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• The non-Markovian dynamics due to finite baths is analyzed.
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a b s t r a c t

Coherence and quantum average energy exchange are studied for a system particle as a
function of the numberN of constituents of a discrete bathmodel. The time evolution of the
energy and coherence, determined via the systempurity (proportional to the linear entropy
of the quantum statistical ensemble), are obtained solving numerically the Schrödinger
equation. A new simplified stochastic Schrödinger equation is derived which takes into
account the discreteness of the bath. The environment (bath) is composed of a finitenumber
N of uncoupled harmonic oscillators (HOs), characterizing a structured bath, for which a
non-Markovian behavior is expected. Two distinct physical situations are assumed for the
system particle: the HO and the Morse potential. In the limit N → ∞ the bath is assumed
to have an ohmic, sub-ohmic or super-ohmic spectral density. In the case of the HO, for
very low values of N (.10) the mean energy and purity oscillate between HO and bath
indefinitely in time, while for intermediate and larger values (N ∼ 10 → 500) they start
to decay with two distinct time regimes: exponential for relatively short times and power-
law for larger times. In the case of the Morse potential we only observe an exponential
decay for large values of N while for small N ’s, due to the anharmonicity of the potential,
no recurrences of the mean energy and coherences are observed. Wave packet dynamics
is used to determine the evolution of the particle inside the system potentials. For both
systems the time behavior of a non-Markovianity measure is analyzed as a function of N
and is shown to be directly related to the time behavior of the purity.
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1. Introduction

The quantum dynamics of the physically relevant part in a complex system can be described as the dynamics of few
degrees of freedom (the main system) coupled to many degrees of freedom which effectively act as a bath or environment,
which may induce dissipation and decoherence [1]. In such a description the bath itself can be highly structured, containing
specific modes which strongly influences back the system dynamics. Structured baths have become of significance since
they describe realistic situations of non-equilibrium physics. Three major recent examples are the single localized spin 1/2
coupled to a finite spin-polarized environment [2], superconducting quantum bit coupled to an environment composed of a
single electromagneticmode of the cavity [3], and the energy transfer between a light-harvesting protein and a reaction cen-
ter protein [4]. Understanding the physics encountered in this process will help exploring its huge potential [5]. Thus, theo-
retical descriptions of general features involving decoherence and quantumenergy exchanges of themain system coupled to
structured baths are of relevance for non-equilibrium physics processes. The present work is an attempt of such description.

The quantum dissipation and decoherence are analyzed for an open system interacting with its environment by collision
processes. The problem (System+Environment+ Interaction) is conservative but, due to energy exchange between system
and environment, the system can be seen as an open system with dissipation. Such a theoretical model has been proposed
and studied in quantum [6–8] and classical [7–9] systems. Various models were developed to treat such open systems. We
start by mentioning the methods which have focused on an explicit quantum dynamical treatment of the system + bath
dynamics: path integral approaches [10–12], the multiconfiguration time-dependent Hartree (MCTDH) technique for wave
packet propagation [13], the Gaussian-MCTDH approach [1], the effective-mode representation[14], and the local coherent-
state approximation to system–bath dynamics [15]. Another way of studying the system + bath dynamics is to solve the
non-Markovian master equations [16–18], including some semiclassical approaches [19,20].

Here a non-Markovian quantum trajectory theory is used, named non-Markovian quantum-state diffusion, that describes
the dynamics of a quantum system coupled linearly via position to an environment [21–24]. Differently from most of the
previous studies, the environment here is composed by a finite number N of uncoupled HOs, as studied recently for classical
continuous systems [25,26] and maps [27]. In such cases we say to have a discrete or structured bath. As discussed later,
such a discrete bath may induce a non-Markovian evolution in the system. Some experiments in which the non-Markovian
behavior arises due to the discreteness of the bath can be mentioned: high-Q microwave cavities, quantum optics in
materials with a photonic band gap, output coupling from a Bose–Einstein condensate to create an atom laser [28–32] or the
decoherence phenomenon [33–36]. From the classical point of view, in the context of finite baths with uncoupled HO, there
are some works which analyze the effect of discrete (structured) baths on the system energy decay [9,25,26] and on ratchet
transport [37,38]. The main result found is that finite baths may induce a non-Markovian dynamics on the system particle.
From the quantum point of view, most works [1,9,15,20,36,39] focus on the analysis of changing the frequency distributions
and the coupling strength between system and bath. In a distinct context analytical results [40] studied the time evolution
of the concurrence and the purity of two interacting qubits embedded in finite and infinite numbers of environmental spins.
However, no recurrences are analyzed. Application to finite quantum thermostats was also discussed [41].

