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Interpolation methods are introduced which have specific application in the
function space setting. The methods are indexed by (p; 7} or (p; k), where p is
a rearrangement-invariant norm and j and k are natural modifications of the
J- and K-functionals of Peetre. Theorems of interpolation, equivalence,
stability, and duality are established under simple restrictions on the indices
of p. Applications are given (in Part II) to the interpolation of weak-type
operators and, in particular, to the Hilbert transform and the conjugate operator.
In part I11, the p-methods are used to establish generalized Hausdorff~Young
estimates for the Fourier transform.

1. INTRODUCTION

The various interpolation methods for pairs of Banach spaces have
found widespread applications in areas such as partial differential
equations, approximation theory, and harmonic analysis. However,
while these methods have their origins in the classical interpolation
theorems of Riesz-Thorin and Marcinkiewicz, they have had little
systematic application elsewhere in the function space setting. Thus,
the existing interpolation theorems for Banach function spaces
(cf. [7,9,13, 14, 22]) were all established by means of function-
theoretic techniques.

In this series of papers we introduce the p-methods of interpolation
and give various applications, some of which are outlined below.
The methods are indexed by (p; J) or (p; k), where p is a rearrangement-
invariant norm on (0, o), j is an indefinite integral of Peetre’s
J-functional, and k is the derivative of the K-functional. The resulting
theory is less general than that of the ¥-methods proposed by Peetre
[19, 20] but nevertheless appears to be adequate for function space
purposes. Moreover, there is a gain in precision in the sense that the

409
Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82454356?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

410 COLIN BENNETT

rather awkward conditions imposed on ¥ in [19-21] reduce in our case
to simple restrictions on the Boyd indices [7] of p.

Our main results are listed below. Compatible couples of Banach
spaces are denoted by (X, , X,), (Y;, Y),), etc., and p is a rearrange-
ment-invariant (r.1.) norm whose indices (8, «) are unrestricted unless
otherwise stated. To avoid repetition, we refer to the text of the later
sections for the other notations not described here.

THEOREM A. The space (X, X,),,; s intermediate between X,
and X,:
Xl N X2 < (Xl s Xz)o;k c Xl + X2 .

The same inclusions hold for the space (X, , X,),;; .

TreoreM B. The spaces (X, , X,),;, and (Y,,Y,),; are inter-
polation spaces with respect to (X, , X,) and (Y, Y,). The “convexity
tnequality” for the various operator norms is

M < MMy M),
where h is the indicator function of p.
There is a similar theorem for the (p; j) spaces.

Tueorem C (Equivalence Theorem). If the indices of p satisfy
0<B<<a<l, then

Xy, Xz)o;i = (Xy, XZ)o;k s
with equivalent norms.

TueoreM D (Stability Theorem). Let (X, , X,) be a compatible
couple, and let Y;, i = 1,2, be intermediate spaces of X, and X, of
class #(0;; X, , X,), where 0 < 0, < 8, < 1.

(a) Suppose v is a r.i. norm whose indices satisfy 0 < B, <
a, < 1. Then there is a r.i. norm p whose indices are given by

B, =Bl —6) + (1 — BN —6a); o, =l — )+ (1 —o)l—0)
(1.1
such that (X, X,),., = (Y1, Yy).1 » with equivalent norms.
(b) Suppose p is a r.i. norm whose indices satisfy 1 — 6, < B, <
a, << 1 — O, . Then there is a t.i. norm v whose indices are given by (1.1)
such that (X, , Xp),. = (Y1, Yy).i , with equivalent norms.



INTERPOLATION METHODS. I 411

TuEOREM E (Duality Theorem). Suppose (X, X,) is a conjugate
couple, and let p be an absolutely continuous r.i. norm whose indices
satisfy 0 < B < o < 1. Then

(Xa, Xz)t;a‘ = (Xz*a Xl*)ﬁ';k = (X2*’ Xl*)p':j = (Xl ’ Xz)f:k s

with equivalent norms, where p’ is the associate norm of p. If, in addition,
X,, X, and p are reflexive, then so are (X, , X,),;; and (X, , X;),y -

Calderon’s theorem [9] for the pair (L, L) follows directly from
Theorem B.

THeoreM F (Calderdén). Let p be an arbitrary r.i. norm. If a linear
operator T is bounded on L* (into itself) and on L™, then T is bounded
on Lr.

We remark that in the proofs of these theorems, only the most
elementary properties of the indices are used, and nowhere do we need
to draw on existing interpolation theorems. This is quite crucial of
course since we intend using the p-methods to derive interpolation
theorems for r.i. spaces.

In Part II of the paper (cf. [3]), we consider the interpolation of
weak-type operators; we indicate also some partial results concerning
strong-type interpolation (cf. [14]). A r.i. space L* has the weak
interpolation property with respect to L? and L% if every linear
operator of weak-types ( p, p) and (g, ¢) is bounded on L*. A necessary
and sufficient condition for this is that the indices (8, «) of L satisfy
gl < B <a<pl atleast when 1 < p < ¢ < oo and the under-
lying measure space is a subspace of the real line or the integers
(cf. [7]). The case ¢ = oo is exceptional in that the restriction on B is
removed altogether (we might expect to have 8 > 0). The difficulty
arises because there is no satisfactory notion of an operator of weak-
type (o0, o). It is therefore conventionally agreed that weak- and
strong-type (o, o) shall mean the same thing.

However, in practice, one deals not with operators of a single weak-
type but rather with operators that are simultaneously of two distinct
weak-types. Given that point of view, we define in a natural way the
class W( p, o) of operators of simultaneous weak-types ( p, p) and
(o0, ©). The corresponding classes W(p,q), 1 <p < g < o0,
correspond to the usual definitions. Closely related are the classes
AW(p, q) of operators of averaged weak-types (p,p) and (g, g).
Boyd’s theorem now reads: A necessary and sufficient condition that
each operator of class £( p, g) (or AW( p, q)) be bounded on L* is that
g <B < a<p?, where ] <p < g < oo
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Both the Hilbert transform (on the line) and the conjugate operator
(on the circle) are of class AW(l, ) so, by interpolation, they are
bounded on every r.1. space L° whose indices satisfy 0 < 8 <L o < 1
(cf. [6, 10]).

In the third part of the paper [4], the p-methods are used to derive
the generalized Hausdorff-Young theorem established by the author
in [2] (we also remove the restriction that the indices be equal). A
similar application leads to estimates for the Fourier coefficients of
functions of class L(log* L)?, p > 0. The special case p = 1 reduces
to the classical theorem of Hardy and Littlewood [11, Theorem 1].

2. REARRANGEMENT-INVARIANT NORMS

Let 4+ (resp. #) denote the class of nonnegative (resp. complex)
Lebesgue measurable functions on the half-line Rt = (0, o), and
denote the decreasing rearrangement of a function f in .4~ or 4 by
f*(cf. [7, 9]). We shall write (£, g> for the inner product fo f(®) g(t) dt.
The characteristic function of the interval (0, t), where t > 0, Wlll be
denoted by y;, and when ¢ = 1 we shall write y for y, .

