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The Asymptotic Number of Irreducible Partitions*

EpwARD A. BENDER, ANDREW M. ODLYZKO AND L. BRUCE RICHMOND

A partition of {1, n]={1, ..., n}is called irreducible if no proper subinterval of [1, n] is a union
of blocks. We determine the asymptotic relationship between the numbers of irreducible partitions,
partitions without singleton blocks, and all partitions when the block sizes must lie in some
specified set.

1. STATEMENT OF RESULTS

A partition of [1, n]={1, ..., n} is called irreducible if no proper subinterval of [1, n]
is a union of blocks. Let B be a set of positive integers, a, = a,{%) the number of
partitions of [1, n] with block lengths in 9, f, the number of those which have no singleton
blocks, and i, the number which are irreducible. The asymptotic behavior of the a,, f,,
and i, depends in a complicated way on the set $. We will show, however, that there
are simple relations between these functions.

Let B* = B —{1}. (Possibly B* = B.) Thus f,(B) = a,(B*).Since 0=< i,(B) < f,(B),and
a,(B*)=0 if n is not a multiple of d =gcd(AB*), we will restrict our attention to those
n which are multiples of d. Let

f(xX) =Y pea=x®/b! and F(x)=¢™. (1.1)

Then F(x) is the exponential generating function for f,[2, ex. 10].

THEOREM 1. Suppose B* # (. Let d = gcd(B*). In what follows, n - co through multiples
of d. We have

if B* .
P~ S lf #{2}; (1.2)
n/ €, if B*=1{2}.
If 12 B, then f, = a,, while if 1€ B, then
. ~{a!a,./e’", if B* # {2}, (13)
" 2au /e i ={2), '

where r,, is the unique positive real number that satisfies n = r, f'(r,).

CoROLLARY 1. If 1€ B and B omits at most a finite set of positive integers, then

i, ~a,(log n)/n. (1.4)

COROLLARY 2. If max B=B<o0,1€ B, and B # {1, 2}, then, as n > o through multi-
ples of d, we have

; ~{da,, exp[—((B-1)!n)"/#]}, ifB—12B;

da, exp[—((B—1)!n)"V®+(B-1)/B], ifB—1¢®. (1.5)

In [3, ex. 3] a functional equation of Beissinger [1] was used to prove the theorem for
% = {k} by means of formal power series techniques. Here we use results of Hayman [5]
on coefficients of entire functions to obtain more complete results. The convergence in

* Research by E. A. Bender and L. B. Richmond was supported by NSERC under grant A4067
1
0195-6698/85/010001 + 06 $02.00/0 © 1985 Academic Press Inc. (London) Limited



2 E. A. Bender, A. M. Odlyzko and L. B. Richmond

Corollary 1 is very slow. For ordinary partitions (% the set of positive integers) and
n =500 we found that (a, log n)/ni, = 1-4, which is quite far from 1. This is due mainly
to the poor convergence of n/log n to €'~ since a, e /i, =1:05 at n = 500.

When 8B ={1, 2,3, ...}, we obtain the Bell numbers for a,,(%). These have been studied
asymptotically by the saddle point method. See deBruijn [4, (6.2.6)] for a derivation.
Hayman [5] defined a class of functions to which he was able to apply the saddle point
method to obtain asymptotics. His class includes (1.1) for many %’s. We show that
arguments like Hayman’s can be used to cover all 8’s. This is the content of the technical
lemmas in the next section. In Section 3 we use a combinatorial inequality to deduce
(1.2a). We then apply the results of Section 2 to deduce (1.3) and the Corollaries.

As asymptotic formula for a, easily follows, but, as in the case of the Bell numbers,
is usually not easily used. We state it for completeness:

_ dexp(} s,/ k!)n!
s Y ks,/ (k=)

where all sums are over ke & and s,>0 is determined by n =Y s%/(k—1)!.
In this paper, the symbol C stands for a positive real constant, not necessarily the
same at each occurence.

(1.6)

2. Two LEMMAS

The lemmas in this section contain the necessary analytic results.

