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Abstract

Lety be a holomorphic self-map @& andy» € H(B). A composition type operatdt , is defined
by Ty, (f) = ¥ f o 9. We can regard this operator as a generalization of a multiplication operator
and a composition operator. For normal functignssome necessary and sufficient conditions are
given for whichTy, , is a bounded or compact operator from Bergman spapeBtoch type space
By on the unit ball ofC”. As a Corollary, we obtain the pointwise multiplier from Bergman space to
n-Bloch type space oB.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Let B denote the unit ball of” anddv denote Lebesgue measureAnnormalized so
thatv(B) = 1. The class of all holomorphic functions with domanwill be denoted by
H(B). For O0< p < oo, the Bergman spacé? is the set of all holomorphic functiong
on B such that
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1

P
||f||A1’={/|f(Z)|de(Z)} < o00.
B

AP is a Banach space with the noffm ||4» as 1< p < oc0. If 0 < p < 1, thenA? is a
Frechet space with- ||},

A positive continuous functiop on [0, 1) is called normal if there are two constants
a,b (0 < a < b) such that

. pr) . op)
) Y is decreasing for € [0, 1) and rﬂrlrl T~ 0;
(i) #) is increasing for € [0, 1) and lim ﬂ

1—r)p ot A=y
The normal functionu, as a weight, has been usually used to define the mixed norm spaces

(see [1]). Letn be normal.f € H(B) is said to belong to the.-Bloch type spaceg,,
provided that

af (z) af (z) > _

921 s ey 92,

Itis well known thatg,, is a Banach space under the norm
17115, = | £ O] +supu(iz)|V £ )
z€

supu(lz])|V f(2)| <oo, whereV f(z) = <
ZEB

Whenpu(r) =1—r2 andu(r) = (1 —r®)¥% (0 < @ < 1), the induced spaces;, are the
Bloch space and Lipschitz type spaces, respectively.

Let ¢ be a holomorphic self-map & andy € H(B). The composition type operator
Ty, is defined by

Ty o(f)=Vfow, [feH(B).

Itis easy to see that an operator defined in this manner is linear. We can regard this operator
as a generalization of a multiplication operaidy, and a composition operatdr,. In
complex plane, composition operator or composition type operator has been studied for a
long time by many students (for example, [2—8]). In several complex variables case, Shi
and Luo [9] and Zhou and Zeng [10] got the characterizatiog dor which the induced
composition operator is bounded or compact@n,2 or f;_,2), in the unit ball. And

in the polydiscs, Zhou et al. [11-13] studied the same problems. The main purpose of this
paper is to discuss the conditions for whit,, is a bounded operator or compact operator
from Bergman spacd? to p-Bloch spaces,, on the unit ball ofC”* and our main results

are the following:

Theorem A. Let0 < p < co. Letu be normal on0, 1), ¢ € H(B) andg be a holomor-
phic self-map ofB. ThenTy , is a bounded operator fromd” to g, if and only if the
following are all satisfied

0 sup p(zDIY ()]

c"—{0} 2 p+n+l
uec - —
0 (1= o)D)
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y {(1— lo@ AT o@)ul?+ {p(2), Jgo(z)unz}% s 1.1)
(1— Iz1?)|u|? + |(z, u)|? ’ '
iy sup VL (1.2)

n+1
€8 (1—|p(2)]?) 7
whereJ ¢(z) denotes a Jacobian matrix ¢f(z) and J¢(z)u denotes a vector as follows

n n

T
d oy,
, Jgo(z)u:(Z gDl(Z)uk,...,Z('0—(Z)uk>.

0 0
=1 %k =1 %k

02k J1<jk<n

J¢(Z)=(

TheoremB. Let0 < p < co. Letu be normal ori0, 1), v € H(B) andg be a holomorphic
self-map ofB. ThenTy , is a compact operator frord” to g, if and only if the following
are all satisfied
(i) veB, and ¢ ep, foralle{l 2, ... ,n}, (2.3)
(i) lim sup v(lzD|¥ ()]

lp@=Luecn—10) (1 — | (2)[2) =

o \/(1— le@ 12T e@ul?+ [(p(2), Jou) >

=0 1.4

(L= PP+ {2, u)f? | &9

iy i PUDIVYOL (L5)
VO (1 o) T

2. Theboundednessof Ty ,

We will use the symbat to denote a finite positive number which does not depend on
variablesz, w and may depend on some norms, not necessarily the same at each occur-
rence. We calE and F are comparable (denoted &y~ F in the following) if there exist
two positive constants; andc, such that1 E < F < c2F.