A rearrangement-invariant norm (r.. norm) is a functional p:
M+ — [0, o] which, for all f, f,, g€ A+ and all scalars ¢, A > 0,
has the following properties (cf. [2, 7, 15, 16, 17]):

p(f) =0<f=0ae;  p(f) = M(f);

o(f +8) < p(f) + ple)s 2.1)
f<gae. = p(f) <plg) (monotonicity); 22)
p(f) = p(f*) (rearrangement-invariance); 2.3)
plxe) < oo;  {fixw < Aplf)s (24)

where A4, is a constant depending on ¢ but not on f;
fotfae = p(fy) to(f) (Fatou property). (2.35)

The rearrangement-invariant space L consists of all (classes of)
functions in . for which p(| f|) < co. It is a Banach space under the

norm | £} = p( £ I). We shall write p( f) for (| f1).
The associate norm p’ defined for g € 4 by

p'(g) = sup{(f* "> : p(f) < 1} (2.6)
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is again a r.i. norm, and the second associate norm p” = (p’)’ coincides
with p [15, 17]. Thus p has the representation

p(f) = sup{(f*, g% 1 p(8) < 1), @7)
from which the important Hélder inequality
KA <AfL1gh <8 <o) r'(8) (2.8)

follows.

The smallest and the largest of the r.i. spaces are respectively
L' N L* and L' + L™, this in the sense that the continuous embeddings
(i.., the identity is continuous)

DNL=CLeCLY 4-L> (2.9)

hold for any r.i. space L. Indeed, the norm on L! + L® is given by

1
1f gy = fof*(t) dt = (f*y), fel'+L» (2.10)
(cf. [8, p. 184]). Hence, by Holder’s inequality (2.8),

1fllp e <P () p(f), felr (2.11)

Passing to the associate spaces and noting that L' N L® and L 4 L*®
are mutually associate [18], we derive from (2.11) the inequality

p(f) <p() 1 flipne, feELPNL™, (2.12)

But, by (2.4), both p(x) and p'(y) are finite so the inclusions (2.9)
follow at once from (2.11) and (2.12).

A r.i. norm p is absolutely continuous if it has the property that
p(f») | O whenever {f,} is a sequence of functions in L° such that
fn {4 0ae. [15, p. 14]. The associate space L*’ is (isometrically isomor-
phic to) a closed subspace of the dual space (L?)* of L?, with equality
when p is absolutely continuous.

TreoreM 2.1 [15, Theorem 3). The associate space L* is iso-
metrically isomorphic to the dual space (L*)* if and only if p is absolutely
continuous. In particular, L° is reflexive if and only if both p and p’ are
absolutely continuous.

An important property of r.i. spaces, and one that we shall use
frequently, is as follows.
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THEOREM 2.2 [16, Theorem 11.7]. Let p be a r.i. norm. If, for all
t >0,

jotf*(s) ds < fotg*(s) ds,

then p(f) < p(8)-
If f** denotes the maximal average

o= e 0<i<

then Theorem 2.2 asserts that
< g* = p(f) < plg), (2.13)

which can be regarded as a generalization of the monotonicity
property (2.2).
For each s > 0, the dilation operator E is defined on L' 4 L® by

(E)E) = f(st), 0<t< oo. (2.14)

THEOREM 2.3. Let p be a r.i. norm, and let s > 0. Then E, is a
bounded linear operator on L° into itself with norm h(s) = h(s) <
max(1, s71).

Proof. If s> 1, then (Ef)* = E,f* <f*. Hence, by the
monotonicity property (2.2), we have p(E.f) < p(f), i.e., A(s) < 1.

On the other hand, when s > 1, we have ¢t = s <1 and
CEf* g% = t{f* Eg*> <sIf* g*>. Hence, from (2.7), p(E.f) <
s7p(f), Le., A(s) < s7L

The function s — A,(s) is called the indicator function of p. Clearly

PES) < hf)p(f),  fels, s>0. (2.15)

3. INTERSECTION, SuM, AND RELATIVE COMPLETION

A pair (X, X,) of Banach spaces is called a compatible couple if
there is a Hausdorff topological vector space & and continuous
embeddings X; C %, X, C %. In this case, both the intersection
X, N X, and the sum X, 4 X, are Banach spaces under the respective
norms

1 flxnx, = max( fil, 1 fllb), feXinX,, G

A lxx, = f=i}}frfz Ak +ifalle),  feXi+ X, (3.2)
(cf. [8, p. 165)).

and
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A Banach space X is intermediate between X; and X, if X; N X, C
X C X, + X, . For any such intermediate space X, we denote by X
the closure in X of X; N X, , and by X the closure of X in X, -+ X, .
Thus X°C X C X. The following elementary identities were noted
by Berens [5]:

X=X +X%5 X, =X"+X;
XNX=X"+X=XnX,. (3.3)

A compatible couple (X, X,) in which X;® = X, and X,* = X,
will be called a conjugate couple. In this case, X; N X, is dense in
both X, and X, so the dual spaces X;* and X,* can be embedded in
a canonical way in the dual of X; N X, . In particular, (X;*, X,*) is
again a compatible couple.

THEOREM 3.1 [1, Theorem 8.III]. Let (X,, X;) be a conjugate
couple. Then

(X N Xo)* = Xp* + X% (X1 + Xo)* == X1 N X%,
where “‘~" denotes “‘isometrically isomorphic.”

Let X be an intermediate space between X, and X,, and let By(R) =
{fe X:||fllx < R} be the closed ball in X of radius R > 0. The
relative completion of X in X, + X, consists of the union X =
Uzso Bx(R), where By(R) is the closure of By(R) in X, + X,.Itisa
Banach space under the norm|| fi|z = inf{R > 0: fe By(R)} [1, Sect. 10].

Note that an element fe X, + X, belongs to X if and only if it is
the limit in X; + X, of a sequence of elements f, € X for which

Sup, ”fn “X << .
We shall need the identity [1, Theorem 10. VIII]:

X, n X)) =X nZX,. (3.4)

A compatible couple (X, , X,) for which X, = X; and X, = X,
will be called relatively complete. This is the case when, for instance,
both X, and X, are reflexive [1, Corollary 10. VI].

4. THE (p;j) INTERPOLATION METHOD

When (X, , X,) is a compatible couple, the J-functional of Peetre is
defined on X; N X, for each ¢ > 0 by

J& )= Jt; f; Xy, Xo) = max(|i fll;, t] fll)s fexXinX, 4.1
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(cf. [8, p. 166]). Note that for any fe X, N X,,

J& i Xy, Xy) = ]t f; Xy, Xo)- (4.2)

It is clear that for each fixed fe X, N X,, J(#;f) is a continuous,
piecewise linear, and convex function of ¢ > 0. Comparing (3.1) and
(4.1), we see that J(1;f) = Hf”x,nx’; in fact, for each ¢ > 0,

min(l, £) | flix,nx, < J(& f) < max(L, )| flix,nx, - (4.3)

Thus { J(2; -): 0 < t < o} is a family of equivalent norms on X; N X,.
For any f € X; N X, , one derives from (3.2) the elementary inequality

I fllxpx, < min(l, 271) J(&; f). (4.4)

Suppose the element fe X, 4+ X, is representable in the form
f={ upays, 4.5)
0

where u = u(t): (0, ©) - X; N X, is strongly measurable and the
integral converges in X, + X,, i.e., Jol u(t)lx,+x, 4t is finite
(cf. [8, pp. 166-169]). For such a representation u of f, define the
j-functional f(s; «) (finite or infinite) by

0 = | " u) dij, 0 <s < oo (4.6)

When p is a r.i. norm, the space (X, , X;),;; consists of all elements
fe X, + X, that have a representation u of the form (4.5) for which
p(j(s; w)) = p(j(-; ©)) < c0. It is a Banach space for the norm

1 fllss = in{p(5(s; )}, (4.7)

where the infimum is taken over all representations u of f.

