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1. Introduction

Impulsive differential equations, that is, differential equations involving an impulse effect, appear as a natural description
of observed evolution phenomena of several real-world problems. It is known that many biological phenomena involving
thresholds, bursting rhythm models in medicine and biology, optimal control models in economics, pharmacokinetics and
frequency modulation systems, do exhibit impulse effects. The monographs [ 1-5] are good sources for the study of impulsive
differential equations and their applications. The recent survey paper [6] provides the oscillation theory of impulsive
ordinary differential equations.

We recall that from the last 40 years delay differential equations have attracted a great deal of attention of researchers
in mathematical, biological, and physical sciences. This is specially due to the fact that the theory of ordinary differential
equations does not carry over to delay differential equations; in fact, often it needs special devices. Among the topics
studied for the delay differential equations, oscillation of the solutions has been investigated the most, and complied in the
monographs [7-10]. However, oscillatory results for the impulsive delay differential equations are scattered all over. Thus,
in this paper we systematically arrange, and modify known oscillatory results and their proofs, for linear and nonlinear
impulsive delay differential equations. Several examples illustrating how easily the theory can be applied in practice are
also included.

The first investigation of the oscillation theory of impulsive differential equations was published in 1989 [11]. In this
paper Gopalsamy and Zhang considered impulsive delay differential equations of the form

X(O+ax(t —1) =Y bx(t))8(t — ), €+t (1.1)
k=1
and

{x/(t) +p®x(t—1) =0, t+#t, (12)

+ - —
x(ty) —x(t,) =bx(t,), keN={1,2,...}
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where p € C([0, 00), [0, ©0)), a is a positive real number, T > 0, b, k = 1,2,..., arereal numbers,0 < t; < t; <

- < tp < ---and limg_ oty = oo.In [11] sufficient conditions are obtained for the asymptotic stability of the zero
solution of (1.1) and the existence of oscillatory solutions of (1.2). This work initiated the oscillation theory of impulsive
delay differential equations. The monographs [12,13] include some oscillation results for the impulsive delay differential
equations. In what follows we shall only consider impulses at fixed times; however, to the best of our knowledge, [14,15]
are the only papers on the oscillation of delay differential equations with impulses at variable times.

The plan of this paper is as follows: Section 2 includes notations, definitions and some theorems needed in the later
sections. In Section 3 we are concerned with the linear impulsive delay differential equations. In the last Section 4 we
deal with the nonlinear impulsive delay differential equations. This section also contains linearized oscillation and some
applications to models in mathematical biology.

2. Preliminaries

In this section, we introduce notations, definitions and some well-known results which are needed throughout this paper.

Let Rt = [0, 00), ] = [to, 00) for some fixed to > 0 and {te}p2, be asequenceinjsuchthatty <t; <fh < -+ <t <
ter1 < ---and limg_, o ty = o0. Leti(a, b) denote the number of points t;, lying in the interval (a, b). If {c;} is a sequence,
then Za<tk<b ¢ and ]_[a<[k<b ¢, denote the sum and product of the numbers ¢ such that t; € (a, b). If i(a, b) = 0, then
Za<tk<b ¢ = 0and ]_[a<tk<b = 1.

By PLC(X, Y) we denote the set of all functions ¥ : X — Y which are continuous for t # t;, and continuous from the
left with discontinuities of the first kind at t = t;. Similarly, PLC" (X, Y) is the set of functions ¢ : X — Y having derivative
Y™ e PLC(X, Y). As usual C(X, Y) denotes the set of continuous functions from X to Y.

Consider the first order delay differential equation having impulses at fixed moments of the form

Ax(ty) = fie(x(t)), k€N,
and the initial condition
x(t) = ¢(t), tell-, k], (2.2)

wheref € C(JxRxR, R), fy € C(R,R), ¢ € C([T_1, to], R), T € C(J,R), T(t) < t,lim, o0 T(t) = 00, T_1 = infoy {T(D)},
and

{x’(r) =f(L,x(0, X)), # b t > b, 2.1)

Ax(t) = x(t7) — x(t;,)

with x(t;") = lim

t—>t

& x(t). For simplicity, it is usually assumed that x(t;) = x(t ).

Definition 2.1. A functionx : [T_;, 00) — R is said to be a solution of (2.1)-(2.2), if the following conditions are satisfied:

(i) x(t) is absolutely continuous in each interval (t, ty+1), k € N, x(tk+) and x(t, ) exist and x(t, ) = x(ty);
(ii) x(t) satisfies the former equation of (2.1) almost everywhere in [ty, 00) \ {tx} and satisfies the latter equation for every
t=t,keN;
(iii) x(t) satisfies (2.2) fort € [T_q, to].

Let x(t) be a solution of some impulsive differential equation.

Definition 2.2 ([12]). The solution x(t) is said to be regular if it is defined in some half line [Ty, 0o) and sup{|x(t)| : t > T}
> OforallT > T,.

Definition 2.3. A real-valued function x(t), not necessarily a solution, is said to be oscillatory, if it is neither eventually
positive nor eventually negative. Otherwise, it is called nonoscillatory. A differential equation is called oscillatory if all its
solutions are oscillatory.

For our purposes we now state some well known results for the oscillation of delay differential equations without
impulses.
Consider the delay differential equation

X(0) + ) pix(t — 1) =0, (2.3)
i=1

wherep; e Rand; e RT fori=1,2,...,n.
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Theorem 2.1 ([8]).Assumethat p;, 7; > Ofori = 1, 2, ..., n. Then each of the following conditions is sufficient for the oscillation
of all solutions of Eq. (2.3).
(@) Z?:] piti > %,’
1/n 1
®) (M= p) ™ (i @) > &

Theorem 2.2 ([8]). Assume that p;, t; > 0fori=1,2,...,n. Then

m 1
> b (max r,-> < -
p 1<i<n e

is sufficient for the existence of a nonoscillatory solution of Eq. (2.3), while

. 1
Z[)i <1T11H Tj) > —
P 1<i<n e

is sufficient for all solutions of Eq. (2.3) to be oscillatory.

Now consider the following delay differential equation

n
X(O+ Y piOx(t —n(0) =0, tp<t<T, (24)
i=1
and the delay differential inequalities
n
YO+ a®yt —7() <0, f<t<T, (2.5)
i=1
and
n
2O+ ) izt — (1) = 0,tp <t <T, (2.6)
i=1
where p;, i, i, T € C([t, T),RT) fori=1,2,...,n,and tyg < T < oc.
Let
t_1 = min [ inf {t — ri(t)}}.
1<i<n | to<t<T
Theorem 2.3 ([8]). Assume that q;(t) > pi(t) > ri(t),to <t <T,i=1,2,...,nandx(t), y(t), z(t) are continuous solutions

of (2.4)-(2.6) respectively, such that
y(t) >0, tp<t<T,
Z(to) = x(to) = y(to),
yo _ x© _ z©
y(to) ~ x(to) — z(to) —
Then

O, t1 <t<tp.

z(t) zx(t) zy(t), to=t<T.
The following well known theorem will also be needed in our paper.

Theorem 2.4 (Lebesgue’s Dominated Convergence Theorem). Let M be a measurable set and let {f,} be a sequence of measurable
functions such that lim,_, o f,(x) = f(x) a.e. in M, and for every n € N, |f,(x)| < g(x) a.e. in M, where g is integrable on M.
Then

lim fnd/L:/fd/L.
M M

n—oo

3. Linear differential equations

In this section, we consider the oscillation of first, second and higher order impulsive linear delay differential equations.
We shall also discuss some results on the generic oscillations.
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3.1. First order equations

Let us consider the impulsive delay differential equation
X(O)+pOxt —7) =0, t#i, (3.1)
x(th) — x(t;) = bex(t; ), k€N, :

where p € C([0, o0), [0, 00)), T > 0,by, k=1,2,...arerealnumbers,0 < t; <t, <--- <ty < ---and limy_, o, ty = 0.

It is clear that all solutions of (3.1) are oscillatory if there exists a subsequence {ny} of {n} such thatb,, < —1forallk € N.
So, we assume b, > —1forall k € N.

There are many papers for the oscillation of Eq. (3.1) and its various extensions [16-25]. The following results were
established in [19].

For convenience, define

—, . tIN{t} # 2,
s<tp<t 14 by

1, G, t]N{ty} = 2,
B(s,t) = min{a(u,t) :u e (s, t]},
y(t) =min{z, t; —t : g > t},
b = max{0, by}.

o(s, t) =

Theorem 3.1 ([19]). Assume that
t+y(t)
limsupB(t —7,t + y(t) — Da(t + y(t) —t,t) p(s)ds > 1. (3.2)

t—00 t
Then Eq. (3.1) is oscillatory.

Proof. Let x be a nonoscillatory solution. Without loss of generality, we can suppose that x(t) > 0 for t > t*, then x(t) is
nonincreasing on intervals of the form (&, ty41] for ty > t* + 7. From (3.1), we have

t+y(t)
X(t+y () —x(tT) + / p($)x(s — 7)ds = 0. (33)
t

Since x is nonincreasing, we obtain

inf x(s) =min{x(t + y () — 1), x(ty) : ty e (t — T, t +y(t) — ]}.

t—t<s<t+y(t)—1

Let ty < tg41 < -+ < tp be impulse pointsin (t — 7, t + y(t) — ], then

X(tn) = ——x(t}) > x((€ +y(6) — 1))
T 1 by ™ T 1+ by ’
X(tm_1) = ¥x(t+ ) > ¥x(t )
m 1 + bm—l me1 = 1 + bm—l "
1 +
> Tbm—] 1 +me((t +y@® —1)"),
x(t) > LI — x((t+y (@) —1)h).
_1+bk1+bk+1 1+bm
Thus,
inf x(s) = Bt —t, t+y (@) —x((t+y() —)7F), (34)

t—t<s<t+y(t)—1
and analogously
X((t 4y ) =0)) = alt +y () — 7, O)x(tF). (3.5)

From (3.3)-(3.5) we have

t+y(t)

x(t+y () +x(th) [ﬂ(t —T,t+y@O) —Dalt+y() -1, t)/ p(s)ds — 1] <0,
t

which contradicts (3.2). The proof of Theorem 3.1 is complete. O
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Corollary 3.1. Assume that t, 1 — ty > T, k € N, t > T and the following condition holds

te+T
limsupB(ty — 7,y + T — Da(ty + T — 7, tk)/ p(s)ds > 1.
k— 00

Then Eq. (3.1) is oscillatory.

Corollary 3.2. Assume that t,.1 — ty > 7, k € N, and the following condition holds

t+t
/ p(s)ds > 1.

Then Eq. (3.1) is oscillatory.

limsu
k—>oop 1 + b

Corollary 3.3. Assume that ty.1 — ty > 27, k € N, and the following condition holds

te+27
lim sup/ p(s)ds > 1.
173

k— o0 +7

Then Eq. (3.1) is oscillatory.

Remark 3.1. Corollary 3.1 is the modification of the first result of Theorem 3.1in [11] and Corollary 3.2 is the second result
of Theorem 3.1in [11].

Theorem 3.2 ([19]). Assume that

limsup [ (1+bo < oo, (3.6)

(=00 ¢ T<tp<t
and
t
lim inf / p(s)ds>711msup [T a+bo. (3.7)
t=oo Ji (=00 ¢ p<t

Then Eq. (3.1) is oscillatory.

Proof. Suppose that x is an eventually positive solution, say x(t) > 0 for t > t*. Since x(t) is nonincreasing on the interval
(tx, ty+1] for t > t* + 7, we have

t—1) = —x(t). 3.8
X 7) > [J:[[k<[1+bkx( (3.8)

On the other hand, from (3.7) for sufficiently large t,

t
/ p(s)ds > c > 0,
t—1

where c is a constant. So, there exists a sequence {T,,} which satisfies lim,_, o, T, = co such that

Ty c Ty+1/2 c
f p(s)ds > — and / p(s)ds > —.
Ty—1/2 2 T, 2

Let ty < ty4q < -+ < ty be impulse points in (T,, — t/2, T,). Integrating (3.1) on [T, — 7/2, T,], we find
T\ T Tn
X (Tn — 7) + bix(ty) + - - - + bpx(tm) > / p(s)x(s — t)ds.
2 Tn—1/2
Notice that

) ((Tn ~ %>+> T bx(ty) + - - - 4 byx(ty) < ﬁ(l + b)x ((Tn _ %)*) ,

i=k
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and hence

[T a+bx(m-2")

Th—1/2<tj<Ty

A%

T
/ p(s)x(s — t)ds
T,

n—7T/2

Tn

> inf x(s) p(s)ds
Th—37/2<s<Tp—7 Th—7/2
c 37

= 5/3 (Tn - 7: Tn - T) X((Tn - T)+)
c 1

> - —x(T,—1)*).
2 Th—3t/2<ty<Tp—1 1+ bk

Thus
X((T —0)t) < 2 [[ a+bo ] «+box (T - E)+ (3.9)
n = n 2 : ’
Tn—3t/2<ty<Th—7 Thn—1/2<ty<Tp

Similarly integrating (3.1) on [Ty, T, + 7 /2] and using (3.9), we get

2\? _ _
x((Th—0)*) < (7) [T a+bo [T a+box). (3.10)
c
Thn—3t/2<ty<Tp—1/2 Th—1/2<ty<Tp+t1/2
Let
t_
o =lim infx( 2
t—00 X(f)

From (3.6), (3.8) and (3.10), o is finite and positive. Now from (3.1) for sufficiently large t we have

X (t) x(t—1)
xo PO T

Integrating the above equality over [t — 7, t] we obtain

_ _ ¢
ST T aesoze i 0 [ s
t—t

X(t) t—T<tp<t TTes<t X(S)

which implies that
1 t
—limsup [] (1+bo = liminf / p(s)ds,
€ oo t—T<ty<t 1200 Ji—z

but this contradicts (3.7). The proof is complete. O
Remark 3.2. The above Theorem 3.2 includes Theorem 3.2 in [11] as a special case when t;;; — t; > 7,0 < b; < M,i € N.