Lemma 2.1. Let u be normal o0, 1) and f € H(B). Thenf € g, if and only if

n(zDIV /@)l
wec'—10) /A= [P+ 1z, )P

Furthermore,

p(zDIV f(@)ul
Ifllg, =~ [f(O)]+ sup .
w10 ueC” (0] V@ = [2P)[ul? + (z, u) 2
zZ€

Proof. By Bergman metric in [14], there are constaats> 0 andA; > 0 such that
A1V f(@)ul A2V f(2)ul
V@ = zD)ul2+ [(z, u)| V@ =122 [u2+ [(z, u)|?

S <|Vf@)] <
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forallu € C" — {0}. Let C1 = min{A1, 1}, Co = max{A2, 1}. Then

(1zDIV £ (@)ul
C{f(0)+ sup a }<||f|| X
1ol wecr (0 (L~ D)l +1(z. ) 2 £

w(zDIV f(@ul
<C2{ fO)|+ sup }
| | ueC;I;{O} VA =122 |u)? + |(z, u)|?

The proofis completed. O

Lemma?2.2.LetO< p <oo. () If f € AP, then
cllfllar

— T

A—1z»

(2)1f f € AP, thenf € Bu_2s1eprp @A fll, 2 inepyp < IS llar.

|f(2)] <

Proof. By Bergman operator, Proposition 1.4.10 in [15] and [16] we can obtain these
results. O

Proof of Theorem A. Suppose that (1.1) and (1.2) hold. Let
Mi= sup u(zD Y (2)]

c"—{0} 2 p+n+l
ue - —
0 (1— o)D)

(1 —z1?)|ul? + |(z, u)|?
DIV (z
M= supLUDIVV @1
€8 (1—|p(2)|?) 7
ThenM1 < oo, M2 < 0co. Foranyf € A”, by Lemmas 2.1 and 2.2 we have

y { A-le@I)IIe@ul® + (), Jgo(z)unz}%

1(121)[V[Ty.o(NH]@| < u(lzl)(|Vl//(z)||f(<p(z))| + |1//(Z)||V[C<p(f)](Z)|)

gcu(IZI)va(Z)IILﬂlAP +  sup cu(lzl)ll/f(L
(1—1lp@)I?) » ueC 20 A —lp@)?) 7

x ((1—|¢<z>|2>|fgo(z>u|2+|<<o(z>,J<p(z)u>|2)%
(L— 1z [ul+|(z, u)?

n+1+p

L= le@PD 71 )@ e@ul }
VI 19@P T e@ul+ 9@, Jo@u) 2

<Ml fllar + M1l Flg o wirepsp <€l Fllar.

This means thaly ., is a bounded operator from?” to g,,.
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Conversely, suppose thdi, , is a bounded operator from” to g,. Then we can
easily obtainy € 8, andyr¢; € B, bytakingf(z) =1andf(z) =z (I=1,..., n)in AP,
respectively.

For any giverw € B andu € C" — {0}. If |p(w)| < +/2/3, it follows from vy € B, and
Yo € B, that

u(w]r (w) {(1— |(,0(U))|2)|J(p(w)u|2+|<(p(w)’](p(w)u>|2}%
1— o)D" A~ [wPlulZ + [(w, u)2

[Jo(w)u|
< Cl‘v(|w|)‘l/f(w)| VA= wP)|ul?+ [(w, u)|?

“ IV (w)ul|y (w)]
<
C;M(M)\/u— [wl2)|ul? + |(w, u)|2

- |V (o) (wyu| + |V (w)ul|¢r(w)]
<
C;M“wl) V@ = w22+ [(w, u) |2

n
<cY (Iveilp, + 1 lp,)-
1=1
This shows that (1.1) and (1.2) hold.
In the following, we always assume that(w)| > /2/3. First we suppose that(w) =
rye1, Wherer,, = |p(w)|, e1 is a vector(1, 0, . .., 0).
() VA —=r2)(|&2% + - + £ < |€1], Where(éy, ... . £)" = Jp(wu. Let

n+l

fw(Z): A { 1_”3, } ’ .

