MATHEMATICS

A THEOREM ABOUT THE DETERMINATION OF A CERTAIN
BEST CONSTANT IN THE APPROXIMATION BY SOME LINEAR
OPERATORS

BY

H. VAN IPEREN 1)

(Communicated by Prof. A. vAN WIINGAARDEN at the meeting of January 27, 1968)

1. Introduction

By C[0, 1] we denote the set of all real-valued functions defined and
continuous on the closed interval [0, 1] of the real axis. We define P to
be a fixed set of parameters containing at least the following elements:

n: a positive integer;
(1) Qk=gk(x) (k:O’ I ... n): qx EO[O: l], z QICEI;
£=0
Sk(k’:O, 1’ n): Ek € [0’ 1], £k<§k+1 (kzoa l’ "-’n_1)°

Let L be the operator on C[0, 1], with respect to P, defined by
(2) Lf = L{f(t) ; } = k% 1(éx) qu(2)

for each f eC[0, 1]. Obviously, L is a linear operator, mapping C[0, 1]
into itself, with the property that

(3) L1 =1.

In order to derive estimations for the difference f — Lf, which are uniform
in z and valid for arbitrary f e C[0, 1], we introduce the norm |g|| of a
bounded function g defined on [0, 1] by

(4) lgll= sup |g(x)]
z€[0,1]

as well as the modulus of continuity w(d) of a function feC[0, 1] for
arbitrarily chosen but fixed 6>0 by
(5) o(0)= max |f(x)—f(y)|-

lz—y|<6
@, v€[0,1]

1) The author wishes to express his gratitude to Prof. P. C. Sikkema for his
stimulating critical remarks during the preparation of this paper.
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In this paper we derive a method for determining the quantity » such
that

(6) »= inf K,
i.e. the infimum of all numbers K, independent of f, for which
(7) |f=Lf] <Kw(d)

holds for each f eC[0, 1], with é a fixed positive number. From (3) we
see that the case of f being constant on [0, 1] needs no investigation,
since ¢c—Lc=0 for any constant c¢. In the following we exclude these
constant functions. Then — for arbitrarily chosen but fixed § >0—we may
and do restrict ourselves without loss of generality to the functions f of
the subset (1[0, 1] of C[0, 1], with the property that for each f € C1[0, 1]

(8) w(d)=1.
Consequently the following problem is equivalent to the one formulated
by means of (6) and (7):

Determine the quantity » such that

(9) x=sup [f—Lf]|.

f €C,[0,11

2. A theorem and a method for the determination of x» in (9).

Theorem 1. Let § with respect to & (k=0,1,...,n) in (1) be a fixed
number with the property that

(10) 0> max  (§pn1—Ek), b0, 1—&n;

k=0,1,...,n—1

then for each fixed & € [0, 1] there exists a function v € C1[0, 1] with p(Z)=0,
such that

(11) max |f(&)— L{f(t); T}| = L{y(t); &}.

f €C400,1]

The proof of this theorem will be given by means of three lemmas
which will be stated and proved in 3.

As a result of theorem 1 we are able to derive a method for determining
the quantity » as defined in (9). This method consists of the following
two steps (i) and (ii):

(i) For all fixred & € [0, 1] determine
(12) K(Z)=L{y(t); &},
the right hand being defined by (11).
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Then K(z) for x € [0, 1] is a bounded function for which
(13) ma,x] | f(x) — L{f(?); x}| = K(x)

f €Cy[0,1

holds for each x € [0, 1].
(ii) Calculate, according to (4)
(14) x=|K]|.

Then from (11) and (12) it follows that |f(x)—L{f(t); «}| < K(x) for all
f€04[0, 1] and each z € [0, 1], from which by (14) |f— Lf| < holds for
all f e (1[0, 1], and obviously

(15) sup ||f—Lfll <

f €C400,1]

Moreover, from (14) it follows that there exists a sequence {x,} with
2, €[0,1] (h=0,1,...) such that lim K(z)=x. Also, for each fixed &

h— 00

by theorem 1 and definition (12) there exists a function g, € Cy1[0, 1],
with ya(xp)=0 such that

K(@n) = L{yn(t); xn} = |yn(@n) — L{ya(t); 2n}.
Estimating we obtain
w=lm [yn(va) — Liyn(t); oa}| < Hm [lyn—Lynfl<
< lim sup [|f—Lf|= sup If—Lf|.

h—o0 fe€0;00,1] f € Cy[0,

This last result together with (15) shows that » from (14) is the one
to be found in (9).

3. Proof of theorem 1.

Lemma 1. Let n, mg, mp (k,1=0, 1, ..., n) be non-negative integers,
and let qx (k=0, 1, ..., n) be real numbers such that

(16) éo =0 >0.

