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Abstract

We prove the almost sure existence of absolutely continuous spectrum at low disorder for the Anderson
model on the simplest example of a product of a regular tree with a finite graph. This graph contains loops
of unbounded size.
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1. Introduction

Since Klein’s theorem on the existence of absolutely continuous spectrum for the Anderson
model on a regular tree [9] was given new proofs, in [1,3], there have been several generalizations
of this result to the Anderson model on other trees. For example, decorated trees was considered
in [7] while substitution trees were treated in [8]. In this paper we show the almost sure ex-
istence of purely absolutely continuous spectrum at weak disorder for the Anderson model on
the simplest example of a product of a regular tree with a finite graph. To our knowledge this is
the first proof of extended states for the Anderson model on a graph with loops of unbounded
size. Graphs with unbounded loops were considered in [4] for other types of randomness.
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Fig. 1. The graph T x G.

The Laplace operator on the product of a regular tree with a finite graph is unitarily equivalent
to a direct sum of shifted Laplace operators on the base tree, where the shifts are determined
by the spectrum of the Laplacian on the finite factor graph. This implies that the spectrum of
the Laplace operator is the union of shifted copies of the spectrum of the base tree Laplacian.
What happens when a random potential of Anderson type is added? In our example, we are able
to prove the existence of absolutely continuous spectrum on the intersection of the shifted copies,
namely, the interval [—2«/5 +1,24/2 - 1]. We conjecture that the analogous theorem is true for
general products of trees with finite graphs. (Added in proof: This has now been proved by Klein
and Sadel [10].) Notice, however, that if the norm of the finite factor graph Laplacian is too
large, this intersection will be empty. It is an interesting open problem to determine the nature
of the spectrum for energies where only some of the shifted copies of the Laplace operator in
the decomposition of the free Laplacian have spectrum. In our example these would be the ener-
gies contained in the intervals [—24/2, —=24/2+ 1] and [24/2 — 1,2+/2]. The analogous problem
for slowly decaying random potentials on the strip was considered in [5], but the methods used
there do not apply to the Anderson model.

In this paper the base tree T is a binary rooted tree and the finite factor graph G is the graph
with two vertices connected with a single edge. This graph T x G is depicted in Fig. 1.

The Laplacian for the product graph is A = A7 ® 1 + 1 ® Ag, acting on the Hilbert space
(T x G) = 03(T) ® £3(G) = £3(T) ® C2. In what follows we will think of elements of
02(T) ® C? as C? valued functions on T. From this point of view, the analysis of this model
can be considered to be a 2 x 2 matrix valued version of the model on the original tree. Roughly
speaking, the hyperbolic plane H is replaced by the Siegel upper half space SHj. So, although the
outline of the proof is the same as for the tree, we are confronted with non-commuting variables
and the much more complicated geometry at infinity of SH.

For convenience we will actually work with the adjacency matrix, which amounts to setting
the diagonal matrix elements of the Laplacian to zero. Then Ag = [0 ! ], and the Laplacian acts

10
on ¢ € £3(T) ® C2 as

Ap(x) =Y 9+ Age(x).
yiy~x

Here y ~ x means that y is connected to x by a single edge.
Let Q denote an i.i.d. random potential on T taking values in the set of 2 x 2 real symmetric
matrices Sym(2, R). Assume that the single site distribution is given by the measure v satisfy-

ing
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E[IQ)*M 7] = / 1Q12MHP) dv(Q) < oo (1.1)
Sym(2,R)

for some p > 0.
We study the spectral properties of the Anderson Hamiltonian

Hi=A+kQ (1.2)

for small coupling constant k, which we take to be positive. The goal of this paper is to prove the
following theorem.

Theorem 1.1. Let Hy be the random Anderson Hamiltonian defined by (1.2), where the potential
O satisfies (1.1). Let I be any closed subinterval of (—2~/2 + 1,2+/2 — 1). Then, for sufficiently
small k, H has purely absolutely continuous spectrum in I almost surely.

Here are some of the new ingredients in this paper. After a preliminary symplectic change
of variables to move the fixed point of our recursion relation to i/, we define a weight function
in (1.9) with some extra convexity compared to the functions we used previously (the analogue
on the original tree is described in the conference proceedings review [6]). This allows a simple
geometric characterization ((2.1) and (2.2)) of the places where our key inequality degenerates.
This characterization involves an unusual co-ordinate system for SH, given by (1.11).