TureoreM 4.1. Let (X, , X,) be a compatible couple. Then for any
r.i. norm p, the space (X, , X,),,; ts intermediate between X, and X, .

Proof. We show first that X; N X, C (X, X,),;. For each
n=1,2,., let ¢,(f) be a continuous function with support in
(@, , b,], where a, 4 1, b, | 1 as n — o0, such that [q @,(f) dt/t = 1.
For each fe X, N X, , set u,(t) = fo,(t). Then u, represents f and
J(t; u, () = @,u(t) J(¢; f). Hence j(s; u,) = 0 if s > b,, and for all 5,

s ) = 70 ) el < 75 )
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Thus ](s u) < xp,(9) an 1J(a,;f) so using (4.7) we have || fl,; <
p(xs,) @' J(@s f)- Lettmg n — o0, we obtain

1f lois < p(x) ”f’”xlnx2 ) feXinX,. (4.8)

But p(x) < oo by (2.4) so this establishes the continuous embedding
Xl N X2 c (Xl ’ Xz)o:j :

To see that (X; , X,),,; € X; + X,, let fe (X;, X,),,; and let u be
any representation of f. From (4.4) we have

ez, < [ N6z, et < [ min(l, £2) 2t (t)

and a computation shows that the last integral is just j]l, J(s; u) ds.
Hence, by Holder’s inequality (2.8), [|fllx,4x, < p'(x) p(s(s; %)), so
passing to the infimum we have

I egex, < PO Mo s FE(Xns Xodos - (4.9)

Once again p'(y) is finite by (2.4) and the inclusion (X, X,),; C
X; + X, follows.

Before turning to the interpolation theorem for the (p;j) methods
we need some terminology (8, p. 179]. Let (X;,X,)C % and
(Y:, Y;) C % be compatible couples and let X be intermediate for the
first couple, Y for the second. Denote by #(X, , X,; Y, Y,) the class
of linear operators 7: X, + X, — Y; + Y, whose restriction to X;
is bounded from X; to Y; with norm M, i = 1, 2. We say that X
and Y are interpolation spaces (with respect to (X, , X,)and (Y,, Y,))
if each operator T € #(X,, X,; Y, , Y,) restricts to a bounded linear
operator on X into Y (we denote its norm by M).

THEOREM 4.2 (The (p;j) Interpolation Theorem). Let (X;, X,)
and (Y, Y,) be two compatible couples and let p be an arbitrary r.i.
norm. Then (X, , X,),.; and (Yy, Y,),; are interpolation spaces with
respect to (X, X,) and (Y., Y,). Furthermore, if T € H(X,, X,;
Y,,Y,), then

M < Mh(M,/M,), (4.10)

where k is the indicator function of p.

Proof. Let fe (X1 y X;)s:5» and let u be any representation of f.
If TeB(X,,Xy; Yy, Yy), then Tf = [o (Tu)(t) dtft, where (Tu)(t) =
T(u(t))e Y,NY,. Thus

| Tf s < s T) = p ([~ 2 (Twde) dtfe). (411

580/17/4-5
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But J(t; (Tu)(t)) < MyJ(M; u(t)) = M, J(At; v(At)), where A = M,/ M,
and v(t) = w(A~1z). Hence

[ s (Tuy) dift < M, | 08 o)) deft = Myj(s; o).

It follows from (4.11) and (2.15) that
| Tffs << Map(hss 0)) < Mah(3) p(i(5; 0).

Observing that [ u(t) dt/t = [, o(t) dift = f, we can take the
infimum over v to obtain | Tf||,;; < Myh(M,/M,)| f|,.;, and from
this the “convexity inequality” (4.10) follows.

In order to set up the duality theory (Sect. 11), it is essential to have
X, N X, dense in (X, , X,),,; (cf. the discussion in Sect. 3). The next
theorem shows that this is the case whenever p is absolutely continuous.

THEOREM 4.3 (The Density Theorem). Let (X;, X,) be a com-
patible couple, and let p be a r.1. norm. If p is absolutely continuous, then
X, N X, is dense in (X, , X,),.; -

Proof. Let fe(X;, X,),;;. As in [8, Proposition 3.2.8], there is a
strongly continuous function v = o(¢) on (0, o) into X, N X, which
represents f and satisfies p( j(s; v)) << 0. For each ¢, 0 < € < 1, set
fo=[o vdt) dtjt = (/% o(t) dt|t. The strong continuity of v ensures
that f. € X, N X, , for each e. Moreover, f — f. = [, (v(t) — v(2t)) dt/t
S0

1f— fellois < p(i(s3 0 — 2d)) < p(jls; 2)) < 0. (4.12)

Thus each of the functions s — j(s; v -— v.), 0 < € << 1, belongs to L*
and they decrease monotonically to 0 as e — 0. Since p is absolutely
continuous, we find that p( j(s; v — 2)) — 0 as € — 0. It foliows from
(4.12) that f, — fin (X, , X,),;;, as € — 0. This completes the proof.

5. THE (p; k) INTERPOLATION METHOD

When (X, , X,) is a compatible couple, the K-functional of Peetre
is defined on X, + X, for each ¢t > 0 by

K(t; /)= K(t; f; X1, Xp) = f:i}}frfz(\lfllh +tifel), feXy+ X, (5.1)

(cf. [8, p. 167]). Note that
K(t; f; Xo 5 Xy) = tK(t7 f; Xy, Xo), feX + X,. (5.2)
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Comparing (5.1) and (3.2), we see that K(1;f) = || f|lx.+x,, and in
fact for each ¢ > 0,

min(l, ) | fllx,+x, < Kt f) < max(1, ) || flixx,,  feXi+ X, (5.3)

Thus {K(#;-):0 <t < oo} is a family of equivalent norms on
X; + X, . Generalizing (4.4) we have

K@t f) < min(L 1)) (5 /), feXinX,. (5.4)

For each fe X, + X,, K(t; f) is a continuous, increasing, and
concave function of ¢ > 0 [8, p. 167] whereas 'K (¢; f) is continuous
and decreasing. It follows that K(¢; f) has a unique integral representa-
tion of the form

K(t ) — K(O+: f) = f: Ksf)ds, feX,+X,, (55

where k(s; f) = k(s; f; X, , X,) is nonnegative, right continuous, and
decreasing for s > (. We shall restrict attention to those f in X; + X,
for which K(0-+;f) = lim,, K(¢;f) = 0. As the next theorem
shows, this is not always the case.

Treorem 5.1 [5,p. 8]. Iffe X, + X, , then
(a) lim, o K(t;f) = Odf and only if fe X,° + X,;
(b) lim,, t7'K(t;f) = 0if and only if fe X, + X,
(c) lima K(¢;f) = lim,,, t7'K(t;f) = 0 if and only if
fe X0+ X0

Thus, using part (a) of the theorem, we have from (5.5)
4
Kt;f) = [ ksfds, feXp+X,. (5.6)
0
When (X, , X,) is a compatible couple and p a r.i. norm, we denote
by (X, , X5),.;. the space of elements f € X,° + X, for which
I £ llo:e = plk(2; 1)) (5.7

is finite. It is a Banach space under the norm given by (5.7).

Recall that y is the characteristic function of the interval (0, 1) so its
decreasing rearrangement y* is just y. Furthermore, the average y**
is given by y**(f) = min(l, 1), 0 < t < co.
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THEOREM 5.2. Let (X, , X,) be a compatible couple. Then for each
r.i. norm p, the space (X, , X,),.; 15 intermediate between X,° and X,
(hence intermediate between X, and X).

