKL

TeTree(K,,lexK,,r) Ny 0#Ac[r] \ie4

Ac| ied
|A\>2

HisA (ni=1)
= H A H (Z qln,> :

One might hope to generalize the previous result by keeping track of edge
directions and vertex degrees simultaneously. Empirically, however, such generating
functions do not appear to factor nicely. Nevertheless, if one ““decouples’ the vertex
degrees in a certain way that we now explain, nice factorizations occur. Create a
variable x ) for each pair (i,j) in which ie{1,2, ...,r} is a direction and j is in the
range 1,2, ...,n;. In other words, there are r sets of variables, with n; variables

x(li),ycg)7 ...,xﬁ,é) in the ith set. Given a spanning tree T of G, define the decoupled

degree monomial
1 degr(v)
44T = 11 (xf o X.ff)) : (1)
v=(J1,s...Jr) E[M] X+ X[n,]

In Section 3, we prove the following generalization of the Cayley—Priifer Theorem.

Theorem 2. The spanning tree enumerator

Fo(@yX) = Z gir(1) da(r)

T e Tree(Ky, x -+ xKy,)
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is divisible by

ni—1

qi bl

(i) LR e VRS R
(’?i

. N\ =2
(54w 0)

Sfor each ie[r] and je|[n;].

and

Conjecture. The quotient polynomial

: AN AL R Ry : A\ =2
T, qf”’fl ()C(l[) xff,)) } (xgl) + x:(ql,-))
in Z[qi,xj(-i)} has non-negative coefficients.

Empirically, this quotient polynomial seems not to factor further in general,
although when one examines the coefficient of particular “extreme” monomials in
the ¢;, the resulting polynomial in the xj@ factors nicely. Such nice factorizations
seem to fail for the coefficients of non-extreme monomials in g; when there are at
least two n; > 3.

Section 5 shows that when all n; = 2, the spanning tree enumerator f,, . (¢, x)
factors beautifully. Here we consider the Cartesian product

Qn = K2 X oo X Kz,
—_———————
n times
which is the 1-skeleton of the n-dimensional cube. For the sake of a cleaner
statement, we make the following substitution of the 2n variables {x(1'>,x§’)}:7:1:
x(li) =x,2

)

i
. 1
X =, 2)

Substitution (2) is harmless, because it is immediate from (1) that the polynomial
f2...2(g,x) is homogeneous of total degree 2(2" — 1) in each of the sets of two

variables {xsi), xgi)}. Our result may now be stated as follows:

Theorem 3.
qdir(T)xdd(T> | 1: ql qn H Z qi(x;I +x’)
TeTree(Qy) e 2 X032 TZ ‘c [nz] ied
- i i >
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This result may shed light on the problem of finding a bijective proof for the
known number of spanning trees in the n-cube (see [7, pp. 61-62]).

Section 6 proves a result (Theorem 4 below), generalizing the Cayley—Priifer
Theorem in two somewhat different directions. In one direction, it deals with
threshold graphs, a well-behaved generalization of complete graphs. Threshold
graphs have many equivalent definitions (see, e.g., [4, Chapters 7-8]), but one that is
convenient for our purpose is the following. A graph G is threshold if, after labelling
its vertices by [n] :={1,2,...,n} in weakly decreasing order of their degrees, the
degree sequence A = (4; =+ > 4,) determines the graph completely by the rule that
the neighbors of vertex i are the /; smallest members of [r] other than i itself. A result
of Merris [3] implies the following generalization of Cayley’s formula to all threshold
graphs. It uses the notion of the comjugate partition i’ to the degree sequence A,
whose Ferrers diagram is obtained from that of A by flipping across the diagonal.

Merris’ Theorem. Let G be a threshold graph with vertices [n] and degree sequence A.
Then the number of spanning trees in G is H’:;zl 2.

The natural vertex-ordering by degree for a threshold graph G induces a canonical
edge orientation in any spanning tree T of G, by orienting the edge {i,;} fromj to i if
j>i. Thus given a spanning tree 7 and a vertex i, one can speak of its indegree
indeg, (i) and outdegree outdeg(i).