We analyze systematically the effect of increasing the number of oscillators N from the bath on the system energy and
purity decay. In most cases we vary N = 1 → 500. As N increases, the quantum simulations need long computational times
since theywere realized overmany realizations of the bath. Usuallywe use 1000 realizations but, when specified, we needed
more. For very low values of N the mean time energy and the purity decrease but comes back to the same initial value. This
energy exchange (and the purity behavior) between system and bath continues for larger times. For intermediate and larger
values of N (10 . N . 500) the initial energy inside the system and the purity never return back to the system (for the
integrated times) and suffer a transition from exponential decays for shorter times to power-law decays for larger times.

The paper is organized as follows. In Section 2we introduce the basic concepts of non-Markovian quantum-state diffusion
and derive a new simplified stochastic Schrödinger equation valid for finite baths. In Section 3 the simplified equation is
applied to analyze the N dependence of some useful physical quantities such as the energy decay, the average position, and
the purity (decoherence). In this section the harmonic potential is considered. In Section 4 a Morse potential is used for the
system particle. In the last section we present a summary and the conclusions.

2. Linear non-Markovian quantum-state diffusion

The non-Markovian quantum-state diffusion (QSD) equation is based on a standard model of open system dynamics: a
quantum system interacting with a bosonic environment with the total Hamiltonian

Htot = H +


λ

gλ(La+

λ + L+aλ)+ h̄

λ

ωλa+

λ aλ, (1)

where H is the Hamiltonian of the system of interest, L is a system operator coupling to environment and a+

λ , aλ are the
raising and lowering operators, with the property [aλ, a+

λ′ ] = δλλ′ . The linear non-Markovian QSD equation [23,24,42–44] is
given by

h̄
 ∂∂tψt


= −iH ′

|ψt⟩ + Lz∗

t |ψt⟩ − L+

 t

0
dsK(t − s)

δ |ψt⟩

δz∗
s
, (2)
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where was assumed a factorized total initial state |ψ0⟩ = |01⟩ |02⟩ · · · |0λ⟩ · · ·, with an arbitrary system state |ψ0⟩ and all
environmental oscillators in their ground state |0λ⟩. H ′ is a (possibly environment-renormalized) system Hamiltonian, the
time-dependent C-number

z∗

t = −i

λ

g∗

λz
∗

λe
iωλt (3)

is a complex Gaussian processwith zeromean and correlationsM[z∗
t zs] = K(t−s) =


λ |gλ|2e−iωλ(t−s), whereM[] denotes

the ensemble average over this classical driving noise. The form of K(t − s) corresponds to the zero-temperature limit. The
index λ enumerates the oscillator of the bath, gλ is the coupling to oscillator λ, ωλ is its frequency and z∗

λ = (xλ + iyλ)/
√
2,

where (xλ, yλ) are normal (Gaussian) distributed real numbers with zero mean and deviation one. The many realizations
to solve the stochastic Schrödinger equation are done over these normally distributed numbers. Using perturbation theory
in the system selfcoupling strength, the functional derivative of Eq. (2) can be written in the first order approximation as a
linear function of |ψt⟩ [45]

δ |ψt⟩

δz∗
s

= O(t, s, z∗) |ψt⟩ ≈ e−iH(t−s)LeiH(t−s)
|ψt⟩ . (4)

During the simulations in Sections 3 and 4, we use the first order approximation with the system operator, L = L+
= q,

which is the position operator of the system. Using the last equation, the stochastic Schrödinger equation becomes

h̄
∂

∂t
|ψt⟩ = −iH ′

|ψt⟩ + qz∗

t |ψt⟩ − q
 t

0
dsK(t − s)e−iH ′(t−s)qeiH

′(t−s)
|ψt⟩ . (5)

In Eqs. (2) and (5), the Hamiltonian H ′
= H(q, p) + q2A(t), with A(t) =


λ

|gλ|2

ωλ
(cosωλt − 1), contains an additional

potential term that turns out to be counterbalanced by a similar term arising from the memory integral [43]. Using
|ψt⟩ =


n cn(t) |φn⟩, H |φn⟩ = ϵn |φn⟩, q =


n,m qnm |φn⟩ ⟨φm|, and orthonormal condition ⟨φn|φn′⟩ = δnn′ , Eq. (5)

transforms to

h̄ċn(t) = −iϵncn(t)− iA(t)

mm′

qnmqmm′cm′(t)+ z∗

t


m

qnmcm(t)−


m,m′

qnm′ Ōmm′(t)cm′(t), (6)

where

Ōmm′(t) =

φm|Ō(t)|φm′


= qmm′


λ

|gλ|2
e−i[ωλ+(ϵm−ϵm′ )]t − 1
−i[ωλ + (ϵm − ϵm′)]