Proof. Forany fe (X, , X,),.; , we have from (5.6)

1 fllxex, = K(15f) = f k(s; £) ds = Ck(s; ), x(s))-
Hence, by Hoélder’s inequality (2.8)

1S lxrx, < 00O p(R( 1)) = P OIS i FE(Xs Xadour» (5:8)

and so (X;, Xp),: C X,° + X,.
On the other hand, any f belonging to X; N X, lies in X;® + X, and
hence satisfies (5.6). From (2.12) we have

s = plAE5 ) < plo) max [ k(e )t sup k(s -
But _f;o k(t; f) dt = lim,,, K(t;f) < ||fll, by (5.6); moreover, since
k(t; f) is decreasing, sup, k(t; f) = lim, o t72K(t; f) < || f)l, . Hence

Il < plx) max{li flly, [ fll} = O Fllaynr s fEXiN Xz, (5.9)

which shows that X; N X, C (X;, X;)..x -

It is not immediately obvious that | - ||, satisfies the triangle
inequality. However, if f,ge(X;, X,),r, then by the triangle
inequality for K(z; -) we have

ft R(s;f +g)ds < fot (k(s;f) + R(s; g)t ds, 0 <t < oo.

It follows from Theorem 2.2 that p(k(s; f + £)) < p(k(s; f) + k(s; 2)),
so using the triangle inequality for p we have finally || f 4 gl.., <

”f”a:k + ” 4 ”o;k .

Tueorem 5.3 (The (p; k) Interpolation Theorem). Let (X, X,)
and (Y, Y,) be two compatible couples, and let p be a r.i. norm. Then
(Xy, Xy), and (Y, Y,),.,. are interpolation spaces with respect to
(X,, X,) and (Y, Y,). Furthermore, if T € B(X,, X,; Yy, Y,), then

M < Moh(My/M,),

where h is the indicator function of p.
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Proof. We note first that if fe X,° + X,, then Tfe Y,° + ¥,.
Hence, for any fe (X, , X,),.x C X;® + X, , an identity of the form
(5.6) holds for both f and Tf. In that case, the inequality K(¢; Tf) <
M,K(Xt; f) (cf. [8, p. 180]), where A = M,/M, , reduces to

J‘tk(s; Tf) ds éfthk(/\s;f)ds, 0<t< .

Hence, by Theorem 2.2, p(k(s; Tf)) < p(Myk(2t; f)), so using (2.15)
we find that

I Tf oz = plk(s; Tf)) < Mah(Q) p(k(t; ) = MehQ) [| f lo:s -

This completes the proof.

6. CALDERON’S THEOREM

We consider the Lebesgue spaces L! and L® over a o-finite measure
space of the kind considered in [7, 9], i.e., nonatomic with finite or
infinite measure, or completely atomic with atoms of equal positive
measure. If L* is a r.i. space on .#, then there is a r.i. norm p on
(0, 00) such that po(f) = p(f*) (cf. [7, 16]). Moreover, for such
measure spaces, the K-functional is given by [8, p. 184]

KAL) = [ fH9ds 0<t <o, 6.1)

so k(t; f) is just f *(¢). The norm on (L', L%),., is therefore
[l = p(k(E; 1)) = p(f*) = po(f)-

Hence
(Lla Lw)o;k =L". (62)

It follows from (6.2) and the interpolation theorem (Theorem 5.3)
that any operator T € #(L!, L*; L', L*) is bounded on L*, which is
precisely Calderdén’s theorem (Theorem F).

7. INDICES OF R.I. SPACES
We interrupt our exposition of the abstract theory at this point so as

to include a brief discussion of the Boyd indices of r.i. spaces.
In Section 2 we saw that the indicator function 4 of a r.i. norm p is
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finite everywhere on (0, c0). Moreover, the identity E,, = E,E, gives
rise to the inequality

h(st) < h(s)h(t), 0 <s,t < oo, (7.1)

i.e., & is submultiplicative on (0, o).
Boyd [7] defined the indices of p by

—log A(s) o
0<sf<1 logs p=8 = lilslfw log s

—log h(s) (12)

(!an: s

and showed that, as a consequence of the property (7.1),

. —log h(s) e —log A(s)
o=l 3 A=lm— T (7.3)
The indices satisfy
0<Bf<ax], (7.4)

and the indices o', 8’ of the associate norm p’ are given by
o =1—8; p=1-o (1.5)

We shall make frequent use of the next two lemmas. They combine
a number of results to be found in [6, 7] whose elementary proofs
we omit.

Lemma 7.1 (Boyd). Let p be a r.i. norm with indicator function h
and upper index o. The following statements are equivalent.

(i) o<1

(i) [o b(s) ds < oo;

(1) sh(s) -0, as s — 0;

(iv) sh(s) < 1, for some s < 1;

(v) h(s) < Ks, for all s << 1, where K and vy are positive
constants and vy < 1.

Lemma 7.2 (Boyd). Let p be a r.i. norm with indicator function h
and lower index B. The following statements are equivalent.

(i) B> 0;
(i) [1 Als) ds/s < oo
(iil) A(s) — 0, as s — co;
(iv) A(s) < 1, for somes > 1;
(V) h(s) < Ks™, for all s > 1, where K and y are positive
constants and y << 1.



INTERPOLATION METHODS. I 423

In the next lemma, y is, as usual, the characteristic function of (0, 1)
so x**(¢) = min(1, t71).

LemMA 7.3. Let p be a r.i. norm with upper index o < 1. Then
p(x**) < co.

Proof. 'The lemma is an immediate consequence of the theorems
of Shimogaki [22] or Boyd [7] but we prefer to give a direct proof.
We write

YA = fo‘ (s ds = f: x(st) ds = f: (Ex)(t) ds,
so by (2.15)
) < [ otBn) ds < o) ([ o ).

But « < 1, so Lemma 7.1 shows that the integral is finite, and p(y)
is finite because of (2.4). Hence p(x**) < 0.

Note that the converse is false: if Lo = L' 4+ L®, then p(x**) < o
but « = 1 (and 8 = 0).

8. THE (p; J) anD (p; K) METHODS

We next give a brief description of the (p; J) and (p; K) methods
which are more closely related to the (8, ¢; J) and (6, g; K) methods
of Peetre [8, Chap. 3]. Some additional assumptions on p are required
but then the theory is quite similar to that already developed for
the (p; 7) and (p; k) methods. We shall therefore keep the proofs to
a minimum.

As before, (X; , X,) denotes a compatible couple and p 1s a r.i. norm
on (0, c0). An element fe X, + X, belongs to the space (X, X,),.,
if it has a representation f = [, u(f) dt/t of the form (4.5) for which
p(t1J(t; u(?))) < oo. For each fe (X;, X,),.,, we set

1l = inf Jo(e2 St ) £ = [ ute) defe. 8.1

TueoreM 8.1. The space (X, , X,),., ts a Banach space under the
norm (8.1) in which X, N X, is continuously embedded. If p also satisfies
P(x**) < o, 8.2)

then (X, , X,),.; is intermediate between X, and X, . In this case, the
interpolation theorem (Theorem 4.2) holds with (p; j) replaced by (p; J).
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CoroLLARY 8.2. If B > O, then (X, X,),., ts intermediate between
X, and X, , and the interpolation theorem holds.

