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Abstract

We consider dependence structures in multivariate time series that are characterized by deterministic
trends. Results from spectral analysis for stationary processes are extended to deterministic trend functions.
A regression cross covariance and spectrum are defined. Estimation of these quantities is based on wavelet
thresholding. The method is illustrated by a simulated example and a three-dimensional time series consisting
of ECG, blood pressure and cardiac stroke volume measurements.
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1. Introduction

We consider dependence structures in multivariate time series that are due to similarities in
underlying deterministic trends. Suppose that we observe a multivariate time series Y(i) =
Y@, .... Yy ()T, (@ =1,...,n).Inclassical spectral analysis, a time series and its autocorre-
lations are decomposed into sinusoidal components. Grenander and Rosenblatt [12] extended the
idea of spectral decomposition to parametric regression with deterministic explanatory variables.
They show that consistency and efficiency of least squares estimators depend on the regression
spectrum. For further results on the interplay between regression spectrum and spectral properties
of the stochastic part see e.g. Yajima [21].

In the present paper, spectral analysis of regression functions is extended to multivariate non-
parametric trend functions that are estimated by wavelet thresholding. The definitions of the
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regression cross covariance and regression cross spectrum are adapted to this context. Asymp-
totic properties of estimators of these quantities are derived. Specifically, the paper is organized
as follows. Basic definitions are given in Section 2. Estimation of the regression spectrum, the
regression cross covariances and their asymptotic distribution are considered in Section 3. Algo-
rithmic issues and a data example are discussed in Section 4. Final remarks in Section 5 conclude
the paper. Proofs are given in the Appendix.

2. Definition of the regression cross covariance and spectrum
2.1. Cross covariance and correlation

Assume that the observed time series Y(j) = (Y1(j),..., Yy (N7 is of the form
Y(j) = 1)) + €()), (D

where t; = j/n (j =1,....,n),f@#) = (fi®),..., fp(t))T € C? (tr € R) is a multivariate
deterministic trend function and €(j) is zero mean stationary noise. We will assume that f; (¢) is
Lebesque measurable and fol | f+()|>dt < oo,ie. f, € L*> where L? = L?(C) denotes the space
of complex-valued functions that are square integrable on [0, 1]. For f;, f; € L?, we define

1
o f3) =/0 LT dr.

Note that (,) is a non-negative sesquilinear form. If we restrict attention to functions that are
periodic with period 1, then (,) is a scalar product and the corresponding space L2[0, 1] is a
Hilbert space. Also note that, since || f,||2 = (fr, fr) < 00, the mean vector

1
m(f) = / £(1) dt
0

is well defined and finite. Without loss of generality (and since m( f) can easily be estimated and
subtracted from the data), we will from now on assume m(f) = 0. The corresponding space of
functions will be denoted by L2[0, 1] = {f € L?[0, 1] : m(f) = 0}.

We first define the autocorrelation function of f(z) € L%. Grenander and Rosenblatt [12] intro-
duced a definition of cross- and autocorrelation p,, (1) between parametric regression functions
¢, (1), ¢, (t) with t € N (also see [20, Chapter 7]). In contrast, here, we consider nonparametric
regression functions f;(t) € le, that are observed on an increasingly fine grid #, t2, ..., #, of
t-values in [0, 1]. A natural modification of the definition by Grenander and Rosenblatt definition
is therefore

R —
Vs () = lim ;fru,- +u) f (). € [=1, 1)

and

Vs (@)
o) = —
Prs = O )

This leads to



686 J. Beran, M.A. Heiler / Journal of Multivariate Analysis 99 (2008) 684714

Definition 1. Let f(r) = (f1(¢), ...,fp(t))T € C? (t € R) be a p-dimensional deterministic
function as defined above, and such that, for eachr € {1,2,..., p}, f; € L% and || f-(®)]| > 0.
Then the regression (cross-)covariance function I'(u) = [y,,(u)];s=1,..,p and the regression
(cross-)correlation function R(u) = [p, ()], s=1,...,p of £() are defined by

.....

1
b @) = (£ (4100, f5) =/O F+ w0 dr

and

Vs (1)

prs (M) =T
V7 (0)y,(0)

The Hermitian property and non-negative definiteness of p,(-) are obtained in the following:

@)

Proposition 1. The regression cross correlation function p,. (u) defined in (2) is Hermitian and
non-negative definite.

In practice, y,, and p,, have to be estimated, since they depend on the unobservable
function f(z).

2.2. The spectrum

The function f(¢) is observed for time points in the interval [0, 1] only. To extrapolate f beyond
the unit interval, we will assume that f(¢) can be decomposed into a nonperiodic “long-term”
trend component p(¢) (t € R) and a component a(t) with a(t + 7)) = a(t) for some T < % To
simplify presentation, it will be assumed throughout the paper that ;o = 0, or pt has been estimated
and removed from the data. Thus,

f(r) =a(2)
with & periodic with period T < %
Remark 1. The assumption of strict periodicity can be replaced by local periodicity, allowing
the periodic shape of a to change smoothly in time (see e.g. [13]). In this case, y,,(#) can be

approximated by extrapolating a, e.g. using local trigonometric polynomials [13] together with
nonparametric extrapolation (see e.g. [3]).

Consider now the characterization of f in the frequency domain. For ¢ € [0, 1], and f, € L(z)
such that fol | f()| dt < oo we may write

f)= Y a(je™™,

j=—00

where a(j) = (a1(j), a2(j), ..., ap(j))T € CP are given by

1
ar(j) = (fy, ) = f () e dr.
0
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Note that
m(f)=a0)=0

and Parseval’s equation yields

AP =D lar()I

j=—00
For the covariance function we then have
I'(u) = Ty(u)

where I'y = [y,.,5]rs=1,...p is @ p X p matrix with

,,,,,

ya;rs(u) = (O‘r(' + M), O(.S‘)'

More explicitly, we have

1
F“(u)zf a(t +u)al (t)dt
0
= > PMagal (j)
j=—00

and we may introduce the following:
Definition 2. The sequence of p x p matrices H(j) = [A,5(j)]rs=1,...p (J € Z) defined by

H(j) = a(j)a’ (j)

is called regression spectrum of .