, (7)

and

Ō(t) =

 t

0
dsK(t − s)e−iH(t−s)qeiH(t−s). (8)

We call to attention that the operator Ō(t) is the memory integral. When N is finite we always expect some memory
effects and, in this sense, a non-Markovian behavior.

For simplicity, we choose the Planck constant h̄ = 1 throughout the paper. The quantum expectation of the energy is
given by

⟨E⟩ = ⟨ψt |H|ψt⟩ =


n

c∗

n (t)cn(t)ϵn, (9)

while the quantum expectation for the position is

⟨q⟩ = ⟨ψt |q|ψt⟩ =


n,m

c∗

n (t)cm(t)qnm. (10)

Now the stochastic Schrödinger equation coupled to a finite bath, Eq. (6), will be implemented to calculate the energy
decay for the system particle inside two types of potentials, widely used in physics: the harmonic potential and the Morse
potential. We also consider the time evolution of the quantum average position.

For later purposeswewrite an approximate expression for the damping coefficient due to finite baths. For thiswe assume
that the system dynamics is approximately harmonic. For very small couplings, the system HO can be roughly assumed to
be independent of the bath. Thus the HO solution for e−iH(t−s)qeiH(t−s) can be obtained analytically and inserted in Eq. (8).

Knowing [6,9] that K(t − s) =
 g2λ

ωλ
cosωλ(t − s) the integration of (8) leads to Ō(t) ∼ γ (t)q̇(t), where

γ (t) =

N
λ

g2
λ

2ω2
λ


sin(∆ω+)t
∆ω+

+
sin(∆ω−t)
∆ω−


, (11)

is the time dependent damping coefficient, where ∆ω− = ωλ − ω and ∆ω+ = ωλ + ω. It is dependent on time, system
frequency ω, bath frequencies ωλ, coupling strength gλ and N . The function γ (t) has a slower oscillation with times
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〉

〈q
〉

Fig. 1. The average energy of a system, Eq. (9), coupled to a bath of one HO, with the coupling strength g = 0.008. Inset shows the corresponding average
position, Eq. (10).

tslow = 2π/∆ω− and large amplitude (1/∆ω−), when compared to the fast oscillations at times tfast = 2π/∆ω+ and
smaller amplitude (1/∆ω+). The above formula will be used later and it is of relevance since it is related to the average
energy (9) by the following relation

Γ (t) = e−
 t
0 γ (t

′)dt ′
∝ ⟨E(t)⟩. (12)

The expression (12) should be approximately valid for the HO results shown in Section 3 and for very small energies for the
Morse potential results from Section 4.

3. Harmonic potential coupled to N oscillators

In this section we consider a particle inside a harmonic potential coupled to a discrete bath of N HOs with frequencies
ωλ distributed in the interval (0.1, 1.0). These frequencies are picked randomly from a frequency generator, but once
picked they will be kept fixed during the simulations, even for different bath realizations. In this approach, due to the finite
number of HOs in the bath, the spectral density is determined numerically and is always structured for low values of N (see
Ref. [25] for more details in the classical case). The properties of the bath depend on the frequency’s distribution of the N
HOs [25]. The frequency generator is chosen so that in the limit N → ∞ we have three distinct continuous distributions:
ohmic bath (quadratic), sub-ohmic and super-ohmic. Each oscillator will have a distinct (xλ, yλ) pair, randomly chosen
numbers with zero mean and deviation one. For each coefficient cn of Eq. (6) we consider rectangular initial conditions:
cn(0) = 1/

√
nmax + 0 · i, with n = 1, . . . , nmax, where nmax is the last energy level considered. The first nmax = 15 energy

levels from the harmonic potential are considered, with energy En = h̄ω(n−
1
2 ). Usingω = h̄ = 1.0 the ground state energy

level equals 0.5. Thus our initial state is given by

|ψ0⟩ =
1

√
nmax

nmax=15
n=1

|φn⟩ , (13)

which is a coherent superposition of all 15 system levels. In order to obtain the energy decay as a function of time and the
average position as a function of the number of oscillators in the bath, Eq. (6) is integrated by a fourth-order Runge–Kutta
integrator [46] and the values of cn(t) are introduced in Eqs. (9) and (10). In the first part of this section the frequencies
of the harmonic oscillators from the bath will follow a quadratic distribution, making the spectral density a linear function
J(ω ≤ ωcut) ∝ ω when N → ∞. To render the comparison easier the coupling strength of each oscillator from the bath
equals gλ = 0.008/

√
N . This effective coupling is needed so that the effect of the environment over the HO converges as N

becomes large [47].