1—ryz1 | Q- er]_)z
Then, by Proposition 1.4.10 in [15] we hayé, |la» < c. Itis clear that

Ty pll = Tyl fuollar > | Tw,w(fw)”ﬂu

> u(lwl) [V () fu (pw)) + ¥ (W) V[Cy (fu) ] (w)]
cn(wD ¥ (Y fu) (@) Jo(w)ul
> — w1(lw)) [V ) || fu (9(w)
VA= wP)[ul+ |(w, u)? () 1w lo )l

_ cu(JwD ¥ (w)l|€1] (2.1)

- n+l4+p .
AL=r2) 7 VA= wP)ul?+ [(w,u)?
It follows from (2.1) and Lemma 2.3 that

m(why (w)] {(1—|go(w>|2>|fgo<w)u|2+|<¢(w),fgo(w)u>|2}%
Q- o) 7" A= [wP)ul? + [(w, u)]2

_ p(whly w)] { A28+ + 16> + |sl|2}%
(1—r2)" 5" (L= wB)]ul? + [(w, u)|?
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M(le)ll/f(w)l V24|

n <l Tyl
S a2 A PP o

(i) VA—=r2)(&%+ - +1&%) > |&l. Forj =2,....n, let6; = argé; anda; =
e % asg; #0ora; =0 asé; =0. Take

1_r5) }n-};l 1
(1_rwzl)2 1_erl’

Suw (@) 2(02Z2+"'+anzn){

then

1
o+l [ Uz2l + -+ za )P !
I fullar < {(1—rw) 1z 0O

w |1_ erl|2n+2+p

1

215 v
<{(1_r2)n+1/[<n—1>(1—|m| >]zdv(z)}‘”< <
B w

Similarly to the proof of (2.1) we can get

p(whly ) g2l + -+ Il <c||n,,¢||
(L—r2) 7 VA= TP + w2 1=

Thus

p(whly w)| {(1—|¢(w>|2>|fgo<w)u|2+|<<p<w),1go(w)u>|2}%
A~ o)) 7" A~ Tl + [{w, u) 2

M(le)lt/f(w)l { A—r2)(&P+ -+ &1 + |sl|2}%
(L= [w[?)|ul2+ [(w, u)|?

@—r2) 7
M(le)ll//(w)lx/2(1—V2)(|§2|2+ 16l
(1_r2)+—ffﬁ VA= TwP)ulZ+ [(w, )2

< DY) VI- 72l + -+ &)
A= r2)" 5 VA= [wP) P+ [(w, u)?

Sl Tyl

This shows that (1.1) holds.
In a general situation, if(w) # |¢(w)|e1, we use the unitary transformatidn, to

makeg(w) = pye1Uy, Wherep,, = |p(w)| > +/2/3. We can prove (1.1) by taking, =
fwo qul.

In order to prove (1.2), we take
1

— lp(w)|? }"7
h(2) = | s
© {(1—<z,¢(w)>>2

then||ay || ar < c. Thus,
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Ty pll = 1Ty oA llar > || Tw,w(hw)”ﬂu

> p(lwl) [V () (9(w)) + ¥ (W) V(Cyphw) (w) |
> w(1w)) [V )| [y (0 (w (DY ) [(Vhw) (@(w)) Jo(w)ul
SNSRI VA= wP)u + [(w, u)2
_ o p(whIVy )l ep(lwDy (w)ll{e(w), Je(w)u)
o EESI ntltp : (2.2)
(1= lpw)|?) 7 (L—lpw)|?) 7
This shows that (1.2) holds by (2.2) and (1.1). The proof is completed.

Corollary 2.3. Let0 < p < o0, n = 1. Letu be normal on0, 1), ¥ € H(D) andg be a
holomorphic self-map on disb. ThenTy , is a bounded operator frora” to g, if and
only if

/ /
Supu(lzl)ll/f(z)w gl <oo and sup p(zDl¥ (z)l2 o
€D 1-le@I?) 7 €D (1—lp@)?)r
Corollary 2.4. Let0 < p < co. Letu be normal ori0, 1) andg be a holomorphic self-map
of B. ThenC,, is a bounded operator from? to g, if and only if
m(lzl)

sup T
ue - — p
C'0 (1— p(@P)

{ 1= 1@ e@ul?+ (p(), JW)MHZ}%
X < X
1= 1z1®)|ul? + |(z, u)|?