LEMMA 1. Let N be a set of positive integers with greatest common divisor one and let
g be a positive function on the positive integers with g(n)/g(n—1)= Cn. Define
n

h(z)= Y and Y H,z"=H(z)=e"?.

neNg(n) n=0

Then H,/H, .~ s,, where s, is the positive root of n = s,h'(s,).

Proor. Define, following Hayman [5],

A(r) = dh(r) _ nr" ’

dlogr .cyg(n)

dA(r) 2pm (2.
B(r)= = ¥ L 209

d log roaSy g(n)

If H(z) is admissible in the sense of Hayman, then we are done by [5, cor. vl
Unfortunately this is not always true. We will show that the conditions for admissibility
hold except for 6 € O, where @ = @(r) is a set such that

n(0) sup |H(re)| = o(H(r)/ B(r)'?),

where u denotes Lebesgue measure. It is easy to verify that Hayman’s proofs carry over
to this situation. If A is finite, then H(z) is admissible [5, thm. X], and we are done.
Hence suppose that & is infinite. Clearly B(r)—> o0 as r— o0, giving Hayman’s condition
[5; (2.6)] for admissibility.
Since h(z) is an entire function,
2

h(re®)y=h(r)+ iBA(r)—% B(r)+ O(6* Y n*r"/g(n)).
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When n = Cr, it readily follows from Stirling’s formula that r"/g(n) <2™" and so

2

h(re®)=h(r)+ iBA(r)—% B(r)+0(6°Fh(r)), for |6|<m.

Since h(r) and B(r) grow faster than any fixed power of r,
H(rei0)~ H(r) eioA(r)—OzB(r)/Z

uniformly for || < r*/ B(r)"/2. This proves Hayman’s condition [5, (2.4)] for admissibility.

It remains to consider r*/ B(r)'/?*<|6| <. In the remainder of the proof, we assume
that r is sufficiently large. Let v = v, and M (r) be such that a maximum term in the sum
(2.1) for B(r) occurs at n=v and has value M(r). By Stirling’s formula, M(r)=
O{((Cr/v)”). Since each term in the sum is unbounded as r—» 0, v = O(r). One also has
B(r)=0O(vM(r)) and so M(r)= CB(r)/r. let

. 2 i
z=re", where 6=a+-2 and [a|s7—r.
14 14
We have
v 2 v B 2
h(ry—Rh(z)= r (1—cos Va)?CVr a’= (r)a .
g(v) g(v) r

If |a|=r¥/B(r)"/?, it follows from this and the fact that B(r)=O(e“) that H(z)=
o(H(r)/ B(r)"?). Thus we may assume that |a| < r?/B(r)"/? and j # 0. Let k>3 be a fixed
element of & and let # be a fixed finite subset of & with greatest common divisor 1. If
jk/v is not an integer, then

k
h(r)—Rh(z)= Cr*(1 —cos k@) Zc—rza cr<2,
14

and so we are done by the bound in (2.1). If jk/v is an integer, then j/v is a multiple
of 1/k. Let

2
@={a+—k7r—]:0<j<k,|a|<r2/B(r)1/2}.

Clearly u(@)=< Cr’B(r)"?. For every 6 € O there is an associated j. Since ged M =1, we
can associate with j (and hence with ) an m € # such that jm/k is nonzero modulo 1.
Then

m

h(r)—ﬁth(z)z%z Cr
and so sup|H(z)|< H(r)e “".
LEMMA 2. Ifr, is defined by u=r,f'(r,) for all positive real u, then
(a) 8logu=<r,=0(u"?), when B* #{2} for some 6>0;
(b) v/u<(r,/u)/(r,/v)<(v/u)/? when v<u;

(©) fof fuza~re/n® when n is a multiple of d = ged(B*).