Corollary 3.4. Assume that
(i) by <0,k e N;
(ii) 1i[nl£ff[; p(s)ds > 1.
Then Eq. (3.1) is oscillatory.
In [19] the authors also considered the constant coefficient impulsive equation of the form
X(t)+ax(t—1)=0, t#t,
{x(t,j) — x(t) = bex(t), keN, (3.11)

and proved the following results.

Theorem 3.3 ([19]). Assume that

(i) ate < 1;
(i) =1 < b; <0;
(i) Yoo, by > —oo.

Then Eq. (3.11) has a nonoscillatory solution.
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Theorem 3.4 ([19]). Assume that

(i) til1—>T>0,ieN;
(ii) b; < 0,i € Nand limj_. b; = 0;
(iii) are < 1.

Then Eq. (3.11) has a nonoscillatory solution.
Now we consider the impulsive linear differential equation of the type

{x/(t) +px(t—7) =0, t#¢t,

Ax(ty) + pox(ty — 7) = 0, (3.12)

wherep > 0,0 < pg < 1, T > 0. We assume that the following condition holds:
(H) There exists m € N such that
ift—t,t)=m, teR.
When we look for a positive solution of Eq. (3.12) of the form
xt) =e A -, LeR, u<1,
we obtain the following characteristic system
A=per"(1— )™,
w=poe* (1 — )~
It is easy to see that the solution (A, ) of (3.13) satisfies
Do

p
Moreover, the system (3.13) has a solution (A, u) with u < 1 if and only if the characteristic equation

(3.13)

p —m
H(W) = —h + peHt <1 - J) =0 (3.14)
p
has a solution A € (0, %).

Theorem 3.5 ([12]). If the condition (H) holds, then the following assertions are equivalent:

(i) The Eq. (3.14) has no solution A € (0, %);

(ii) The characteristic system (3.13) has no solution (A, n) with u < 1;
(iii) Each regular solution of the Eq. (3.12) is oscillatory.

In [23], authors obtained explicit necessary and sufficient conditions for the oscillation of Eq. (3.12) by applying
Theorem 3.5.

Theorem 3.6. Let the condition (H) be satisfied. Then every solution of Eq. (3.12) oscillates if and only if

A

_r
—x1(1—2)"e 20"+ py > 0,

2
pT pt pT
e tm+1— —+m+1) -
Py Py p
where Ay = = ( 9 0.

e
Po

In [20], authors considered the impulsive delay differential equation of the form

n
X(O)+ ) px(t—1) =0, t#¢,
i=1

x(t5) — x(ty) = bex(ty), k€N,

(3.15)

wherep; > 0,fori=1,2,...,m0 <11 <7 <--- < 7Ty by € Rfork € N.
Let the following conditions (C) be satisfied:

(a) For the case n = 1, there exists a positive integer m such thatforj=1,2,...,m; k € N,

timyj =t + kt1, and  bynyj = bj;
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(b) For the casen > 1, the quotients t;/t; are rational numbers fori = 2, 3, ..., n, that s, there exist positive integers g; and
r; which are coprime such that 7;/7; = q;/r;, and there exists a positive integer m such thatforj=1,2,...,m; k € N,
tkm+j = 4 + kT, and bkm+j = bja
where T = 1y/r and r is the least common multiple of ry, 15, ..., 1.

A necessary and sufficient condition for the oscillation of (3.15) is that its characteristic equation

n
F) =i+ ) pi“ie™ =0 (3.16)
i=1
has no real roots, where
s=[la+bo.  n=Tla+b).  a=—" fori=1.2...n
k=1 k=1 i

Theorem 3.7 ([20]). Assume that conditions (C) hold. Then the following statements are equivalent:

(a) Eg. (3.15) has a nonoscillatory solution.
(b) The characteristic Eq. (3.16) has a real root.

From Theorems 2.1 and 3.7 the following result is immediate.

Corollary 3.5. Assume that conditions (C) hold. Then each of the following conditions is sufficient for the oscillation of all solutions
of (3.15):

@) YL, pigtin > 1
(b) (H?:lpisai)l/n (Z?:l ti) > %

Similarly, from Theorems 2.2 and 3.7 the following result follows.

Corollary 3.6. Assume that conditions (C) hold. Then,

n
. 1
> i) (o) <
= 1<i<n e

is sufficient for the existence of a nonoscillatory solution of (3.15).

The impulsive delay differential equation of the form

Y(©) +a®)y®) +p)yt —t) =0, t#t, (3.17)
Yyt —yt) = by(t), keN '
was examined in [26,27]. In [27], authors also considered the impulsive delay differential inequalities
') +a®)y®) +pO)y(t —7) <0, t#8, (3.18)
y(&) —yt) = byt), keN, ‘
Y@ +a@y© +pOy(t —7) =0, #k, (3.19)
Yt —y(t) = byt), keN, '
where
(A1) a,p :] — Rare locally summable functions, t is a positive constant,
(Ay) by > —1 are constants for k € N.
They also dealt with the following delay differential equation and inequalities
X () +a®)x(t) +P()x(t —17) =0, ae.t>ty+r1, (3.17)
X () +a®)x(t) +P()x(t —7) <0, ae.t>ty+T1, (3.18)
X () +a®)x() +P(O)x(t —1) >0, ae.t>ty+7, (3.19)

where P(t) = l_[tfrgtk<t(1 + b))~ 'p(t), t >ty + 1, a, p, T, and {b;} satisfy the same as (A;)-(A;).
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Theorem 3.8 ([27]). Assume that (A1)-(A;) hold. Then the following hold:

(i) Inequality (3.18) has no eventually positive solutions if and only if (3.18") has no eventually positive solutions;
(ii) Inequality (3.19) has no eventually negative solutions if and only if (3.19') has no eventually negative solutions;
(iii) All solutions of (3.17) are oscillatory if and only if all solutions of (3.17’) are oscillatory.

Proof. Since (ii) and (iii) follow from (i), it is sufficient to prove (i).
Let y(t) be an eventually positive solution of (3.18). Then there existsaT > O suchthaty(t) > Oandy(t—7) > 0,t > T.
Set x(t) = HT5Ik<t(1 + b))~ ly(t). Clearly x(t) > 0,x(t — ) > 0 fort > T. Since y(t) is absolutely continuous on each

interval (ty, tyy1], in view ofy(t,f) = (14 byy(ty), it follows fort > T

xeH =[] a+b)7yEhH = x@),
T<tj<ty

and forallt, > T

xt)y =[] A+ 'y =x®).

T<tj<tx—1
Moreover, we have

X0 +aOx®) +POxt—7) = [[ A+b07Y©O+a®) [T A+by 'y®

T<ty<t T<ty<t
+Pe) [ Q+bye-1)
T<ty<t—t1
= [] a+b7'¢/© +ay® + p)y(t — 7))
T<typ<t
S 07

which implies that x(t) is a positive solution of (3.18").
Conversely, let x(t) be an eventually positive solution of (3.18") and x(t) > Oand x(t — ) > Ofort > T > to. Set
y(t) = HTstk<t(1 + by)x(t). For every t, > T, we have

y&h = ] a+bpx) and yw) = [] +bx(to.

TEQSW qu<%

Thus for every t, > T,k € N, we find y(t,f) = (1 4 by)y(tx). On the other hand since x(t) is absolutely continuous on
[T, 00), y(t) is absolutely continuous on each interval (t, ty+1], tx > T and for almost everywhere t € [0, 00),

YO +ay®) +pyt—7) = [] A+b)X@® +a@®) J] A+box®) +p@) [] Q+boxt—1)

T<ty<t T<ty<t T<ty<t—t
= [] O+ bo&® +a®x(®) + POx(t - 7))

T<ty<t
<o.

So, y(t) is a positive solution of (3.18). The proof of Theorem 3.8 is complete. O

The following theorem improves and generalizes Theorem 3.2 in [11] and Theorem 5 in [26].

Theorem 3.9 ([27]). Assume that (A1)-(A;) hold and p(t) > 0 for t > to. If
Y i s 1
lltm inf 1_[ (14 b)) 'p(s) exp a(o)do ) ds > —,
- Ji-r S—T<ty<s s—T e

then Eq. (3.17) is oscillatory.

Theorem 3.10 ([27]). Assume that (A)-(Az) hold and p(t) > 0 for t > to. If
t N
lim sup 1_[ (14 by) " 'p(s) exp (/ a(a)da) ds > 1,
t=00 Jt—1 s_r<p<s s—t
then Eq. (3.17) is oscillatory.

Theorem 3.10 generalizes Corollaries 3.2 and 3.3.
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Now we introduce the following conditions:

(A3) There exists an integer m such that m(t, 1 — tg) > t forallk € N;
(A4) There exists a constant M > O such that0 < b, < M forall k € N.

The following two results are corollaries of Theorems 3.9 and 3.10, respectively.

Corollary 3.7. Assume that (A1), (As3), (A4) hold and p(t) > 0 for t > to. If

Y s 1+ M)™
11[m mf/ p(s) exp / a(o)do ) ds > —
-0 t—71 S—T

then Eq. (3.17) is oscillatory.

Corollary 3.8. Assume that (A1), (As3), (A4) hold and p(t) > 0 for t > to. If

t N
lim sup/ p(s) exp (/ a(a)da) ds > (1+M)™,
t—1 5—T

t—>00

then Eq. (3.17) is oscillatory.

The following result provides a sufficient condition for the existence of a nonoscillatory solution of (3.17).

Theorem 3.11 ([27]). Assume that (A1)-(Az) hold and p(t) > 0 for t > t,. If there exists T > to such that forallt > T
t N -1
/ ]_[ (1+ b))~ 'p(s) exp (/ a(a)da) ds < —,
=T s—1<ty<s S—T e
then (3.17) has a nonoscillatory solution on [T, 00).

Impulsive differential equations with variable delays were dealt in [28-32]. Particularly, in [32], authors considered the
impulsive delay differential equations

X () +p®)x@Et) =0, t#t, (320)
Ax(ty) = L(x(te), X(g(t))), k€N, :

and

X (t) +qO)x(t) + p(H)x(g(t)) =0, t#k, (321)
Ax(t) = L(x(ty), x(g(t))), keN. )

We need the following conditions:

(Hy) p € PLC(RT,RY);

(Hy) g € C(RT, R), g(t) < t,g'(t) = 0,lim g(t) = 00;
(Hs) Iy € C(R?, R), uly(u,v) < Oforuv > 0,u,v € R, k € N;
(Hy) q € PLC(RT, R).

Theorem 3.12 ([32]). Let the following hold:

(i) Conditions (H1)-(Hs) are satisfied;
(ii) There exist constants My(0 < My < 1) such that |I;(u, v)| > My |u| foru # 0, v € R, k € Nand

limsup ] (1—=My>0;

=00 gt <t<t
(iii)

t 1
litm inf/g. p(s)ds > — limsup 1_[ (1 — My).

7 Jew € 20 gy<p<t

Then Eq. (3.20) is oscillatory.
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Proof. Without loss of generality we may assume that x(t) > 0 and x(g(t)) > 0 fort > ty. Denote
_ x(g(®)

x(t)
From (3.20), (H;) and (Hs), it follows that X'(t) < 0 and Ax(t;) < O fort, t; > to. Thus x(t) is a nonincreasing function on
[to, 00) and w(t) > 1 for t > ty. We shall prove that the function w is bounded above for t > t3. Denote

lim sup 1_[ (1—M,) =L.

=00 gy<g<t

w(t)

, = to.

