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We define a graph A1{() as an intersection graph Q(F) on the point set V(&) of any
graph G. Let X(G) be the line set of G and F = V'(G) U X(G), where V'(G) irdicates the
family of all on¢ point subsets of the set V(G). Let M(G) = Q(F). M(G) is called the middie
graph of G. The tollowing theorems result:

Theorem 1. Let G be any graph and G* be a graph constructed from G. Then we have
L(G*) = M(G), where L(G*) is the line graph of G*.

Theorem 2. Let G be a graph. The middie graph M(4) of G is hamiltonian if and only
if G contains a closed spat.ning trail.

Theorem 3. It a graph G is eulerian, then the middle graph M(G) of G is eulerian and
hamiltonian.

Theorem 4. It M{G) is eulerian, then G is euleriap and M(G) is hamiltonian.

Theorem 3. Let G be 4 graph. The middle graph M(G) of G contains a closed spanning
trail if and only if G is connected and without points of degree < 1.

Theorem 6. If a graph G is n-line connected, then the middle graph M(G) is n-connected.

1. Introduction

In this paper we s1a'l consider a graph as finite, undirected, with single
lines and no loops. All definitions not nresented here can be found in [5].

Pa Letery, vy, o ix) = (a5, 1o = {4, ), 00 X

= {uyy, Uy, 3,
denote the points and lines of a (p, ¢) graph G.
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Definition 1. We define the middle graph of G, dencted M(G), as an inter-
section graph (F) on V((), where

F=V'(G)U X(G) = {{u,], ..., {up}. X0 Xy xq} .

1.2. Let L6y, T(G). S(G) denote ihe line graph, the total graph and ihe
subdivision graph of G, respectively. Then,

LG)YCT M(G) C T(G), S(G)C M(G)
VMG = 1V(G) + VLGN =
IXOMUG ) = 1 XSG + I X(L(GMN = IX(T(G M ~ | X(G)

P
=3 E (Pc;(u,-))2 +q,

i=1

where 1A denotes the cardinality of set A and p, (1,) is the degree of i,
inG.

We define the iterated middle graph M*(G) as follows: MY(G) = M(G),
M3(G) = MIM(G)), M*(G) = M(M*~1(G)), k > 2. We abbreviate L(G).
T(G). S(GY. M(G), M*(G)as L, T, S, M, M*, respectively.

The following equalities hold:

(hH p;w(u) = pyx()=p ) forued.
(2) 2y (V) =pL(v)+2=pG(s)+pG(t) forve L(G),

where s. ¢ are the two end points of line x in G, corresponding to v.

1.3. Construction ¢ ¢ M{G): Construct the subdivision graph S(G) of a
given graph G. Construct further the complete graph Ky, (¢, = p(u)+ 1)
for each pvrint ul. of G, containing u; and p . (1,) points of S(G) adjacent
toe ti=1], .. p). Then ihe result is the middle graph M(G) of G

{ Fsg, Ty
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1.4. M(G) is partitioned into line-disjoint complete graphs Ky ti=1,2,
.... p) in such a way that two distinct Ki;. K,j (i # j) have only the sub-
division point of line {u, w} in common if and only if &, and u; are
adjacent.

Definition 2. Let G be any (p.¢) graph and V(G), X(G) be the point set
of G and the line set of G respectively (see 1.1). We add to G p points Y,
and p lines {1, v;} (i = 1. 2. ..., p), where v, are different from the points
u; of G and from each other. Then we obtain a (2p, p + ¢) graph which
consists of the point set V(G*) = lug ..y LU PR vp} and the line set
X(GMY={x;, ... x,. {ug. v b {up v )

Let us denote this graph by G* (Fig. 13ii)).

Theorem 1. Let G be iy graph. Then LG ) = M(G), where the symbol
= means isomorphism.

