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1. Largest fixed point

Let [n] = {1, 2, ..., n}, and let $,, denote the set of permutations of [n]. Throughout the paper, we
will represent permutations using cycle notation unless specifically stated otherwise. Recall that i is a
fixed point of w € 4, if 7 (i) = i. Denote by D, the set of derangements of [n], i.e., permutations with
no fixed points, and let d,, = |D,|. Given T € 4, \ Dy, let £(;r) denote the largest fixed point of 7. Let

ok = {m € 8, \ Dy : L(w) = k}|.
Clearly,

apq1 =dp—q1 and ap, = @m— 1)\ (1
It also follows from the definition that

k—1

apk = dn—l + Z an—1,j, (2)

j=1

since by removing the largest fixed point k of a permutation in 4§, \ 9,, we get a permutation of
{1,...,k—1,k+ 1, ..., n} whose largest fixed point (if any) is less than k. If in (2) we replace k by

E-mail address: sergi.elizalde@dartmouth.edu (S. Elizalde).

0195-6698/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2009.12.002



https://core.ac.uk/display/82449124?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/ejc
http://www.elsevier.com/locate/ejc
mailto:sergi.elizalde@dartmouth.edu
http://dx.doi.org/10.1016/j.ejc.2009.12.002

E. Deutsch, S. Elizalde / European Journal of Combinatorics 31 (2010) 1404-1409 1405

Table 1
The values of a, x for n up to 6.

n\ k 1 2 3 4 5 6

1 1

2 0 1

3 1 1 2

4 2 3 4 6

5 9 11 14 18 24

6 44 53 64 78 96 120
k — 1, then by subtraction we obtain

Ak = Qnk—1 + an—1,k—1 (3)

fork > 2, or equivalently, an x = G k+1 — an—1,x for k > 1. Together with the second equation in (1), it
follows that the numbers a, x form Euler’s difference table of the factorials (see [2-4]). Table 1 shows
the values of a,, ; for small n. The combinatorial interpretation given in [2,3] is that a, 4 is the number
of permutations of [n — 1] where none of k, k + 1,...,n — 1is a fixed point. This interpretation is
clearly equivalent to ours using the same reasoning behind Eq. (2). In fact, Eqs. (1)-(3) can also be
derived from [2].

We point out that it is possible to give a direct combinatorial proof of the recurrence (3) from our
definition of the a, . Indeed, let 7 € &, with £(wr) = k. If 7(1) = m # 1, then the permutation
of [n] obtained from the one-line notation of 7 by moving m to the end, replacing 1 with n 4 1, and
subtracting one from all the entries has largest fixed point k — 1. If 7 (1) = 1, then removing 1 and
subtracting one from the remaining entries of 7 we get a permutation of [n — 1] whose largest fixed
pointisk — 1.

From (1) and (3) it follows that

k—1
k—1
Qn k = Z ( . ) dn—j—l~
=0\

A simple combinatorial proof of this equation is obtained by observing that the number of

permutations 7 € 4§, \ D, with £(;r) = k having exactly j additional fixed points is (k;]) dn—j_1, for

each0<j<k-—1.
Define

o = ikan,k = Z L(x). (4)
k=1

€87\ Dn

We now state our main result, which we prove analytically and bijectively in the next two
subsections.

Theorem 1.1. For n > 1, we have

ap = dny1.

1.1. Analytic proof

Replacing n by n + 1, from (4) we have

Qni1 = Unt1,1 + 20412 + -+ - + N0 + (0 + Dangr pgr- (5)
Adding (4) and (5) and taking into account (3), we obtain
Qn + Oyt = Apy12 + 200413 + -+ Mgy + (14 DL (6)

Adding (6) with the equality

4+ D! —dppq = 11 + AQugr2 + -+ Gugern + Qngpnses
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which is a special case of Eq. (2), we obtain
ap+opp + M+ D! —dppy = app + (n+ 1D
whence o, = dpy1.