By definition we have the following relationship between regression spectrum and covariances:

o0

Cu) = Y H(j)e>™ "

j=—00

and

1

HO) = [ P du,
2

where f_lﬁz |I'y(u)| du < oo. Writing H(j) in polar representation, the contribution of frequency
Jj can also be expressed in relative terms as follows:

Definition 3. Let H(j) = [h,5(j)]rs=1.....» be defined as above. Then, H = [h,], 5=1... p with

hrs(j) _ lay(j)as(j)]

hes(j) = —
v \/Voc;rr 0 - Yo;ss () \/Vx;rr ©0) - Vass (0)

exp(i,s(j))
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is called the standardized regression spectrum of «,

o) s ()] _ ()
” N ORI (ORI EA]
|ar (j)as (J)|

T DS, las )2

is the relative spectral modulus and ¢, (j) the phase shift at frequency j.

Remark 2. Note that, in contrast to coherence for stochastic processes, the standardization

VVarr(0) - 7,:45(0) is not frequency dependent. The reason is that, for a deterministic signal,
no frequency dependent variances can be observed. Alternatively, one may consider the classical

squared coherency function |/,5(j)|?/(|hrr(j)lhss (j)|). However, this quantity is either O or 1.
In contrast, k,(j) defined above can assume any number between 0 and 1, thus giving a relative
measure of the contribution of frequency j to the cross-covariance.

Example 1. Suppose that f; is a shifted version of f;, i.e.
[s@) =c- frt +A)
for some A, ¢ € R. Then
f50) =" a(j)exp2mjn) = ¢ Y ar(j) exp(i2mj(t + A)),
with
as(j) = car(j) exp(i2mjA).
Hence
Prs@) =Y lar ()17 exp(i2mj (u — A))
and

lay (j)I?
> la (D)2

Hence, for all integer frequencies j # 0

hys(j) = -exp(—i2nAj)(j € Z \ {0}).

lar (j)I?
> la (D)2

and the phase shift

|hrs(])| =

d)rs(j) = —27‘[Aj

is a linear function of the shifting parameter A. Thus, |A,¢(j)| is equal to the relative contribution
of frequency j to total energy || f;[|> of f;.
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3. Estimation
3.1. General considerations

The definitions above suggest the following approach to analyzing an observed multivariate time
series Y(j) = f(¢;) + €(j). In a first step, the function f is estimated by a suitable nonparametric
method. In a second step, a is estimated by eliminating the mean m and the nonperiodic component
p(2). The regression spectrum of a(¢) can now be analyzed based on the resulting series

Y(j) = Y(j) — 1t — fu(0).

The issue of estimating £(¢) optimally in the given context is beyond the scope of this paper and
will be considered elsewhere. Note, however, that in some applications, the size of p is negligible
compared to a. For instance, for high frequency financial data, the dominating feature in the
deterministic part is likely to be a (local) seasonal periodicity of one day. Similar comments apply
to physiological time series such as the heart beat data considered in Section 4.

In this section we consider estimation of f and the resulting estimation of the regression cross
covariance I'y and the regression spectrum H.

3.2. Trend estimation

Since I'y, and the regression spectrum H are functionals of f (which we assume to be equal
to a—see remark at the end of the previous section), we first consider nonparametric estimation
of the trend function. Methods based on wavelets are known to have attractive features, such as
general applicability to L2-functions and localization in time and frequency (see e.g. [8,17]). We
therefore consider estimation of f via wavelet analysis. Let ¢(-) and y/(-) be the father and mother
wavelet, respectively, i.e. ¢(-), Y(-) € L?(R) and the set of functions

{(z)l,k(x)v lﬁj’k(x)’ jv k’ l S Z9 ]21}’

with
Bre(¥) =22 $(2x — k),

Vi) =25y @x — k), kj ez,
form a basis in L2(R). The wavelet series expansion of a univariate function f € L?(R) is then
given by

o0
FO =" aadp )+ Y Bl ) 3)
k il ok

for almost all x, where

Ok = f ¢ (x) f (x) dx,
Bjx = /Wj,k(x)f(x) dx.

For the univariate model

Y(j) = ft;) + (),
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with f € L?[0, 1] and €() stationary with mean 0 and variance 2, Nason [16] and Johnston and
Silverman [15] consider the estimator

‘]l‘l
FO =Y tnad o) + D3 B ), “
k i>l ok
where
1 n
=~ Gralt)Y @) )
u=1
and
R 1 <&
Biaw= D Wix)Y @), 6)

u=1

for some J,,. Under suitable regularity assumptions on f, on the wavelet basis and moment con-
ditions on €(j), the parameter estimators 9 x and f3; ; are asymptotically normal and unbiased

(see [5,6]). These results carry over to the trend estimator f , for suitable choices of J,,. Brillinger
[5,6] shows, in particular,

var (2735 ) = var 272 B; ) = 27h (02 n ! + O(m2),

_in _ila _
cov(272f, 4,272 B ) = O(n 2,

for (j, k) # (j', k'). Analogously, cov (2_%&1,;(, 2_%&1/,;(/) = 0™ ?) for (I,k) # (I',k') and

cov (2’%&1,1(, 2’%ﬁj/’k,) = O(n~?) for all [, k, j/, k’. Here h¢(-) denotes the spectral density
of €(j). The error terms are uniform in j, j/, k, k’, 1. In wavelet thresholding, noise is removed
by shrinking wavelet coefficients towards zero at a suitable rate (see e.g. [9,10,1]). Here, a hard
thresholding method will be applied, i.e. each i? j k 1s multiplied by Wik =1 . —

’ ' {15kl =/ var (B )4}
such that (4) changes to P var (a2

Jn
FO = tuad o+ D3 B 4 (). @)
k

jzl k

To conclude this section, we state asymptotic results for f that will be needed to derive properties
of p,; and h,s. The following two assumptions will be used:

(A1) The mother wavelet /(-) and the father wavelet ¢(-) are of bounded variation and have
compact support. Dilation and translation result in an orthonormal basis for a finite interval
containing [0, 1].

(A2) For each j, 1< j < p, the univariate functions f;(-) (1< j< p) are bounded, of bounded
variation on [0, 1] and vanish outside the interval. In addition, only a finite number of
coefficients in the wavelet representation is non-zero.