1.1. The forward Green function and the recursion relation

Let P denote the rank two projection onto the space of functions supported on the vertices
above the root (inside the oval in Fig. 1). Then, for A in the resolvent set of Hy, we define the
Green function at the root to be

G\ =PH-)"'P. (1.3)

This Green function is a A dependent random variable taking values in the Siegel upper half
space SH.

By definition, SH) is the set of symmetric 2 x 2 matrices with complex entries whose imag-
inary parts are positive definite. The symplectic group Sp(4, R) acts on SH, via generalized

linear fractional transformations. For I" = [é g] € Sp(4,R) and Z € SH; we write the action as

I'-Z=(AZ+B)(CZ+ D)L Properties of SHp, its compactification, and the Sp(4, R) action
that we need can be found in the thesis of Freitas [2].

The forward Green functions are defined by disconnecting the tree as indicated, and restricting
the resolvent for the Hamiltonians of the two disconnected subtrees to the range of the projections
corresponding to the root nodes of the subtrees (see Fig. 2).

The analogue of (1.3) gives rise to two forward Green functions G{(A) and G, (A) that, for a
given realization of the potential, are related to G (i) by

(1.4)

GOV = Q’A(GI(M +Ga(A) Kk )

2 3¢

where
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Fig. 2. Definition of the forward Green functions.

D, (G)=QR2G+r—Ag)"!

and Q is the value of the potential at the root. Note that @, is the generalized linear fractional
transformation which we can identify with the matrix

o | 0 1/V2
PTINV2E 00— A /V2

If A is real, then @, € Sp(4, R). Otherwise, &, is a composition of a complex shift with a trans-
formation in Sp(4, R).
We define G, to be the fixed point of @, . Solving the fixed point equation G, = @, (G,)

yields
_(r=Ag\ . . |1 [(rA=Ac\’
G“_( z )*’VT( 1 )

Since the eigenvalues of Ag are £1, both eigenvalues of G, lie on a circle of radius 1/+/2 in
the upper half plane when A € (—2\/5 +1,242 — 1). For these values of A, G, € SH,, while
for real A outside this range, G, lies on the boundary at infinity. This explains the range of A for
which we can prove absolutely continuous spectrum.

‘We now choose a closed interval J C (—2\/5 +1,242— 1) that will remain fixed for the rest
of the paper. Define

Rc={AeC: RereJ, 0<ImA <€} (1.5)

with € sufficiently small so that G, € SH), for A € R..

We want the fixed point G, to serve as an origin for SHy. To avoid difficulties that result
from the fact that G, does not commute with all of SH, we perform a A dependent symplectic
change of variables to move the origin to i /. For A € R, write G, = X, +iY) and let I') be the
symplectic transformation given by the matrix

-1/2 -1/2

Y —Y, "X,
no=|* * :
=l e

Then I, - G, =il. We will work with the new variables Z in SHJ related to G by

Z="ry-G=v,Poy] VP -y xR
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With these variables, Eq. (1.4) becomes

Z1(W) + Zo(n) kA) (1.6)

Z(K)=‘1’x<f -3¢

where ¥, = I} o @; o F{l and Q =Y, 172 oy, 12 For future reference we compute the matrix
for ¥, explicitly. This yields

v [ F=86)/QV2)  —/1—-0—86)*/8] _[cos(6;) —sin(@2) 17
PV T= = A0)2/8  (h—Ag)/2V2) | | sin(®)  cos(®y) :

where ©, = cos~ (A — AG)/(Z\/i)) with the branch of cos~! chosen to make sin(©}) positive
definite when A € J. Notice that ¥, is an orthogonal symplectic matrix for A € J.
Eq. (1.6), and the self-similarity of the tree imply that for any positive measurable function w

on SH),
Z1(A Zy (A k ~
E[w(z)] =E[w (%(w - §Q>>}, (18)

where Z1(A), Z>(}) are independent copies of Z (1) and Q is independently distributed accord-
ing to v.

1.2. The functions wy(Z1, Z) and 5 p(Zl, Z»)

The following symplectically invariant function will play an important role in our analysis.
ForZ;j=X;+iY;,j=1,2and p >0, let

—1/2 — —1/2 14+
wp(Z1, 20 = ¥y (21 = 20y ¥; (21 = 20y )10 (1.9)

where || - |1+, denotes the Schatten (1 + p) norm. When p = 0 the norm gives the trace, and the
resulting definition is a function of the Riemannian distance in the Siegel space. As we will see
below, w), is still invariant under the symplectic action when p > 0, and the extra convexity that
results for positive p will be important.