Proof. 1f B > 0, then by (7.5), «’ < 1. Hence, by Lemma 7.3,
p'(x**) < o, and the statement follows from Theorem 8.1.

TueoreM 8.3. If B > 0, then (X, Xy),.s C (X, Xa),; -

The space (X, , Xy)o,,,s of Peetre [8, 19, 20] is defined in much the
same way but by means of the norm

1 s = inf {015 o)y ] (5:3)

It is intermediate between X, and X, if0 < 0 < 1,1 < ¢ < o0, and
in the extreme cases ¢ = 1, § = 0 or 1; the interpolation theorem
holds for0 < 6 < 1,1 < ¢ <  [8, Chap. 3].

Berens [5] has characterized the extreme spaces as follows:

(X1, Xodoass = X% (Xy, Xohaw = X (8.4)

These characterizations enable us to identify the space (X, , X,),.; for
the norms p!, p®, p1*, and pl+* which are the respective norms on the
spaces L}, L*, L' N L*®, and L' + L™,

THEOREM 8.4. Let (X, , X,) be a compatible couple.

(a) Ifp = oY then (X, Xp)y = X

(b) if p = p*, then (X, , Xy),;; = X,

(c) if p=p'"%, then (X;, X,),;; = X’ N X, = X; N X,;
(@) i p = p4=, then (X, , Xyhoy = X0+ X = TR X,

Proof. We prove only part (a). When p = p! and fe (X;, X,),,;
with representation f = [o u(f) dt/t, we have

plitss ) = [ ds [ e wio e = [ )t ) .

Hence by (8.3) and (8.4), (X, , X,),;; = (X1, Xo)o1.v = X%

Since L' " L® and L' 4- L™ are respectively the smallest and the
largest of the r.i. spaces (cf. (2.9)), one interpretation of the last
theorem is that the (p; ) spaces depend only on the closures in X, and
X, of the intersection X; N X, .



INTERPOLATION METHODS. I 425

CoRroLLARY 8.5. For each r.i. norm p, the space (X;, X,),; 15
intermediate between X,° and X,°.

We turn now to the K-methods. The space (X, , X,),.x consists of
those f € X, + X, for which the norm

[ flleix = p(t=*K(t; f)) (8.5)
is finite.
THEOREM 8.6. For any r.i. norm p, there is the embedding
(Xl ’ Xz)n;K g (Xl ’ X2)o;k . (8.6)

Proof. If fe(X;, X,),.x, then p(t71K(t; f)) << oo. Let g(t) =
t-1 lim,,, K(s; f). Since K(t; f) is increasing, we have from (2.10) and
Holder’s inequality (2.8)

gl <P (x)p(e) < p'(x) p(tK(t; f)) < 0.

But g(t) is a constant multiple of 1/¢, so if its (L1 4- L*)-norm is finite,
it must be identically zero. Hence lim, o K(s;f) = 0, so by Theorem
5.1(a), fe X, + X,. It follows then from (5.6) that k(z;f) <
t-1K(t; f) for all t > 0. Hence

S o = p(R(5; f)) < p(07K(E ) = | flloik »

and this completes the proof.

THeoreM 8.7. For each r.i. norm p, (X, , X,),.x 15 a Banach space
continuously embedded in X,° + X, . If p also satisfies

p(x**) < oo, (8.7

then (X, , X,),.x ts tntermediate between X,° and X, . In this case, the
interpolation theorem (Theorem 5.3) holds with (p; k) replaced by (p; K).

CoroLLARY 8.8. Ifa << 1, thenthe space (X, , X,),.x is intermediate
between X, and X, , and the interpolation theorem holds.

ToeOREM 8.9. Ifa < 1,then(X,, X,),, C (X, Xp)ix -
Proof. For each fe (X, X,),., We write

t-1K(ts f) = ¢ f ks f) ds = f * k(st; f) ds.
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Hence (cf. proof of Lemma 7.3)
K ) < ks 1) ([ 1) )

By Lemma 7.1, the integral is finite so || f {l,.x << ¢ || fllo;x » as desired.
The space (X, , X,),4;x is defined in a similar way but by means of
the norm

f loase = || (oKt f)y ] 3)

It is intermediate between X; and X, for 0 < 8 < 1, 1 < ¢ < 0,
and in the extreme cases ¢ = o0, # = 0 or 1. The interpolation
theorem is valid for 0 < 6 < 1 [8, p. 180]. Berens [5] has charac-

terized the extreme cases in terms of the relative completion
(cf. Sect. 3). Thus

(Xl ’ X2)0'°°5K = Xl ; (Xl ) XZ)l,oo;K = Xz .
THEOREM 8.10. Let (X, X,) be a compatible couple.

() Ifp = b, then (X, X = (X
(b) if p = p*, then (X, , Koo = Ko

() ifp = P, then (X, Xohoy = (X0 Xy)* = (X, X)
(d) ifp=p'*®, then (X, Xo)p = (X))~ + Xy = X" + X,

Proof. (a) If fe(X;, X,),.., where p = p!, then from (8.8)
PR 1) = [ Kt ) dt = sup K(t5 ) = | f e
Hence, by (8.9)
(Xl ’ Xz)o;k = (Xl ’ X2)1.°D;K N (Xlo + X)) = Xl N (X + Xz) = (X1°)~-

The proof of part (b) is similar. Combining parts (a), (b), and using
the identity (3.4), we find

(X1) Xo)oi = (X" 0 X, = (XN X)) = (X, N X,),

where p = p!'"®. This establishes part (c).
Finally, if p = p'*®, then for any f € (X;, X,),.1 »

[l = ol 1) = [ “R(ts ) dt = K(13 ) = | fllxe, -

Hence (X, Xp) = (Xi+ X)) N (X" + Xp) = X0 + X; =
(X0~ + X,



INTERPOLATION METHODS. I 427
9. THE EQUIVALENCE THEOREM
Our objective in this section is to show the equivalence of all four

methods (j, ], k and K) whenever the indices of p lie strictly between
0 and 1.

TuEOREM 9.1. Let (X, , X,) be a compatible couple, and let p be a
r.i. norm. Then (X, X;),;; C (Xy, Xo)our. -

Proof Let fe (X, X;),;; and suppose f has a representation
f= [ u(t) de/t. Then from (5.4)

Kt f) < J‘: K(t; u(s)) ds|s < J:D min(1, s71t) J(s; u(s)) ds/s

= f: Jis; uls)) dsfs + ¢ ft " J(s; w(s)) dsfs.

The first integral is [ dx _[x 2 J(s; u(s)) ds/s, and the second can be
wrxtten in the form ﬂ, dx _[, =1 J(s; u(s)) ds/s, so their sum is
fo dx [ s71](s; u(s)) ds/s = fo J(x; u) dx. Hence

Kt f) < ftj(x; wds, 0<t< oo ©.1)

Now by Corollary 8.5, f e (X, , X,),;; C X;° + X,° so we can use
(5.6) to rewrite (9.1) in the form

f ks f) dv < f iwuyde, 0 <1< oo 9.2)

Hence, by Theorem 2.2, p(k(x; f)) < p(j(x; u)). Taking the infimum

over all representations «, we obtain

I flloe = p(k(a; 1)) < S lloss s (9-3)

and this completes the proof.