Brillinger [5] considers shrunken wavelet estimators for univariate f € L2[0, 1] unger the
assumptions (A1) and (A2) and shows that, almost everywhere in ¢, finite collections of f(¢) are
asymptotically normal with mean f(¢). These results can easily be carried over to multivariate
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trend functions:

Lemma 1. Assume model (1) together with (A1), (A2) and assumptions on the cumulants of €(i)
as given in Brillinger [5]. For 1 <r < p, let

l n
== Y bt ), ®
n u=1
B
== Z Y () Y (1), ©)
u=1
DY) =1 ;
P e @0

J, = 00, n2= /2 — o0, Lj such thatZ%)»j = o(n’?) (G=LI1+1,...,J,) and

-In

3 2% exp(=22/(1+m)2) = o(1)

jzl

for some n > 0. Define

fr = Z&YZ@ () + Z S DB 0, (10)

izl k

1<r < p. Also denote by he = (he,rs)1<r,s<p the matrix of cross spectral densities between
{er(i)A,i e N} and {es(i),i € N}. Then, almost everywhere in t € [0, 1], finite collections of
Jn(fr(t) — fr(t)) are asymptotically normal with mean zero. Moreover,

2 2 2 he rs (0
V(s yirs) =cov (fr(x), fs(¥) = Theirs ) Z¢Ik(x)¢lk(Y)

Jo
27the;rs (0 M (s
+”T()Z O ) + ),
Jk

(l) (), (s)

where w; I{B(l) # 0}, Jo = Jo(r, s) is the largest common integer such that Wi W #0
for some ] = J,,and r(n) = 0(2*np=2).

Remark 3. One possible threshold that satisfies the assumptions of Lemma 1 is given by 4; =

V2log(2=7n).

Remark 4. Note that additional asymptotic properties for the estimators of the wavelet coeffi-

~()
cients are also easﬂy carried over to the multivariate case. For instance, cov (ﬁ i k Byw)=0mn =2

for (7, k) # (j',

Remark 5. If var (ﬁ;r,)c) is unknown, then the variance has to be estimated. See Brillinger [5] for
consistent estimation of the variance and asymptotic properties.
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Remark 6. Lemma 1 implies var ( fr(t)z =00, uniformly in ¢, so that f,(t) is a asymptot-
ically consistent estimator of f,.(¢), i.e. f,(t) — f,(¢) in probability for almost all ¢ in [0, 1].

3.3. Estimation of the regression cross covariance
3.3.1. Consistency

By assumptionm( f) = (f, 1) = 0,and () = OsothatI' = I',. Given f', the cross covariance
I';, can be estimated by

1
f“a(u)=f(u)=/ f(r + w7 (1) dt (11
0

and the regression spectrum by

N 12 A
H(j) = / exp(—i2nju)ly(u) du.
—12

Consistency of f‘(u) is given by

Theorem 1. Under the assumptions of Lemma 1, f‘(u) converges in probability to I'(u) such that
T'(w) —Tw) = 0,n""?).

The proof is based on the following

Lemma 2. Ler f, be estimated as in Lemma 1, and denote the estimation error by

) = fr(t) = £ ).

Then,

/[O’l]“é[)(r) dt — 0 (12)
and

/M [ (1) dt — 0 (13)

almost surely, and both terms are of order O (n=1/2).

3.3.2. Asymptotic normality
First, we derive the asymptotic covariance function of 9, (u).

Theorem 2. Foru,v € [—1, 1],

nllpgon cov (Vrs (M)v Vrs(v)) = Urs (l/l, U),
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where a4 is finite and can be written as

orst,0) =21 ) | 3 [ e wddr [ 0+ 0100y
k
+ Dull [ e wpds [ 5o+ o
210 | Y [ fi0diax b wrax [ £+ 091400y
k
+ Yol [ reonse+ds [ 0+ on0a
NS
21 ) | Y [ e widdx [ £+ vy
k
+ D / Jr e+ w4 (0) dx / £ O+ v) dy
L,k
+2mher (0) | Y f [s@) by (x +u) dx / sy +v)dy
k
+ Dy f S oW Cx + ) dx f FOWix G+ v dy | + 00,
T

In order to obtain the asymptotic distribution of I the following additional condition on €(i)
will be used.

(A3) For 1<r,s<p,define e :=¢.(t),t =1,...,n,and € = (t —n),t =n+1,...,2n.
Let {F;,t = 1,...,n} be a non-decreasing sequence of o-fields of F sets and let the
sequence (¢, F;,t = 1,...,n) be a square-integrable martingale difference array with

constant variance and E (e;‘2|}',_1) =F (632).

Theorem 3. Let

En = 12 g 01) = 301, Dy 2) = 7y W), - By a) = g a)1T
Then, under (A3) and the assumptions of Theorem 1,

&S NO.3)
where

2 = [oys(u, Mj)]r,s:l ..... p

d . Lo .
and “—" denotes convergence in distribution.
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The proof is based on the following lemmas.

Lemma 3. Assume model (1) and the assumptions of Theorem 1. Then, for each s € {1, ..., p}
and for almost all x € [0, 1],

. 1
(fs — f) )= - Z €s () Z ¢ @/n) gy . (x)
u=1 k

n J;
1 a s
= D) YD B/ ()
u=1

izl k
+r (),

where r® (n) = OI,(n_l).

Lemma 4. Under the assumptions of Theorem 3, we have, for each pair (r, s), 1 <r, s < p, and
eachu € [—1, 1]

A d
VG ) = 9,5 @) = N(O, 0,5 (u, u)),
where ,5(u, u) is given in Theorem 2.
Theorem 3 can be extended to a functional limit theorem.
Theorem 4. Let P, be the probability distribution of ﬁ(?ﬁ’? (u) — y,,(w)) in C[—1, 1], where
C[—1, 1]is equipped with the uniform topology defined by the metric d(f, g) = sup_; <, < |f(1)—
g(t)|. Then P, converges asymptotically in C[—1,1] (in the metric d) to the probability
distribution P of a Gaussian process where the finite-dimensional distributions are given in
Theorem 3.

3.4. Estimation of the regression cross spectrum

3.4.1. Asymptotic normality
Theorem 4 together with the continuous mapping theorem (see e.g. [13]) lead to

Theorem 5. Under the assumptions of Theorem 4, the vector
Cn = Nl () = hes G0+ hrs Gin) = T G 1

converges in distribution to an m-dimensional zero mean normal vector with covariance matrix
ncov (s (), hrs () = / / exp (—i2n(jiur — jiu2)} ors(ur, u2) duy dus,

where a5 (11, us) it is defined in Theorem 2.