The weight function that we use to measure growth in SH, is defined to be

wp(Z) =wy(Z,il). (1.10)
The following lemma collects some properties of w,(Z1, Z2) and w,(Z).
Lemma 1.2.
(1) Let I" be an element of Sp(4, R) acting on SHj. Then
wy(I' - Z1,I' - Z3) =wp(Zy, Z3).
(ii) Let T be a complex translation given by the action T - Z = Z + it witht > 0. Then

wp(T-Z1,T - Z3) <wp(Zy, Z>).
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(iii) There are constants C and Cy such that for every Z € SHp,
1+p
[Im(2)|| ™" < Crwp(Z) + Co.
(iv) For any € > 0 there exists C¢ such that for any Q € Sym(2, R)

wp(Z+ Q) < (1+ €+ CellQIPM P w,y(Z) + Cel QPP

This lemma is proved in Appendix A.

The ratio
Z1+ 2> 1 1
w21, 2 = wp (W Z52) ) /(G000 + Jwp22)

plays a central role in our analysis. To understand this function we introduce an unusual co-
ordinate system for SH. For Z = X +iY € SH», define

U@z)y=y"2z—-in. (1.11)

We will study this co-ordinate system in detail below. Clearly w,(Z) = |[U(Z)*U (Z)||1i§ =

U (Z) ||§81£; The quantity U (Z) appears in the following crucial formula.

Proposition 1.3. For ImA > 0,

Z1+ Z 1
w,,<wx< i 2))<HE[U(ZI)*,U(ZZ)*]P(YI:Y2)[ggg;;}

I+p

(1.12)

1+p
where

12
Y _ 1/2 172

P(Y|, 1) = [Y11/2:|(Y1 + 1) I[Yl/ sz/ ]
2

y,/? .o .o
is the orthogonal projection onto the range of [ YI‘ n ] The inequality is an equality if L € R.
2

Notice that the left side of (1.12) does not depend on A, so we can define the A independent
upper bound for w2 p 2

I+p

1

U(Z)

1 1
/(Ewp(zl)+ Ew,,(ZZ)).

I+p

It follows from Proposition 1.3 that

Wa.pi < 15, (1.13)
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Proposition 1.4. The ratio /L; p(Z], Z») < 1, or equivalently

1+p

1
< _wp(Zl)+§wp(ZZ)- (1.14)

1
HE[U(ZI)*, U(Z2)*]|P (Y1, Y2) |:U(Zl)i| !

U(Zy)

1+p

Equality holds if and only if Z1 = Z».

These propositions are proved below, where we also determine in what form they survive on
the compactifications considered below.

1.3. Reduction to estimates on |15 »

If Z="T} -G then InG = Y,”*Im Z¥,/?. Thus, |[Im G|| < C||Im Z|| uniformly for A € R,
with € small. So, given Lemma 1.2(iii), Theorem 1.1 follows from the following theorem (see,

e.g., Lemma 1 of [4]).

Theorem 1.5. Let G (L) be the Green function for the random Hamiltonian Hy = A +k Q defined
by (1.3), and let Z(L) = Iy, - G(L). Then, for sufficiently small coupling constant k, and small €,
there exists a constant C such that

sup E[w,(Z(W)] < C.
MER,

In this section we will indicate how this theorem follows from estimates of x5 pat infinity.
This part of the proof follows the same lines as [3]. Using (1.8) twice we find that

1 1 1 1 1~ 1~
E[w,(Z(W)] =]E|:wp (%(521 + 5%<5Z2 + 523 - EkQ2> - Ekgl))]

where Z|, Z> and Z3 are independent copies of Z(1) and Q; and Q; are independent copies
of the single site (matrix) potential. Since we may permute Z;, Z, and Z3 without changing the
expectation, we find

1 ~ o~
E[w, (20))] = 3E[2(Z1, 22, 25, k01, k02, 1))

where X' is the symmetrization of the expression above given by

1 1 1 1 1 1
E(Zla ZZv Z31 le QZs)‘*) = pr<lll)u(izo'l + EWA(EZO'Q + EZO"J' - §Q2> - EQl))

o

In the sum, o ranges over the three cyclic permutations of (1, 2, 3).
Introduce the ratio

2(Z1,22,73, 01,02, 1)

w3(Z1, 22, Z3, Q1, Q2,A) = .
wp(Zy1) +wp(Z2) +wp(Z3)

To prove our main theorem, we will prove that
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Proposition 1.6. There exists a compact set K € SHp x SH, x SHp, € > 0, €1 > 0 and § > 0 so
that

sup w3(Zy, Z3, 23, Q1, 02,A) < (1 —9).
(Z1,27,Z3)¢K, [ Q1l1<e€1, 10211<€1, LeR

Given Proposition 1.6 we can prove Theorem 1.5 as follows.