TuEOREM 9.2. IfB > 0, then (X1, Xa)x C (Xy s Xa)ouy -

Proof. Each fin (X, , X,), x belongs also to (X , X,),.;, (Theorem
8.6) and hence to X,° + X, . By Theorem 5.1, we have therefore

lim K(t; f) = 0. 9.4)
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On the other hand, using (5.6), we have for each t > 0,
1 1
K(f) = [ kst f)ds = | Edk(s; )} ds.
0 0
Therefore, by Hoélder’s inequality (2.8) and (2.15),

1K(5 f) < p'(x) (Edk(s; £)}) < p'(x) Bal) plR(s; £))-
But 8 > 0so A(t) > 0 as t — oo by Lemma 7.2. Hence
lim =K(5; f) = 0. 9.5)
The estimates (9.4) and (9.5) enable us to find a representation

fo u(t) dt/t of f for which J(t; u(t)) < 4eK(t;f) [8, Lemma
3 2.10]. Hence

1 lloss < p(e72 (25 6(2))) < dep(t2K(2; f)) = el flloik -

This completes the proof.

THeoREM 9.3 (The Equivalence Theorem). Let (X,, X;) be a
compatible couple, and let p be a r.i. norm whose indices satisfy 0 < B <
a < 1. Then

(Xl ) X2)n;:i = (Xl ’ X2)o;J = (Xl ’ X2)p:K = (X, X2)o;k ’ (96)

with equivalent norms.

Proof. 'The continuous embeddings | — j — k& — K — j follow
from Theorems 8.3, 9.1, 8.9, and 9.2, respectively.
When p is the LP2-norm

@ 1/q
o) = | ter = anie| 67
0
the p-methods reduce to Peetre’s (6, g)-methods.

THEOREM 9.4. If p is the LP%-norm, 1 < p < 00 < q < © then
Theorem 9.3 holds and the spaces in (9.6) are equivalent to

(X1, Xo)o,o:0 = (X1, Xadooix > =1-1/p.

Proof. The LP%-norm has indices a =B =p1so 1 <p <
implies 0 < B = a < 1. Hence Theorem 9.3 applies. But (X;, X,),.x =
(X, » Xo)o.gox (cF. (8.5), (8.8)) and (X, , Xoduos = (X » Xl (cf. (8.1),
8.3),if0 =1—1/p.
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10. THE StaBILITY THEOREM

Before presenting the theorem of stability (or reiteration), we need
two preliminary results concerning the construction of r.i. norms.

THEOREM 10.1. Let a and b be any numbers satisfying 0 < b < a < 1,
and let ¢ = (a — b)™L. Let v be a r.1. norm whose indices satisfy

0<B <o <l (10.1)
Then the functional p defined by

p(f(1) = n*f (1)) (10.2)
is a r.i. norm whose indices are given by
Bo=Ba+(1—B); ay=aa+(l—a)h (103
In particular,
b<B, <o, <a (10.4)

Proof. We need to verify that properties (2.1)—(2.5) hold for the
functional p defined by (10.2). However, most of the proof is routine
so we shall only establish the triangle inequality for p.

If f, ge#~+, then for any s > 0, we have [o(f + g)*(u) du <
[S(F* + g%)(u) du. Hence [16, Sect. 5], [5uYf + g)*(u) du <
[ou*(f* + g*)(u) du, since u®! is nonincreasing in u. A change of
variable leads to the inequality

[0 +or@as<[ e +gea >0

Hence by Theorem 2.2 (applied to ) and (10.2), we find that p( f+g) <

p(f) + p(g), as required.
Now let us compute the indices of p. For any s > 0 and any fe L,

PUELS)E)) = w(t7f *(st2)) = v(s™>(s*~ 2t} f*((s*~"2)°))
= sT(Ea o 22f X(2°)}).
Applying (2.15) (for v), we have
PEsf) < sTh(* ) (B X(E)) = s7°h(s*) p(f).
Hence, again by (2.15) (for p),
h(s) < sh(s2?), s>0. (10.5)
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To obtain the reverse inequality, we solve (10.2) for v:
wg(t)) = v(g™(1)) = p(t~"g*(*™)), (10.6)

and apply the same argument as above but this time with the roles of
v and p interchanged. The resulting inequality is

h(s) < sPh (%), s >0,
which together with (10.5) gives
hy(s) = s (%), 5> 0. (10.7)

The desired 1dentities (10.3) now follow easily from (10.7) by taking
the appropriate limits as in (7.3). This completes the proof.

In the next theorem we reverse the construction given above. That
is, given a r.1. norm p satisfying (10.4), we define v by means of (10.2)
(or, equivalently, by (10.6)) and hope to show it has the appropriate
properties. Unfortunately, the situation here is more complicated and
we are unable to show that v satisfies the triangle inequality. This is of
little consequence however since we are able to construct a r.i. norm
v, which is equivalent to v (i.e., the quasinormed space L’ is in fact
normable).

THEOREM 10.2. Let a and b be numbers satisfying 0 < b < a < 1,
and let p be a r.i. norm whose indices satisfy

b<B, <o <a. (10.8)

Then the functional v defined by
Wg(@®) = p(t*g* (™)) (10.9)
1s a r.1. quasinorm (equivalent to a r.i. norm vy) whose indices are given by
B, = (B, — b)f(a—b); & = (x, — b)(a—b). (10.10)

In particular,
0<B <a, <. (10.11)

Proof. We show first that p(y,) << oo for all s > 0 (cf. (2.4)). The
indices of p lie strictly between b and & so there is a continuous
embedding X = L1/0° N LYe~ CLe (cf. [7]). Hence, for some
constant K and all fe X,

p(f) <Klflx =K max(sljp £f *(2), sup tf *(1))-
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But v(x(t)) = p(t2x,(2*7P)) so we have

Wxs(t) < Kmax(l, sup ) = K max(l,s) < .

0<tt0<s

The remaining properties (2.1)«2.5) are not difficult to establish,
with the exception of the triangle inequality which we were unable to
prove. However, if v, is the functional defined by

ri(g(1)) = v(g**(1)) = p(t"g**(1*7")), (10.12)

then it is clear that », is a norm (since g — g** is subadditive). We
sketch a proof that v and v, are equivalent. First, it is obvious that
v < v; since g* < g**. In the other direction, the usual argument
involving the dilation operators (cf. the proof of Lemma 7.3) leads to
the inequality

) < ([ 58,0 dss) (e

The integral is finite because, by hypothesis, «, < a (cf. Lemma 7.1
where we considered the case a = 1). Hence v and v, are equivalent.

The indices of v (which, by equivalence, coincide with those of v,)
are computed exactly as in the proof of the last theorem. We omit the
details.

Let (X, , X,) be a compatible couple, and let 8 be fixed, 0 << 6 < 1.
An intermediate space X of X, and X, is said to be of class #(6) =
F£0; X, X,) if

Ifllx < A0J(t f; X, Xo),  feXin X,, (10.13)

where A is a constant independent of f. Similarly, X belongs to the
class #(0) = X°(0; X, , X,) if

Kt f; X1, X)) < B flx, feX. (10.14)

If X belongs to both #(6) and £'(0), we say X is of class J#(f) =
H(0; X1, Xy).

It is not difficult to see that X is of class #(6) if and only if
(X1, X)o.1:s € X, and of class #°(0) if and only if X C (X, Xy
[8, p. 175].

THeoREM 10.3 (The Stability Theorem). Let (X,,X,) be a
compatible couple, and let Y; , i — 1, 2, be intermediate spaces of X, and
X, of class H#(0;; X, , X,), where 0 < 0, < 6, < 1.
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(a) Suppose v is a r.i. norm whose indices satisfy 0 < B, <
a, << 1. Then there is a r.i. norm p whose indices are given by

BD = IBV(I - 01) + (l - ﬁv)(l - 02)7 &, = av(l - 01) + (l - 0‘u)(l - 02)
(10.15)
such that

(X1 Xo)or = (Y1, Yot (10.16)

with equivalent norms.