3.4.2. Estimation of amplitude and phase spectrum

Theorem 5 shows that finite vectors of the regression cross spectrum By ( j) converge to a
complex-valued normal random variable. Let ¢4 (j) = Re(h,5(j)) and g,5(j) = Im(h,5(j)) so
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that h,5(j) = ¢rs(j) + igrs(j). Then we have estimators

[N N
Crs () = 5 (s () + sr () (14)

and

. 1L~

Qrs(]) = E(hrs(]) _hsr(]))- (15)
Due to Theorem 5, the vector

Vlers () = crs (1) Grs (G) — qrs (DT

converges in distribution to a bivariate normal variable with mean 0 and asymptotic covariance
matrix

A Zee()) ch(j))
Zm‘(ZqC(n S0 )

The asymptotic distribution of the amplitude and phase spectrum then follows by straightforward
calculations. Let ' (j) be the non-normalized spectral modulus. Then we have

Corollary 1. Let k' (j) = |hys(j)| and
~ . ~ . A . 1
RE () = Crs () +rs (D2
Then
~ . . d .
VRS () = 15 () = N0, 07, (),

where

(D Zec() + G (DZqq () + 2605 (s (N Zeq (1)) -
(16)

1
2 N
O'K;rs(]) - C%s(]) +61,2s(j) (

Corollary 2. Let ¢, (j) = argh,s(j) and
by () = arg(Ers () + idrs () € (=7, 7.
Then

Vs () = (1)~ N (0. 05, (7).

where

02 ) Z e+ (D Zaq (D =265 (Dars (DNEeq (1))
(17)

030y ()= : (
G () + g ())?
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4. Algorithm and data examples
4.1. General considerations

Consider Example 1 with two functions that are shifted versions of each other. In this case,
the phase spectrum consists of a straight line modulo 27, with the slope being proportional to
the shift. Discontinuities occur at frequencies where ¢, () crosses —n or n. More generally, if
we are given a plot of a phase spectrum between two deterministic functions the detection of any
linear or piecewise linear curve may be interpreted as a constant lag over this particular range of
frequencies. However, if f and H(j) have to be estimated, we have a superposition of the linear
structure of the phase spectrum with the phase spectrum of the noise component. Comparing (16)
with (17) we see that oi;r ,(Jj) and ‘7(27);rs (j) essentially differ by the factor ' (j )~2. Therefore,

aé;rs (j) will be relatively large compared to oi; (/) for all frequencies where the corresponding

spectral modulus is small, and it will be relatively small where the spectrum modulus is large. Thus,
in general, the phase spectrum will look more erratic than the amplitude spectrum, and estimation
of common frequencies in a multivariate trend function might be easier than estimation of the
phase shift. A pure visual inspection of the phase spectrum may not be sufficient to detect linear
structure. In the next section, we propose a simple algorithm that takes this into account. In a first
step, frequencies are identified where the amplitude spectrum is significantly larger than 0. In a
second step, the phase shift is estimated using theses frequencies only.

4.2. Algorithm

A data-driven algorithm for estimating the regression cross spectrum can be defined as follows.

1. Choose a wavelet basis {qﬁl,k(x), 1//j’k(x), J.k,leZ, j>l}andthresholds 4;, j =1, ..., Jy,
according to Eq. (10), and estimate f,,» = 1, ..., p. This step can be carried out, for instance,
using the function WAVESHRINK in the S-Plus wavelet module.

2. Apply the fast Fourier transform to obtain

1 s -y
ar(j) = . DAy =1, p,

=1
and calculate the regression cross spectrum
hrs(j) = ar())as(j)
and estimators of the amplitude and phase spectrum (Section 3.4.2). .

Estimate the cross spectrum /. 5 (0) of €(i) from the estimated residuals € = Y —f.
4. Use Eq. (16) to calculate a2 ( j) and determine the set

K;rs

J* = {j LR () > Crs - ,/ai;”,(j)}

for a suitably chosen c.,s € R.
5. To estimate the phase shift, apply a local robust regression to the points {(j, ¢,,(j)) : j € J*},
taking into account possible 27-jumps.

bt
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4.3. Examples

The application of the asymptotic results and the practical performance of the algorithm are
illustrated by two data examples.

4.3.1. Simulated example
The trend function f(x) = (f1(x), fz(x))T (x € [0, 1]) is defined by

fi(x) = —sin(4nx) — sin(107x) — sin(207x) — sin(307x) — sin(517x),
Hx) = fitx +A),

and
A =0.03125.

Moreover, €1(i), e2(i) are iid N (O, ag) with 0'? = 4 and €, e independent of each other.
Fig. 1 shows the simulated series (Figs. 1a, b), the true trend functions f; and f> (Figs. lc,
d), and the true regression cross spectrum in terms of the amplitude (Fig. 1e) and the phase
spectrum (Fig. 1f). The sample size is n = 2048. For better visibility, only the lowest 80 fre-
quencies are used in the spectral plots. The estimated spectral modulus and the phase spectrum
between fl and fg, obtained by wavelet thresholding with s12-wavelets (see e.g. [7,8]) and /;
as in Remark 3, are displayed in Figs. 1g and h. While the common frequencies are identified
quite accurately, the linear structure of the theoretical regression phase spectrum is lost almost
entirely in its (unweighted) empirical counterpart. However, if we consider only values of (;5 12
where fc’fz( J) exceeds four times its standard deviation (horizontal line in Fig. 1g), the linear
structure can be identified. In Fig. 1h, the five frequencies corresponding to the five highest values
of k7, (j) are marked by black squares. The estimate of the phase line based on these frequencies
is very close to the true line.

To check the accuracy of our estimates, a small simulation study was carried out. For n =256,
512, 1024 and 2048, 500 series were simulated, and the spectral density and the lag between f]
and f, were estimated. Fig. 2 shows a comparison of the simulated standard deviation of &7, ()
and the values of oy 12 (Eq. (16)) calculated by plugging in the true and the estimated functions
fj»respectively. The standard deviations are fairly close together for n = 256 and almost identical
for n = 2048. This confirms the theoretical results.

Detailed results for the lag estimates are listed in Table 1. Boxplots in Fig. 2 illustrate the fast
convergence of A to the true value A = —0.03125. Note that for small sample sizes, the true
frequencies in the amplitude spectrum might fail to show up due to insufficient accuracy of the
trend estimates. In particular, high deterministic frequencies may be hidden or smoothed out by
the shrinkage estimate. Moreover, the true lead-lag structure may not be detected due to effects
of the noise component. In the example here, a reliable estimate of A is obtained for n = 512,
whereas n = 256 seems to be too small.

4.3.2. ECG data
We consider a trivariate time series consisting of electrocardiogram (ECG), blood pressure (BP)
and the cardiac stroke volume (SV) measurements of a sleeping patient, recorded at the Beth Israel
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Fig. 1. Simulated series (Y7, Y7) of length n = 2048 (a, b), true trend functions (f1, f2) (c, d), amplitude and phase
spectrum (e, f) and estimated amplitude and phase spectrum (g, h). The horizontal line in g represents 4./var (i (j)),
the solid line in h corresponds to the estimated phase line.