Theorem 4. Let G be a connected threshold graph with vertices [n] and degree sequence
A. Then

n n—1 /lf.
ind i d i
Z x;n egr( )yiout egr(i) _ X1 Vn H(Z xmin{i,r})’max{i,r}) i
1

TeTree(G) i= r=2 \ i=1

In particular, setting y; = x; gives

1/
Z xdeg(T)_xlx2...xnh<Z x,»).

T e Tree(G) r=2 \ i=l

The proof, sketched in Section 6, proceeds by identification of factors. The authors
thank M. Rubey and an anonymous referee for pointing out that it can also be
deduced bijectively from a very special case of a recent encoding theorem of Remmel
and Williamson [6].

2. Proof of Cayley—Priifer Theorem: the model

The goal of this section is to review Kirchhoff’s Matrix-Tree Theorem, and use it
to give a proof of the Cayley—Priifer Theorem. Although this proof is surely known,
we included it both because we were unable to find it in the literature, and because it
will serve as a model for our other proofs.
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Introduce a variable e; for each edge {i,j} in the complete graph K, with the
conventions that e; = e; and e; = 0. Let L be the n x n weighted Laplacian matrix
defined by

ex fori=j,
Lj= k; ’ (3)

—ej for i#j.

Kirchhoff’s Matrix-Tree Theorem (Moon [5, Section 5.3]). For any r,se[n],

Z H ej = (—I)H_Sdé'[ i,

TeTree(K,) {ij}eT

where L is the reduced Laplacian matrix obtained from L by removing row r and
column s.

We now restate and prove the Cayley—Priifer Theorem.

Cayley—Priifer Theorem.

-2
xdeg(T> = xle...xn(xl + +xn)n s

T eTree(K,)

doun (i
where x4¢T) =TT, X cer(i),

Proof. Apply the substitution e; = x;x; to the weighted Laplacian matrix L in
Kirchhoff’s Theorem. Setting /" := x| + --- + X, one has from (3)

L (f_xl)x/ fOI' l:j,

v { —X;X; for i#j.

By Kirchhoff’s Theorem, the left-hand side of the Cayley—Priifer Theorem coincides
with the determinant det L, where L is the reduced Laplacian obtained from this
substituted L by removing the last row and column. We wish to show that this
determinant coincides with the right-hand side of the Cayley—Priifer Theorem. Note
that both sides are polynomials in the x; of degree 2n — 2, and both have coefficient 1
on the monomial x’f’1x2x3 ---x,. Therefore, it suffices to show that the determinant is
divisible by each of the variables x;, and also by /"~2. Divisibility by X; is clear since
x; divides every entry in the jth column of L (and hence also L). Divisibility by f
follows from Lemma 5 below, once one notices that in the quotient ring
Q[x1, ..., x,]/(f), this weighted Laplacian L (and hence L) reduces to a rank-1
matrix of the form L = —v” - v, where v is the row vector [x; -+ x,]. O

The following lemma, used in the preceding proof, is one of our main tools. It
generalizes from one to several variables the usual statement on identification of
factors in determinants over polynomial rings (see [2, Section 2.4]).
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Lemma 5 (Identification of factors). Let R be a Noetherian integral domain (e.g., a
polynomial or Laurent ring in finitely many variables over a field). Let f € R be a prime
element, so that the quotient ring R/(f) is an integral domain, and let K denote the
field of fractions of R/(f). Let Ae R™" be a square matrix. If the reduction
Ae(R/(f)™" has K-nullspace of dimension at least d, then f* divides det A in R.

Proof. Let {z‘;,-};‘;l be d linearly independent vectors in K” lying in the nullspace of 4.
Extend them to a basis {5;}'_, of K". By clearing denominators, one may assume

that {5;}7_, lie in R/(f)", and then choose pre-images {v;};_, in R.

i=1
Letting F denote the fraction field of R, we claim that {v;}_, is a basis for F". To

i=1
see this, assume not, so that there are scalars ¢; € F which are not all zero satisfying

S e = 0. 4)
i=1

Clearing denominators, one may assume that ¢; € R for all i. If every ¢; is divisible by
f, one may divide Eq. (4) through by f, and repeat this division until at least one of
the ¢; is not divisible by f. (This will happen after finitely many divisions because R is
Noetherian.) But then reducing (4) modulo (f) leads to a non-trivial K-linear
dependence among the vectors {5;};_,, a contradiction.