Proof of Theorem 1.5. Choose ¢, €1, K and § so that the estimate in Proposition 1.6 holds. Let
x (-) denote the characteristic function of the indicated set. We can then estimate E[w,(Z(1))]
by introducting cutoffs as follows.

B[, (200)] < E

—

x(IkQ1ll < €1, IkO2ll < €1, (Z1, Z2, Z3) ¢ K) 2]

W —

+2E[x (k011 < e, 1kQall < €1, (Z1, Z2, Z3) € K) X]

+

W] = W =

—~ 1 ~
E[x(1k0:ll > e1) £] + 3E[x (IkQ2ll > €1) ], (1.15)

Here X stands for X' (Z1, Z5, Z3, k@l , k@z, A). In the first term on the right of (1.15) we may
replace X with (1 —8)(w,(Z1) +wp(Z2) + wp(Z3)) for any A € R, thanks to Proposition 1.6.
This results in the following estimate for the first term on the right of (1.15), valid for all » € R,

1 ~ ~
gE[x(llel | <er, kQall <e€1,(Z1,Z2, Z3) ¢ K) ]| < (1 = 8)E[w,(Z(1))].

The second term in the right of (1.15) is estimated by noting that X (Z1, Z», Z3, Q1, Q2, A)
is continuous on SH; x SH, x SH, x Sym(2, R) x Sym(2, R) x R, and therefore bounded on
a compact subset. This yields the following estimate for the second term on the right of (1.15),
again valid for all A € R

l —~~ o~
SED(KQ1Il < €1, 1k Q2ll S €1, (Z1, 22, Z3) € K) T] < Ce. 1, K).

The last two terms on the right of (1.15) are handled identically, so we will focus on the third
term. This is where the assumption of low disorder, i.e., that k is sufficiently small, enters. We
wish to exploit the fact that X(||k§1 || >€1) — 0as k— 0, pointwise in Q1. To do this we will
need the following upper bound for X

X(Z1,22,Z3,Q1, Q2,))
SCL+ NP + 1 Qa2 TP (wp(Z1) + wp(Z2) + wp(Z3) + 1), (1.16)

Before proving this inequality, let us see how it can be used to complete the proof. Recall that @
denotes Y, '/*QY,'/? so that || 0| < C||Q|| with C uniform for A € R.. Thus, using (1.16) and
the independence of the random variables Q1, Q2, Z1, Z>, Z3 we find that for bounded k there

exists a constant C such that
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E[x (1kQ1ll > €1) %]
< CEg,.0,[x (IkO11l > €1) (1 + 1 Q11717 + 1 021 21+P) | BE[w, (Z(W)] + 1)
=68(k, e1)(E[wp(ZW)] +1)

where §(k, €1) — 0 as k — 0. Given (1.1), this follows from the Lebesgue dominated conver-
gence theorem applied to Eg, 0, [x (1kQ11l > €)(1 + | Q17 + || Q2> +7))]. Combining
this estimate with the previous estimates for the first and second terms on the right of (1.15) we
obtain

E[wp(ZW)] < (1 =848k, €))E[w,(Z)]+C
<A =38/DE[wp(Z)]+C

for k sufficiently small, valid for all A € R.. Since the constants here are independent of A € R,
this implies the bound of Theorem 1.5 and completes the proof, provided we can rule out
Elw,(Z(A))] = oo.

It remains to establish (1.16) and to prove an a priori estimate for E[w,(Z(2))].

We begin by proving (1.16). Proposition 1.3 and Proposition 1.4 imply that w, (¥( Zi JZFZZ ) <

%w »(Z1) + %w p(Z2). Repeated applications of this inequality, together with Lemma 1.2(iv)
with any choice of €, which we write in the less precise form w,(Z — Q) < C(1 +
IQIPM*P) (wy(Z) + 1), yield

X(Z1,22,723, 01,02, 1)

1 1 1
< Z[Ewp(zm -0+ pr(zaz - )+ pr(zaz):|

o

< Z[C(l F 11PN (wp(Zo,) + 1) + C(1+ 1 Q2P1F7)

o

1
X (w,,(Zgz) + 1) + Zw,,(Zg3)j|.

This implies (1.16).