From (iii), there exists t* € (g(t), t) such that

e L t L
/ p(s)ds > — and / p(s)ds > —.
2(t) 2e o 2e

Integrating (3.20) from t* to t, we obtain
t L
X(t) = = Y L&), x(g(0)) + x(g (1)) / p(s)ds > x(g(0) - . (3.22)
t* <t <t t*

Similarly, integrating (3.20) from g(t) to t*, we obtain

L
x(g(1) = x(@Eg(t7) 5.
e

From the above inequality and (3.22) it follows that

L 2
x(t") > x(g(t")) <2€> :

Therefore the function w is bounded from above for t > t,. Dividing (3.20) by x(t) and integrating from g(t) to t, we obtain
from (ii)

t
In [w(t) [] a _Mk)i| > wo/ p(s)ds,
g(O<tp<t 8

where wg = li[m infw(t).Itis clear that 1 < wg < o0. Thus
—00

o ! 1.
llmmf/ p(s)ds < — lim sup 1_[ (1 — My),
t g

7 Jew € o gyt

which contradicts (iii). The proof is complete. O

Theorem 3.13 ([32]). Let the following hold:

(i) Conditions (Hy)-(Hs) are satisfied;
(ii) There exist constants L, > 0 such that |I,(u, v)| > L |v| for uv > 0,u,v € R, k € N;

(iii)

t
lim sup |:[ p(s)ds + Z L,<:| > 1.
g

=0 ® g(O)<tp<t
Then Eq. (3.20) is oscillatory.

Theorem 3.14 ([32]). Let the following hold:
(i) Conditions (Hy)-(H4) and condition (ii) of Theorem 3.12 are satisfied;
(if)
t s d 1
lim inf / p(s)else 104 gs <~ fim sup ]_[ (1 — Mp).
7% Jso € 2% =yt

Then Eq. (3.21) is oscillatory.
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Theorem 3.15 ([32]). Let the following hold:
(i) Conditions (Hy)—(H4) and condition (ii) of Theorem 3.13 are satisfied;
(i)

t s tk wyd

lim sup / p(s)efg(s) gduge 4 Z Lkefg([k) qdu | 1

t=oo | Je® g(O)<t<t

Then Eq. (3.21) is oscillatory.

In [32], the authors also considered the nonhomogeneous impulsive differential equation

X () +pOx@ED) =b(t), t#,
Ax(ty) = I(x(te), x(g(tx))), k €N,

with the following conditions:

(Hs) There exists a function w € C'(R*, R*) such that w'(t) = b(t);

(Hs) There exist two sequences {t,i};i] , {t,f};:; C R" and two constants q; > 0,q> > 0 such that limy_ t;, =

limg, o t) =00, w(ty) =q1 < wt) < g = w(t)). keN, t e R,

(3.23)

Theorem 3.16 ([32]). Assume that conditions (Hs)-(Hg) and hypotheses of Theorem 3.12 are satisfied. Then Eq. (3.23) is
oscillatory.

Theorem 3.17 ([32]). Assume that conditions (Hs)-(Hg) and hypotheses of Theorem 3.13 are satisfied. Then Eq. (3.23) is
oscillatory.

The Sturmian Comparison Theory for the impulsive differential equation with deviating arguments

X+ ) aOxr®] =0, t#t,
X)) = ax(t), ke N

was investigated in [33]. For these results we also refer to the book of Bainov and Simeonov [12].
In [34], authors considered the impulsive differential equation with a distributed delay

t
YO+ [ yodRes =02t t£5,

—00
y(i+0) =By(r), jeN,
with the initial function
y() = (), t<to, (3.25)

under the following assumptions.

(3.24)

(a1) R(t,.) is a left continuous function of bounded variation and for each s its variation on the segment [ty, s], P(t,s) =
varyg, s;R(t, .) is a locally integrable function in t.

(a2) R(t,s) =R(t,t),t <s.
(a3) ¢ : (—o0, ty) — R is a Borel measurable bounded function.
(a4) For each ty, there exists s; = s(t;) < t; such that R(t,s) = 0fors < s1,t > t; and lim;_, o, S(t) = oo.
(bl ty <71 <Tp <+ < T < ---satisfy limj_, oo 7j = 00.
(b2) B > 0,j € N.
They also considered the nonimpulsive differential equation
t
X (1) —i—/ x(s)dsT(t,s) =0, t > to, (3.26)
—00
where
T(t.s) = [] B 'R.s).
s<tj<t

Theorem 3.18 ([34]). Suppose (al)-(a4) and (b1)-(b2) hold. Then Egs. (3.24)-(3.25) is oscillatory (nonoscillatory) if and only
if (3.26)-(3.25) is oscillatory (nonoscillatory ).
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Proof. Let y be a solution of (3.24)-(3.25). Then x(t) = Htoslj<f Bj_ly(t) is continuous and y(t) = ]_[tosqu Bjx(t). From
(3.24), we obtain
t

t
X (t) —|—/ x(s) 1_[ Bj_ldsR(t,s) =X (t) —1—/ x(s)d,T(t,s) = 0.

to s<tj<t
Conversely, if x(t) is a solution of (3.26)-(3.25), then y(t) = ntosrj<t B;jx(t) is a solution of (3.24)-(3.25). Since B; > 0, itis

clear that x and y are oscillatory (nonoscillatory) at the same time, which completes the proof. O

Corollary 3.9. Let a; be locally essentially bounded functions, hy(t) be Lebesgue measurable functions, and h,(t) < t,k € N,
lim¢_, o hi(t) = oco. Then the equation

m
YO+ ) ayh®) =0, t#T,
k=1
y(Tj+0) =By(r), jeN,
is oscillatory (nonoscillatory) if and only if
m
XO+Y a® ] B 'x() =0
k=1 hi(t)<tj<t
is oscillatory (nonoscillatory).
Oscillatory properties of the following impulsive delay differential equation with continuously distributed type deviating
arguments
t
X0 +alOx©) +bOne 1)+ [ bEIXGds €F b £20,
-3
X(t5) = x(t) = bx(ty), k€N,

have been addressed in [35].
Now we consider the impulsive delay differential equation of the type

X (t) +at)x(t) + b®)x([t —1]) =0, t#n, (3.27)

x(n™) —x(n") =dyx(n), neNU{0}, (3.28)
where a, b : Rt — R are continuous functions, d, € R — {1}, n € NU {0}, x(n) = lim,_, ,+ x(t), x(n™) = lim,_, - x(t),
and [-] denotes the greatest integer function. Recently, in [36], the authors have obtained some results on the oscillation,
nonoscillation and periodicity of the solutions of Egs. (3.27)-(3.28).

Definition 3.1. The function x : Rt U {—1} — R s a solution of (3.27)-(3.28) provided:

(i) x(t) is continuous on R* with the possible exception of the points [t] € RT;
(ii) x(t) is right continuous and has a left-hand limit at the points [t] € R™;
(iii) x(t) is differentiable and satisfies (3.27) for any t € R™, with the possible exception of the points [t] € RT where
one-sided derivatives exist;
(iv) x(n) satisfies (3.28) forn € N U {0}.

The following interesting result gives the existence and uniqueness of the solutions.

Theorem 3.19 ([36]). For any fixed xy, X_1 € R the Eq. (3.27)-(3.28) has a unique solution x : R™ U {—1} — R satisfying the
initial conditions x(—1) = x_1, x(0) = xo. Moreover for n <t < n+ 1,n € N, x has the form

x(t) = exp (—f a(s)ds) [y(n) —y(n— 1)/ b(u) exp (/u a(s)ds) du] ,

where y(n) = x(n) and the sequence {y(n)}n,>_1 is the unique solution of the difference equation

t n+1 u
yin+1) = %d] exp <— f a(s)ds) [y(n) —y(n— 1)/ b(u) exp <f a(s)ds) dui| (3.29)
— Un4+ n n n

with the initial conditions

y(=1)=x_1 and y(0) = xo. (3.30)
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Remark 3.3. If a(t) = a,b(t) = band d, = d forn € NU {0}; a, b, d are real constants, d # 1, then we get the constant
coefficient difference equation

b
A—-dymn+1) —ey)+-1—-e Yy -1 =0, n>0. (3.31)
a
If we look for a solution of (3.31) of the form y(n) = kA", we find the characteristic equation
2 —a b —a
(1—dr’> —e A+ -(1—e"% =0. (3.32)
a

Assume that the roots of (3.32), A1 and A,, are different. Then the solution of (3.31)-(3.30) is

y(n) = [AH (0 — Aax—1) — A5 (%0 — A1x_1)].

A — A2
[f}\] = )\z,then
y(m) = Af[xo(n+ 1) — Aqx_qn].

Theorem 3.20 ([36]). Let x : RT U {—1} — R be a solution of the problem (3.27)—(3.28) with x(—1) = x_; and x(0) = xo.
Then the following hold:

(o) If the solution {yn}n>—1 of (3.29)-(3.30) is oscillatory, then x is also oscillatory;
(B) When the solution {y,}n>—_1 of (3.29)—(3.30) is nonoscillatory, then x is nonoscillatory iff there exists a N’ € N such that

— tb ” ds)d < 1 N’
yon—1_J, (u) exp na(s)s u, n<t<n+1n>N.

Theorem 3.21 ([36]). If b(t) > 0 and

n+1 t
lim sup(1 — dn)/ b(t) exp (/ a(s)ds) dt > 1, t>0,
n—o0o n n—1

then all solutions of (3.29) are oscillatory.

Corollary 3.10. Under the hypotheses of Theorem 3.21, all solutions of (3.27)-(3.28) are oscillatory.

Theorem 3.22 ([36]).1f 1—d, > M > 0,n € NU {0}, and

n+1 n+1 u 1
lim inf exp (/ a(s)ds) lim inff b(u) exp (/ a(s)ds) du > —, (3.33)
n—00 n n—oo J, n 4M

then all solutions of (3.29) are oscillatory.

Corollary 3.11. Under the hypotheses of Theorem 3.22, all solutions of (3.27)-(3.28) are oscillatory.

Now consider the equation

X' (t) +ax(t) + bx([t —1]) =0, t#n, (3.34)
x(n™) —x(n”) = dx(n), neNUJ{0} )
where a, b, d are real constants,a = 0,b # 0,d # 1.
Remark 3.4. If a, b and d are real constants, then condition (3.33) reduces to
ae
b> ——. (3.35)
4M(e® — 1)

Ifd =0,then0 < M < 1 and condition (3.35) reduces to

—a
pe 2
4(e® - 1)

which is a sharp condition for the corresponding nonimpulsive equation as stated in [37].

Corollary 3.12. If 1 —d > M > 0 and (3.35) is satisfied, then all solutions of (3.34) are oscillatory.
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Let A1 and A, be the roots of (3.32), and when they are different we assume that A, < A;.

Theorem 3.23 ([36]). If any of the following hypotheses is satisfied, then Eq. (3.34) has nonoscillatory solutions:

(i) b<0,d < 1and xg — Ayx_1 # O;
(i) 0 <b<ae™®/4M(e* — 1) and0 < 1—d < M;
(iii) b =ae™*/4M(e* — 1) and 1 —d =M > 0.

Theorem 3.24 ([36]). If b < 0,d < 1and xo — A;x_1 = 0, then every solution of (3.31) is oscillatory.

Corollary 3.13. Every solution of (3.34) is oscillatory iff either

(i) b> ae™®/4M(e* —1)and1—d > M > 0; or
(ii) b < 0,d < 1and xg = Ayx_1.

The following theorems provide sufficient conditions for the existence of periodic solutions.
Theorem 3.25 ([36]). A necessary and sufficient condition for the solution of the Eq. (3.34) with the conditions x(—1) =

X_1,x(0) = xg to be periodic with period k, k € N, is y(k) = y(0) and y(k — 1) = y(—1), where {y(n)},>_1 is the solution
of (3.31) with the initial conditions y(0) = xq, y(—1) = x_1.

Theorem 3.26 ([36]). Assumethatb > 0and 1 —d > M > 0. A necessary and sufficient condition for every oscillatory solution
of (3.34) to be periodic with period k is

41—d 2
b:u and a:—ln<2(1—d)cosn—m>,
el — k
where m and k are relatively primeand m =1, 2, ..., [(k — 1)/4].

Theorem 3.27 ([36]). Assume that b < 0,d < 1and xy = Ayx_1. A necessary and sufficient condition for every oscillatory
solution of (3.34) to be periodic with period 2 is

_a(l + (1 —d)e?
et — 1 '

b=

Example 3.1. Let us consider the impulsive differential equation with piecewise constant argument
X' (t) + (n2)x(t) —2(In2)x([t — 1)) =0, t#n,
1
x(n™) —x(n") = Ex(n), neNU{0}, (3.36)
x(0) = xo, x(—1) = —Xg.

Here, the hypothesis (ii) of Corollary 3.13 holds. So, the solution of (3.36) is oscillatory. Moreover, since the conditions of
Theorem 3.27 are satisfied, this oscillatory solution is periodic with period 2.

Example 3.2. Now consider the following equation
2
X () + (An3)x(t) + £(ln 3x([t—1) =0, t#n,
4 (3.37)
6—+2
5 x(t), neNU({0}.