Let Pe F™™" be the matrix whose columns are the vectors v;. Note that det P is not
divisible by f, or else the reductions {7;};_, would not form a K-basis in K".
Therefore, by Cramer’s Rule, every entry of P~! belongs to the localization Ry at
the prime ideal (/). Note the following commutative diagram in which horizontal
maps are inclusions and vertical maps are reductions modulo ( f):

R = Ry - F

! !
R/(f) - K

Since P~! has entries in R( ), so does P~'AP. For each ie[d], the reduction of Ay
vanishes in K, so every entry in the first d columns of P~!'AP lies in the ideal (f).
Hence det P~'AP = det A4 is divisible by /7 in R(y), thus also in R.  [J

The authors thank W. Messing for pointing out a more general result, deducible
by a variation of the above proof that uses Nakayama’s Lemma.

Lemma 6. Let S be a (not necessarily Noetherian) local ring, with maximal ideal m
and residue field K = S/m. Let A€ S™" be a square matrix such that the reduction A
has K-nullspace of dimension at least d. Then det Aem?.

Lemma 5 follows from this by taking S to be the localization R ).
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3. Proof of Theorem 1
We recall the statement of Theorem 1.

Theorem 1.

ir(T) _
Z qd T_n1

TeTree(KnI X o XKy, )

HIEA (m=1)
I (se)

Ny 0#£Ac[r] \ied

As a prelude to the proof, we discuss some generalities about Laplacians and
eigenvalues of Cartesian products of graphs. We should emphasize that all results in
this section refer only to unweighted Laplacians; that is, one substitutes e; = 1 for
i#J in the usual weighted Laplacian L(G) defined in (3).

The Cartesian product Gy x --- x G, of graphs G; with vertex sets V(G;) and edge
sets E(G;) is defined as the graph with vertex set

V(G x - x G)=V(Gy) x - x V(G,)
and edge set
E(G) x - x G,)

- EI V(G)) x - x V(Git) x E(G)) x V(Gi1) % - x V(G,),

where |_| denotes a disjoint union. The next proposition follows easily from this
description; we omit the proof.

Proposition 7. If Gy, ..., G, are graphs with (unweighted) Laplacian matrices L(G;),
then

LG x % G) =) id®-id®L(G) ®id® --id,
=1
where id denotes the identity, and L(G;) appears in the ith tensor position.
As a consequence, a complete set of eigenvectors for L(G) X --- x G,) can be chosen
of the form vi® --- ®uv,, where v; is an eigenvector for L(G;). Furthermore, this
eigenvector will have eigenvalue ), + --- + A, if v; has eigenvalue 1; for L(G;).

We also will make use of the following variation of the Matrix-Tree Theorem; see,
e.g., [7, Theorem 5.6.8].

Theorem 8. If the (unweighted) Laplacian matrix L(G) has eigenvalues Ly, ..., y,
indexed so that A, = 0, then the number of spanning trees in G is

1
Sy P T
n
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Proof of Theorem 1. Both sides in the theorem are polynomials in the ¢;, hence it

suffices to show that they coincide whenever the ¢; are all positive integers. In that

case, the left-hand side of the theorem has the following interpretation. Let K,§q>

denote the multigraph on vertex set [1] having ¢ parallel copies of the edge {i,;} for
every pair of vertices i, j. Then the left-hand side of Theorem 1 counts the number of
spanning trees in the Cartesian product

K}(ﬂm) X e X Kr(lr%)’

as each spanning tree 7 in K, X --- X K,, gives rise in an obvious way to exactly

¢9"(") spanning trees in K,( 1 % x K,S,q’>. It is well-known that the (unweighted)

Laplacian L(K,) has elgenvalues n,0 with multiplicities n — 1,1, respectively
[7, Example 5.6.9]. Hence L(K,g‘”) = ¢L(K,) has eigenvalues qn 0 with multiplicities
n— 1,1, respectively. By Proposition 7, L(K,(l?l) X o X Ky, (@) ) has an eigenvalue
> ieq qini for each subset Ac[r], and this eigenvalue occurs with multiplicity
[lics (ni—1). As the zero eigenvalue arises (with multiplicity 1) only by taking

A = 0, Theorem 8 implies that the number of spanning trees in K7 x -+ x K\ is

HieA (mi=1)
(Z anz) . O

4. Proof of Theorem 2

nyeny O#A<]r]

We recall here the statement of Theorem 2.