Finally we turn to the a priori bound. We need to prove E[w,(Z(A))] < C(1), where the
constant C (1) may blow up as Im A becomes small. We will show that for any realization of the
potential,

wp(Z()) <C(1+[Q)PHHP), (1.17)

where C (1) does not depend on the potential. Then the bound follows by taking the expecta-
tion.

For this bound it is more convenient to work with the original forward Green function G(}).
By Lemma 1.2(i) we have w,(Z(1)) = w,(Z(A),il) = wp(G(X), Gy). For any realization of
the potential, the recursion relation can be written G(A) = —(G1+ G2+ A — Ag — 0)~!, where
we are writing G; for G;(A). Thus
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G| < sup [(Z+ilma)~'| < C/Ima
ZeSH,

(see Lemma A.1 in Appendix A for the second inequality). The same estimate holds for |G|
and ||G2||. Now let Y| =Im(G1 + G2 + A — Ag — Q) and Y, = Im(2G,, + A — Ag). Notice
that for i = 1,2, ¥; > Im A and so, since Y; is real symmetric, Yfl < 1/ImA. Now we use the
invariance of w, in Lemma 1.2(i), and the fixed point property of G, to write

w,(G(A),G) =wy(=(G1+Ga+A—Ag — Q) ', —Q2G, + 2 — Ag) ™)

=wp(G1+G2+A—Ag—0,2G+ A —Ag)

—-12

¥ (G + G5 - 0~ 2G))¥7 G+ Ga = 0~ 261, 17

I+p
- 201+
<(mA Y (1G4 p + 1G2llisp + 1Q114p +21Galli4p)) 7

_ 2(1+
< (A~ (C/ImA+ 10114y + 201G lis,)) > 7.

Since |Gy |l14p is a A dependent constant, independent of the potential, and all norms are equiv-
alent for 2 x 2 matrices, this inequality implies (1.17). O

Our next task is to reduce Proposition 1.6 to a statement about (3 -

The standard compactification SH, of SH} is obtained by using the ball model. This is the set
of all symmetric 2 x 2 complex matrices W with || W] < 1. Here the norm is the operator norm,
W being regarded as an operator on a two-dimensional £ space. The upper half space model
and the ball model are related by the map Z — (Z —il)(Z + i)~ = (Z +il)~(Z —il)
and its inverse. The ball model can be compactified in a natural way, by taking its closure in
the Euclidean topology. The boundary of this closure, which we identify with the boundary at
infinity, dooSH>, of SH, contains all symmetric 2 x 2 complex matrices W with || W|| = 1 Thus,
SH, = SH U 85SHS,. For more information, see [2]. We now extend w13 to the compactification
SH, x SHj x SH) x Sym(2, R) x Sym(2, R) x R, by defining its value at a boundary point as
the supremum of all values along all sequences converging to the boundary point in the topology
of the compactification. Since the resulting function is upper semicontinuous, Proposition 1.6
follows if we show that the value of 13 on any point of the boundary SH, x SH, x SH, x {0} x
{0} x J is < 1. Recall that J is the real interval at the base of R..

First, let us show that u3 < 1 on the boundary. Let (Z1, Z3, Z3) € 95(SH, x SH, x SHj)
(this means that at least one Z; is in d,oSH)») and A € J C R. To estimate the value of w3 at the
boundary point (Z1, Z2, Z3,0,0, 1) let (Z1.n, Zo.n, Z3.1n, Q1,n, Q2.n, An) converge to this point
in the topology of the compactification. We must bound p3 along this sequence.

A calculation together with the inequality (1.13) shows that

w3(Z1, 22, 23, Q1, 02, 2)
1 1
= ;l’l’;,p (Zo'l —201, WA(EZUZ + 520'3 - Q2>>

y <%wp(zﬂ’1 201+ %M;,p(znz - 0>, Z0’3 - QZ)(wp(Zaz - Q02+ wp(Z<73 - QZ)))
wp(Z1) +wp(Z2) +wp(Z3) .

(1.18)
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By Proposition 1.4 we know M;p < 1 so when evaluated at (Zy,, Z2n, Z3.0, Ql.ns

Q2,n’ )\n),

u Z( wp(Zol n 2Q1,n) + %(wp(zaz,n - Q2,n) + wp(Zo3,n - QZ,n)))
P wp(Zin) + wp(Zon) + wp(Zsn) '

Thus by Lemma 1.2(iv), since Q1.,, Q2. tend to zero, the limit is < 1.