For this equation, the hypothesis (i) of Corollary 3.13 is satisfied, and for k = 8 the conditions of Theorem 3.26 are satisfied.
Hence, every oscillatory solution of (3.37) is periodic with period 8.

x(n™) —x(n") =

3.2. Second and higher order equations

Oscillation of second order linear impulsive delay differential equations has been investigated by many authors
[34,38-44]. First, we consider the following equation

@y ©) =Y pi®yt —h) =0, t#n,keN,

i=1
AY () =y (e +0) — Y (1 — 0) = By (),
Ay(n) =y(ty) —y(r7) =0,

(3.38)
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with the initial conditions
y(©) = (), te[—h,0], h=max{h;:ie Ny},
¥'(0) = ¢'(0) = yj.
Here, N, = {1, 2, ..., n}; {B}2, is a sequence of positive numbers; h;, i € N,, are positive constants; y'(z, ) = ¥ (%); T €
PLC(RT,RT — {0}), r(z;") > 0,k € N; p; € PLC(RT, RT — {0}), i € Ny;; ¢ € C*([—h, 0], R).
The following results provide sufficient conditions for the oscillation of bounded solutions of Eq. (3.38).
Theorem 3.28 ([38]). Let the following conditions hold:
(i) lime_ o0 R(t) = +00, where R(t) = [, %;
(ii) [ R(s) Y1, pi(s)ds = +oc.
Then all bounded solutions of Eq. (3.38) either tend to zero as t — 400 or oscillate.
Theorem 3.29 ([38]). Let the following conditions hold:
. o0 d .
Wl sy =teor
(ii) litmiup % JisG—t+m> pi(s)ds > 1,
— =400
where h = min{h; : i € N,,}. Then all bounded nontrivial solutions of Eq. (3.38) are oscillatory.

In [39], the authors considered the impulsive delay differential equation

X0+ adx(@ () =0, >0,

k=1 (3.39)
x(r) = Ax(ty),  X(y) =BxX(y7), jeN,
under the following conditions:
(al) 0 =1 <11 <1 <:-- < ---arefixed points, and lim;_, o, 7j = 00;
(a2) ax, k = 1,2,...,m, are Lebesgue measurable and locally essentially bounded functions on R*,A;,B; € R,j =
(a3) ;k 2R+—> R are Lebesgue measurable functions, g (t) < t, lim;_ o gx(t) =00, k=1,2,...,m.

They studied nonoscillation of the Eq. (3.39) and the corresponding differential inequality, positiveness of the
fundamental function, existence of a solution of a generalized Riccati inequality, comparison theorems; and obtained the
following explicit conditions for the nonoscillation and oscillation. In these results A; > 0, B; > 0, and a™ = max{a, 0}.

Theorem 3.30. Suppose for somety > 0,0 <q < 1,r > —1,m > 0, M > 0 at least one of the following conditions holds:

(1—-q)/2 2
; 2y"m -1 _+ gk(t) a—9°.
(1) SUPe= [T Bi/A = 1] = @ 5uP © X Ty gec A a0 [B2] T < 0522,

. 2 5m —1,+ m(1+1)*
(if) mt" < sup=, Hto<rj5t Bj/A; < Mt", Sltlgtt D et l_[gk(t)<'rj§tAj a () < =
=lo

Then Eq. (3.39) has a positive solution for t > t, with a nonnegative derivative.
Corollary 3.14. Suppose
ag(t) <0, mt" < sup H Bi/A; < Mt',

200 fy <<t
r>—1,m>0, M>0.

Then Eq. (3.39) has a positive solution for t > t, with a nonnegative derivative.
Example 3.3. Consider the impulsive delay differential equation
1
X'(t)+ —=x(t—38) =0, t#],
() + 5%t =) #]

] (3.40)
x(z)zmxo ), xX()=xG), jeN

Since

1
r< ] Bj/Aj§t+1§t<1+t—>,

t0<1'j§t 0

Eq. (3.40) satisfies condition (ii) of Theorem 3.30 forr = 1, m = 1, M = 1 + 1/t,. So, Eq. (3.40) is nonoscillatory.
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Now let
m

boy=> []am [] A'a®.

k=1 7=t gr(t) <7<t

Theorem 3.31. Suppose ]_[tlgj < Bi/A; < LIffor t > t; there exists a positive solution of the nonimpulsive ordinary differential
equation

X'(t) + b(t)x(t) = 0,

then for t > tq there exists a positive solution of Eq. (3.39).

Theorem 3.32. Suppose a,(t) > 0 and there exist M > 0, § > O such that
sup[ [ Bi/Ai <M., t—g(t) <6.

20 1

If forsomek, k=1,2,...,m,

/ HA]'/B] 1_[ Aflak(t)dt:oo, and / HB]’/Ajdt:OO,

T=t gk(t)<g<t g=t

then Eq. (3.39) is oscillatory.

Example 3.4. Consider the impulsive delay differential equation

1
x%0+zﬁﬂr—m=0,t¢ﬁ

L J+1 . . . (341)
X() = TX(I ), X =X({), jeN
Eq. (3.41) satisfies the conditions of Theorem 3.32, and hence all solutions of Eq. (3.41) are oscillatory.
Next consider the following delay differential equation without impulses
m
XO+> T A 'a®xE®) =o. (3.42)

k=1 gp(t)<zj<t

Theorem 3.33. Suppose ai(t) > 0,A; = B; > 0. Then Eq. (3.39) is oscillatory (nonoscillatory) if and only if Eq. (3.42) is
oscillatory (nonoscillatory).

For higher order linear equations we refer to papers [45,46]. In [45], the authors considered the impulsive delay differ-
ential equation

XP() +pOx(t —1) =0, t>1to, t #¢,
X0t = a’xP(t), i=0,1,....,n—1,keN,

where 1 is a natural number with n > 2. The authors improved the known results for the oscillation of ordinary differential
equations. They separately dealt with the cases n even and n odd.
In [46], the following delay differential equations are considered

XM () 4+ aOx™ V(@) + ) piOx@E(0) =0, t=to, t # b,

— (3.43)
() = x0@) =ax? (), j=0,1,2,....m—1,
and
n
YO +ay™ PO+ Y pie) [] G+a) @) =0, =1, (3.44)
i=1 gi(H) <ty <t
where0 < tg < t; < --- < t < --- are fixed points with limy_, o t, = 00;a,p; € CRT,R), i = 1,2,...,n, are
Lebesgue measurable and locally essentially bounded functions; g; € C(R™,R), i = 1,2, ..., n, are Lebesgue measurable

functions, g;(t) < t and lim;_, « g;(t) = 00; {o} is a sequence of constants and o, > —1. For any fixed t; > 0, we define
to = MiN<j<y infyzg i (6).
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Theorem 3.34 ([46]).
(i) If y is a solution of (3.44) on [ty, 00), then x(t) = ]_[[0<tk§[(1 + o)y (t) is a solution of (3.43) on [tg, 00).
(ii) If x is a solution of (3.43) on [tg, 00), then y(t) = ]_[[0<tk§t(1 + o) " 'x(t) is a solution of (3.44) on [fg, 00).

The proof of Theorem 3.34 is similar to that of Theorem 3.8. We also note that from Theorem 3.34 the following result is
immediate.
Theorem 3.35. All solutions of (3.43) are oscillatory (nonoscillatory) if and only if all solutions of (3.44) are oscillatory
(nonoscillatory).

In our next result we let m to be an even integer and g(t) = minq<;<p & (t).

Theorem 3.36 ([46]). Assume that the following conditions hold:
Al) pi(t) = 0,i € N;
A2) ffo G ds = oo, wherer(t) = exp (fo a(s)ds)

(
(
(A3) g; has an absolutely continuous derivative g/ on (to, 0o) and g > 0;
(
(

A4) ftoo m—lr(s) Z? 1p1(t) ng(5)<tk<s(1 + O[I<)7] =00,
A5) there exists G > 0 such that r(t) < G.

Then all bounded solutions of (3.43) are oscillatory.

3.3. Generic oscillation
The concept of generic oscillation was first introduced in [47] for delay differential equations. Later, in [48-50], the

authors generalized this theory to impulsive delay differential equations.
Consider the second order impulsive delay differential equation

X'(0) + Zq,x (t =) + Zplx(t W =0, =l #H

(3.45)
x(th) — X(fk) = bix(ty), X5 — X (t) = bx' (&), keN,
and the delay differential equation
Y+ Zq,ﬁ,y (t—op + sz y(t— 1) =0, (3.46)

j=1
with the initial conditions
x(O) =), XO=y®), telto—r, bl andx' () =§, (347)
where we assume that the following conditions are satisfied:

A) O<tg<t;<ty<---<ty<---arefixed points and limy_, , ty = +00;
(Az) by € (=1, 00) are constants fork € N, p;, gj € R, o = ]_[t_rjstk<[(1 + b1,
B = Hf—”jftk<f(1 +by'fori=1,2,...,n,j=1,2,...,m,t > to;
(A3) Letry = maxi<i<n{Ti}, r2 = Maxij<m{oj}, r = max{ry, r2}, @, ¥ € PLC([to — 1, to], R).

In what follows we let PC = PLC([tg — 1, tp], R) X PLC([tp — 1, to], R).

Definition 3.2. The solutions of (3.45), (3.47) ((3.46), (3.47)) are called generically oscillatory, if the set of all (¢, V) € E
for which the corresponding solution X(g ) (V(4,y)) 0f (3.45), (3.47), ((3.46), (3.47)) is nonoscillatory, is nowhere dense in PC.

Definition 3.3. The solutions of (3.45), (3.47), ((3.46), (3.47)) are called generically nonoscillatory, if the set of all (¢, ) €
PC, for which the corresponding solution Xp.v)V(g.y)) 0f(3.45),(3.47),((3.46), (3.47)) is oscillatory, is nowhere dense in PC.
We note that, if the condition

(Ag) by =Db, tiy1 — ty = w, k € N,and 0; = jw, 1; = diw, ¢j, d; are integersfori = 1,2,...,n,j=1,2,...,m,
holds, then the characteristic equation of (3.46) is

A2+ Z gBire % + Zp,a, =, (3.48)
j=1
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Definition 3.4. It is said that the characteristic Eq. (3.48) has a real leading root x, if X, is a root of (3.48) and all other roots
of (3.48) lie in the half plane {Rez < x¢}. It is said that (3.48) has complex leading roots xo =+ iyy (yo # 0), if xo % iy, are
roots of (3.48) and all other roots of (3.48) lie in the half plane {Rez < xq}.

In [48], the authors established that generic oscillation (generic nonoscillation) of solutions of (3.45) can be reduced to
generic oscillation (generic nonoscillation) of solutions of the corresponding delay differential equation (3.46).

Theorem 3.37 ([48]). Assume that (A1)-(As) hold.

(a) If y(t, to, ¢) is a solution of (3.46), then x(t, ty, ) = Htostk<t(1 + br)y(t, to, @) is a solution of (3.45).
(b) If x(t, to, @) is a solution of (3.45), then y(t, to, ) = l_[tostkd(l + b))~ x(t, to, @) is a solution of (3.46).
Corollary 3.15. Assume that (A1)-(As3) hold. Then Eq. (3.45) is oscillatory if and only if Eq. (3.46) is oscillatory.

Corollary 3.16. Assume that (A1)-(Asz) hold. Then Eq. (3.45) is generically oscillatory if and only if Eq. (3.46) is generically
oscillatory.

Corollary 3.17. Assume that (A)-(A4) hold.

(a) If (3.48) has a real leading root, then (3.45) is generically nonoscillatory;
(b) If (3.48) has complex leading roots, then (3.45) is generically oscillatory.

Letm = 1,07 = 0, 1 = 1in(3.45), then we have the following equation
n
X' +a(O+ ) px(t—1w) =0, >t #b,
; (3.49)
x(t5) — x(tx) = bx(ti), X () — X (t) = beX' (), keN.

Theorem 3.38. Assume that (A;)-(A4) hold, q > 0,p; € R, i = 1,2, ..., n, and there exists By < 0 such that /33 +qBo +
Z};l Ipici] ePo% < 0. Then Eq. (3.49) is generically nonoscillatory.

Theorem 3.39. Assume that (A;)-(A4) hold, q > 0, pijo; > 0, i = 1,2, ..., n Then Eq. (3.49) is generically nonoscillatory if
and only if there exists Bo < 0 such that B2 + qBo + Y i, piie Po%i < 0.

Theorem 3.40. Assume that (A;)-(A4) hold,q < 0,p; € R, i = 1,2, ..., n, and there exists By > 0 such that ,Bg +qBo +
Y, Ipiciil e7Poi < 0. Then Eq. (3.49) is generically nonoscillatory.

Theorem 3.41. Assume that (A;)-(A4) hold, q < O, pjo; > 0, i = 1,2, ..., n Then Eq. (3.49) is generically nonoscillatory if
and only if there exists Bo > 0 such that B2 + qBo + Y., pize P0% < 0.