Let X, Y be two spaces of holomorphigrictions on the unit balB. We callyr a point-
wise multiplier fromX to Y if ¢f € Y for all f € X. The collection of all pointwise
multipliers fromX to Y is denotedV (X, ).

Corollary 25. Let 0 < p < oco. Let u be normal on[0,1) andy € H(B). Theny €

M (AP, B,) if and only if
\Y

sup M(|Z|)Wn(f1)+|p oo and SUIO/L(Izl)l wn(fl)l o

B L= z2) B (1-1z2) P

3. The compactnessof Ty ,

Lemma3.1.Let0 < p < co. Letu be normal o0, 1), ¥ € H(B) and¢ be a holomorphic
self-map ofB. ThenTy , is a compact operator from? to g, if and only if for any
bounded sequend¢;} in A” which converges to 0 uniformly on compact subset ove

have||T¢,¢fj||ﬁM — 0asj — oo.

Proof. The result can be proved by using Montel theorem and Lemma 2.2; the details are
omitted here. O
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Proof of Theorem C. Suppose that (1.4) and (1.5) hold. Then for any 0, there exists
0 <8 < 1 such that

w(lzD ¥ @) {(1— lo@ AT @)ul?+ (p(2), Jgo(z)unz}% .

sup -
ueCn—{0} (:|__|()0(Z)|2)%+l A —1z13)ul? + |z, u)|?
(3.1)
and
n(zDIVY(2)| e (3.2)

AL le@P"

asle(z)|?>1-3.

Let{f;} be any a sequend¢,;} which converges to 0 uniformly on compact subset of
B satisfying|| flla» < 1. Then{ f;} and{|V f;|} converges to 0 uniformly ofw: lw|? <
1—6}.

If |(p(z)|2 > 1—§, then, from (3.1), (1.3), Lemma 2.1 and Lemma 2.2, we have

w(zZDIV(Ty o f) (2ul
sup
ueC—{0) v/ (L — |z|2)|ul2 + | (z, u)|?
< sup MUYV Li(@@)Ie@u|
ueCn—(0y v/ (L— |21 |ul2 + |(z, u)|?

n(zD1y (2] {(1—|¢(z>|2>|fgo(z>u|2+|<<p<z>,J¢(z)u>|2}3

< sup -
ueC"—{0} (1- |(P(Z)|2)% 1- |Z|2)|u|2+ I{z, M)|2
p+n

1
VA e @PIe@u+g@T0nNE A [p@R)
< celfillg .y omiaipyp TCENSillar <cellfillar <ce —ce (j—00). (3.3)

+en(lz) [V @] fi (@)

If |p(z)|?<1—36,by(1.3)and Lemma 2.1,

w(IzZDIV (Ty o f1) (2)ul
uec—(0) /(L — 21 |u|? + |{z, u) |2
< sup MIEDIVV@uIIfi @)
weC—(0) /(L — |22 |ul? + | (z, u) |2
w(zZDIY @IV [ (@) (IVor@u] + - - + [V (2)ul)

4+ sup
ueCn—{0} V@ = 1z1D)ul2+ [(z, u)|?
<clvllg, | £i(e@)] +c D (Iverllp, + 1¥lg,)|V £i(e@)]
=1
-0 (j— 00). (3.4)

By (3.3) and (3.4) we havgTy . (fj)lg, — 0 (j — o0). This means thaly, , is a com-
pact operator fromt” to 8, by Lemma 3.1.
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Conversely, for any € {1,2,...,n}, by taking f(z) =1 or f(z) =z € A?, we get
¥ e B andyrg =Ty o (f) € Bu. Thatis, (1.3) holds.

Assume that (1.4) fails. Then there exist sequenépc B satisfyingr; = lo(z/)] — 1
asj — oo, {u/} Cc C" — {0} and constantg > 0 such that

n(z/ DIy )] <(1— lo )Tl 12+ [{p(z)), To)ul)?

e A~ 12 Pl 2+ {27, ud)|?

1
)2 > ¢0. (3.5)
A=r 7

To construct the sequence of functiof§}, we first assume that(z/) = rier (j =
1,2,..).

If \/(1— (w2 + -+ [wi[2) < [wi|, where(wy, ..., wh)T = Jp()u’, take
£ “_”'{ L) }
(2) = .
! 1—-rjza | (A —rjz1)?