Let A be the set of all (n+ 1)-tuples {xx} of real numbers xr (k=0,1, ..., n)
satisfying
|ock| < g

17
(17) | ok — o | < Mg

(k,1=0,1,...,n).
If {Bx} € A is such that
(18) Z Prgr = Z &k qk
k=0

k=0

for all {ox} € A, then Br (k=0, 1, ..., n) is integer.
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Proof. The determination of an (n+1)-tuple {8z} € A which satisfies
(18) is a problem of linear programming which has at least one solution
in a vertex {fi} of the (n+ 1)-dimensional simplex defined by (17). Then
it immediately follows that

Br=0 (mod 1); 0<o<1 (k=0,1, ..., n).
Assume ¢#0, then it follows that
Br=nk+o with ng € {—mg, —mg+1,...,0, ...,mg—1}  (k=0,1, ..., n).

We define fx=pr+1—0 (k=0, 1, ..., n) and see that fr=n;+1 so that
|Prl <mp (k=0,1,...,n). From this result, and |Br—pBi|=|fr—Pil <mm
(k,1=0, 1, ...,n) we conclude that {f;} € A. Consequently we can write

éoﬁqu = éo (Br+1—0) qr= ,é.) Brqe+(1—0) Q> é;o,gqu,

in which the inequality follows from (16). So the assumption ¢+ 0 leads
to a contradiction of (18), with which lemma 1 has been proved.

Lemma 2. Let & be a fixed point of the interval [0, 1], and let the
quantities mg, mg and qx (k, 1=0, 1, ..., n) appearing in lemma 1 be chosen
as follows:

9k =qK(Z)

B |a'c—§k|[2)
mk—1+] 3 (k,1=0,1,...,7n),

mkl=1+:| I&cgle l:

with n, qi(x), & (=0, 1, ..., n) elements of the parameterset P defined in
(1) and 6 satisfying (10).
If y(x) is a function defined on [0, 1] with the properties that

§w(az)=0
w(fk)zﬂk (k=0, 1,...,m),

where the numbers Br satisfy (18) of lemma 1, then for each f e C1[0, 1]

(21) (@) — L{f(t); &} < L{y(t); &},

L being the operator defined in (2).

(19)

(20)

Proof: From (1) and (2) it follows that for each f e C[0, 1]
(22 1@ =0 5= 3 (060} s

2) TFor each real @, Ja[ denotes the greatest integer less than a.
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For each f e (1[0, 1] the numbers {f(Z)—f(&x)} (k=0, 1, ..., n) satisfy

i@ —fenl < 1+ |ESE] <,
= (k,1=0,1,...,n),

e el < 1+ B

the equal-signs following from (19). With g (k=0, 1, ..., n) satisfying
(17), from the assumptions of lemma 2 it follows

(24 3 (@ -1} () < 3 prastd),

the right hand of which by (20) is equal to L{y(t); Z}. Since (24) holds
for each feCy[0, 1], it does for —f; consequently with (22) now (21)
holds for each f e Cy[0, 1]. This completes the proof of lemma 2.

Lemma 3. There exists a function p € C1[0, 1] which satisfies (20),
such that lemma 2 holds.

Proof: Let Vi (k a fixed non-negative integer) be a finite set of at
east two points in [0, 1], and é a fixed non-negative number such that
(i) a=min {z:z€ Vi},
o5 S(ii) b=max {z:z € Vi},
(25) ((iii) c=max {(za—21): {21, 228} C Vi, 21<22, (21,22) N Vi =0},
(iv) d6>max {a, 1-0, c}.
Let i be a polygon on [0, 1], of which the nodes are the points of Vg,
with the following properties:

(i) wyr(z) integer for each z € Vg,

(i) |yr(z1) —wr(ze)| <1 +:| |Z1_;zz_| [for each pair {2z, 22} C Vg,
(26)
(ili) (@) =yx (@) for x<a,

(iv) (@) =yr (B) for @>b.

The modulus of continuity of yi being w(d), from the definition of yj
it follows that there is at least one pair {y1,yz} of points in [0, 1] such that

(1) lyr(ys) — yr(ye)| = w(0),
i)  p<ye,
(27) ( (iii) for each pair {§i, J2} with y1<r<P2<yz and
Fo—Gr<ya—y1: |[pa(f1) —pa(F2)| < w(9),
(iv) y1€ Vi or yz € Vg.

3) By (5) (1) < (1 + ]61/8[) w(8) for any non-negative ¢ and &1, and from
(8): w(d) = 1.
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We assume y3 € Vi; the case y1 € Vi can be treated in a similar way.
If also y; € Vi, then from (26, ii) it follows that

(28) lpr(y1) —vr(y2)| < 1 + ]y_g_?/l |:= 1

since y2—y1<d. If however y; ¢ Vg, there are obviously the two possi-
bilities

(29) lpr(y1) —yr(ye) <1,
and
(30) lwr(y1) —yr(ye)| > 1.

In the latter case we consider the pair {x1, 22} C Vi such that y; € (21, 22)
and (1, z2) N Vi=0. From (25), (26), (27) and (30) simple reasoning leads
to some properties of yx on [x1, ¥2]:

(1) wr(e1) # pr(e2),

(i) y2—y1=9,
(iii) y2= min {z: z € Vi, 2>wa, yi(2)#yr(2)},
(iv)  lyr(@1) —yr(y2)| = 2.