Since the symplectic action Z — Z + Q for Q € Sym(2, R) extends continuously to the
boundary at infinity, the sequence Z, + Q, will converge to Z in the compactification if
Z, — Z and Q, — 0. Thus (1.18) implies that if u3 — 1 along a sequence converging to
(Z1, 23, Z3,0,0, 1) in the compactification, then there are sequences Zy , — Zi, Zy, — Z3,
Z3, — Z3 and A, — A such that

/L;p(zl,n»ZZ,n)% 1, /’L;p(zl,mZS,n)_) 1, //L;p(ZZ,naZln)_) 1, (119)

Zyn+ 73,
ot (222 222))
Z Z
/*L;p <Z2,nv l]/)\n <%>> -1,

Zin+7Z
Mﬁ,p(zs,n,w)\,(%)) 1. (1.20)

The sequences in each limit may be different.

The way one might hope to use these equations is to show that if /fz‘ p(Z 1.n» Z2.,) — 1 then
the limits Z; and Z are equal, that is Z = Z, = Z, and that (Z; , + Z2,,)/2 — Z too. The
second statement is not automatic because addition does not extend continuously to the com-
pactification. This would be a plausible extension of Proposition 1.4, and can be shown to hold
for a tree. Then (1.19) and (1.20) would imply that there is a Z on the boundary at infinity
with ¥, (Z) = Z. This contradiction would prove the desired inequality and hence Proposi-
tion 1.6.

This approach fails for the product graph we are considering. However the following two
propositions can be used in an analogous way. The next proposition says that even though it is
possible that /L; P(Z 1.n> Z2.n) — 1 without Z = Z», the limit condition does imply that both Z;

and

and Z, belong to the same set, an image of H imbedded in SH, described by (ii) or (iii) below.

Proposition 1.7. Let (Z1,, Z2,,) be a sequence converging to a point in SH, x SH, with
pL;p(ZL,,, Zrn) — 1. Then either:

(1) Zin, Z2.n and the average Z,, = (Z1.n + Z2.0)/2 (possibly for a subsequence) all con-
verge to the same point in SHy. In other words, the corresponding points Wi.n, Wa, and
W, in the ball model converge to the same point in the Euclidean topology.

(i1) There exists a real orthogonal matrix V such that W; , — V[1 0? ]V’ fori=1,2,a (pos-
sibly for a subsequence). Here |a;| < 1 and the limit W; lies on the boundary of the ball
model.
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(iii) There exists a real orthogonal matrix V and r, p € R such that Z; , — V[Z,’ ;]V’ fori=

1,2, a (possibly for a subsequence). Here z; € H and the limit Z; lies on the boundary of
the upper half space model.

The next proposition says that the sets described above do not intersect their images under ¥, .
Proposition 1.8.

(1) If Z lies on the boundary of SHy in the upper half space model, then W, (Z) # Z for every
reld.

(i) Suppose V is a real orthogonal matrix and V[(l) S]V’ and V[(l) E]V’ with la] < 1, |B] < 1
are two points in the boundary of the ball model. Then for every . € J

I~ 1 0 O t
w(vfo alv)evle 5
Here W;_denotes the action of W, conjugated to act on the ball model.

(iii) Suppose V is a real orthogonal matrix and V[i ;]V’ and V[i/ ;]V‘ with z, 7' € H are two
points on the boundary in the upper half space model. Then for every A € J

Z r t Z/ r t
W*<V[r P]VFVL P]V'

We now show how Proposition 1.7 and Proposition 1.8 imply Proposition 1.6 and thus our
main result.

Proof of Proposition 1.6. Suppose (3 — 1 along a sequence (Z1 1, Z2.1, Z3.ns Q1.1n> Q2,05 An)
converging to (Z1, Z2, Z3,0,0, 1) in the compactification. Then, there are sequences so that
(1.19) and (1.20) hold. Then, by Proposition 1.7 there are three possibilities. (i): Z;, and
(Zin+Zjn)/2 (possibly for a subsequence) all converge to the same point Z and thus
W, (Z) = Z. This is not possible since the only fixed point of ¥; in SH, is iI. (We leave the
proof of the required continuity in A to the reader.) The second possibility is (ii): Z;, and
(Zin + Zj,)/2 (possibly for a subsequence) when viewed in the ball model all converge to
matrices of the form V [(1) 0 ] V! for the same real rotation matrix V but possibly different values
of o with || < 1. Then (l 20) implies that there exist & and B with |¢| < 1, |8]| < 1 such that
g, - (V[(l) 2]V )= [(1) g]V’. This is impossible by Proposition 1.8(ii). Otherwise (iii): Z; , and