Theorem 342. If ¢ = 0,n = 1, then

(a) If pa > 0, Eq. (3.49) is oscillatory,

(b) If pa < 0, Eq. (3.49) is generically nonoscillatory.

Example 3.5 ([48]). Consider the equation
X'(t) +4X'(t) +8x(t — 1) —ex(t —2) =0, t#t,

xX(t) = (1/2)x(ty), X(65) = (1/2)X' (t), (3.50)
1 — =1, k=1,2,...

It can be shown that the characteristic equation of the corresponding nonimpulsive equation has complex leading roots.
Thus, from Corollary 3.17, Eq. (3.50) is generically oscillatory.

4. Nonlinear differential equations

In this section, we consider the oscillation of first, second, and higher order nonlinear equations. Moreover, linearized
oscillation and applications to mathematical biology are also discussed.
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4.1. First order equations

Consider the impulsive differential equation and inequalities

X' (t) + a)x(t) +p)f (x(t — hy), x(t — hy), ..., x(t —hy)) =0, t# 1,
Ax(ty) = bex(tr), k €N,

X (t) + a(O)x(t) + pO)f (x(t — hy), x(t —hy), ..., x(t —hp)) <0, t#1,
Ax(ty) = bex(tx), k €N,

X' (t) + a(Ox(t) + p(Of (x(t — hy), x(t — hy), ..., x(t —hp)) =0, t#7,
Ax(ty) = bex(tr), k €N,

with the initial function
x(t) = @(t), te[—h,o0],

where ¢ € C([—h, 0], R), h = max{h; : i € Ny}, N, = {1,2, ..., m}.
In [51], authors examined Eq. (4.1) and the inequalities (4.2)-(4.3) under following conditions:

(H1) a € Goc(R*, RT — {0});

(H2) p € CIOC(R+s RT — {o});

(H3) f € Coc(R™, R), f(uq, Uz, ..., Uy)uq > 0foru; # 0andsgnu; = sgnu, = - -+ = SN Up,;
(H4) There exist constants L > 0 and a1, &y, ..., o, & > 0,1 € Ny, such that Z}“:l o = 1and

f(ur, uz, s um) | = Llug [ Juz|* - - Jum ™

(H5) There exist constants [; and [, such that limy_, o (7% — kl;) = L5;
(H6) There exists a constant M > 0 such that forany k € N, 0 < by < M;
(H7) tg41 — % >T > hfork € N.

Let us construct the new sequence
{t; iozo] = {Ti};‘):o1 U {Tis}?i1 ,;n:p

where 7, =7, + hs,i € N,s e Npand t; < tjyq1,i € N.

Theorem 4.1 ([51]). Let the following hold:
(i) Conditions (H1)-(H6)are satisfied;
(ii)
t
lim inf/ a(s)ds >k > 0,
t—00 f*h
where k is a constant, h = min{h; : i € Ny,};
(iii)
¢ 21
. (1+M) 1 ! !
lim inf p(s)ds > ——— max{—, 21+ M) [(1+ M) —1];.
t—>oo  J; Lek e

Then inequality (4.2) has no positive solutions.

Corollary 4.1. Let the conditions of Theorem 4.1 hold. Then:
1. The inequality (4.3) has no negative solutions.

2. All solutions of Eq. (4.1) are oscillatory.

Theorem 4.2 ([51]). Let the following hold:

(i) Conditions (H1)-(H4) and (H7)are satisfied;
(ii) by > —1,k e N;

(iii)
1 T+h s 1
lim su f (s) (ex / a(u)du) ds > —.
k—>oop 1+ bk % P P s—h L
Then the following hold:

1. All solutions of Eq. (4.1) are oscillatory.
2. The inequality (4.2) has no positive solutions.
3. The inequality (4.3) has no negative solutions.

1667

(4.2)

(4.3)



1668 R.P. Agarwal, F. Karakog / Computers and Mathematics with Applications 60 (2010) 1648-1685

Proof. We shall prove the Assertion 1. The proof of Assertions 2 and 3 is similar. Let x be a nonoscillatory solution of Eq. (4.1).
Without loss of generality we may assume that x(t) > 0 fort > t; > 0.Itis clear that x(t — h;) > 0,i € Ny, and
f&x(t —hy),...,x(t —hy)) > 0fort > t; + h = t,. Then from (4.1) it follows that x is a nonincreasing function in the set

(t2, 7o) U [UZ (i, Tigr)], where 7,y < £, < 73
Set z(t) = x(t) exp (th a(s)ds). Then from (4.1), we obtain

t t—h
Z'(t) + p(t) exp (/ a(u)du)f (z(t — hy) exp (—f 1 a(u)du) e,
T T

t—hm

z(t — hyy) exp (—[ a(u)du)) =0, t#m,
Az(r) = bz(w).

Integrating (4.4) from 7 to 7, + h, k > s, we obtain

%+h s m
z(tx + h) — z(t,:r) + L/ ' p(s) exp (/ a(u)du) l_[z“"(s — hj)ds < 0.
s—h i

Tk i=1

Moreover, since z is nonincreasing in the interval [s — h;, s — h], s € [tk, Tk + h], from (H4) it follows that

l_[z"“'(s —hy) > z(s—h).

i=1
From (4.5) and the last inequality, we have

Tk+h

z(te+h) —z(t)) + Lf p(s) exp (f a(u)du) z(s —h)ds < 0.
s—h

Tk

Using impulse conditions, we find

1 T+h s 1
s) ex a(w)du )ds < —.
e ARCEVIREDLES

The last inequality contradicts (iii). This completes the proof. O

Corollary 4.2. Let the following hold:
(i) Conditions (H1)-(H4), (H6) and (H7) are satisfied;

(i)
) tk-H‘l S 1+M
lim sup p(s) exp a(u)du ) ds > .
k— 00 % s—h L

Then the following hold:

1. The inequality (4.2) has no positive solutions.
2. The inequality (4.3) has no negative solutions.
3. All solutions of Eq. (4.1) are oscillatory.

Corollary 4.3. Let the following hold:
(i) Conditions (H1)-(H4), and (H7) are satisfied;
(ii) by > —1,k e N;
(iii)
Tk
liminf/ a(u)du >s >0, s=const;
k—o00 Te—h
(iv)

lim su
k—)oop 1 bk

T%+h 1
/ pwdu > —

.
. Le

Then the assertions of Corollary 4.2 are valid.

(4.4)

(4.5)
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Theorem 4.3 ([51]). Let the following hold:
(i) Conditions (H1)-(H6)are satisfied;

(i)
T%+h s (1 +M)Zl
lim sup/ p(s) (exp/ a(u)du) ds > ——.
k=00 J s—h L
Then the following hold:

1. The inequality (4.2) has no positive solutions.
2. The inequality (4.3) has no negative solutions.
3. All solutions of Eq. (4.1) are oscillatory.

Corollary 4.4. Let the following hold:

(i) Conditions (H1)-(H3), and (H7) are satisfied;
(ii) by > -1,k e N;
(iii) likn_l) go]f f;"_h a(u)du > s > 0, s = const.;

. . Tx+h a+m2
(iv) llirl)soljpffk p(s)ds > =,

Then the assertions of Theorem 4.3 are valid.

Eq. (4.1) together with inequalities (4.2)-(4.3) were also considered in [52] under the following conditions:

(A1) a,p € (R*, R) are locally summable functions, p > 0,and 0 < h; < h; < --- < hy, are positive constants;
(Az) by € (—1, 00) are constants;
(A3) f € Goc(R™, R) and satisfies

whenu; >0, i=1,2,...,m,f(u, Uz, ..., Uy) >0,
whenu; <0, i=1,2,...,m,f(u, U, ..., Uy) <0;
(A4) there exist a constant L > 0 and nonnegative constants o1, a>, . . ., &y, such that erll o; = land

m
i, vz, um) | = L] ]l
i=1

Now consider the following nonimpulsive equation and inequalities for t > ty 4 hy,:

Y (©) +ay©) + P [ [ Iyt —h)|“ sgn (y(£) = 0, ae,, (4.6)
i=1

Y (© +a@®y®) +P© [ [yt — bl sgn () <0, ace., (4.7)
i=1

Y (© +a@®y@) +P©) [ [ vt — b sgn (v(t)) = 0, ace., (4.8)

i=1
where P(t) = Lp(t) [ ]2, l_[t*hiffk<f(1 + b))%, t > tg+hy,and a, p, o, i = 1,2,...,m, Land {b} satisfy (A), (As)
and (Ag).
The proof of the following result is similar to that of Theorem 3.8.
Theorem 4.4. Assume that (A;)-(A4) are satisfied. Then the following hold:

(i) Inequality (4.2) has no eventually positive solutions if inequality (4.7) has no eventually positive solutions.
(ii) Inequality (4.3) has no eventually negative solutions if inequality (4.8) has no eventually negative solutions.
(iii) All solutions of Eq. (4.1) are oscillatory if all solutions of Eq. (4.6) are oscillatory.

The following result improves Theorem 4.1 and Corollary 4.1.
Theorem 4.5 ([52]). Assume that conditions (A)-(A4) are satisfied, and

m t m S m
1
o ) Z ) | | | | —e;
11£1)(1)13f p “ /;_hip(s) P (izl % [—h,- a(r)dr) (1 bi)™ds > Le’ (4.9)

i=1 s—hj<tx<s

Then the following hold:
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(i) Inequality (4.2) has no eventually positive solutions;
(ii) Inequality (4.3) has no eventually negative solutions;
(iii) All solutions of Eq. (4.1) are oscillatory.

Proof. We shall only prove (i). Suppose that x(t) is an eventually positive solution of (4.2). By Theorem 4.4, (4.7) also has an
eventually positive solution y(t). Then there exists T > ty + h,, such thatfort > T > ty + hy,, y(t) > 0,y(t —h;)) >0, i =
1,2,...,m.Set

t
z(t) = y(t) exp (/ a(s)ds) , t>T.
T

Then (4.7) reduces to
m
Z@t) + P10 [ Jlzt = h)1* <0, aefort>T, (4.10)
i=1
where
m t m
Pi(t) = Lp(t) exp (Z ai/ a(s)ds) (]_[ [T a+ bk)‘“') > 0. (4.11)
i=1 t—h; i=1 t—hj<t<t

By (4.9), without loss of generality, we can assume that «,;, > 0. Hence, there exists a positive constant C and T; > T such
that

t
lim infamf Pi(s)ds > C > 0.
t— 00 t—hm

Thus for any t > Ty, there exists a t* > t such that

c
5 (4.12)

t C t*
U f Py(s)ds > 5 and o, f P1(s)ds >
t t

*_hm

Integrating (4.10) from t — h;;, to t, and using the monotonicity of z(t), we get

2(t—hm) 20— )] [
2(0) ZU[ 2(0) ]/fhmpl(s)ds'

Since z(t — h;) > z(t), i=1, 2, ..., m,it follows from (4.10) that for t > Ty,
—Z () (@(@)*" " = Py(t) [z(t — hy)]*™, ace. (4.13)

Integrating (4.13) from t* — h,, to t and using (4.12), we find

[2(t* = hm)]™™ = [2(D)]*

v

t
i / Pr(s) [2(5 — hy)]*™ ds
t*—hp
t
t [2(t — B " / Py(s)ds

t*—hp

v

A%

C o
S [z = w1 (4.14)

Next integrating (4.13) from t to t* and using (4.12), we obtain

C am
O — 2] = 2 [2(t" — )] (4.15)

Therefore from (4.14) and (4.15), we have

2
[z()]"™ = %[z(t — hn)1“™ fort > Ty.

Let

m _hi o
u(t) :n[%} . t>Ty.

i=1



R.P. Agarwal, F. Karakog / Computers and Mathematics with Applications 60 (2010) 1648-1685 1671

Then u(t) is continuous on [T, co) and

2= BTz —ha) ] 2 — hw) 4\ Vom
15“(”—1_[[2(0} 5,.21[ z(t) } T 5(C2> '

i=1

Hence
litlgyolfu(t) = Uy < 0. (4.16)
Dividing (4.10) by z(t) and integrating from t — h; to t, we obtain for t > T;
z(t — hy)
z(t)

Multiplying the above inequality by «; and summing from 1 to m, we get

u t z(t — hy)
S et
i=1 t—h; i=1 Z(t)

/ Pi(s)u(s)ds < In
t—h;

Pi(s)u(s)ds < " o;In =Inu(t), t>Ti. (4.17)

From (4.16) and (4.17), for any sufficiently small €, 0 < € < ug, there exists T, > T; such that forall t > T,
m t
(up — €) Za,-/ Pi(s)ds < Inu(t).
i=1 t—h;

Taking liminf on both sides of the last inequality, we obtain
(ug — €)Cy < Inuy, (4.18)

where C; = li[m inf Zlmzl o ftih P (s)ds. From (4.18), it follows that
— 00 1

In Up 1

G = <-,

Up e
which contradicts (4.9). This completes the proof of Theorem 4.5. O
Now we consider the following condition which is a special case of (A,).