(b) Suppose p is a r.1. norm whose indices satisfy 1 — 8, < B, <
o, < 1 — 8, . Then there is a r.i. norm v whose indices are given by
(10.15), i.e.,
_ B0, _ % — (1186
e (10.17)
such that

(Yl ’ Yz)u;k = (Xl 1) Xz)p;k ’ (1018)
with equivalent norms.

Proof. We remark that in all cases above, the indices of p and »
lie strictly between 0 and 1. Hence, by the equivalence theorem
(Theorem 10.3), the k-spaces could equally well be replaced by any of
the corresponding K, j, or ] spaces. Thus to establish (10.16), it will
suffice to show that there is a r.i. norm p with indices given by (10.15)
such that

(Y, Y2 C (X1, Xolox (10.19)

and
(Xl ’ X2)o;J Q (Yl y Yz)v;J . (1020)

Leta=1-—-06,,b=1—20,,c=(a— b= (8, — 6,)L. Then
given v, we construct p by means of the identity (10.2). By Theorem
10.1, p is a r.i. norm whose indices are given by (10.3) or, what is the
same thing, by (10.15). Moreover, from (10.6) we have

W(g(t)) = Ug*(1)) = p(t7g*(1*™)). (10.21)

It will be convenient in what follows to write K;(; x) instead of
K(t; x5 Xl ’ X2)r and KY(t)y) for K(t; Y Yl ’ Y2)

Let ye(Y,, Yok, and suppose y has a decomposition y =
Y1+ 9y, in Y, + Y, . The spaces Y;, 7 = 1, 2, are by assumption of
class 5£(8;; X,, X,), so by (10.14) there are constants B, and B,
independent of y; and y, such that

Kx(t;9:) < Bt Nyelly,, i=12
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Hence

Kx(t; v) < Kx(t; 31) + Kx(t;5;) < B tol(HJﬁ Hyl + Bt’™% | y2 “Yz)

where B = B,/B, . Taking the infimum over all such decompositions
¥y = ¥, + ¥, of y, we obtain

Kx(t; v) < Byt Ky(Bt*™"; y).
Hence

Pt K x(t; 3)) < Cp(t" ' Ky(BI*™™; 3)) = Co(t=*Ky(Bt*; 3))
= Cp(t{t- VK y(Bt*"; y)}).

Using (2.15), we can “‘remove’ the constant B to get
p(t™'Kx(t; 3)) < Dp(t™"p(t*™")),

where D = D(B, , B;, 0,,0,,p), and ¢(2) = t72K,(t; y). Now ¢ is
continuous and decreasing so ¢* = @. Hence, by (10.21), the last
inequality can be written as

Pt Kx(t; 3)) < DAg(t) = DAt K (t; 9))-

It follows that (Y, , Y,),.x C (X;, Xy),ix » 1.€., (10.19) holds.

The proof of (10.20) is much the same (cf. [8, Proposition 3.2.19]
so part (a) of the theorem is established.

To prove part (b), we make use of the fact that the constructions in
Theorems 10.1 and 10.2 are mutually reciprocal. In other words, the
identities (10.2) and (10.9) are obtained from one another simply by
solving for one norm in terms of the other.

Thus, given p, we construct the quasinorm v as in (10.9) (together
with the equivalent norm »,). By equivalence, we have (Y, V,),.;, =
(Y1, Ys), . - Now let p; be the r.i. norm constructed from v, according
to (10.2). Ovbiously p, is equivalent to p so (X; , X;),., = (X3, Xo)o ks -
But by part (a) of the theorem, (X, , X,), ;; = (¥y, Yo)ir - Hence
(X1, Xo)ow = (Y1, Yy),1» as required. This completes ‘the proof.

11. THE DvuaLiTy THEOREM
Throughout this final section (X, , X,) will denote a conjugate
couple. Thus X; N X, is dense in X, and in X, , or, in the terminology
of Section 3, X, = X, and X,® = X, . In this case the duals of X,

580/17/4-6
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and X, can be regarded in a canonical way as subspaces of (X, N X,)* =
X * + X,* (cf. Theorem 3.1), i.e., (Xy*, X,*) is again a compatible
couple (although not necessarily conjugate).

There is a natural duality between the J- and K-functionals
exhibited by the identities

I(Fs PN
P AN b3 *y .
J(t F; X%, X,*) = S g xy e FeXNXt (L

\(F5 NI
K(t; F; X,*, X,*) = , FeX*+ X% (1L
( 1% Xp¥) 9 T f Xy Xy e X% + X%, (11.2)

which follow from Theorem 3.1. This duality extends to the j- and
k-functionals via the identity

[ s oK g de = [T ) ) de (11.3)

which involves nothing more than an integration by parts.

Let X be an intermediate space of X; and X, . In order that X* be
intermediate between X;* and X,*, it is necessary and sufficient that
X, N X, be dense in X. Thus, if X = (X;, X,),,;, the density
theorem (Theorem 4.3) will ensure that X* is an intermediate space
of X,* and X,* whenever p is absolutely continuous.

Lemma 11.1. Let (X, X,) be a conjugate couple, and let p be an
absolutely continuous r.1. norm. Then

(X1, X5 C (6%, X %) (11.4)

where p’ is the associate norm of p. Moreover, the inclusion map has norm
at most one.

Proof. Our proof is a modification of that given by Scherer [21,
Theorem 3] for the P-methods developed in the context of approxima-
tion theory. In order to economize on notation, we shall write K,,(¢; f)
for K(t; f; Xy, X,), Ka(t; f) for K(t; f; X, , X;), and K(t; f) for
K(t; f; X, *, X,*), etc., with similar abbreviations for the J-, j-, and
k-functionals.

Let Fe (X,, X,)k;, F # 0,and let A satisfy 0 << A << 1. By (11.2),
we can choose, for each ¢t > 0, a nonzero element g(t)e X; N X,
such that

(F, g(8)) = AK3(t7"5 F) Jualt; 8(2))- (11.5)

In fact, by the continuity of the J- and K-functionals, g can be chosen
piecewise constant and hence strongly measurable in X; N X, .
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As @ ranges over the set 4 of all nonnegative measurable functions
on (0, ), so does (t) = t~* Jio(t; ¢(t) g(t)). For each ¢ € A, let

9(0) = [ 946) dsls = jult; 90), (116)

and set M = {p: p(P) < o}, My = {@: p € M} C L*. Then for any
¥ eL*, we have from (2.6)

p(¥) = sup((®, ¥)/p(®)) = sup (P, >/[p(P))- (1.7

The last identity follows from the fact that every nonnegative,
continuously differentiable, and decreasing function @ in L° belongs
to M, (take $(s) = —s®’(s) in (11.6)), and every nonnegative decreas-
ing function in L° can be approximated by such functions since p is
absolutely continuous.