With x3= max {z: 2z € Vi, xa<z<ys, yr(2)=vi(22)} we conclude that
essentially yr on [x1, y2] is as follows

X1 Y1 X2 x3 Y2
Fig. 1.

where as an example we assume x(y2)>yr(y1) and x3+# 2.
Let ys= max {x3, #1496}, then consequently zs<z3<ys<ys.
We define the continuous function 41 on [0, 1] by

Yer(®) =yi(@) for x € [0, 1]\{(21, 22) U (22, ¥2)},
(31) =yi(@2) for € [y, ys],
linear for x €[x1,y1) and x € (ys, y2].
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Taking for example y; as partially described in figure 1, and y3>uxs
then by (31) yg+1 on [y, y2] is as follows

&1 Yi Z2 x3 Y3 Y2
Fig. 2.

We define Vi=Vi U {31, y3}, and write (25);, (26); and so on when
we are considering the case k=1I. We assert that (25)x+1 and (26)z41 hold;
from these (26, ii)y+1 will be proved in the following, the other parts
being obvious.

It is sufficient to prove

0 [yen(y) —vena(z) [<1+ ’-’/_16—_2’ [
. for each z € Vg,

(32) < (i) |yr+1(ys) —wen(2) |[<1+ L@S__zl [,

(i) [pra(n) - peals)| <1+ |2 3 = [

only if y,;—xl-l-é;éxg, since otherwise y3; € Vy. The inequality (32, iii)

trivially holds since yg+1(y1) =vr+1(ys). We will prove (32, i) in the case

of figure 2; (32, ii) and the case of yr(y1) > wi(ys) can be treated analogous.
For each z € Vi with 2>,

| wrr1(y1) —pr+1(2)] = |praa(ze) —praa(2)| <

2]l

For each z e Vi with z2<u,, ie. z2<z, it follows that if wri(y1)—
—yr+1(2) >0:
lvre+1(y1) — vr+1(2) | = {Wrsa(ye) — 1} —yprsa(2) =
= pr+1(¥2) —vrn(2)| — 1<

<u |t ] -
Il

Q

<
%ll

|
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and if ’lpk+1(y1) — w“l(z) <0:

| pr+1(y1) —Pr41(2)| = wi+1(2) — {Prsa (1) + 1} =

=|pr+1(®1) — Pr+1(2) l —-1<

X1—2 Y1—2
<1+ [ e e

This completes the proof of (32, i) and as a result we may and do
conclude that (25);+1 and (26)g41 hold.
From the definition of yi41 follows that if (30); holds

(33) yitt ¢ (yi—0,95),

in case y**1 € Vi1 as well as y%+? € V4. The upper indices for a moment
serve to distinguish similar symbols ¥, y2 and ys for the different functions
vr and ygy1. Obviously y5—%>0, so that

(34) yE—(y¥—0)>0.

With these preparatory results we will prove the statement in lemma 3.

Let Vo be the set {&, &, ..., £&»} of points in [0, 1] described in the
assumptions of lemma 2. We choose a 4 satisfying (10), and so (25)o
applies to V. ,

Let yo be the polygon on [0, 1], of which the nodes are the points of
the set Vy, such that it satisfies (20) for v = yo, and is constant for
x> max {7, £,} and r< min {Z, &}. Then (26), holds.

Next, for £=0, 1, ... we investigate which of (28)g, (29)x or (30); holds.

From (33) and (34) follows that there is an m<l+]%[such that (28)m
or (29), holds. As a result we conclude that for yp
(35) w(0)<1,

while also v, satisfies (20) for v = pn.
Assume w(d)<1 in (35). Then from (26, i, ii), or by definition of o
from (20), (18) and lemma 1, it follows that

|pm(Ex) — Ym(Exr1)| =0 (k=0,1,...,m—1),
[ym(&x)|=0 (k=0, 1,..., ),

so that
(36) Br=0 (k=0,1, ..., n).
This only is the case if for a certain integer I, with 0<l<n

=&,
(37) Q(x)=1,
qx(®) =0 (k=0,1,...,n; k#1).
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In this special case we define the polygon y € C1[0, 1] by

w(&)=1 for an arbitrary & € (&, £x+1),
k arbitrary such that 0<k<n—1;

p(@)=0 for x € [0, L]\ (&k, Ex+1);
p(x) linear for x € [&x, &) and x € (&, Exs].

(38)

In all other cases (36) leads to a contradiction of the assumption on fx
(k=0,1, ..., n) since from (1) it follows that there is at least one q;(Z)
(0 <l<n) such that ¢i(€)>0, so that with fz =0k (k=0, 1, ..., n), oz being
the Kronecker-symbol

3

B u(E) = (@) > S Brqu(@) =0.
k=0 k=0

So, except in the case (37), for yp
w(d)=1

holds. Defining then y to be identically equal to y then, in view of (38),
lemma 3 has been proved.

Finally, lemma 2 and lemma 3 immediately lead to the validity of
theorem 1.
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