(A4") There exist a constant L > 0 and nonnegative constants «q, «y, . . ., &y, such that Z?;l o; = 1and

m
(i, .y um) = L] il
i=1

Theorem 4.6. Assume that (A;)-(Asz) and (A4’) are satisfied. Then the following hold

(i) Inequality (4.2) has no eventually positive solutions if and only if inequality (4.7) has no eventually positive solutions.
(ii) Inequality (4.3) has no eventually negative solutions if and only if inequality (4.8) has no eventually negative solutions.
(iii) All solutions of Eq. (4.1) are oscillatory if and only if all solutions of Eq. (4.6) are oscillatory.

Theorem 4.7. Assume that (A;)-(As) and (A4’) hold, and there exists T > ty + hy, such that forallt > T,

m t m S m
Zai/ p(s) exp (Z ai/ a(r)dr) ]_[ 1_[ (1+ b)) %“ds < é. (4.19)
i=1 t—h; i=1 s—h;

i=1 s—h<ty<s
Then Eq. (4.1) has a positive solution on [T, 00).
Proof. Consider the set W of all nonnegative continuous functions w satisfying the conditions
W ={w e C(T — hp,00),RT) : 1 <w(t) <eforeveryt > T — hy}
and a mapping F on W

m t
P ds|, t>T,
(Fw)(t) = { ¥P (;“ /t_h,_ 15we) S) = (4.20)
(Fw)(T), T—h,<t<T,

where P;(t) is defined in (4.11).
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Observe that (Fw)(t) : [T — hy,, 00) — R™T is continuous, and that (4.20) defines an increasing mapping F : W — W.
Here, the increasing character of F is considered with respect to the usual pointwise ordering in W; that is, for any
wy, wy € W, wi(t) < wy(t) implies (Fw)(t) < (Fw;)(t). By combining (4.19) and (4.20) we find 1 < (Fw)(t) < e
forallt > T — h;,. Hence, Fw is uniformly bounded on W.

Consider the increasing sequence {u,}32, of functions on W defined by uo(t) = 1and u,(t) = (Fu,—1)(t),n=1,2,...,
and set u(t) = lim,_, o, u,(t) pointwise on [T — h,;;, 00). Then by using the Lebesgue dominated convergence theorem, from
(4.20), we obtain

m t
ut) = P (;“i /r—h,- Pl(S)u(s)ds>, t>T,
(Fu)(T), T—hn<t<T.

Z(t) = exp (— /tP1 (s)u(s)ds) .
T

It can be shown that Z(t) is a positive solution of

Let

2O+ P ][Izt — )| sgnz(t) =0, ae.t>T.

i=1

Now sety(t) = Z(t) exp (— th a(s)ds) , t > T.Clearly, y(t) is a positive solution of (4.6) on [T, co). But then by Theorem 4.6,
(4.1) has a positive solution x(t) = l_[Tfrk<t(] + by)y(t), t > T.This completes the proof. O

Corollary 4.5. Assume that (A4') and the following condition hold:

(A) kg1 — Tk =8 > 0, b, € (—1,00),k e N,a(t) =a e R,p(t) =p > 0,h; > 0Oand ]_[t_higk<t(1 +bh) M =r,i1=
1,2, ..., m, are constants.

Then the conclusions of Theorem 4.5 are valid if and only if

Lp Z Oljh,' exp (a Z Olih,') (1_[ T,’) > %
i=1 i=1 i=1

Example 4.1. Consider the differential equation

{X/(O +ax(0) +p IX(E — b2 [x(t = 20 sgn (x(0)) = 0, (421)

X)) = x(n) = bx(w), keN,
wherep > 0,h > 0,b € (—1, c0) are constants, 7, = kh, k € N.

For (4.21), we have

[T a+n2 J] a+b™=a+b—"

t—h<tg <t t—2h<t, <t

Thus by Corollary 4.5 if
5 5 1
Zphexp(Zah ) (1+b)73 > -,
3 3 e

then all solutions of (4.21) are oscillatory. If

5 5 1
—phexp | =ah ) (1+ )P < 2,
3 3 e
then (4.21) has a nonoscillatory solution.
Finally, we remark that first order nonlinear equations have also been addressed in [53-57].
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4.2. Linearization and applications to mathematical biology

In this section, we present linearized oscillation theory for impulsive delay differential equations. We shall also consider
some impulsive models from mathematical biology, and provide sufficient conditions for the oscillation of their positive
solutions about the steady state.

Linearized oscillation of nonimpulsive delay differential equations has been investigated in [8]. In this theory, the main
goal is to show that oscillations of nonlinear equations are equivalent to those of corresponding linear equations. Linearized
oscillation of impulsive delay differential equations is addressed in [58,59].

Consider the nonlinear impulsive delay differential equation

X0+ Y pi©fix(t — () =0, t#t,

i=1 (4.22)

X(t5) — x(t) = L(x(t)), k€N,
and the associated linear equations and inequalities

X(t) + ; piOx(t — (1)) =0, t#t, )
x(tF) — x(t) = I(x(t)), keN,
X(t) + ;pi(t)x(f —5(t) <0, t#£t, .
X(t5) — x(t) = L(x(t)), k€N,
X(t) + ;pi(r)xa —5() =0, t#t, )
X(t5) — x(t) = L(x(t)), k€N,
X(t) + ;pi(r)x(r — (1) =0, t#t, .
x(tF) — x(tx) = bex(ty), k€ N.

In what follows we shall assume that some of the following conditions are satisfied.

A) O<tg<t;<ty<---<ty<---arefixed points with limy_, », ty = o0,
(Ay) pi, i € C(J, R, limiLooft — Ti(H)} = 00,i=1,2,...,n,

(A3) Ik (x) €e C(R,R), I,(0) =0,k € N;

(Ag) k()| < by [,

(As) by > 0,k € N,and 1_[15k<oo(1 + by) < o0,

(Re) [ i, pi(s)ds = oo,
(A7) filw)pu > Ofor u # 0,
(Ag) Ix(x) is not decreasing, k € N.

For any o > ty, we shall also need to define r, = miny<j<p infi>,{t — 7 (t)}.
First we prove the following lemmas which are modeled after [58].

Lemma 4.1. Assume that (A)-(A3) and (Ag) hold. If (4.24) has an eventually positive solution x(t), then (4.23) and (4.25) have
eventually positive solutions y(t) and z(t), which satisfy x(t) < y(t) < z(t) for sufficiently large t.

Proof. We assume that x(t) is an eventually positive solution of (4.24), then there exists a k such that x(t) > 0 and
t—r1(t) >tofort >t, —r,,i=1,2,...,n Set

z(t) =y(t) =x(t), t—To <t =<1l

Theny(t)) = x(t;") and z(t;") = x(t;}). From Theorem 2.3, we have
z(t) = y(t) = x(t), t <t =< ttr,

and
V() = Y(tern) + I (6g1)) = X6 ).

Similarly, we have z(t", ) > y(t,,). Thus, by induction,

z(t) > y(t) > x(t), t € (tm, tme1], and z(t)) > y(h) > x(t)), m>k.
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Hence,
z(t) 2 y(t) = x(t) fort > t.

This completes the proof of Lemma 4.1. O

Lemma 4.2. Assume that (A1)-(A4) and (Ag) hold. If (4.24) has an eventually positive solution x(t), then (4.26) has an eventually
positive solution y(t), which satisfies y(t) > x(t).

The proof of Lemma 4.2 is similar to that of Lemma 4.1.

Lemma 4.3. If (A;)-(Ag) hold, then every nonoscillatory solution of (4.22) tends to zero ast — oo.

Proof. Without loss of generality, we assume that z(t) is an eventually positive solution of (4.22). Take a sequence {t;} from
{t; j°:°1 such that Iy(z(t)) > 0 and choose the corresponding sequence {b;} from {bj}jo:"l. Then, there exists a sufficiently
large T > to such that

z(t) >0 and Z'(t) <0, fort>T, t#t. (4.27)
Moreover, it can be seen that z(t) is decreasing in (&}, t,fﬂ] fort; > T, k > m.Hence, for t > t},

2(0) <z(6) < A+bDHz(tF) < -+ < (1+ b A+ bE_) -~ (1+ bE)z(th).

In view of (As) and the last inequality, there exists a constant M > 0 such that z(t) < M fort > T. Now we claim
that li[m infz(t) = 0. Otherwise, set litminfz(t) = | > 0, then there exists T, > T; > T such thatt — 7;(t) > T; for
—00 —>00

t>T,,i=1,2,...,nand z(t) > I/2 fort > T;.Inview of I/2 < z(t) < I and the continuity of f;(n), there exists b > 0
such that fj(z(t — t;(t))) > bfort > T,, then from (4.22), we have

0=2(t) + ) piOfiz(t — 1i(6) = 2 () +b Y _ pi(0).
i=1 i=1

An integration of the above inequality from t to co with t > T, yields
l o
I— M b —z(t)+b| = i(s)ds <0,
kZ -z + <2>/ D_pils)ds <
>m i=1
which in view of (As) and (A;) is a contradiction, and this confirms our claim.

Now we shall prove lim supz(t) = 0. In view of (4.27) and the fact that litm infz(t) = 0, we can take subsequence {&}
— 00

t—o00

from {t;} such that

lim z(5) = 0. (4.28)

Similarly, take another subsequence {n,j} from {t,f+} between & and &1 such that limy_, o, z(nk*) = lim sup z(t). Assume
t—00

that by and E: correspond to the moments &, 1, of impulsive effects, respectively. According to (4.22) and (4.27), it follows
from

0 <z(h) < (1 +bz(m) < (1+bz(_y) < (1 +b)(A+b_y) -+ (14 bz (&)
and (4.28) that lim_, z(n,:r) = 0. Therefore, we have lim;_, o, z(t) = 0, which completes the proof of Lemma 4.3. O

Lemma 4.4. Assume that (A;) holds, then the following two statements are equivalent:

(i) The equation
X(0) 4 Y pi®x(t = 7(t)) = 0
i=1

has an eventually positive solution.
(ii) There exists g > 0 such that for every € € [0, €], the equation

X+ (1 =€)y pi®x(t — (1) =0

i=1

has an eventually positive solution.
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Theorem 4.8 ([58]). Assume that (A1)-(Ag) hold, and there exists a § > O such that
i) = Inl for 0 < |ul <.
If (4.22) is oscillatory, then (4.23) is also oscillatory.

Proof. Let y(t) be an eventually positive solution of (4.23). Then there exists t; such that y(t) > 0fort > t;y —r,. According
to Lemma 4.3, we have lim;_, o, y(t) = 0.Set x(t) = y(t), ty — rs <t < t;, then there exists a neighborhood of t; such that
x(t) > 0and

X(0) ==Y piOfix(t — ti(0) = — Y pi(OX(t — Ti(1)),
i=1 i=1

x(t5) = x(t0) + kx(t) = y(t) + k() = y(&).

By Lemma 4.1, x(t) > y(t) > 0 for sufficiently large t, which contradicts the fact that (4.22) is oscillatory. This completes
the proof of Theorem 4.8. O

Theorem 4.9 ([58]). Assume that (A;)-(Ag) hold, and

le, i=1,2,...,n (4.29)
"

lilrln_)i(r)lf

If (4.26) is oscillatory, then (4.22) is also oscillatory.

Proof. If (4.22) has an eventually positive solution x(t), then for every € > 0, there exists T > t; such that
fikxt—wu@®) = A —ex(t—7), t=>T,i=12,...,n.

Then from (4.22),

n

X0+ (A—ep(Ox(t — 1) <0, t#,
i=1

X(65) = x(t) = k(x(t), k€N,

has an eventually positive solution. By Lemma 4.2,
n

X0+ Y (A—ep(Oxt — () =0, t#1,

p
x(tF) — x(t) = bix(t), k€N,

also has an eventually positive solution. According to Theorem 2 in [31],
n
XO+> A—eop® ] Q+b)xt—mu®)=0
i=1 o <t <t—T;i(t)
has an eventually positive solution. Thus, by Lemma 4.4,
n
XO+> pe) [ +b) % —u®)=0
i=1 o <tp<t—r;(t)
has an eventually positive solution. Therefore, (4.26) has an eventually positive solution, which is a contradiction. This
completes the proof. O
Corollary 4.6. Assume that (A1)-(Ag) hold, and

I fiw)
1m =
n—0 17

1, i=1,2,...,n.
Then (4.22) is oscillatory if and only if (4.26) is oscillatory.

Corollary 4.7. Assume that (A1)-(Ag) and (4.29) are satisfied, and t (t) = minj<j<p{7i(t)}. If either

t n -l
liminf/t Z ]_[ (1+bk)_1pi(s)ds>g

t—00
—7(0) =1 t—7i(t) <ty <t
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or
t n
lim sup/ Z 1_[ (1+ b~ 'pi(s)ds > 1
t=00 Jr—1(0) j27 t—g(t)<ty<t

holds, then (4.22) is oscillatory.