(Zin+ Zj»)/2 (possibly for a subsequence) all converge to matrices of the form V [i ;]V’ for
the same real rotation matrix V and the same values of r, p € R but possibly different values
of z € H. Then (1.20) implies that there exist z, z’ € H such that ¥, - (V[i ;]V’) = V[Zr/ ;]V’.
This is impossible by Proposition 1.8(iii). Since all cases lead to a contradiction, we conclude
that ;13 — 1 is not possible. Therefore Proposition 1.6 holds. O

2. Proofs

In this section we will show how the geometric formula for w5 given after Proposition 1.3
allows us to prove Proposition 1.4 and its extension Proposition 1.7. What emerges is that there
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are two separate relevant quantities — the projections of U(Z;) and U (Z3) onto their unit spheres,
and the range of P (Y1, Y2) — whose limits are constrained when w2 p ; tends to 1. Understand-
ing these constraints leads to a proof of our results. We conclude the section with a proof of
Proposition 1.8.

The proof of Proposition 1.3 is a simple calculation.

Proof of Proposition 1.3. Since ¥, - (i) =il we have

o (557)) = (557) )
:wp<wk<¥),%(i1))

Z Z
gwp<%,il>

1 N . ) 1 ' 14+p
= 5((ZF + Z3 + 2 1) (V1 + Y2) " (21 + 22 = 2iD)
I+p
_ ! . . vzt
e

The inequality in the third line follows from Lemma 1.2(i) and (ii) and the fact that ¥, is a
composition of a transformation in Sp(4, R) and a complex translation by ImA. If ImA = O the
complex translation is missing and the inequality becomes an equality. 0O

Proof of Proposition 1.4. We need to estimate a quantity of the form || $[Uf, UF1P[ Z; ] ||ii§

where U] and U, are 2 x 2 matrices and P is a self-adjoint rank 2 projection. The first inequality
is

1+p 1+p

1

I+p
U 1
el -]

§(U1*U1+U2*U2)

1 U
loruste] ]

1+p 1+p 1+p

Since the (1 + p) norm takes account of all the singular values, this inequality is strict unless

Ran[U1:| CRanP. (2.1)
U
Next we use the triangle inequality for the norm || - |14, to conclude
1 1+[7 1 1 1"1‘[7
k * * *
HE(U1 Ui + U5 Ua) . < <§||U1 Uil , + 5||02U2||1+p) :
Since p > 0, the unit ball in the norm || - |14, is convex. This implies that the inequality is strict

unless UU; is a multiple of U} U,. Since both UU and U5 U, are positive definite matrices,
this multiple must be a positive number. Finally, by convexity,
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1 * 1 * e * 14p , 1 * I+p
Lot + Hosval,) " < Soronln + Loz

with a strict inequality unless [|U Uy ||l14+p = [|U5Uzll1+ . Thus equality implies that the multiple
above equals 1 and

ULU) = Ui Us. 22)

In the case of the present proposition we have that U; = U (Z;) = Yf]/z(Zi —il),i=1,2and

that P projects onto

yl2 ]
Ran|: 112]=Ran[ 1/2 _1/2:|.
Y2/ YTy,

The equality holds since Y’ 11/ % is invertible for Z 1 € SH,. Now the range condition

U(Zy) 1
C _
Ran[U(Zz)} _Ran[Y21/2Yl 1/2]

is equivalent to U(Z2) = ¥,”*Y;"*U(Z1) or Xo +i(1 — ¥;') = Xy +i(I — ¥;"!). Equating
real and imaginary parts, this implies Z; = Z,. O

Notice that we did not use (2.2) in the proof, but it will be important later.
The following function will be used below

R(t,€) =1/2+/12/4 + €2.

Its asymptotics when € — 0 and t — #y depend on the sign of fg:

=t+0(?) iftg > 0,
R(t,e)1 =0 iftg =0, (2.3)
=€2/|t|+ 0(eY) ifty <O.

We will also need the fact that if € — 0 and t; — 0 and ©, — #y < O then
R(t2,€)/R(t;,€) — O. 2.4)

This follows from 1/R(z, €) = e “2(R(t, €) — 1).
Let Z=X+iY € SH, and U(Z) =Y~ 1/2(Z —iI). Here are some facts that we need. Write

U(Z)=e " (S+iT)

where € = 1/||U(Z)|l2(14p) and ||S +iT ||2(14p) = 1. Then
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Y2 = 'R(T, ¢),
X =€ lY'2S = 2R(T, )5,
T=e(Y'"?—Y7"2)=R(T,e) - ?R(T, )™,
S=ey 12X,

Notice that T is a real symmetric matrix, but not necessarily positive definite. The matrix S need
not be symmetric, but R(T, €)S is.