Proofr. Define a(r)=rf'(r) and b(r) =ra'(r). Choose ke B* with k=3 if possible.
Since

re’= § r/(b—1)1>a(r)>r*/(k—1),
b=1
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(a) follows. From a(r,)=t, we obtain

and so

_l<dlog(r,/t)_ 1 l< 1

——

t dt  b(r) t 2

since b(r,)=2a(r,) =2t Integrating over v=< t<u yields (b).
We now prove (c). Let h(z) =f(z"?) in Lemma 1. Then H(z) = F(z"?), N'=3*/d,
and g(n)=(nd)!. Hence by [5, cor. 1V],

ful(dR)!
Jacral (dk+d)!

where s, is defined by k = s.h'(s,). Since sh’(s) = sV (s"?)/d, we have s, = er‘..

ks

3. PROOF OF THE THEOREM

We first prove (1.2). If B*={2}, we may apply Kleitman’s result [6] or [3, ex. 3].
Suppose B* # {2}. Since a singleton block is a subinterval, i, < f,: The number of partitions
with no fixed points and proper subinterval [, j+ k—1]is fif,_. Since l <j<n and f; =0,

n—2 n/2
O0<f.—i,<n kZ Sefak=<2n ¥ fifuie (3.1)
=2 k=2

We may restrict the index of the sum further to multiples of d since all other terms are
zero. By Lemma 2(¢) and then (b),

k

d _nd d/2
ﬁ‘+df"_k+d< Cr"_k/(n k) < C( k) , for k=n/2. (3.2)
"o

/% ':/kd

Let m be the least k for which f; # 0. Taking a product of (3.2) over m < k <i in multiples
of d and rearranging we obtain

fhi___C
SSrnem (n—m)”z'
i—m

Combining this with (3.1) we obtain f, —i, = O(nf,_,,), which is O(r7f,/n™"). Since
m =2, this is o(f,) by Lemma 2(a). This proves (1.2).
Consider (1.3a). Clearly

4=y ( Z) foi (3.3)

k=0

For k< n*°= N we have (})~n*/k! and, by Lemma 2(c) and (b), f,_i ~ f.(r./n)*. Thus

L (1ot T Arki~sea
k:dlk

k=N
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For k= N, we have by Lemma 2(c), the left half of (b) and (a), respectively,

()e-

( o d)f;_k+d

Thus the sum over k= N in (3.3) is negligible, proving (1.3a).

Suppose B* ={2}. Clearly f, =2"">n!/(n/2)! and a, is the number of involutions of
an n-element set. The former is easily seen to be asymptotic to 2'/%(n/e)"? by Stirling’s
formula. The number of involutions is well known to be asymptotic to

n "/2en'/2—1/4
(g) a7z -

< O(((n=K)/ k)" (ra—i/ (n=k)*) = O((r,/ N)*) = 0(1).

This completes the proof of (1.3).

4. ProoF OF THE COROLLARIES

We begin with a simple observation.
LEMMA 3. Let P(x) be a polynomial of degree p<(max RB)—2 and define s, by

Y bsi/bl+P(s,)=u.

be B*

Then e'n ~ e,
Proor. Let B=p+2 bein B. Then

b—1
IP(s)l=| ¥ b(ro—s)/bl|=|r—s, ¥ ¥ brist™"'/bt=|r, —s,|Bs%7"/BL.
be B* ’

beB* i=0
Since the left side is a polynomial of degree p<B —1, we have r,—s, = o(1).

For Corollary 1 let P(x)=Y ix'/i!, the sum ranging over all positive integers i .
Then s, e™ = n, from which we have

e n=g5,/n~(logn)/n

For Corollary 2 let P(x)=-Y ix'/i!, the sum ranging over all positive integers i € B*
not exceeding B —2. Define g(u) by Bg(u)?/B!=u. If B—1¢ € B*, then s, = g(n) and
the Corollary follows. If B—1¢e $B*, then

s,=g(n—s?""/(B-2)!)

B-1

=((B— 1)!")1/8(1 _% (Bf_TW-F O(SiB_z/n2)>
_ (B—1)/B
=((B——1)!n)’/3<1——11§((B(;)_!’;))!n +O(N‘2/B)).
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