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For a positive integer m, let 4 = {1 <a <m/2}{a.m)=1} and let n=4|. For
an integer x, let R(x) be the least positive residue of x modulo m and if (x, m)= 1,
let x’ be the inverse of x modulo m. If m is odd, then |R(ab’')|, peq=
~2""(]—[X(2r;‘ ay(a))), where x runs over all the odd Dirichlet characters
modulo m.

1. INTRODUCTION

For an arbitrary positive integer m, let 4 = {1 <a <m/2|(a,m)=1} and
let n=|A4|. For any integer x, let R(x) be the least positive residue of x
modulo m and for (x,m)=1, let x’ be the inverse of x modulo m. The

Maillet determinant is an n X n determinant defined by

Dm = ’R(ab/)‘a,beml '

About twenty years ago, Carlitz and Olson [2]| proved the following

interesting formula for m = p an odd prime,

— (p—3)/2
D,=+p? "k,

where h denotes the first factor of the class number of the cyclotomic field
k(e**"/?). The purpose of this note is to study the Maillet determinant for an

arbitrary m. The main result is

THEOREM 1.1. Let m be a positive integer. If m is odd, then

D,=-2""1] ("Sl ax(a)),

yodd ‘a=1

where y runs over all the odd Dirichlet characters modulo m.

Our approach which is different from [2]| was motivated by our recent
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study of Chowla’s theorem {3, 5]. Our method also yields information about
the Maillet determinant when m is even and when 4 is an arbitrary coset
representative of the subgroup {4+ 1} in the group Z3, of units modulo m. If
m = p a prime, then our formula reduces to Carlitz and Olson’s formula. We
are also able to determine the sign in their formula.

We refer to [I,4] for the basic knowledge on Dirichlet characters and
related results.

2. GENERAL CASE

Let m be a fixed positive integer and let
Zn={1<a<m|(a,m)=1}

be the group of units modulo m. Then the order of Z7, is equal to ¢(m),
where ¢(m) is the euler function. Let 4 be a set of coset representatives of
the subgroup {+ 1} in Z% in a fixed order. Then |4 | = $¢(m). For a Dirichlet
character y modulo m, let S(x) =) ,czx ax(a) and T (x) = ,c x(a). We
will prove the formula for the Maillet determinant defined over 4.

THEOREM 2.1. With above notations,

m T, (x)V)
om) < SQ)

where y runs over all odd Dirichlet characters modulo m.

R(@" )y e =272 (n sm) (1

Progf. Recall that a Dirichlet character y is odd if y(—1)=—1. Let
{X15- Xt be the set of all odd Dirichlet characters modulo m, where
n=g(m)/2. Let A = |a,,...,a,} and let

2= "_l/zlli(aj)]1<:',j<n'

It follows immediately from the orthogonal relations of characters

o) aax xda) xa) =

that £ is unitary and

N x(@) if a=1,

xodd

i
X

= —n if a=m-—1,

0 otherwise,
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and
: xi(@) x;(a) = ”5ij~

a€Ad

It is clear that

R@ Vaes = 121R@IF = | 3 Y 1) R@) 1))

acd bed

For convenience, let

xy= 3" 3 x(a)R@b’) x,b).

aed bed

Note that
NN @) R(ab’) x(b)

aezZk bEZ;

= 3 Y xled)R() 1,(b)

ceZX beZY

(3 x0®) (

bezy,

= 5:‘1(0(’") S(:)-

I

> RO

X
ceZy,

On the other hand,

NN yia) R(ab') x(b)

a¢d bed

=3 ¥ um—a)R((m—a)") (b)

acd bed

=— N\ x(@)m—R(@b"))x,(b) (because R(m — x) =m — R(x))

—

acA bed
= (X @) (X G®) + XN ) RE@)50)
aed bed a€A bed

=—mT,(x;) T (7)) + x;-

Similarly, we have

NN @) R@b) x(b) = —mT (u) T + Xy

acA b¢A

: E: xi(@) R(ab') x;(b) = x;;.

agd beA
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It follows that

5 0,8(x;) + % T,0) T4 (%)
for 1 £

£ n. Using the following formula for determinants,

1
IaijJ’i+1|1<i,jgn= (HJ’)< }_—)’
-1 i
we have

IR(ab )la bed =n"" |xu|

—n- %a,jsu,n T.(t:) Ta())
- (5] (N 700, <x>)(lﬁ% T Jf?m
-2 ([T sw) (15 £ E5E).