1.2. Bijective proof

To find a bijective proof of Theorem 1.1, we first construct a set whose cardinality is «,. Let
My C (8, \ Dn) X [n] be the set of pairs (7, i) where 7 € 4§, \ D, and i < £(7r). We underline the
number i in 7 to indicate that it is marked. For example, we write (2)(3)(7)(8)(1, 4, 9)(5, 6) instead
of the pair ((2)(3)(7)(8)(1, 4, 9)(5, 6), 4). It is clear that

n
| M| = Zkan,k = Up.
k=1

To prove Theorem 1.1, we give a bijection between D, and M;,.
Given w € Dy, We assign to it an element 7 € M, as follows. Write 7 as a product of cycles,
starting with the one containing n + 1, say

T = (n+1,i1,i2,...,ir)0'.
Let g be the largestindex, 1 < q < r,suchthati; < i, < --- < i;g. We define
~_ (i0@G) ... (o ifg=r,
@G - () gsrs Bge2s - - s ) 0 ifg <
Now we describe the inverse map. Given & € M,, let its unmarked fixed pointsbei; < i, < --- <
iq, and let j; be the marked element. We can write 7 = (iy) ... (ig)G1,J2, - - - »Je) 0. Notice that t = 1

if the marked element is a fixed point. Define
7 =m+1,i, 0 ...,0 1, J2,-- -, Jt) O
Here are some examples of the bijection between D, and M;:
T =(12,2,4,9,7,5,6)(1,3)(8, 11, 10) < 7 = (2)(4)(9)(7, 5, 6)(1, 3)(8, 11, 10),
7 =(10,2,3,7,8)(1,4,9)(5,6) < 7T = (2)(3)(7)(8)(1, 4, 9)(5, 6),
7 =(10,2,7,8,3)(1,4,9)(5,6) < 7T = (2)(7)(8)(3)(1, 4, 9)(5, 6),
7 =(10,2,3,7,8,4,9,1)(5,6) < 7 = (2)(3)(7)(8)(4, 9, 1)(5, 6).

2. Smallest fixed point

In a symmetric fashion to the statistic £(;r), we can define s(7) to be the smallest fixed point of
T e 8, \ Dy Let
box = {m € 83\ Dy = s(w) = k}|.
The numbers by, ; appear in [1, pp. 174-176, 185] as Ry x (called rank). Define

Bo= kb= Y s(m). (7)
k=1

T e$n\Dn
It is not hard to see that, by symmetry,

bn,k = Up,n+1—k- (8)
Indeed, one can use the involution = + 7’ on S,, where 7/(i) = n+ 1 — 7 (n 4+ 1 —i). This involution
is equivalent to replacing each entry i in the cycle representation of 7w with n + 1 — i; for example,
(183)(2)(4975)(6) is mapped to (927)(8)(6135)(4).

To find a combinatorial interpretation of 8, let &, be the set of permutations of [n+ 1] that have
at least two fixed points. We have that

[€ntal = M+ D! —dpyy — (n+ Dy, (9)
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since out of the (n + 1)! permutations of [n + 1], there are d,,; derangements and (n + 1)d,
permutations having exactly one fixed point.

The following result is the analogue of Theorem 1.1 for the statistic s(;r ). We give an analytic proof
based on that theorem, and a direct bijective proof as well.

Theorem 2.1. For n > 1, we have

Bn = |8n+1|-

2.1. Analytic proof

From the definitions of &, and B;, and Eq. (8), it follows that
n
Wt Bo=+1)Y e = (n+ 1)(n! — dy).
k=1

Using Theorem 1.1, we have

Bn=m+ D! — (n+ 1)d, — dns1,
which by (9) is just the cardinality of &, as claimed.

Note also the following identities involving 8, which follow from the known recurrence d, =

ndp—q + (="

Bn=m+ D!+ (=1 —2(n+ 1)d,,

ﬁn = (n + ])ﬂn71 + n(_])n+1~
The sequence B, starts 0, 1, 1, 7, 31, 191, . . .. Using the well known fact that

d 1
lim — = —, (10)
n—oo n! e
we see that
2
lim Pn =1—--.
n—oo (n+ 1)! e

2.2. Bijective proof

Let M), C (8n \ Dn) X [n] be the set of pairs (i, i) where 7 € 8, \ D, and i < s(xr). As before, we
underline the number i in 7z to indicate that it is marked. It is clear that

n
| Myl = kb
k=1

We now give a bijection between &1 and M,,. Given 7 € &,44, let i be its smallest fixed point.
We can write