Table 1
Detailed summary of the lag estimation for various sample sizes, in each case running 500 simulations.

n 256 512 1024 2048

True value —0.03125 —0.03125 —0.03125 —0.03125
Median —0.0337069 —0.0317893 —0.0312525 —0.0312118
Mean —0.0429855 —0.0319160 —0.0312776 —0.0311385
Std. dev. 0.1490462 0.01350248 0.00311929 0.00208201
MSE 0.02768125 0.00417189 0.00391940 0.00389665
Skewness 0.78195065 0.48571213 0.01500243 0.18100068

Deaconess Medical Center in Boston [11]. The data are represented in units of S0 mV (ECG),
50 mmHG (BP) and 50 ml (SV). The observational period consists of n = 8192 observations
recorded at a rate of 200 observations per second. A detailed description of the data set can be
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Fig. 2. Simulated, estimated and true asymptotic standard deviation of the amplitude spectrum. Boxplots of the lag
estimates are also given for n = 256, 512, 1024 and n = 2048.

found in Ichimaru and Moody [14]. For better visibility, only the first 1000 observations (5 s) of
the raw time series are displayed in Fig. 3. The analysis is carried out for all 8192 observations.
As expected, all time series mainly consist of a deterministic almost periodic movement, with a
period of about 200 observations, indicating a heart rate around 60 beats per minute. The ECG
signal starts with a small bump indicating the atrial contraction and is followed by a sharp peak
representing the contraction of the ventricles. The third peak represents the repolarization period.
At the same time, contraction of the ventricles causes the SV to increase up to a peak value,
after which it falls back to its minimum shortly after the repolarization. The growing amount of
blood pushed into the arteries also induces a rise in BP. The ECG receives information directly
from the heart whereas the BP is measured by a catheder in the radial artery. Therefore, the delay
represents the time it takes the pressure wave, initialized by a heart beat, to reach the catheder.
Consider now the regression cross spectra in Fig. 4. All three amplitude spectra reveal dominating
common frequencies around j = 40 indicating a common period of length around 1 s. Moreover,
the phase spectrum of ECG and BP exhibits linear structures over certain ranges of frequencies.
The phase spectrum between ECG and BP for the interval j € [34, 40] is drawn in the lower
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Fig. 3. Electrocardiogram (ECG), blood pressure (BP) and cardiac stroke volume (SV) of a sleeping person over a period
of 5 (1000 observations).

left panel of Fig. 4. We see an almost perfectly linear structure in the phase spectrum and the
estimated phase shift is about 26 time units indicating a lead of BP against ECG. Note, however,
that for the corresponding dominating lag the regression cross correlation is negative. This effect
can be noticed visually when comparing e.g. local maxima of the BP signal with minima of the
ECG signal after the repolarization period (local maxima of the BP occur shortly before the ECG
signal reaches its minimum). Due to the physiological fact that the peaks in ECG representing
contractions of the ventricals are constantly around 94 data points away from the minimum after
the repolarization period, we estimate a lag between the contraction of the ventricals and the
maximum of the BP of around 94 — 26 = 68 time units which is equivalent to a time delay of
340 ms. A similar analysis between ECG and SV results in a lead of the ECG signal of about 11
data points or 55 ms.

5. Final remarks

We defined the regression cross covariance and cross spectrum for multivariate deterministic
trend functions. This is a nonparametric multivariate extension of an analogous concept used by
Grenander and Rosenblatt to obtain asymptotic results in the context of parametric regression.
The usefulness of the nonparametric regression spectrum goes far beyond a purely mathematical
device. It can be used as a data analytical tool to identify common frequencies and lead-lag effects
in multivariate time series with strong deterministic components. The physiological series con-
sidered above is a typical example. Other examples can be found, for instance, in high frequency
data with a strong daily seasonality and a large number of intra-day measurements. The greatest
challenge appears to be estimation of the phase spectrum. The question in how far more accu-
rate methods than the algorithm proposed here can be devised, will be worth pursuing in future
research.
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Appendix. Proofs

Proof 1 (Proposition 1). For u>0,

Py (—tt) = (frC—w. fo) _ Fxw. 1) o
LA £l TR R

Hence p, is Hermitian. Consider now p,., u1, ..., u, € [0, 1], and let 01, ..., 0, be arbitrary
coefficients in C. Then

n P NTFTS o
SN gy s - = 330 [ fr(x +ui —uj) fy(x)dx 7.
Pyl gt I, \/flfr(x)|2dxf|fy(x)|2dx
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Since the denominator does not depend on i and j, non-negative definiteness follows from

/Zzeifr(x +”i)zzejfs(x+”j)dx:/ DO 0 fr(xtui)
r i s j

rooi

2
dx>0. O

Proof 2 (Lemma I). The proof essentially follows directly from Theorem 3 in Brillinger [5]. To
see uniform convergence of r(n) consider

cov (fr(x). fs(3)) =Y cov(Bu k. By by 4 (X) by 10 () (18)

kK’

+ 3 cov @B B W e () (19)
j’k’jl’k/

+ 37 cov G b, Bk OV () (20)
k j/ k/

+ 3 cov @B L W )y (). @1
Jik K

The remainder r(n) essentially consists of terms with (j, k) # (j’, k). Separate e.g. (19) into
~ r) . ()
Z ZCOV (wﬁr])( ] ko w(s,)k/ﬂ-/’k/)lﬁj,k(x)lﬁj/,k/(y)
Joi' < Jo kK

Y Y cov @Bk BB W G ). 22)

J>dovj'>Jo kK

For j, j' < Jp and suitable constants Aj and A;, we have

Jo

- - ()
E E cov(w;’iﬁ/k’ (j)k/ﬁj,!k,)[pj’k(x)tpj/’k/(y)
JET kA

Jo
o ) . (s)
<Y loov BB DBl - 2222sup{¢<x)}
I kK

Jo
~(s)
<ar 3 Y leov BV B hoRi2s
J#J k#FK

Jo
<A Y Y w202l =07,
AT kAR
Now for j > Jo or j/ > Jy, we have, recalling that |cov (/A?y,){, Bifi?k,ﬂ = 0(2//22/'2n=2) for
(J, k) # (' K,
r) . (s)
Yo Y oV @B B Wk GOV ()

j>JoVvj'>Jo k,k’

(r) ) 5O <A>
<X X eov@ B i By)

j>JoVj'>Jo k,k

Wk GOV jr ()]
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(5) . .
< Y X feovdi B - a2l

j>Jovj'>Jy k,k’