This completes the proof of Theorem 2.1

3. OpD CASE
In this section, let m be an odd integer and let

A={a€Z5|1 <a< m2).

We will show that the formula in Theorem 2.1 can be greatly simplified. For
simplicity, let T(x) = T,(x). We will need

LEmMMA 3.1.

Let y be an odd Dirichlet character modulo m. Then

160 = - G2) — 2) S
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Proof. In the following computations, a, b € Z,.

(1 =2x(2)) S() = X axla) — X" 2ax(2a)

= > aa)— ) 2ar(2a)

a odd m>a>m/2
= > ay@)— ) 2ax2a—m)
a odd m>a>m/2

= ) ax(@)— > (m+b)x(®d)

aodd bodd

=—m Y pa)=m Y xm-a)

a odd aodd

=my(2) Y x(b)=my(2) T(x).

1<b<m/2

This implies the lemma.

THEOREM 3.2. Ifmis odd and A =1{a € Z;|1 < a <m/2}, then

‘R(ab,)'a,be,i =(— 1)21—(1/21:0“!1) ] ] S(X)-
x odd
Proof. By Lemma 3.1,

\ 2 1 |
> M:—L (7(2) - 2) TG

rodd S(X) m xodd

(> 102 3 T0)

xodd

3| -

! N 4R
- (Y Y2y Y @)

aed yodd aed yodd
— L Cotm)— 20(m) = =2 p(m)
—m(wm) p(m))= > p(m),

since
Y xay= 1 if a=1,

xodd .
=1 if a=m-—1,

= 0 otherwise.

Now Theorem 3.2 follows easily from Theorem 2.1.
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CoroLLARY 3.3. If m=p, an odd prime, then
|R(ab" )|y peq = (=p) /P P,

where h is the first factor of the class number of the cyclotomic field k(e*™"?).

Proof. It is known |4] that under the assumption

h= 21—np ] I T(X) ,
yodd 2—x(2)
where n=4(p — 1). By Theorem 3.2 and Lemma 3.1,
pT)

[R(@D g peq = (—12"7" | | =
o @ -2
n ~h,n XHZ)-(I’
O e

:(__l)nJrlpnflh:(___p)n—lh'

CoRrOLLARY 3.4. If m is odd and B = lkala € A}, where (k,m)=1,
then

R(@b"apen = (121122 | ] S(y)
xodd
Proof. This follows immediately from the observation

2

ITo001 = | N x(ka)| =|x()TCO” = xR | TOO = TG0l

aed

4. EvEN CASE

There is not much that can be done to the formula for the Maillet deter-
minant where m =2 (mod 4). However, when m =0 (mod 4), the formula
can also be simplified as in the odd case as shown in Theorem 4.1.

THEOREM 4.1. Suppose that m>4 and m=0 {(mod4). Let A=
{a€ Zy|1 <a<m/2}. Then

|R(@b)lg.peq =—2"""" ] S().
xodd

We will only outline the proofs and leave the details to the readers. Let
m=4k, k> 1. Since (2k—1)>’=1 (modm), x(2k — 1}=+1. Note that
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there are exactly 4¢(m) odd Dirichlet characters y such that y(2k — 1) =1
(resp. —1). Let y be an odd Dirichlet character. If x(2k —1)=1, then
S(x)=—(m/2) T(x) and if y(2k — 1) = —1, then T(y) = 0. This implies that

2m TR

Yo e S0

1,

and our formula.
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