T=@0O0+1j....j)o0,
where no js appear if n + 1 is a fixed point. Define

7= (2 5J0) 0.
Note that 7 € M/, because if o has fixed points then they are all larger than i, and if it does not, then
t = 1and iis the smallest fixed point of 7. Essentially, 7 and 7 are related by conjugation by the

transposition (i, n + 1).
Conversely, given 7 € M/, let i be the marked entry. We can write

T =(®j2....J0)o,
where no js appear if i is a fixed point. Then
T=0Mm+1j,....j00.
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Roughly speaking, we replace i with n + 1 and add i as a fixed point. Note that if t > 2 then o must
have fixed points.
Here are some examples of the bijection between &,41 and M}

7 =(3)(10,1,7,2,8)(5)(6)(4,9) < 7T =(3,1,7,2,8)(5)(6)(4, 9),
7 =(5)(10)(6)(3,1,7,2,8)(4,9) < 7 = (5)(6)(3,1,7, 2, 8)(4, 9).

3. Other remarks
3.1. Arecurrence for the derangement numbers

An argument similar to the bijective proof of Theorem 1.1 can be used to prove the recurrence

di= G- (’J?)dnﬂ- (11)
j=2

combinatorially as follows.
A derangement w € D, can be written as a product of cycles, starting with the one containing n,
say

T =(n,iy,iy,...,0)0.
Consider two cases:
o Ifi; < iy < .-+ < i,_q (this is vacuously true for r = 1, 2), then the number of choices for the
numbers iy, ..., i, satisfying this condition is r ";] , since we can first choose an r-subset of

[n — 1] and then decide which one is i,. Now, the number of choices for o is d,,_,_1.
e Otherwise, thereisanindex 1 < q < r — 1suchthati; < i, < --- < iz > igq1. In this case,

there are q (Z;}) choices for the numbers iy, .. ., ig41, since we can first choose a (q 4 1)-subset

of [n — 1] and then decide which element other than the maximum is ig1;. Now, there are d,_q_1
choices for (ig41,...,i;) 0.

The total number of choices is

Lol o B e =5 () () e

()
= r dn —r—1,
r=1 r+1
which equals the right hand side of (11).
Alternatively, the recurrence (11) is relatively straightforward to prove using generating functions.
Indeed, let

Do = > da ’i‘ -

n>0

._.._.

be the generating function for the number of derangements. The generating function for the right
hand side of (11), starting fromn = 1, is

¥y (}) oy (Zd,)(ZO—D)

n>1 j= i>0 j>1

—X —X

e v« e
= xe"—e"+1)=-1+
1—x 1-—

=D(kx) — 1.
X
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3.2. Another interpretation of d,,

As conjectured by an anonymous referee, the derangement numbers also count permutations
whose largest fixed point is greater than the first entry. We give a bijective proof of this fact.

Proposition 3.1. For n > 1, we have

dn = {7 € 83\ Dy : £() > (D}

Proof. In Section 1.2 we gave a bijection between £, and .M,,_1. Here we describe a bijection between
Ly={mr € 8, \ Dy : () > (1)} and M;_1.

Given 7w € Ly, delete (1) in the one-line notation 7 (1) (2) ... (n) and decrease by one all the
entries greater than 7 (1). This yields the one-line notation of a permutation 6 € §,_1 \ D,_1. We
define the image of 7 to be the pair (o, 7(1)) € M,_1. Conversely, given (o,i) € M,_1, increase
by one the entries greater than or equal toiin o (1)o(2)...0(n — 1) and insert i at the beginning,
recovering the one-line notationof r € L,. O

3.3. Probabilistic interpretation of Theorem 1.1

Let X;, be the random variable that gives the value of the largest fixed point of a random element
of 8, \ Dy. Its expected value is then

n
Z kan,k
E[X,]= &L
T 180\ Dl

Theorem 1.1 is equivalent to the fact that
dn+1

nl—d,’

Using (10), we get from Eq. (12) that

lim Xl _ 1 ) (13)
n—oo n e—1

E[X;] =

(12)

Occurrences of fixed points in a random permutation of [n], normalized by dividing by n, approach
a Poisson process in the interval [0, 1] with mean 1 as n goes to infinity. An interpretation of Eq. (13)
is that, in such a Poisson process, if we condition on the fact that there is at least one occurrence, then
the largest event occurs at 1/(e — 1) on average.
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