3.1. The system energy

In Fig. 1 the time evolution of the average energy ⟨E⟩, Eq. (9), is plotted for a bath containing one HO with the frequency
ω = 0.82. In the inset of Fig. 1 the average position ⟨q⟩ from Eq. (10) is displayed. One can clearly see that, besides the
tiny (amplitude) fast oscillations at times tfast = 2π/∆ω+ ∼ 3.50, for times td = tslow/2 = π/∆ω− ∼ 17.5 the system
loses around 15% of its initial energy to the bath, but is able to regain it at a later time tR = tslow ∼ 34.9. This exchange of
energy between system and environmentwill repeat itself, with frequency around∆ω− ∼ 0.18, for all integrated times (we
checked it until t = 1000). Thus, themean energy over the return times, or recurrences times (where the energy transferred
into the bath returns to the system) is almost constant. The return times of the energy are dependent on the frequency of
the bath oscillator.
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N=1

Fig. 2. Time dependent dissipation γ (t) from Eq. (11) for N = 1, 10, 50, 100. In the inset is plotted Eq. (12).

Fig. 3. The time evolution of all 15 states probabilities |cn|2 of a system coupled to a bath of one HO.

To understand better the observed energy exchange and the dissipation process in such finite baths, we use the expres-
sion for the approximate damping γ (t) from Eq. (11). It is plotted in Fig. 2 for different values of N . For N = 1 we see that
γ (t) is negative for times tslow/2 = 17.5 . t . tslow = 34.9. Thus, for these times the energy should be injected from the
bath to the system. Indeed, these are the times where the energy returns to the system in Fig. 1. In the inset graph of Fig. 2
we plot Γ (t), which is proportional to the average energy, Eq. (12). Comparing Figs. 1 and 2 (for N = 1) one can clearly
observe the similarity.

The time dependence of the energy was also confirmed by the time evolution of the average position: the system sym-
metrically oscillates very fast around the center ⟨q⟩ = 0, with an amplitude which follows the pattern of energy decay.
Namely, the minimum of the energy corresponds to the minimum of the highest system oscillator amplitude.

Fig. 3 shows the time evolution of all the 15 individuals energy levels of the harmonic potential for the same bath used
in Fig. 1. Numbers denote the energy quantum number n, namely the curve denoted by n = 1 shows the time evolution of
the ground state probability, |c1|2, with n = 2 denotes the values of the probability for the second energy level, |c2|2, and
so on. One can clearly notice that while the lowest states remain practically unchanged, the higher energy levels oscillate
following the energy exchange observed in Fig. 1. Thus only the higher states are responsible for the energy exchange.

In Fig. 4 the energy decay is shown in a linear plot for a bath of N = 10 HOs. In the time limit studied here (tmax = 100)
one can clearly see that the system energy will not be regained, so that the time average from the system energy is not
constant anymore. However, we expect that for some later times t > tmax the energy will return to the system, since it is a
finite system. The qualitative behavior of the energy decay rate changes for different time intervals. We show by symbols
the best fits of the energy decay, namely an exponential fit, α = 0.0027, for short times, followed by another exponential fit
with α′

= 0.0038 and one power-law fit, β = 0.0093, for later times. We say that the qualitative change from exponential
to power-law decay occurs close to times tα→β . As an inset graph we display the corresponding average position. The time
evolution of all the 15 states probabilities |cn|2 of the system coupled to a bath which has N = 10 HOs, is displayed in Fig. 5.
As in Fig. 3, n = 1 shows the probability of the lowest energy level, |c1|2, n = 2 corresponds to the second energy level and so
on. Again it is clear that the higher energy levels decay faster. Something similar was shown to occur with the decoherence
rate which is correlated to the highest occupied states [48].