<A™ Y 2720 suplyx)?)
> Jov s o x

= 002%"n™?), (23)

uniformly in x and y where A, A; are suitable constants. [J

Proof 3 (Lemma 2). As mentioned in Remarlg 6, Brillinger shows that for each r, 1 <r < p, the
variance of the thresholding estimators, var ( f(x)), is of order n~!. To indicate its dependence
on Q, we write ¢ )(a) x) instead of ‘¢, e (x). Define X := [0, 1], let u be the Lebesgue measure
on (X, Fy) and denote by Fq, the o-algebra generated by the open subsets of 2. We consider the

product space (2 x &) with o-algebra 7 = Fo ® Fx and corresponding measure P ® p. Due
to the uniform convergence of var [ f; (x)],

/ /(zf;)(w,x) — E[R"(w,x)])?dPdx — 0
X JQ
and
n/ f@”(w,x) — E[&7(w, x)])?dP dx = 0(1).
X JQ

This implies
/ /Eﬁ”(w,x)zdp dx = 0m™"). (24)
X JQ

Note that X’ is a finite interval so that (P ® u) (2 x X') < 0o. Square integrability in finite measure
spaces implies that

/ f € (w, x)|dP dx = O(n~"?).
X JQ

Due to the existence of both integrals we can apply Fubini’s theorem so that

/ / |E§l’)(w,x)|dde —- 0, n— oo.
QJX
Define the random variable z,, = fX |€n )(x)l dx. Then z,, >0 for all n and E[z,] — 0. Hence,

E',gr)(w, x)dx — 0
[0,1]

almost surely. [

Proof 4 (Theorem 1). Without loss of generality it suffices to show that the theorem is true for
real-valued functions f, and for non-negative values of u. By adding and subtracting terms, we



704 J. Beran, M.A. Heiler / Journal of Multivariate Analysis 99 (2008) 684714
split the regression covariance into four terms

= /01 (fra+w = fre+w) (A - fiw) dx,

= [ n w0 (7w - fw) i

(11D = fol (S +w = fw+w) fitodx,

Iv) = /01 Sr(x +u) fs(x) dx.
The functions f, and f; are bounded and of bounded variation. Then

) < A /E,&”(x +u)dx,

which tends to 0 almost surely according to Lemma 2. The same holds for term (IT). Moreover,
the Cauchy—Schwarz inequality implies

f(fr(x +u) — fr(x +u)) (fs(x) _ fs(x)> dx

1 1
< ( / o+ u) — fo(x+ )2 dx) : ( f (i) — fs(x)>2dx) " (25)

The proof of Lemma 2 shows that both factors converge to zero almost surely. Therefore,
“ p[!
Vrs (W) —>/0 Jrx +u) fs(x)dx =y,3u). U

Proof 5 (Theorem 2). Recall, that

Dy () = 95 () = / [fr (x4 w)E (x) + 20 (x + u) fy(x) + 7 (x + u)e (0] dx.

Hence,
lim 72 cov (s (ui), g (1))
= lim nE [ f (e G+ w8 () + £ R G+ ) + 8 (6 + )8 (1)) dx
x f (f O+ U o) + LG +up) + &6+ e ) dy}
—: (1) + (ID) + (11D,
where

Tim n {ELJ £G4 ) £+ )2 (07 () dx dy]
_ FELJ £ fr(y +uj)a (o + ui)e” (v) dx dy)
@M= ~(5) - \~(r)
FEL G+ ui) 5008 F (v 4+ ) dx dy)
FEL £ o0 @ (v + ) ddyl]
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Tim o ELT G @l 07 3+ el () ddy)
_ HEL £ @+ un)@ (v + u)E (v) dx dy)
= =) (Y2 =)
+E[f fr(y+uj)a’ ()& (x 4+ ui)é’ (x) dx dy]
FEL] S0 v+ u el (e un@l? () ddy |
() = lim n {E[ / / & + uiey) (Ve (v + u ey (v) dx dy]}

Consider just one part of the sum in part (I). Due to Fubini’s theorem

lim nE [ / frGe+u) fr(y +u ,-)é”(x)zf;”(y)] dxdy

’

= lim n / FrGe+ui) fr(y 4+ u)) E[6S ()& ()1 dx dy

= [[ #tu gy lim nEE CE )1 dxdy. 26)
where the second equation is due to Lebesgue’s theorem. By applying the results of Lemma 1,

0= [[ fite+u0 sty up) fim neov (£, £0) dxdy

= // Srxe+ui) fr (v +uj) | 21h s (0) Z 1 ()b (¥)
k

+ 2o ) Y W W) + 0 | dxdy.
j=lk

Rearranging the sums and integrals results in

2 O Y [ 5+ w0 dn [ 50w dy
k

+2rh 0 (0) Y wh) / frGe+upy g (x) dx / o +upy; () dy

j>lk
+0(m™.

Analogous results for the other parts of (1) yield 6,4 (u;, u ;). It remains to show that the remaining
parts converge to 0. By Lemma 2, [ (x)dx — 0 almost surely with rate n~1/2. Then (24)
together with the Cauchy—Schwarz inequality yield [ T (y+u j)Eff) (y)dy = 0,(n~"). Hence,

lim n|E [/ frx + ul.)g;lx)(y)g;lr)(y + ”./)%',(f)(x) dx dy:H

n— oo

< lim n- AE /|%§f>(x)|dx

n— oo

/Eff) (v +u Y () dy‘

=0,(n"1/%) =0p(n~h
=0.

Analogous considerations imply that (III) converges to 0. [
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Proof 6 (Lemma 3). Consider the shrinkage estimator

fi) = Z“z )b () + Z S DB (). 27)

j=l k

As above, let Jy be the largest number such that the corresponding resolution component of f;
contains at least one non-zero coefficient. Hence,

— fo) = Za(S)¢l,k(x) =Y i (x)
k

=:5(x)
Jn ) Jo
A (5) B (5)
3D BB 0 = DD B )
j=l k j=l ok

=:D(x)
= S(x) + D(x).