Corollary 4.8. Assume that (A1)-(Ag) and (4.29) are satisfied, and r (t) = maxq<i<p{7i(t)}. If
t n -l
lim inf/ Yo J] a+bo 'pisds < -,
=0 Jer) i5 t—7i(t) <t <t e

then (4.22) has an eventually positive solution.

Example 4.2. Consider the equation

X(t)+tx(t—2)e2 =0, t#£t, t>2,
(4.30)

1
x(tF) — x(ty) = ?x(tk), k e N.
It is easily seen that Eq. (4.30) satisfies the conditions of Corollary 4.7, and hence it is oscillatory.

Linearized oscillation theory is also examined by Berezansky and Braverman [59]. They considered the following differ-
ential equation

X(0) + Y n@flx(()] =0, t#T,

k=1 (4.31)
x(4) = [(x(t))). jeN.

Unlike the results in [58], in [59] authors did not assume coefficients i (t) and delays to be continuous. They also applied
the results to impulsive equations of mathematical biology. Following their work we introduce the following conditions:

al) rn(t) >0, k=1,2,...,m,are Lebesgue measurable and locally essentially bounded functions;

(a1)
(@2) h; : [0,00) = R, k=1,2,...,m,are Lebesgue measurable functions, hi(t) < t, lim,_, o hi(t) = 00;
(a3) fk :R—> R, k=1, 2,...,m,are continuous functions, xf,(x) > 0, x # 0;

(a4) 0 =19 < 71 < T» < --- are fixed points, lim;_, o, 7j = 00;
(a5) [; are continuous functions satisfying xI;(x) > 0,x # 0,j € N.

Theorem 4.10 ([59]). Let (a1)-(a5) and the following conditions hold:

(i) There exists a k such that

/ () = o0, liminffi(t) > 0;
t—00

to

(ii) For sufficiently large x
o0
[ <glxl, =1 > (G—1) <o
j=1

(iii) There exist § > 0, ay > 0,d; > 0, k=1,2,...,m,j € Nsuch that
. fi@)
lim

x=>0 X

=a and || <d;lx| for |x| <3.
If for some €, 0 < € < ay, all solutions of the impulsive equation

X0+ Y (@ —n@®x(h() =0, t#1,
k=1
x(m) =dix(z;), jeEN,

are oscillatory, then all solutions of Eq. (4.31) are also oscillatory.
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Theorem 4.11 ([59]). Let (a1)-(a5) and thereexist ay > 0, k=1,2,...,m,d; > 0, € N, such that
fi@®)| > axlx| and || < djlx|.

If all solutions of the impulsive equation
X(t) + Z ar(Ox(h(t) =0, t #T,
x(tj) = dX(r ), JEN,
are oscillatory, then all solutions of Eq. (4.31) are also oscillatory.
Theorem 4.12 ([59]). Suppose that (a1)-(a5) hold and there exist M, > 0, k = 1,2,...,m,d; > 0,j € N, such that
fie(x) < Mgx, Ij(x) > djx for any x > 0. If there exists a nonoscillatory solution of the linear impulsive equation
X(0) + Z M (Dx(hi(6) = 0, € # 5,
x(7) —dX(r ), JEN,

(4.32)

then there exists an eventually positive solution of (4.31).

Theorem 4.13 ([59]). Suppose that (al)-(a5) hold and there exist M, > 0, k = 1,2,...,m,d; > 0,j € N, such that
fie(x) = Mgx, Ij(x) < djx for any x < 0. If there exists a nonoscillatory solution of the linear impulsive Eq. (4.32), then there exists
a nonoscillatory (eventually negative) solution of (4.31).

Now we consider the impulsive logistic equation

, . N(h(t))
N'(t) = N(t) k;rk(t) (1 - 1<) . t#T,
N(1) — K = b(N(z7) — K),
with the initial condition
N({t)=¢%(t) >0, t<t, N(to) = yo > O, (4.34)
where 1y, hy, satisfy (a1) and (a2), K > 0 and ¢ : (—o0, tg) — R is a Borel measurable bounded function.

(4.33)

Definition 4.1. A positive solution N of (4.33)-(4.34) is said to be oscillatory about K if there exists a sequence t,, t, — o0,
such that N(t,) — K = 0, n € N; N is said to be nonoscillatory about K if there exists t, > 0 such that [N(t) — K| > O for
t > to.

Theorem 4.14 ([59]). Suppose that 0 < b; < 1 and the conditions (al), (a2), (a4), and the first equality of hypothesis (i) in
Theorem 4.10 hold. If for sufficiently small ¢ > 0, § > 0 all solutions of the equation

m
X0+ 1 —e) Y n®x(h(t) =0, t>t,t#T,
k=1
x(tj) = (b + &)x(7;"),
are oscillatory, then all solutions of (4.33) are oscillatory about K.

Proof. Using the substitution N(t) = Ke*©, Eq. (4.33) is transformed into the Eq. (4.31) with fi(x) = f(x) = e* — 1, L(x) =
ln(l — bj + bje").

Now we can apply Theorem 4.10. For this, condition (ii) holds with ¢, = 1, condition (iii) is satisfied with a, = 1, and
I’ W _ = bj, there exists § > 0 such that "(x) < (bj 4 8). Thus all conditions of Theorem 4.10 are satisfied.

Hence all solutlons of Eq. (4.35) are oscillatory about zero. This in turn implies that all solutions of (4.33) are oscillatory
aboutK. O

(4.35)

since limy_, ¢

Theorem 4.15 ([59]). Suppose that b; > 1, ]_[fi] bj < M < oo, and the conditions (al), (a2), (a4) hold. If there exists a
nonoscillatory solution of linear impulsive delay equation

X () + me(hk(t» =0, t#m,
x(tj) = bx(r ),

then there exists a nonoscillatory about K solution of the Eq. (4.33).
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The proof of Theorem 4.15 is similar to that of Theorem 4.14.
In [59], following generalized Lasota-Wazewska equation, which describes the survival of red blood cells, is also
considered

N'(t) = —puN(t) + pe "NEO ¢ > 0,
{N(rj) — N* =bj(N(z;) = N*), (4.36)

where u, p, y > 0, h(t) satisfies condition (a2), and N* satisfies the equation N* = ﬁe‘”’*.
Using the transformation N(t) = N* + %x(t), Eq. (4.36) takes the form

{x/(t) + px(t) + pyN*[1 — e 0] = g, (4.37)

x(tj) = bix(z;").

Clearly, Eq. (4.37) is of the form (4.31). Hence solutions of (4.36) are oscillatory about N* if and only if all solutions of (4.37)
are oscillatory about zero. Thus as a consequence of Theorem 4.10 and any one of the Theorems 4.12 and 4.13 we have the
following results.

Theorem 4.16. Suppose that 0 < b; < 1, and there exists € > 0 such that all solutions of the linear equation
X(0) + (1 —eux(t) + (1 — e)uyN*x(h(t)) =0,
x(7) = bix(t;")

are oscillatory. Then all solutions of Eq. (4.36) are oscillatory about N*.

Corollary 4.9. Suppose that 0 < b; < 1, lim sup(t — h(t)) < oo, and
t—o00

t
1
limianN*/ exp{u(s —h(s)} [ bj'ds> -
t—o00 h(t) e

h(s)<rj§s

Then all solutions of Eq. (4.36) are oscillatory about N*.

Theorem 4.17. Suppose that b; > 1, and there exists a nonoscillatory solution of the linear equation

X (6) + px(t) + pyN*x(h(t)) = 0,
x(tj) = bix(7;").
Then there exists a nonoscillatory about N* solution of Eq. (4.36).

Corollary 4.10. Suppose that b; > 1 and

: * ‘ -1 1
limsup uyN exp{u(s — h(s))} 1_[ bj ds < —.
h €

t—o0 () h(s)<rj§s
Then there exists a nonoscillatory about N* solution of Eq. (4.36).

In [60], authors considered the food-limited equation
K — N(h(t))

K + " pi(t)N(gi(t))
i=1

N(tF) — N(t) = b(N(ty) — K),

and obtained sufficient conditions for the oscillation or nonoscillation about K.
For further results on the oscillation of nonlinear impulsive equations which describe models in mathematical biology,
we refer to the interesting papers [61-65].

N'(t) = r(t)N(t)

4.3. Second and higher order equations

In recent years oscillation of second order nonlinear impulsive delay differential equations has been examined
extensively [66-77]. Following [67], we consider the equation

@O (©)7) + (. x(0), x(t —1)) =0, t#t,
X(60) = Lx®), X () = L& @),

where t > 0,0 < 0 = p/qwithpand q odd integers,0 < t; <t < -+ <ty < ---,and lim;_ o ty = 00, tpy1 — t > T.

(4.38)
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With respect to (4.38), we assume that:
(i) f(t, u, v) is continuous in [ty — 7, 00) X R X R, ty > 0, uf (t,u, v) > O(uv > 0) and f(t, u, v)/p(v) > p(t)(v # 0),
where p(t) is continuous in [ty — 7, 00), p(t) > 0 and xp(x) > 0(x # 0), ¢'(x) > 0;
(ii) Ix(x), I(x) are continuous in R and there exist positive numbers c, cj, d, dj such that

(iii) a(t) is continuous positive function in [ty — T, 00).

Lemma 4.5. Let x(t) be a solution of Eq. (4.38). Suppose that there exists some T > ty such that x(t) > 0fort > T.If

Alter) = A) + il = (Al) — AG) + ch“mam) — Atj42))
Gi+1Gj+2
dj+1dj+2 djn
+ (Atirn1) — Atjn)) + - - - = +00, (4.39)

G+1G42 - Gign
for some t;(>t;), where A(t) = fto a]/(,(s) then X (t}) > 0and X' (t) > 0 for t € (t, tk1], t > T-

Proof. First, we will show that x'(ty) > 0,t, > T. If not, then there exists some j such that t; > T,x'(t;) < 0 and
X () = [(X () < diX' () < 0. Let

a(tH K () =—p7 (B>0) and S(t) =a(t)(* (1))°.

From (4.38), it is clear that S(t) is nonincreasing in (i1, tj;]. Thus,

a(tip) (X (641))7 < atH ()7 = —p7 < 0. (4.40)
By induction, we have
a(titn) (X (ti40)° < —(djz1djg2 - - djgn—1)°B° <0, n>2. (4.41)

Now we claim that forn > 2,
X(G+n) < Gi1Gi2*** Girn—1 |:x(tj+) — BA(t+1) —A()) — Do ﬁ(A(t]+2) A(tj11))

disqdisg - disn_q
— = I TR B(A®n) — Altin) | (4.42)
Ci+1Gj+2 = * Cj4n—1
Since S(t) is nonincreasing in (tj4i—1, tj1i], we get
[a") K ()17

x(t) < a7 (0)

Integrating the above inequality from s to t and then letting t — ;41,5 — tj+, we obtain

x(G41) < x(60) + [aEH K )71V A1) — AE))
< x(t") = BA(ti11) — A)). (4.43)
Similar to (4.43), we also have
X(tip2) < x(t ) + [alt) D (8 D)1 (Alti2) — Altian)- (4.44)

Now by condition (ii), (4.40), (4.43), (4.44), we obtain
X(tir2) < lip1x(t41) + a(fj+1)1/07j+1x/(fj+1)(A(fj+2) — A(tjz1))

Cit1 |:X(fj+) — B(A(tir1) — A(t)) — i ﬁ(A(sz) - A(fjﬂ))]

G+

A

IA

Thus (4.42) holds for n = 2. By induction it can be shown that (4.42) holds for any n > 2. Since x(t;) > 0(t,y > T), one
finds that (4.42) contradicts (4.39). Therefore, x'(t;) > 0, (t, > T). By condition (ii), we have for any t;, > T,x’(tk+ ) > dg,
X'(ty) = 0.Because S(t) is nonincreasing in (tjti_1, tj+i], we get S(t) > 0,t € (tj4i—1, ti+i], which implies x'(t) > 0. This
completes the proof. O
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Remark 4.1. If x(t) is eventually negative and (4.39) holds, then x/(t,f) <0,ty >T,andx'(t) < Ofort € (tjri—1, titil-
Theorem 4.18 ([67]). Assume that (4.39) holds and there exists a positive integer ko such that ¢/ > 1 for k > ko. If

tq 1 ) 1 t3 1 tht1
p(s)ds + — /p®¢+ o /zmm+u4~77——f/ PE)ds+ - = +o0,  (445)
A (d1)a t1 (d]dz)a t (d1d2 e d;s;)a tn

then Eq. (4.38) is oscillatory.