The energy decay and the average position for a bath of N = 100 harmonic oscillators is displayed in Fig. 6. The system
continues to behave dissipatively for the integrated time, with an exponential decay, ⟨E⟩ ∝ exp(−0.0049t) for 0 < t . 10
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〉
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〉

Fig. 4. The average energy decay, Eq. (9), for a bath of 10 HOs, with the total coupling strength equal to 0.008. We display the best fits with symbols. In
the inset is shown the average position, Eq. (10).

n=1

Fig. 5. The time evolution of all 15 states probabilities |cn|2 of a system coupled to a bath containing N = 10 HOs.

〈E
〉

〈q
〉

Fig. 6. The average energy and its best fits for a bath of N = 100 harmonic oscillators. As an inset we show the average position.

and a power-law decay ⟨E⟩ ∝ t−0.53 for much larger times t & 80. For an intermediate time region, starting at t ∼ 10 and
ending at t ∼ 75, an additional exponential decay, ⟨E⟩ ∝ exp(−0.0065t), was observed. Such kind of behaviors with two
exponential decays and a power-law decay was also encountered for N ≥ 100.

In Fig. 7 we summarize results of the energy decay for N = 1, 10, 20, 50, 100, 500 HOs. The first observation is that the
energy decays faster for larger N . For values 10 ≥ N ≥ 50 we observe an exponential decay for shorter times, another
exponential decay for intermediate time domain and a power-law decay for larger times, immediately followed by an
increase in energy. These values of N correspond to a transient regime from an almost conservative situation (N < 10),
where the mean energy over oscillations is almost constant, to a dissipative-like one (N ≥ 100), where, for the integrated
times the energy only decays. Details of the decay exponents will be discussed later in Figs. 11 and 12. As N increases the
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〈E
〉 N=0

Fig. 7. The energy decay for a bath with N = 1, 10, 20, 50, 100, 500 HOs. For N ≥ 10 we observe exponential decays followed by power-law decay.

N=0P
(t

)

Fig. 8. The purity for a bath with N = 1, 10, 20, 50, 100, 500 HOs.

second exponential decay gets more evident and power-law decay becomes more pronounced and larger. Remarkably the
behavior for small Ns is mapped by the curve of highest N: for instance the parameter α′ of the second exponential behavior
is almost the same for all N ≥ 10.

3.2. The system linear entropy and purity

Instead of looking at the dissipation, it is also possible to analyze the linear entropy SL of the quantum statistical
ensemble. It quantifies the degree of ignorance about the system state and can be calculated from SL(t) = 1 − P(t). Here
P(t) = Trc


ρ2
s (t)


is the puritywhich gives information about the decoherence occurred in the systemandρs(t) = |ψt⟩ ⟨ψt |

is the reduced density matrix. For our initial coherent state from Eq. (13), the initial reduced density matrix ρs(0) has
15 diagonal terms and 15 off-diagonal terms. The off-diagonal terms are characteristic of the quantum coherence. Total
decoherence of the initial state occurs at times tdec when all off-diagonal terms vanish. For these times a statistical mixture
of the 15 diagonal terms is reached and the purity of the reduced density matrix is P(tdec) = 1/15 ∼ 0.067. In this way it is
possible to compare total decoherence times tdec with dissipation times.

In Fig. 8 we plot the time evolution of the purity for the same parameters shown in Fig. 7. For N = 0 (no bath) the
purity keeps constant to 1. For N = 1 the purity diminishes and increases in time, but no total decoherence is observed.
For 10 ≤ N ≤ 100 we encounter the transient regime observed for the energy: two exponential and a power-law decays
followed by an increase of purity. For short times the curves for smaller Ns follow the master curve given by the highest
N (500 in our case). For N ≥ 100 one notices two exponential decays with decay exponent ∼0.007 for times t . 10 and
another exponential decay with exponent ∼0.011 for times 10 . t . 50. For later time the purity decay obeys a power-law
decay, as for the energy decay, with the exponent equal to 1.13. In this case the total decoherence was not observed for the
integrated times, easily seen since the values of purity are higher than the crossover value P = 0.067.
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N
M

(t
)

N=0

Fig. 9. Non-Markovianity as a function of time for N = 0, 1, 10, 20, 50, 100, 500.

All features shown for the energy and coherence decay in time can be roughly explained using the damping coefficient
γ (t) from Eq. (11) in Eq. (12). For larger values of N Fig. 2 shows that γ (t) still oscillates but did not become negative, and
the system is expected to behave dissipatively with increasing decoherence. In the inset graph we plot Γ (t), and comparing
Figs. 2 and 7 we can say that it roughly explains the complicated energy decay and decoherence.