We can prove easil}f flla» < c.
Let E be any a compact subset 8f Then there exists & r < 1 such thatt' C {z:
|z| <r}. Thus

1—r2 L;l
()| < / 0 ' )
max| f;(2)] {(l_r)z} —0 asj— o0
That is,{ f;} converges to 0 uniformly on compact subseBoBut from (3.5) we have

HTW!W(fj)HﬁM
L en(Z DIV DIV frjenJohul|
VA= TPl + (e ul)2
_ en(ZDIy )| { A= le) P e [ +1(e)). T ul)? }3

w(I21)| Ve @] frjen)|

(1—r2) 7" A= (27 P)[ul 2+ {27, ul) 2
J
|w{| ceo
X - : — > ﬁ
\/(1‘ rA(wyl2+ -+ [wy|?) + wi 2

This means that
Nim | Ty ()] g, # O

This contradicts the compactnesslof, by Lemma 3.1.
If \/(1— r})(|w§'|2+ -+ |w)[2) > |w]|, then we lew] = argw] (k=2,...,n) and
take

2 n+l _ .2
1-}’]- } P 1 rj
T—rz2] 1

We havel| f;[la» < c and{f;} converges to O uniformly on compact subseBoBut

Y vy
f/ (Z) = (6‘_[02 22+ + 6—19;1 Zn){ X
—rjz1
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e DI (Y ) (rjen) Jo)u! + fi(p)) V()]
VA= 2 P)[u 2+ |(z/, ul)|?

(2 DIv ()]

- n+l4-p

A=r5r

x {(1— lo@)IP)NJI @)l 12 + [{p(2)), w(z.f)umz}%
(L— 12/ 1) |ul |2+ |(z/, ul)|?

(wyl+---+lwy)) /1= r? ceo
> —.

Ja=rDulz+ o+ i)+ iz V2
This contradicts the compactnessiyf, by Lemma 3.1.
If there existsp(z/) such thatp(z/) # |¢(z/)]e1, then there is the unitary transformation
Uj suchthat(z/) = pje1U;, j € {1,2,...,n}. Nowg; = f; o U; " is the desired function
sequence, and the details are omitted there.

Next we prove (1.5) holds. Assume (1.5) fails, then there exist seqyefice B sat-
isfying |¢(z’/)] — 1 asj — oo and constantg > 0 such that

BUEDIVYE ) (3.7)
(L=l 7

We take again

[ Tv.o(FD g, =

X

(3.6)

. n+1
| 1-leED? }7
fi@= { (1= (2. 92
Then{f;} is bounded inA” and converges to 0 uniformly on compact subseBoFrom
Lemma 2.1 we have
1Tv.0 D, = 112DV [T (D)D) 2 0( DV DI £ ()]
ez DI @IV £ (0@ )T p))ul
— sup : :
wecn=(0) /(L= P)ulZ+ (27, u)|?
(2 DIV )|
= o+l
(1—lp@E)2) P
~ sup cn+ D/ DIy E@)llip)), JoE)u)|
n+1+ :
e =0 p(1 - Iw(zf)lz)Tp\/(l— |27 12)|ul2 + (2, u)|?
(3.8)

By (3.7), (3.8) and (1.4) we get
,Iim ||Tw’¢,fj ||ﬁﬂ #0.
J—>00

This contradicts the compactnessigf, by Lemma 3.1. This shows that (1.5) holds. The
proof is completed. O
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Corollary 3.2. Let0 < p < o0, n = 1. Letu be normal on0, 1), ¥ € H(D) andg be a
holomorphic self-map on disb. ThenTy , is a compact operator frod” to g, if and
only if the following are all satisfied
H  @epu,
/
(i) im MDY @e fﬁ' _
Ot A—lp@ )
!/
(i) lim u(lzDly (z)l2 _
WOt A7

O,
0.

Corollary 3.3. LetO < p < co. Letu be normal o0, 1) andg be a holomorphic self-map
of B. ThenC,, is a compact operator from? to g,, if and only if

im  sup n(lz])
WPt 0 (1~ @I
X{ 1L le@IPITe@ul?>+ {¢(2), J(ﬂ(z)u)lz}
(L— |z |ul2 + (z, u)|2
andg; e g, foralll € {1,2,...,n}.

NI
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