Theorem 2. The spanning tree enumerator

S (g, X) = Z qdir(T)xdd(T)

TeTree(Kn] X oo X Kp,)
is divisible by

ni—1

qi

N TR T
(xj(l)) I 1M1

R A\ 12
(x§’> 4o err(;,»))

Sor each ie[r] and j e [n;].

and

Proof. To see divisibility by ¢!, note that every spanning tree in K,,, x --- x K, is

connected, hence gives rise to a connected subgraph of K, when one contracts out all
edges not lying in direction i. This requires at least n; — 1 edges in direction i in the
original tree.
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RRUSYIISER

To see divisibility by ()cj(.i))"1 ", note that every spanning tree has an edge

incident to each vertex, and therefore to each of the ny---n;,_yn;.;---n, different
vertices which have ith coordinate equal to some fixed value j e [n,].

Lastly, we check divisibility by (x\” + --- + xi/)"~2. Starting with the weighted
Laplacian matrix (3) for K, x --- x K,, (regarded as a subgraph of K,,,...,,), let L be
the matrix obtained by the following substitution: if {k,/} represents an edge of
K, x -+ x K, in direction i between the two vertices k= (ky,...,k,) and
I=(l,...,1I), then we set

e =qi- xi‘f "‘xgcrr) .xil),,.xgyr)’ (5)

otherwise we set e;; = 0. Then Kirchhoff’s Theorem says that f,, ., (¢,x) = +det L
for any reduced matrix L obtained from L by removing a row and column. Thus by
Lemma 5, it suffices for us to show that L has nullspace of dimension at least n; — 2
modulo £ = xgi) + o+ x,(f?. In fact, we will show that L itself has nullspace of
dimension at least 7#; — 1 in this quotient. To see this, one can check that, as in

Proposition 7, the matrix L has the following simpler description, due to our
“decoupling” substitution of variables:

.
L= Z YV® X" u L@ X" g ... @ X1,
i—1

where X is the diagonal matrix with entries (XY))27...,(X,(1?)27 and LY is
obtained by making the substitution eklzx,(f)xy) in the weighted Laplacian
matrix for K, . In the proof of the Cayley—Priifer Theorem, we saw that L) has
rank 1 modulo (), and thus a nullspace of dimension n; — 1. If v is any null-
vector for L) modulo (f?), then the following vector is a nullvector for L

modulo (f®):
1n1 ® ®1ni,] ®U®ln,»_| ® ®1n,;

where 1,, represents a vector of length m with all entries equal to 1. Since
varying v leads to n; — 1 linearly independent such nullvectors, the proof is
complete. [

5. Proof of Theorem 3

We recall here the statement of Theorem 3, using slightly different notation.
Regard the vertex set of Q, as the power set 2"/, so that vertices correspond to
subsets of Scn]. For any subset Sc(n], let x5 = [[,.g xi- Write x"'7) for the
decoupled degree monomial corresponding to a tree 7 under substitution (2),
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that is,
L degy (s
xwt(T) _ H ( XS >2 egr(S)
S<n] X[n]\\s
_ XSXR (6)
edges{S,R} in T Xfn]
Theorem 3.
qdir(T)le(T) _ H Z ql X7 +xz
T eTree(Q,) Acn] ieA

\A\>2

Proof. As before, regard the vertex set of Q, as the power set 2", Denote the
symmetric difference of two sets S and R by SAR, and abbreviate SA{i} by SAi.
Thus two vertices S, R form an edge in Q, exactly when SAR is a singleton set {i}; in
this case the direction of this edge is dir(e) := i. It is useful to note that the neighbors
of S are
N(S) = {SAi|ie[n]}.

Our goal is to show that the two sides of the theorem coincide as elements of
Z[qi, xi,x;']. Note that the two sides coincide as polynomials in ¢, after setting
x; = 1 for all i, using the special case of Theorem 1 in which all n; = 2.