Proof. By the definitions of line graph and middle graph, we have L(G¥) =
QUX(G™ ). M(G) = QV'(G) U X(G)) (see 1.1).
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Let the elements {u,,y;}, x; of ihe set X(G" ) correspond to the ele-
ments {u,’. X; of the set V'(é) U X{G), respectively. Then we have a
one to one correspondence between the elements of the two sets. Hence
we have a one o one correspondence between the pcints of the graphs
L(G*) and M(G).

By the assumption that the points v, are different from the points ;
of G. and that v; are distinct from each other, we have

{ul.,ur.}ﬂ{uj,vj} = {4} 0 {u;} =0 (i#j),
= 1 . =
{u!..v‘.} N X, {ufJ N X X; N X; =X, N X

This shows that the intersection of the two elements of X(G*) <oin-
cides with that of the corresponding two elements of V'(G) v X(G).
Hence we see that the adjacency of two points in L(G ™) coincides with
that of the corresponding two points in M((s).

Therefore the two graphs L(CGY) ané M{G) are isomorphic. Thus the
thecrem is proved.

2. The traversability of M(G)

Proposition 8 in [6] states: L((G) is hamiltconian if and only if there is
a tour in ¢ which includes at least one end-point of each line of G (a
tour is the same as the closed trail).

¥ G contains a closed spanning trail. say 7, then G* contains a tour T,
that is a closed trail as is described in [6, Proposition 8]. Conversely let
us suppose that G* contains a tour 7, which includes at least one end-
point of each line of G*. Then it is evident that T does not pass points
v, (i = 1. ..., p) (see Definition 2).

Assume that 7 does not pass a point u, (see Definition 2). Then T can-
not pass any one of the endpoints of line {u; v}, contradicting the hy-
pothesis. Hence T passes all the pointsu, (i =1, ..., p) of G, i.e., G con-
tains a closed spanning trail 7. The above considerations and Theorem |
lead to:

Theorem 2. Let G be a graph. The middle graph M(G) of G is hamiltonian
if and only if G contains a closed sparning irail.

Thecrem 3. If a graph G is eulerian, then the middle graph M(G) of G is
eulerian and hamiltonian.
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Proof. It is evident that M(G) is eulerian from the equalities (1) and (2).
M{G) is hamiltonian by Theorem 2.

Corollary 3.1. If G is eulerian, then M*(G), k = 1, is eulerian and hamil-
tonian.

Theorem 4. If M(G) is eulerian, then G is eulerian and M(G) is hamiltonian.

Proof. G is eulerian by (1), and hence M{G) is hamiltonian by Theorem 3.

The proof of ihe following Theorem 5 is due to the referee of this
paper.

Theorem S. Ler G be a graph. The middle grapk M(G) of G contains a
closed spanning trai! if and only if G is connected and without points of
degree £ 1.

Proof. If G is disconnected, then clearly M(G) is also disconnected. Ac-
cordingly, M(G) cannot contain a spanning trail. If G has a point of de-
gree € |, then M(G) he: also a point of degree < | from the equality (1).
Accordingly, M(G) cannot contain a closed trail. Therefore the necessity
is established. Let us turn to the proof of sufficiency.

Let G be connected and without points of degree less than 2 and let
7 be a spanning tre: of G. By the very definitions, M(T) is a subgraph of
M(G). Let us construct a closed almost-spanning trail of M(T), where we
define an almost-spanning trail as a trail which passes through all points
of M(T) except the pendant ones (which are also pendant in T, as obvious).
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The construction is as follows: First take a path P in T linking two pen-
dant vertices. p, and p, . Starting from a point in M(P) adjacent to say p,
(which represents the pendant edge of ” incident to p, ) follow the lines
in Z(P) and return by those in S(P). We obtain a trail as required corre-
sponding to P. If T # P, then points of Jegree higher than 2 exist in P.
Let w be such a point and p, (+ p,, p,) a pendant vertex in a branch of
7 rooted at w. A path P'(w, Py ) exists. 'The non-pendant points in M(P')
will be included in an extended trail obtained from the preceding one by
taking, in ar cbvious notation, x,, x,, L/’ D, S(P'), x5, w, x| instead of
x,. w, x, (see Fig. 2, where not all lines are pictured).