3.3. Measuring the non-Markovianity

As observed in the simulations for the purity, a characteristic coming from finite baths is that the system decoherence
oscillates in time. This is directly related to the energy exchange between system and bath. It has been observed [49] that
the backflow of quantum correlations can have his origin when non-Markovian finite baths are considered. Thus, it would
be interesting to check the relation between oscillations in quantum coherences and the non-Markovian behavior. In the
context of the present work it is very appropriate to define the non-Markovianity measure [50–52] as

NM(t) =
1
t

 t

0
dt ′

P(t ′) , (14)

which increases with the number of recurrences of the purity. It is maximal for NM(t) = 1 and zero in the Markovian limit.
In Fig. 9 the quantity NM(t) is plotted for distinct values of N . For N = 0, the case of no bath, NM(t) remains constant
equal to one, as expected. For N = 1 and 10, NM(t) decreases to ∼0.9 and starts to show some small oscillations in time.
These oscillations can be explained using Eq. (11) for the time behavior of the mean energy. Since the purity follows the
time behavior of the energy, for N = 1 we can approximately write P(t) ∝ 1 − cos(ω−t) (neglecting the fast oscillations
ω+). In this case NM(t) ∝ 1− sin(ω−t)/t which oscillates and has an amplitude which decreases in time. This is exactly the
behavior observed in Fig. 9 for N = 1 and approximated for N = 10. While for N = 1 the energy and purity return totally to
its initial value at t = 0, the non-Markovianity does not. In other words, when recurrences of the purity start to occur, the
non-Markovianity becomes constant on average. As N increases to 50, 100, 500, NM(t) decreases for all integrated times.
For N → ∞, NM(t) is expected to decay very fast. Concluding, while recurrences observed for small values of N induce a
finite constant non-Markovianity measure, the exponential and power-law decays of the purity decide how fast the non-
Markovianity disappears.

3.4. The phase–space dynamics

Fig. 10 shows the phase space dynamics for one realization of the bath and for different values of N = 0, 1, 10, 20,
50, 100, 500. For N = 1 the evolution occurs over a circle with a small width. When N increases, this circle starts to look
like a ring with a larger and larger width. At t = 0 the particle starts on the outer side of the circle. As times goes on, part of
its energy is transferred to the bathmoving towards the inner side of the circle. Since there is a continuous energy exchange
between system and bath, we expect that the particles moves continuously between the inner and outer sides of the circle.
Particle does not loose more energy by increasing the number of oscillators in the bath. This is due to the fact that the total
coupling strength is the same in all cases: 0.008.

Summarizing, the general observed behavior for the mean energy and the purity is that, for shorter times t . tdisc ≈ 20
(obtained from the simulations) the exponential decay is independent ofN since the system did not have time to resolve the
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Fig. 10. Phase space dynamics for N = 0, 1, 10, 20, 50, 100, 500 (from left to right and top to bottom).

s=1.0
s=0.1
s=1.9

Fig. 11. Exponential fits, α, of the energy decay in the low times region for ohmic, sub-ohmic, and super-ohmic baths as a function of N .

discreteness of the bath. The system behaves as for a continuous bath. After that, for times t & tdisc , the discreteness of the
bath is recognized by the system and the N dependence becomes visible. For smaller N , the discreteness makes the mean
energy tend to return to the system and the purity tends to increase again. This return still obeys an exponential behavior.
Thus, for small values of N the discreteness of the bath only induces the return of the energy to the system. For intermediate
values of N , the effect of the energy return to the system is reduced, but a power law behavior appears. For large N the
bath spectral density tends to a continuous, but with a power law decay, instead the exponential. The reason is that the
discreteness still induces the power law decay.

3.5. Ohmic, sub-ohmic and super-ohmic baths

Now we turn our attention to other types of distributions, we consider the cases for which the spectral density has the
form J(ω) = ωs, with 0 ≤ s ≤ 2 [6]. If s = 1 the quadratic frequency distribution of the ohmic bath is recovered. For
s ≤ 1 we have the sub-ohmic bath, where lower frequencies in the chosen domain have a bigger contribution when N is
sufficiently large. For s ≥ 1 we have the super-ohmic case, where higher frequencies appear more frequently.