We next show that both sides have the same maximum and minimum total degrees
as Laurent polynomials in the x;. Each side is easily seen to be invariant under the
substitution x;+—x; ! (this follows from the antipodal symmetry of the n-cube for the
left-hand side), so it suffices to show that both sides have the same maximum total
degree. For the right-hand side, the maximum total degree in the x; is simply the
number of subsets S < [n] with |S|>2, that is, 2" —n — 1.

For the left-hand side, we argue as follows. Denote by V"’ the set of vertices of Q,
other than [n]. For any spanning tree T and vertex SeV”’, define ¢(S) to be the
parent vertex of the vertex S when the tree T is rooted at the vertex [n] (that is, ¢(.S)
is the first vertex on the unique path in 7 from S to [n]); then the edges of T are
precisely

E(T) ={{S, ()} |SeV'}.
One has [¢(S)|=|S|+1 (because ¢(S)= SAi for some 7). Therefore the total
degree of the monomial x"7) will be maximized when |p(S)| =|S|+ 1 for

all SeV’; for instance, when ¢(S)= Su{max([#]\S)}. In this case, that total
degree is

ST USI+1¢S) —n) = > @S| +1-n)=2"—n—1.

{S.p(S)teT SeV’
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Having shown that both sides have the same total degree in the ¢;, the same
maximum and minimum total degrees in the x;, and that they coincide when all
x; = 1, it suffices by unique factorization to show that the left-hand side is divisible
by each factor on the right-hand side, that is, by

fa=)Y ailxt +x).

ieA

Henceforth, fix 4 =[n] of cardinality >2. It is not hard to check that f is irreducible
in Z[q;, x;, x;''], using the fact that it is a linear form in the g;.

Starting w1th the weighted Laplacian matrix (3) for Q,, whose rows and columns
are indexed by subsets S<([n], let L be the matrix obtained by making the
substitutions

DESTSN - for SAR = {i},
esR = X[n)
0 for |[SAR|>1.

By Kirchhoff’s Theorem, the left-hand side in Theorem 3 is the determinant of the
reduced Laplacian matrix L obtained from L by removing the row and column

indexed by S = 0. It therefore suffices to show that the reduction of L modulo ( f4)
has non-trivial nullspace. We will show that

v= Y0 (= (D) )es 7

0#Scn

is a nullvector,' where &g is the standard basis vector corresponding to S. Note that
the entries of v are not all zero modulo (f,4); it remains to check that every entry
(LU)R of Lvis a multiple of f. Since LRﬁs = 0 unless S = R or S = RAi for some i,
one has

n
(Lv)g = Lr rUR + E LR RAVRAI
-

iXRXRA
_ Z q ;e RAi _ (_1)\AmR\(xA\R)2)
[n]
iXRX Al N [
- Z g )}:[HR 2 - (_l)lA (RAI)‘(XA\(RAI'))Z)
n
x .
:?R] gixrai((—= D) (g (ra)? = (DR (xg0)?). (8)
n i1

'The form of the nullvector (7) was suggested by experimentation using the computational commutative
algebra package Macaulay [1] to compute the nullspace of L in the quotient ring modulo (fa)-
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If i¢ A, then AnR = An (RAQ) and A\R = A\(RAI), so the summand in (8) is zero.
If ie A4, then |[ANnR| = |An (RAQ)| £+ 1, so one may rewrite (8) as follows:

A X
(Lo)g = —(—1)“ R‘;‘j > gixrail(xaran)’ + (Xar))- )
n jcA

Note also that when i€ 4,
{xin“ for ieR,
XRAi = .
XRX; for i¢ R
and

N . XA\RXi for iER,
AR T xgmxy! for i¢R.