For any ¢ € M, we have, just as in the proof of (9.1),

[ 1900 e, it = [ Kol o) e it < | jults ve)

1
= fo D(t) dt < p'(x) p(P) < 0.
Hence, the integral [, o(t)g(f) dt/t converges in X, + X, to an
element f,, say. But then f, belongs to (X, , X,),;; because ¢g is a
representatlon of f, for which p(f15(2; pg)) = p(P) < 0. Moreover,
usmg the absolute continuity of p, we have f, = lim,, ., Jim @(e(t) dtft

in (X, X,)y» 50 we can write (F, f,) = [q (F, o(t) g(2)) dt/t. Hence,
from (11.5), (5.2), and (11.3), we have

(F.£) > M [” K5 F) Jults o)) dit
= [ R ) e o)
equivalently, by (11.6),
(F.fo) = X [ Kot F) 0() de. (11.8)

Now ¢g represents f, so

Il fo llossg < pjnalts 92)) = p(P).
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Together with (11.8) this yields the estimate

(F,f.) I k(1 F) D(t) dt
i fo losiys p(P) '

Taking the supremum over all ¢ € M (equivalently, all @ e M,),
we obtain via (11.7)

sup ~Jo) (ks F).

oeM Ilfw Ho J1z

Finally, letting A — 1, this leads to the inequality

I F oz 2 1F logs,x,0),0 -

The normal embedding (11.4) is therefore established and the proof
is complete.

In order to establish the reverse inclusion to (11.4), we impose one
additional (and somewhat artificial) restriction on p (cf. (11.9)).

Lemma 11.2. Let (X, X,) be a conjugate couple, and let p be an
absolutely continuous r.i. norm. Suppose in addition that

X * N X,* is dense in (X%, X7%),.% (11.9)
Then
(X", X3 ") € (X15 Xo)3is s (11.10)
and the inclusion mapping has norm at most one.

Proof. Let Fe X;* N X,* = (X, + Xp)* and let fe X; N X, .
Suppose that both F and f are nonzero. When A > 1 is fixed, we can
find a representation f = [, u(t) dtft of f such that

p(aa(as #) < AN fllsss - (11.11)
Furthermore, for each t > 0, there is a decomposition F' = Fy(t) + Fyf)
of F in X;* + X,* such that || Fy(?)lxs + | Fa(®llx < AKE(¢; F).
Then for each ¢t > 0 we have
I(F, u(@) < | Fa(@)llxx | 2()llx, + | Fa@lixgs | 2(E)llx,

S AKHETS F) Jaolt; u(2)).
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Now F is continuous on X, + X, so (F,f) = [, (F, u(?)) dt/t.
Hence, from (5.2) and (11.3),

(F <A [ Rales Pt 0) dr.

Applying Hélder’s inequality and using (11.11), we see that

I(F, ) << X" (Raa(ts F) 1 f Il

so, letting A — 1, we deduce that the dual norm of F (i.e., the norm
of Fin (X, , X,)¥;) does not exceed p'(k¥(¢; F)) which is the norm of F
in the space (X,*, X,*), ., . This holds for all Fe X;* N X,* and all
fe X; n X, and hence, using the hypothesis (11.9), for all
Fe (X,*, Xi*), ;. The proof is complete.

In connection with the density condition (11.9), the obvious
conjecture that X; N X, is dense in (X, X,),.; if p is absolutely
continuous is false. Indeed, if p is the L-norm p(f) = f:,o | f(t)] at,
X, = %[0, 1], the continuous functions on [0, 1], X, = L0, 1],
then X; N X, = %[0, 1] which is not dense in (X, , X,),.;s = € = L®
(cf. Theor. 8.10(a)). A more natural conjecture might be that
(X; N X,)~ is dense in (X, X,),., whenever p is absolutely continu-
ous, but we have been unable to decide this. However, if the indices
of p lie strictly between 0 and 1, then (X, , X)), = (X, X3),;; by
the equivalence theorem so X; N X, is dense in (X;, X,),.; if p is
absolutely continuous (Theorem 4.3).

THeoreMm 11.3. Let (X, , X,) be a conjugate couple, and let p be a
reflexive r.1. norm whose indices satisfy 0 < B < o < 1. Then the dual
of (Xy, X,),.; is isometrically isomorphic to (X,*, X;*), ;. .

Proof. Recall that p is reflexive if and only if both p and p’ are
absolutely continuous. In view of the remarks above, X, N X, is
dense in (X, , X,),;; and X;* N X, * is dense in (X,*, X,*), ;. so the
theorem follows from Lemmas 11.1 and 11.2.

At the expense of losing the isometric character of the duality, we
can dispense with the restriction that p’ be absolutely continuous.

THEOREM 11.4 (The Duality Theorem). Let (X,,X,) be a
conjugate couple, and suppose that p is an absolutely continuous r.i. norm
whose indices satisfy 0 < 8 < a < 1. Then

(X1 > Xz)t;j = (Xz*v Xl*)n’:k - (X2*7 Xl*)o’u' = (Xl ’ Xz);k.k ’

up to equivalence of norms.
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Proof. By the equivalence theorem (Theorem 9.3) and Lemma
11.1, we have

(Xl ’ Xz):;a' = (Xl ’ Xz)r;k c (Xz*) Xl*)o':k - (Xz*» X1*)o’;i ’

with equivalent norms. Hence, to complete the proof we need only
establish the inclusion (X;*, X,*),; C (X, Xy)f .

Let F e (X,*, X,*),,;, and let F = fo U(t) dt|t be a representatlon
of F,where U(t) € X;* N X,* and the integral converges in X;* + X,*.
Then by (11.1), for any fe X; N X,,

EN < [ 100Dl < [ J5075 UE) Kanlts 1) def.

Using (4.2) and (11.3), we have

IF ) < f Ja(t; U) ka(t; f) dt < p'(jult; U)) plhus(t; ),

so taking the appropriate infimum over U, we find that
HFH(XI.XZ);;,‘ < HFH(xzt,xl*),.;, ’

as required. This completes the proof.

CoroLLARY 11.5. Let (X,, X,;) be a conjugate couple of reflexive
Banach spaces, and let p be a reflexive r.i. norm with indices 0 < B <
a < 1. Then (X, , X,),; and (X, , X5),,. are reflexive.

Proof. By Theorem 11.4, the dual of (X, , X,),.; is equivalent to
(Xo*, X;*),.x - Butsince X, and X, are reflexive, the couple (X,*, X, *)
is again conjugate, so by Theorem 11.4, the dual of (X,*, X;¥),.; is
equivalent to (XT*, X¥*),.; . Thus, under the canonical isomorphism
(X1, X,),,; is equivalent to its second dual and hence is reflexive.
A similar argument applies to show the reflexivity of (X, X,),; -

There are entirely analogous statements to the above for the (p; J)
and (p; K) methods which we omit. However, it is worth pointing out
the following corollaries for the (6, g; J) and (6, g; K) methods which
were first established by Lions and Peetre [22] for the so-called
“spaces of means.”

CoroLLARY 11.6. Let (X,, X,) be a conjugate couple, and let
0 <6 < 1,1 <q < . Then the dual of (X, , X5)p.4.s ts isometrically
isomorphic to (Xp*, X, *)) 6.4k » where 1/g + 1]¢" = 1.
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CoroLLARY 11.7. Let (X,, X,) be a conjugate couple, and let

0<b<1,1<q<oo. Then

(X5, Xz):,q;J = (Xz*» Xx*)x—o.a’;x = (Xz*’ Xl*)l—e.a';J = (Xl ’ Xz)z.a:K ’

with equivalent norms.

CoroLLarY 11.8. If (X,,X,) is a conjugate couple of reflexive

Banach spaces and 0 < 6 <1, 1 < g < oo, then (X;, X;)s ., and
(X1 s Xo)o,q:x are reflexive.
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