In Fig. 11 we plot the α exponents of the short time exponential decay for all the three types of baths: ohmic (s = 1.0),
sub-ohmic (s = 0.1), and super-ohmic (s = 1.9). One can notice small differences from one type of the bath to another.
Immediately apparent is that there are also small differences between Ns, for all the three types of baths. In general, these
differences are smaller than 10−3 order of magnitude.

In Fig. 12 we plot the β power-law exponents of the long times energy decay for ohmic, sub-ohmic, and super-ohmic
baths. Different than the exponents from the exponential behavior, we noticed differences of the order of 0.2 in the
exponents of different bath’s type. We notice a significant increase of β when N increases.
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s=1.0
s=0.1
s=1.9

Fig. 12. Power-law fits, β , of the energy decay in the long times region for ohmic, sub-ohmic, and super-ohmic baths as a function of N .

Fig. 13. Morse potential for De = 30, a = 0.08, re = 0. Horizontal lines depict the energy levels in the r interval [−7.4, 20], while continuous lines show
the middle energies levels used in our simulations (see text for details).

4. Morse potential

The Morse potential [53–55] is anharmonic and given by

V (r) = De[1 − e−a(r−re)]2, (15)

where r is the distance between atoms, re is the equilibrium bound distance, De is the well depth, a =


Ke
2De

is the depth. Ke

is the force constant at the minimum of the well. The energy levels ϵn and the position elements rnm were determined by
using the Numerov method [56,57]. The results for the energy levels were compared to the analytical form [53]:

ϵn =


n +

1
2


h̄ωM −


(n +

1
2 )h̄ωM

2
4De

, (16)

withωM = a


2De
m being themean frequency of the anharmonic oscillation. Fig. 13 shows in thick continuous line theMorse

potential, given by Eq. (15), with the following values of the constants [54]: De = 30, a = 0.08, re = 0 (with m = 1 this
gives ωM ∼ 0.62). Horizontal lines depict all the 38 energy levels, as calculated from the Numerov method. Due to the
anharmonic potential the energy levels are not equidistant as in the HO case.

For the simulationsweused as initial condition for the coefficients cn aGaussianwavepacket formφ(r) = C exp−
(r−16)2

σ 2 ,
where σ = 3 and C is the normalization constant. Thus, we will have a wave packet with the peak at the energy level
16, placed in the middle of the energy spectrum, corresponding to the values from 5.03 to 12.32, depicted by continuous
horizontal lines in Fig. 13. Here, the coefficients cn have the real Gaussian form defined above and they fulfill the equation23

n=9 |cn|2(0) = 1.
The energy decay, Eq. (9), for a bath having N = 1, 10, 50, and 100 HOs is plotted in Fig. 14. It was considered that all of

themhave the samemassm = 1 and experience the effective coupling strengthwith the system, gλ = g = 0.008/
√
N . Thus,
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N=1

〈E
〉

Fig. 14. The energy decay, Eq. (9), for Morse potential. The number of HOs in the ohmic bath is varied: 1, 10, 50, 100.

P
(t

)

N
M

(t
)

N=1 N=1

Fig. 15. (a) Purity and (b) non-Markovianity as a function of time for N = 1, 10, 100.

again they follow a quadratic distribution in the interval (0.1, 1.0), and for each bath, once chosen the frequencies, they are
kept constant. For each case, namely a bath having N = 1, 10, 50, and 100 HOs, we will vary only xλ and yλ, which are real
distributed numberswith zeromean and deviation one. Due to the high CPU timewe average over different number of initial
conditions andmaximum time length, tmax. For the simulationswe consider all the energy levels of the system, described by a
wave packet of 38 energy levels, ϵn, corresponding to 38wavefunctions, φn (and implicitly the cn coefficients). Asmentioned
before, the initial conditions of the coefficients cn are considered to be 0, except for the 15 intermediate levels, namely from
energy level 9 to level 23, which are Gaussian distributed.

In Fig. 14 we plot the results for N = 1, 10, 50, and 100 with at least 850 initial conditions. When needed the number of
initial conditions was increased, for example N = 50 and N = 100, and for all the cases tmax = 100. Immediately apparent
is that for N = 1 the system regains the energy after t ∼ 25, comparable with tslow = 2π/∆ω− ≈ 30. In this case the fast
tiny oscillations occur around t = tfast = 2π/∆ω+ ≈ 4.3. One can easily notice that the results for all N ≥ 10 values are
very similar for short times, until t ∼ 10: we have an exponential decaywith the exponent equal to 0.0065. This exponential
decay stops at t ∼ 20. For longer times (t & 30) we encounter exponential decays, with the exponent being N-dependent,
i.e. 0.0024 for N = 50 or equal to 0.0045 for N = 100. It is worth to mention that for long times (t & 60) for a bath with
N = 50 the best fit is a power-law with the exponent equal to 0.023. Fluctuations are due to the stochastic average. The
essential distinction here when compared to the HO case is that, for small values of N (N = 10 and 20), we did not observe
the return of the energy to the system. The explanation for this must be the anharmonic property of the Morse potential.