Therefore, one may rewrite (9) as follows:

(Lv)g = +—< > gixex; ((xar xi) + (xar)’)
M \icanRr

+ Y gixrxi((xarx; )’ + (XA\R)2)>

ie A\R
xRxA\ _
_ L)’ (z g 1)+ zqixi<xf2+1>>
] ieAnR ie A\R
(XRXA\R)2 _
=+l
[n] ieAd
XRX
:i_( R A\R) an
)C[n

which shows that (Lv), is zero modulo (fy) as desired. [

6. Proof of Theorem 4
We recall the statement of Theorem 4.

Theorem 4. Let G be a connected threshold graph with vertices [n), edges E, and degree
sequence . Then

P
Z H indegy (i) Outdegr(> = X1V H(Z Xmin{i,r}ymax{i,r}>~

TeTree(G) i=1 r=2 \ i=I

As noted in the Introduction, this result is a special case of Theorem 2.4 of [6].
For this reason, and because the ideas of the proof are quite similar to those of
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Theorem 3, we omit most of the technical details. We write N(v) for the neighbors of
a vertex v, and denote the set {i,i + 1, ...,j} by [i,/].

Proof. The partitions 4 which arise as degree sequences of threshold graphs have
been completely characterized (see, e.g., [4, Theorem 8.5]). In particular, suppose
that the Durfee square of / (the largest square which is a subshape of A) has side
length s. Then for all re(n],

either r<s<i. =1+24,
or r>s= = .

(10)

Using these identities, one may rewrite the desired equality as

Z H mdegT Ouldegr — Hf H gr H Vi (11)

TeTree(G) i=1 r=s+1 r=s+1
where
1+4, //+l
fr=yr E Xi + X, E y; and g, = E X;.
i=r+1

Both the left- and right-hand sides of (11) are polynomials in the x;,y; of total
degree 2n—2, and both have coefficient of x} 'yyy3---y, equal to 1 (because
N(1) = [2,n]). Thus, it suffices to prove that the left-hand side is divisible by each of
the factors on the right-hand side. By Kirchhoff’s Theorem, this left-hand side is the
determinant of the matrix L obtained from the usual weighted Laplacian matrix by
removing the first row and column and making the substitution

ey = {xmin{iJ}ymax{i.j} for {lvj} €E,
/ 0 for {i,j}¢E.

First, one must show that the left-hand side of the theorem is divisible by the
monomial factor x| [];_,,, »». Every spanning tree T of G contains an edge of the
form {1,/}, which contributes a factor of x;y; to the monomial corresponding to 7.
In particular, x; divides the left-hand side of (11). Furthermore, if r>s, then g<r
whenever ge N(r). In particular, y, divides every entry in the rth row of L.

Second, one must show that f, divides det L for re [2,5]. Clearly f; is irreducible,
since neither sum in the definition of f; is empty. Define a column vector?

v= E Xi& + E Xréiy

i=r+1

where ¢; denotes the ith standard basis vector. Note that the entries of v are not all
divisible by f;, so that v is a non-zero vector modulo ( f+). By Lemma 5, it is now

sufficient to show that for each j, the jth entry (Lv) of Lv is divisible by f;,. One must

2Found using Macaulay; see the earlier footnote.
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consider four cases depending on the value of j: (i) j<r, (ii) j =r, (iii) j>r and
{j,r}e€E, (iv)j>rand {j,r} ¢ E. We omit the routine calculations, which are similar
to the proof of Theorem 3.

Third, one must show that g, divides det L for all re[s+ 1,7 — 1]. In fact, some
higher power of g, may divide det L, as we now explain. If 1 has exactly b columns of
height ., i.e.,

TS (N T
for some a>s, then N(i) = [A,] for all vertices ie[a + 1,a + b], so
9a = YGa+1 = - = gr = = = Gatb-1-

Accordingly, one must show that g° divides det L. Restricting the Laplacian matrix L
to the columns [a + 1,a + b] yields a rank-1 matrix of the form

—[xl X2 oox; 0 .- O]T[ya-H Yar2 - ya+b]-

Consequently, both L and L have b — 1 linearly independent nullvectors modulo (9+)
supported in coordinates [a+ l,a+ b]. Tt remains only to exhibit one further

nullvector for L which is supported in at least one coordinate outside that range. We
claim that such a vector® is
a

U= Z (Vatb&i = Vi€atn)-

i=14-2,

One must verify that for each k, the kth coordinate (Lv), vanishes modulo (g,). This
calculation splits into four cases: (i) ke[2,/,], (i) ke[l + A,,q], (iii) ke[a+ 1,n—
I\{a + b}, (iv) k = a + b. Once again, we omit the routine verification. [
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