Inserting the empirical Fourier coefficients yields

1 n
S@) =)0 | =D ¥ewyg(u/n) - oc,“,i} 1)
u=1

kL

1 & s
=20 | = Do) — EWYs )]+ ELY )by (u/m) — ,3] ()
u=1

1 n
=D | 5 (e u/m) + fyu/m)y i u/n) = ocl(f,i} b1 4. (x)

k L u=l

l — 1 & ;
=D 6 Y b/ mr () + 3 [; > fu/m)yu/n) — aE,Z] by ().
u=1 k k

u=1

Now

1 & !
‘;Zfs(u/n)%k(u/n)—/o Js )y 4 (x) dx

Z Ssu/n) gy g (ufn) — o jj” v (28)
where V () denotes total variation (see e.g. [19]). Hence,
S(x) = Ze; (w) Z«m c/m)y () + O™, (29)
For  large enou;h 1such that J, > Jo:
D(x) = JZ Z DB ) — JZ ;ﬁﬁfi%,k(x)
J
- Z > OB = B a0 + Z S B ). (30)

j=Jo+1 k
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Now,
o )
YD @B — BV )
ik

=Z<“” ijk(u/nw(u) BV (x)
J-k

u=1

1 n
= {wﬁfi [; > Wk /n) (Y w) — ENY )] + E[Yy (u)])} - ﬁ?}} Y )

:Z{ws Zw,k(u/mes(uwww Zw,k(u/n)fs(u/n) ﬁ(”}%,k@c)
k

Il
~. ~.
=~

y 1
i Z Ve m)es (Y 4 (x) 3D

+Z () Zw,km/nm(u/n) BOIW (). (32)
J.k

For the term in (32), we have

lzwj’k(u/n)fsm/”)_ﬁyi < (lﬁ/kfv
n =

n

where the total variation is A - 2% with A a suitable constant. Consider now the binary ran-
(S) . We distinguish between the cases ﬁ(s = 0 and ﬂ(s) # 0. In the first case,
n~! oy lpj’k(u/n)fs (u/n) = (22n’1). Recall that j < Jp. This implies that (32) converges
in probability to 0 and is of order O, (nH.If ﬁ(s) # 0, consider first the case W (S) = 1. Then,
the rate of convergence in Eq. (32) is n~!. Moreover,

R O G
P (” =1)=P(IBj 4| > 4 -/var (B; )) — L.

This implies that there exists a sequence of subspaces 2, 1 Q such that P(€2,) — 1 and

dom variable w

P(A(s) llw e Q) = 1.

Define Q) = Q — Q,. Then, for a suitable constant A,

P(“” Zw,kut/n)fs(u/n) SRS

_P<
+p<

— 1.

~

(lpj,kfs)
n

A~ (s ; ( .’ fv)
<> lejk(u/n)fs(u/n) Bix| < l//;]qk

~

Qn> P(Qn)
QZ) P(€2)

~ (s . VO f)
() le]k(u/n)fv(u/l’l) ‘Bii l//’]/l,kf

ul

X
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Term (32) contains a finite amount of coefficients [fﬂ # 0 so that convergence is uniform
(=0, (n~1)). The second part of (30) is given by

Jn
A~ (5) 5(8)
Yo DB ). (33)
j=Jo+1 k
Forall j, k € Z, [3% is a root-n consistent estimator for [i(f,)c (s=1,...,p)and forall j > Jy,

/3;5,)( = 0. With the preliminary remarks of Section 3.2 about var ([Ail(js’i), consider the estimator

ﬁ)ﬁs,){ in the case w;S,)f =0.

. ~(5) ()
P@) = 1) = P(B; il > ;- var (B} )
~(s) . ~()
= P(ﬁ|ﬁj,k| > Jj/n -/ var Bjx)

A (s)
< P(lBjyl > Al

~($)
< PWnlBjil>m —0

for a suitable constant A and > 0. Convergence is uniform in j so that (33) can be neglected
asymptotically. Rearranging (31) and combining this with (29) yields the desired result. [l

Proof 7 (Lemma 4). It is sufficient to show the assertion for positive values of u.

1
Vg ) = 5, (w) = \/E/O [fr(x+ M)Ey)(x)

+ £ O (x + u) + 20 (x + u)e (x)] dx.

Applying Lemma 3, the first part leads to

1 n
Vn / Frxtuy | =3 ) D0 dyau/my (o)
u=1 k
1 n
D) YD /() + Op () | dx
u=1 J.k

1 n
= LS e Y ) / £+ 1)y () dx
NZPIREDD
1 <& ,
o Do Y0/ [ e g p0dx 0,071
u=1 J.k

n
=: Zes(u)w,g‘le +0,(n™ %), (34)
u=1
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()

where w;, ,, is a triangular array of partly deterministic weights given by

1
(s) .
Wy p = \/ﬁ Ek ¢l,k(u/n)/fr(x+“)¢l,k(x) dx

+ Z w(f) ‘//j’k(u/n) / frx + u)zﬁj,k(x)dx
Therefore,

\/_/fs(x)’“(r)(x+u) Zﬁr(u)w(’) _|_0 (n—l/z)

where

1
" ~
Wy, n N §k i(bl,k(”/”) / fs() Py (x +u) dx

1
+ > wl cu/n) f Fs QO 4 (x4 u) dx.
j.k
As a result of the proof of Theorem 1
nfsz)(x + u) e x)dx = 0,(1).
It follows that

NGy ) = 9,5) = Z W er ) + wihes ) + 0,1,

2n
=Y cwl, + 0,71,

u=1

709

where €f = €,(u),u =1,...,n,and € = e(u —n),u =n+1,...,2n, with the weights w;’n

defined accordingly. Denote by By, (u) the random part of w,”, Then,

wl = Ay () + By () = Ay () + By (u) + (B (1) — By (u)),
with

Ap(u) = % zk:(ﬁl,k(u/”) / frx +u)dy p(x)dx,
. 1 (s
By(u) = ﬁ Z D0 /) f frle+ iy () dx,

Ba(u) = Zw‘”w, i) [ f 00 a,

Z eswl) = Z e (An(u) + By()) + Y €5 ) (By () — By(u))

(35)
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and

n

Y s Bate) = Bya) = Z D@ —wibv ()00 | e, @6

u=1 u 1| j.k

where b&r,)c = [ fr(x + ), (x) dx. Since
A(Y) (s)

e =g o~ Lo
wj, J {|/5;.4,1\>\/mm (1B%)1>0)

(36) only contains non-zero elements for those indices (j, k) where either | [A?;S;J >,/ var (Z?ﬁ)/l i
and ﬁ(S) =0or |[A3§S,)(| < 4/ var (ﬁ] k)ij and B(S) # 0. Consider first (j, k) with B(S) # 0. Since

P A(S) =1 -1, w(s) (S) — 0 in probability. Convergence is uniform in the set of (j, k)
with ﬁ # 0, since this set is ﬁnlte For ﬁ(vi =0,

(36) = ) Bu(wes ).
u=1

and P(w(s) 1) — 0 uniformly in j, k. Consider B, (u) for the case u = k2~/ with (j, k)

arbitrary. In this case there is at most a finite number of b(r) # 0. For each 7 > 0 and a suitable
constant A,