Proof. Without loss of generality, we can assume ko = 1 and (4.38) has a solution x(t), such that x(t) > 0 fort > ¢,. It
follows from Lemma 4.5 that x'(t) > Ofort € (t, tys1], k € N. Let

a(t)(x'(t))?
px(t — 1))
Then w(t,f) >0,k € N,and w(t) > 0, t > to. Using condition (i) and Eq. (4.38), we get

[, x@),xt —1))  a®E ()¢ x(t — DXt —1)

w(t) =

w(t) = —

px(t—1) P> (x(t — 1))
< —p(t), t#t,tx+T. (4.46)
It follows from the continuity of a(t), condition (ii), c; > 1and ¢’(x) > 0 that
a(ty) X' (t)” oo
) =——F—<( t)
W) =y S @,

+ _ alty + (G +1))°

w(ty +1) = go(x(t,f)) < w(ty+ 7). (4.47)

Integrate (4.46) fromstot, lets — t(}L and t — tq, then in view of (4.47), we get

t f
w(ty) < (@) w(t) < (d})7 [w(tJ) —[ p(S)dS] < @D7w(ty) — @) | pls)ds.
to

to

Similarly,

A

5]
w(ty) < (d5) w(ty) < (d})7 [w(t]+ +1) —f p(S)dS]
t

1+t

IA

t1 t
- < (did)  w(ty) — (didy)” f p(s)ds — (d3)° f p(s)ds.
to 3]

Thus by induction, we have

3] 1 ) 1 th
+ L L LY +y _ e
w(t,y) < (djd;---dy) {w(t0 ) f p(s)ds @ /[1 p(s)ds @d - d) /t,H p(s)ds} .

to

Since w(t) > 0, the last inequality contradicts (4.45). This completes the proof of Theorem 4.18. O

Theorem 4.19 ([67]). Assume that (4.39) holds, and ¢(ab) > ¢(a)¢(b) for any ab > 0. If

a p(c)) [ p(cHe(c; *)/ w(CT)qo(c;%--w(C,T) /‘“*1
p(s)ds + — p(s)ds + e (s)ds + - — — p(s)ds + - -+ = 400,
/to dpe Jy, (d¥d3) 6 (dids -~ d%)

tn

then Eq. (4.38) is oscillatory.

The proof of Theorem 4.19 is similar to that of Theorem 4.18.

Corollary 4.11. Assume that (4.39) holds, and there exists a positive integer ko such that ¢; > 1, d; < 1for k > ko. If

+00
f p(s)ds = 400,

then Eq. (4.38) is oscillatory.
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Corollary 4.12. Assume that (4.39) holds, and there exist a positive integer ko and a constant o > 0 such that

1 ter \”
=1, >\—) . fork=ko,
(d)? tk

and
+00
/ t*p(t)dt = +o0.
Then Eq. (4.38) is oscillatory.

Example 4.3. Consider the superlinear impulsive equation

1 1
X//_,_FXZ"*l t_§ =0, t#kkeN,

x(kt) = (leri{l) x(k), X (k") =X (k), keN,

(4.48)
where n > 2 is a natural number, ¢y = ¢ = (k+ D/k,dy = dj = 1,t0 = 2/3,At) =t —2/3,p(t) = 1/t3, ty = kand
@(x) = x*"~1,1tis clear that all conditions of Corollary 4.12 are satisfied for kg = 1, o = 3. Thus every solution of Eq. (4.48))
is oscillatory.

The technique of [67] has been adapted to a variety of different types of impulsive equations [69,70,73,75].
In [72], Simeonov examined the impulsive delay differential equations of the type

(r(OX () +F(t, x(T (D), ... X(Tn(0))) =0, € # b, (4.49)

A(r(t)X () + Fe(X(T1(t), - . ., X(Tn (t))) = 0. ’
The oscillatory properties of the solutions of (4.49) were compared with the oscillatory properties of the inequality

[(r(OX () + F(t, X(T1 (1)), . . ., x(z(£))Isgnx(t) <0, ¢ # b, (450)

[A(r ()X () + FeX(T1(t), - - ., X(Tm () Isgn x(t) < 0, ’
and with the comparison equation

@@©)y' () + G, y(@1(0)), ..., y(om(£)) =0, tF# b, (4.51)

AQ(t)Y () + Gy (01(t)), - - -, Y(om(tr))) = 0. ’

With respect to the above equations, we need the following conditions:
(H1) r € PLC'(RT, RY), [* & = fooand r(t) > 0,7(4") > Ofort, t € RT;
(H2) 1; € C(RT, R), lim;, o0 7i(t) = +o0and i(t) < tfort e R*, i=1,2,...,m;
(H3) F € C((ty—1, tx] x R™ R), F, € C(R™, R) for k € Nand x{F(t, X1, ...,Xn) > 0,

X1Fe (X1, ..., xm) > 0, limyﬁx’H[;f_] F(t,y) e Rforxix; >0,i=1,2,...,m,t € R, k € N, where
Yy=01-¥m),x = X1, ..., Xm);

(H4) F(t, X1, ..., %y and Fr(xq, ..., xy) are nondecreasing functions with respect to x;
i=1,2,...,mforeachfixedt €e Randk € N;

(H5) q € PLC'(RT, R"), [ % = +ooand q(t) > 0,q(t;) > Ofort, ty € RT;

(H6) 0; € C(RT, R), lim;_, o 0i(t) = +oc0and o;(t) < tfort e RT, i=1,2,...,m;
(H7) G € C((tx—1, tx] X R™, R), G, € C(R™, R) for k € N and x;G(t, X1, ..., Xy,) > 0,

X1Gr(x1, ..., Xm) > 0, limy_m’t_n‘j1 G(t,y) e Rforxx; >0,i=1,2,...,m,t € R, k € N, where
y= (yl’--~».Vm)aX= (Xla'--yxm);
(H8) G(t, x1, ...,xn) and Gi(xq, ..., Xy) are nondecreasing functions with respect to x;,

i=1,2,...,mforeachfixedt € Rand k € N.

Lemma 4.6. Let the condition (H1) be satisfied, x € C([T, +00), R) and rx' € PLC! € ([T, +00), R). Then the following hold:

1. LIfx(t) >0, (r()x'(t)) <0, A(r(t)x'(ty)) <0fort > T, t # t, > T, then r(t)x'(t) is nonincreasing and nonnegative
fort>T.

2. If x(t) < 0, (r(t)X'(t)) = 0, A(r(t)x () > 0fort > T, t # t, > T, thenr(t)x'(t) is nondecreasing and nonpositive for
t>T.
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Proof. 1. Obviously r(t)x'(t) is nonincreasing for t > T. Assume that there exists Tp > T such that r(t)x'(t) < —m < 0 for
t > Ty. Integrating this inequality we obtain a contradiction:

0 < x(t) < x(Ty) — mR(t) + mR(Ty) - —o0 ast — 400,

where R(t) = fr %. Hence, r(t)x'(t) > Ofort > T.

2. The proof of assertion 2 is analogous. O

Theorem 4.20 ([72]). Suppose that conditions (H1)-(H8) hold, and there exists T > 0 such that
rt) <q@, t=T,
5i(t) >o0i(t), t>T,i=1,2,...,m,
F(t,x1, ..., Xm)sgnxy > G(E, Xy, . .., Xin)SGN X1,
Fe(X1, ..., Xm)sgnxy > Gr(Xq, ..., Xm)SEN X, (4.52)

forxix; >0,i=1,2,...,m, t >Tandk : t, > T. Then Eq. (4.51) has a nonoscillatory solution if inequality (4.50) has a
nonoscillatory solution.

Proof. Without loss of generality we assume that inequality (4.50) has an eventually positive solution x(t) > 0, t > T.It
follows from (H2) that there exists Ty > T such that t;(t) > Tfort > Ty, i = 1,2,..., m. Thenx(t;(t)) > 0, t > Ty, i =
1, ..., mand from (H3) and (4.50), the hypothesis of the first part of Lemma 4.6 is satisfied. Hence, r (t)x(t) is nonincreasing
and r(t)x'(t) > 0for t > Ty. Then it follows from (4.50) that

rOx () = f FGS.X(TO). - X(TnG))ds + Y B(Ti(t). . ... x(Tm(t0))),
t t<ty

which implies
t 1 [ee]
x(t) = x(To) +/ oy {f F(s, X(T1(5)), ..., X(zm(s))ds + Y Fex(T1(8)), .. ~ax(fm(tk)))i| du, t=T.
To u u<ty

Since x(t) is nondecreasing, it follows from conditions (4.52) and the last inequality that

t 1 (o]
x(t) = x(To) + / @ |:/ G(s, X(01(5)), - .., X(om(5)))ds + Z Gr(x(o1(te)), - - -, X(Um(tk))):|du- (4.53)
To u u<ty

Let T_; = min;<;<; inf{o;(t) : t > Ty} and B be the space of continuous functions y : [T_;, +00) — R. In the set

Y={yeB:x(T;) <yt) =x(t), t > To; y(t) =x(t), T_1 < t < To}

define the operator S : Y — B as follows

t 1 o]
x(To) + / [ / G5, Y(1(5)); - ... Y(om(s)))ds
7 9 LJu

S =
y(t) + Z GI<(V(U1 (tk))’ e 7y(am(tk)))} du, t > TO7

u=ty

x(@), T_1<t<T.

Using (4.53) it is obtained that SY C Y. Define the functions yq(t) = x(tp), t > T_y and y,(t) = Sy,_1(t), t > T_y,n € N.
By induction we conclude that

@) =x(t), Ty <t <Tp and x(Tp) < yn(t) <yu_1(t) <x(t), t>To,neN.

Therefore there exists the finite limit lim,_, ;oo ¥n(t) = y(t) foreacht > T_q,y(t) = x(t),T-y < t < Ty and
x(To) < y(t) < x(t),t > Tp.

Now in view of the Lebesgue dominated convergence theorem we havey € Y and y(t) = Sy(t), t > T_;. Finally, a direct
verification shows that y(t) is a nonoscillatory solution of Eq. (4.51). O

Theorem 4.21 ([72]). Suppose that conditions (H1)-(H8) and (4.52) hold. Then Eq. (4.49) is oscillatory if Eq. (4.51) is oscillatory.

Theorem 4.22 ([72]). Suppose that conditions (H1)-(H4) hold. Then the followings assertions are equivalent:

1. Eq. (4.49) has a nonoscillatory solution.
2. Inequality (4.50) has a nonoscillatory solution.
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Theorem 4.23 ([72]). Suppose that conditions (H1)-(H4) hold and the condition

o0 o0
/ |F(t,c,...,c)|dt—|—Z|Fk(c,...,c)|:+oo (4.54)
k

is satisfied for each constant ¢ # 0. Then Eq. (4.49) is oscillatory.

Proof. Without loss of generality we assume that Eq. (4.49) has an eventually positive solution x(t) > 0, t > T. Using the
same arguments as in Theorem 4.20, we obtain

rx() >0, t>T. (4.55)

Let T_1 = minq<i<m inf{7;(t) : t > Tp}. Since x(t) is a nondecreasing function, we have fort > Ty, i = 1,2, ..., m that
x(ti(t)) > x(T_1) = c > 0. Therefore

(r(t)X’(t))’-ﬁ-F(t,C,...,C) =< 07 t = TOs t#tks
Ar ()X () + Fe(c, ..., 0) <0, t = To.
Integrating the last inequality and using (4.54), we get

lim r(t)x'(t) = —oo,
t—00

which contradicts (4.55). O

Oscillation properties of higher order nonlinear differential equations have been addressed in [78-80]. Particularly,
in [78], authors considered the third order nonlinear differential equation

Yy'(t) +f(t, y(),y@Eg)) =0, t#t,
AY'(t) + fi(y(t), y(g(t))) =0, keN, (4.56)
Ay(ty) = AY' () =0, keN,

assuming that the following conditions hold:

(H1) g € C((0, 00), (0,00)),g(t) < t,g'(t) = 0, lim;, g(t) = +00;
(H2) f € C((0, 00) x R%, R), uf (t, u, v) > 0, foruv > 0; fy € C(R?, R), ufi(u,v) > Oforuv > 0,u,v € R, k € N;
(H3) If(t, ug, v)| < If(E, uz, v2)I, lfie(ur, v)| < fie(uz, v2)I, k € Nfor [u] < [up], |v1] < va], wquy > 0, v1v2 > 0.

Theorem 4.24. Let (H1)-(H3) hold. If

/ E1f (e c,0ldt+ Y i Ifilc, 0] < +00

k=1

for some constant ¢ # 0, then Eq. (4.56) has a bounded nonoscillatory solution.

Theorem 4.25. Let (H1)-(H3) hold. If there exists a point T > 0 such that

| a=mrrecotd s Y- 12 e of = +oo
T

=T
for some constant ¢ # 0, then each bounded solution y(t) of the Eq. (4.56) either oscillates or

lim y(t) = lim y'(t) = lim y”’(t) = 0.
t—o00 t—00 t—o0
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