If the degree of w is higher than 3 (as in the case shown in Fig. 2), then
consider another pendant vertex, sy p,. and the path P"(w, p,) and in-
sert now x, x,. L(P"), S(P"). x,, w. x| instead of x,, w, x,. and so on.

Repeat this constriiction as long as points of degree higher than 2 are
to be considered. A closed almost-spanning trail of M(T) will be obtained.

Now let us add to T, successively, the edges in E(G) - E(T). We suc-
cessively extend the trail so that the points representing these edges in

Fig. 4.
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M(G) are included:

(a) If the added edge x, links two non-pendant vertices w’, w" (Fig. 3)
in the graph we have at this stage. then, in the trail ... x,, w’, Xjv s Xy
w”, X, ... weinsertx, . X, w”, x, instead of x,, w", X,

(b) If x,, links a pendant vertex w" to a non-pendant vertex w' (Fig. 4),
then, in t!le trail .. x, . x, W, Xjp won WESCLX, X, X, w”, X, w', X;
instead of x,, w', X;.

(¢) If x, links two pendant vertices w', w” (Fig. 5), then, in the trail
e X X o Wesetx Lx o x L wlox o, w x, instead of x .

These additions of lines do not use already used lines. Moreover, all
points wili be introduced in the trail.

This completes the proof of the theorem.

Corollary 5.1. The graph MX(G), k = 2, is hamiltonian if and only if G is
connected and without points of degree < 1.

3. The connectivity of M(G)

The connectivity and the line-connectivity of M(G) are simpler than
those of TiG), L(G) (see [1,3,4,7.8}).

Theorem é. If a graph G is n-line cornected, then the middle graph M(G)
of G is n-connected

Proof. The theorem is evident for n = 0 or G = K, . Therefore we assume
that n > | and G # K, in the following. It suffices to show that there
exist at least » disjoint paths between any two distinct points &, v in M(G)
(see |5, Theorem 5.101Y.
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(1Y When u € G, v € G, there exist at least 7 line-disjoint paths between
w and v in G. 1¥ we subdivide all lines of all these paths, then they may be
cansidered as » line-disjoint paths between w, v in M(G). Supposce that
some of them have a point w in common. Further let u,. v, (€ L(G)) be
twc points on one of these paths and adjacent to w. Then the new path
obtained by replacing subpath uywi, with line (1), v,) is a path between
1, v in MiG) wiich does not pass w. Let us perform similar constructions
on all other paths passing w. Repeating this process tor a:l paths which
have points in common, we obtain » disjoint paths between u, v in M(G).

(ivLetu e G, vE LGy and let U, 0" € G be the end-points of the edge
vin G. There are at least n line-disjoint paths in G between 1 and v’ and
consequen‘ly, as shown in case (i), n point-disjoint paths in M(G). Con-
stder the n lines in G incident to v'. say (w\.v'). s (L, '), each one
oelonging to a distinet path. Letw,. .., u, be the points in L(G) corre-
sponding to these lines (eventually t; = v). We obtain n point-disjoint
paths between u and v, by taking now, for cach /, the subpath w, v in-
stead of the subpath wav'. If u; =, then take (v". v) instead of the
subpath t"u;v'.

(iti) When u € L(G), v € L(G), there ar (wo distinct points i, v in L(G),
since n = 1. G # K,. Therefore there exist n disjoint paths between u, v
in M(G) (see [3. Theorem 11]).

Thus the proof of Theorem 6 is completed.

Corollary 6.1. If G is n-line connected, then MY (G) is n-connected forall
k=1

Couollary 6.2. If G is n-conr:ccted, then MK(G) is n-connected for all k = 1.
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