P(NaB,w)| > 1) = P ZZ“”M( e

Jo
<Plad Y i =n|—o. (37)
ik

Consider now u # k277 . For sufficiently large n there exists an integer k such that |u —k -27/| <
2~/r_ For suitable constants A, As

f fr(x+uw; (x)dx — / frix + k2"")¢j,k(x) dx

<Ay ~2f/2/|fr<x+u) — frlx + k27 m)| dx
<A1 2P sup | fr(x 4 u) = fr(x + k27 - |u — k27
X

<Ay 27 0.
due to Assumption (A2). Therefore,

p meﬂ(( )bm -1
<P

.k

0 (5 [/Ifr(x+k2 J)W]k(x)dx|+A22_J":| >4
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<P > ]0%w. %)L/lﬁ(x-+k2—hwﬁk00dxl> x (38)
Jj.k
e[ N
+P Azsz “w,k( ) >5 (39

j.k
(38) converges to 0 in probability according to (37). Moreover,

Jn In
- n u n - i n
P[22 > [0y, (;) > 2| <p(ja2 327 > 2] —o.
Jj.k J
so that P(ﬁén (u)] > n) — 0. Since eif) form a square-integrable martingale difference ar-
ray with constant variance, n=? >, es(u) converges in distribution to a normal variable and
Doy B,(u)es(u) — 0in probability. Combining all cases, ), esw)(B,(u) — By(u)) — 0in
probability so that asymptotically the second part of the sum in (35) can be neglected. Hence,

w,(, ),, reduce to the deterministic weights:

1
= A0+ B0 = 72 D gt [ w0 dn

Z w(S)[pj «/n) / frix + I,t)l/// c(x)dx.

Similarly, wu ,, can be replaced by w,% and hence also w; , by wy; . Defining o% s=var[) . _,

W} ,€i1, we have 02 — a,(u, u). Since wﬁs,)( =0,j> Jo,

1<u<n gug

1
max |w (V) )| = ﬁ Z ¢ i (u/n) / frx +u)dy p(x) dx
k

Zw(”x//jk(u/n)ffr(x+u)¢]k(x)dx
< ﬁ;/ | Ge + )y ()| dx

A
5 %}/ | fr (e + w6 dx,

=0@m '),
where A is a suitable constant, we have

max |w; ,|= max |w(’) —}-wffm — 0.
1<u<gn ’ I<u<n

From Theorem 2 and the approximation of wy , by wy , we obtain var >, w
Hence,

o(l).

*
u,n u]_
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Then Theorem 4 in Beran and Feng [2] together with (A3) imply

Z :-}un u dN(O 1)

and hence
\/ﬁ(’j)rs (u) - Vrs (Lt)) _d) N(Ov Ors (u’ M)) D

Proof 8 (Theorem 3). Applying the Cramér—Wold device, we show that for any constants 0y,
I=1,...,q9,q9 € N, not all equal to zero,

q
n% Z 01(3\)”(141) - Vrs(ul)) _d>N(0, 62),

=1

q 49
where & := Y 3" 0,0,,0,5(us, up) > 0. Note that
q l=1m=l

q q
n2 Y 01 () = 9 () =n3 / [%f;”(x)ZOzfr(x +ur) + fi(0) Y0/ (x + up)
=1 =1

=1

=:A =:B
q
&0 Y0 (x + un] dx. (40)
=1
=:C

As shown earlier, the first part (A) can be written approximately as

n

q
S [ w8 S dueusm 300 [ £t w0 d
k =1

u=1

q
S0/ 00 [ S dx |
jik =1

where the term in brackets is a weight function for the individual €, (). We denote the weights by

wb(fn and the analogous welghts of term (B) by w ) . As above, (C) converges to 0 almost surely.

Note that 7 := \/var D wu n er )+ wu n e (u)] Then a simple consequence of previous
arguments is that

5%)
|wun +wun|
max ———— — 0.

1<u<gn g
Hence, the Central Limit Theorem for the weighted sum holds such that
Zw fr(u)+2w(Y q(u)—)N(O 7).

By applying the Cramér—Wold Device, this is equivalent to finite collections of 9,,(u) being
asymptotically jointly normal with mean zero and covariance matrix (o,(u;, upm)), I,m =
1,...,q,1e.

13 (s (W) = 7,5 W)= N (O, (0 (1, U <im<q) U (41)
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Proof 9 (Theorem 4). Let P, be the probability distribution of y(”)(u) in C[—1, 1] with corre-
sponding o-algebra C and let C[—1, 1] be given the uniform topology induced by the metric
d(f.8) = sup_j<,<1 | f(t) — g(t)|. Then for any Borel subset B: P,(B) = P(3" (u) € B). It

remains to prove tightness of the family P, of probability distributions of y(") (u) [4]. Define the
modulus of continuity of an element f € C[—1, 1] by

wr(0) =w(f,0)= sup [f(s)— f(H], 0<0<2.

|s—t|<0
Then the sequence { P, } is tight if and only if
(1) for each positive 7 there exists a constant A such that
P3O > A<, nz1, 42)
(ii) For each positive 7, and 15, there exists 0 (0 < ¢ < 2) and ng € N such that

Pawyn(®) > n) <y, n=no. (43)

We first note that the probability distributions of }g’) (0) are tight.

9%@=/ﬁmﬁmw+/ﬁm¥wa
- f fs VD (x) dx + / T () (x) dx.

Lemma 2 shows that all parts of the sum in 7, ")(O) converge to 0 almost surely except [ f;(x)
fs(x) dx. Tightness of )7(")(0) is not influenced by f fr(x) fs(x) dx and each of the other parts
of the sum converges to 0 in probability due to Lemma 2. This implies that for each A > 0 and
each n > 0 there exists an ng € N with e.g. Py (| f fs (x)’éf,r)(x) dx| > A) < n for all n >ng. For
the first indices 1,...,no — 1 the statement is trivial since finitely many random variables are
always tight. For the second condition note that Wi 0) = SUP|yy—u; <0 |9, (u2) — 9, (u1)]. The
continuity of the integral together with the results of Lemma 2 imply that there exists an ng such
that condition (ii) is satisfied for all 7y, 17, > 0.

Therefore, P, is tight such that /”) (u) converges to a Gaussian process where the finite dimen-
sional distributions are given in Eq. (41). 0

Proof 10 (Theorem 5). Define X, (1) := /n(j,,(u) — 7,,()). The preceding discussion has
shown that X,, is a random element in C[—1, 1] that converges in distribution to a stochastic
process whose finite dimensional distributions are asymptotically normal. Theorem 5 then follows
by the continuous mapping theorem (see e.g. [18]).
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