For completeness, we also show the behavior of the purity and the non-Markovianity for theMorse case. They are plotted
respectively in Fig. 15 (a) and (b) forN = 1, 10, 100. As for theHO case, the behavior of the purity basically follows the energy
decay and recurrences. For N = 1 it oscillates and recurrences are evident. For N = 10, 100 it decays for all the integrated
times. For the non-Markovianity we observe in Fig. 15(b) that for N = 1 it initially decays and after times around 20 it
keeps constant, and no recurrences are observed. For N = 10, 100 only the exponential decays of the non-Markovianity are
observed.
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5. Conclusions

In this paper we use the stochastic Schrödinger equation for zero temperature to study the energy and coherence decay
for a system particle, under the influence of a harmonic potential and a Morse potential. The system is coupled to a bath
composed of a finite number N of uncoupled harmonic oscillators. For the discussions we chose, in the limit N → ∞,
an ohmic bath distribution, but we also study the cases of sub-ohmic and super-ohmic baths. In the case of a harmonic
potential, with effective coupling intensity to the bath g = 0.008/

√
N , it was observed that for very small numbers N the

energy is exchanged back and forth with the bath. For intermediate values of N around 10 ≤ N ≤ 20, the time average
energy of the system starts to decay, transferring partially its energy to the bath and we do not see any energy regain for
the integrated times. For these values of N we observed two exponential energy decays (with different exponents) for small
times and a power-law decay for large times. For relatively higher values of N (&50), the same exponential decays were
observed and a more pronounced power-law behavior. We analyzed also the linear entropy of the quantum system state
by determining the purity of the system, which gives information about the decoherence process. Essentially, decoherence
follows the qualitative behavior of the mean energy. For a system situated in a Morse potential, to render the comparison
easier between the harmonic case and the Morse potential we used the same effective coupling strength and the same
frequencies of the bath. In this case we have an exponential decay for short times and another exponential decay for longer
times. Similar to the harmonic case, the energy behavior for N ≥ 10 cases is the same for all N-values in short times region
while the exponents for higher times are dependent on N . The main consequence of this is that the recurrence of the energy
(and the coherence) to the system does not occur anymore for 10 ≤ N ≤ 20. The anharmonicity of the Morse potential
destroys the recurrences.

The main goal of this work is to show general features which occur in systems coupled to a bath with an increasing
number N of constituents. The physical implications of these features for the quantum dynamics of a main system coupled
to a finite bath, can be summarized as: decoherence and dissipation decay exponentially for shorter times t . tdisc and are
independent ofN since the systemdid not have time to resolve the discreteness of the bath. For longer times, t & tdisc , energy
shows a power-law decay for harmonic potential and an exponential decay for Morse potential. In classical conservative
systems, power-law decays of the energy [25,26] and the recurrence times statistics are related to sticky motion and
memory effects due to a dynamics close to local invariants. This suggests that non-Markovian effects could be expected
for the quantum case considered here when power-law decays are observed. In fact we have shown here that recurrences
observed for small values of N induce a finite constant non-Markovianity measure, while the exponential and power-law
decays of the purity decide how fast the non-Markovianity disappears. In general, for small N the bath discreteness tends
to induce an energy and coherence exchange between system and bath and non-Markovian effects. These properties look
somehow related to recent observation which considered flow of quantum correlations from a two-qubit system to its
environment [58] and entanglement and non-Markovianity of quantum evolutions [59].

In addition to the above main general results, we would like to conclude with some relevant characteristics observed
in the simulations but not mentioned along the text: The energy decay rate increases with increasing the total coupling
strength between system and bath, but the time for energy regain is independent of the coupling. The energy regain time
depends on the mean bath frequency and on N . For larger N results are totally independent on the numerical frequency
generator. For smaller values 1 ≤ N ≤ 50, the values of exponential and power-law exponents for the energy decay may
change for different frequencies generator, but the overall qualitative dynamics is equivalent.
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