Proof of Proposition 1.7. We are given sequences (Z1 ,, Z2.,) = (Z1, Z2) € SH, x SH, with
u§ p(Zl,n, Zyy)— 1. LetU,, =U(Zy ) = ek_,ll (Sk.n +iTkn), k=1,2 and define P, to be the
rank 2 projection onto the range of

12 1
Y € R(T\,, €
Ran|: 11’"2:|=Ran[ Ln (T1,n l"n)t:|.
Y2,/n EzynR(TZ,m 62,71)
Then
. 1+p
: i (Sin+iT1n)
50 Zin Zow) = | S[ria(S] = iTun). ran(Sh,, — iTon) | P | 1o oL
M2,p( Lns Z2.n) 2[rl,n( ILn 1t l,n) rz,n( 20 L 2,;1)] n Fan(Son +iTop) e
with
=2(1+p) —2(1+p)
rZ(H‘P) _ 262,n 214p) _ 261,}1
Ln 7 2(14+p) | —2(1+p)’ 20 T T a(xp) . _—2(+4p)’
El,n +62,n 6l,n +62,n
so that 1"12‘(’11 Ty "22,(; T — o, By going to a subsequence we may assume that

Sin +iTen —> Sk +iTy, k=1,2,
Ten —> Tk, k=1,2,
P,— P

since these quantities vary in compact sets. Now every term in the expression for ,u; , converges,
so that

I+p

1 r . ri(S1+iTy)
Hg[r] (81 = iT1).ra(Sh— iTs)] P [m(& +iT2)}

I+p

Given this equality we can follow the reasoning in the proof of Proposition 1.4 to conclude
that (2.1) and (2.2) hold when U; and U, in those equations are replaced by rl(Si —1iT)) and
rz(Sé —iT»). After this replacement (2.2) implies | = = 1. Thus by (2.1) we find that

S1+iTh S1+iTh S1+iTh
C =
Ran|:52+iT2i|_RanP or P[Sz-i-iTz] |:Sz+iT2:|' (2.5)
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The equality r; = r, = 1 also implies that €1 , /€2, — 1 and

(81 —iTh)(S1+iT1) = (Sh—iTa)(S2 +iT»). (2.6)

If the common limit for €; , and €2, is non-zero, then Zi ,, k = 1,2 converge to points in the
interior of SH,. In this case the conclusion of the proposition follows from Proposition 1.4. Thus
we may assume that ¢, , — 0, k=1, 2.

Let Zyn=(Z1.y+ Z2,,)/2 and define X4 0, Yo, Uans €a.n> Sa.n and T, ,, and their limiting
values as above. Then a calculation shows that

1 U
Ua*,nUav” = E[Uik,nU;,n]P" |:U2):j| .

Taking norms, this implies that

Y L, sa+ —2(1+
6a,n( P) = Mz,p(zl,n» sz”)i(el,n( ?) + 62’,1( 1’)).
Since we are assuming that u§ p(Zl,n, Zy ) — 1, this implies that €, ,/€x, — 1,k =1,2.In
particular, €, , — 0. This means that the average point Z, , is moving to infinity, that is, possible
cancellations in the sum Z , 4+ Z5 , that would keep Z,, , finite do not occur.

We will use that

T Yin+ Y2 \'"? Yig+ Yo\
a,nzéa,n f _Ga,n f

1 €un 2 ) €un 2 ) 172
= — : R(T\ ,, € : R(T> ,, €
ﬁ((fl,n) ( 1,n l,n) + <62,n) ( 2.n 2,n) )

2 2 -1/2
€ €
—eiﬂi(( ) R(T10.€1.0)* + (6> R(Tz,n,ez,n>2> : 2.7)

€l,n 2,n

—1/2

Beginning with T, = ¢,Y, '~ (Y, — I) we also compute that

1 T
2 1,
Ta,n = 5 [TlﬂjnT;n]P" [T2 : :| .
Then taking account of the imaginary part of (2.5) we find that in the limit
1
T2 = E(Tl2 +T5), (2.8)

which is not immediately apparent from (2.7). Similarly

1
SuSa =5 (181 +555) 2.9)
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and

1
(Sa +iTo)*(Sa +iTy) = E((Sl +iTD*S1+iT) + (S +iT)* (2 +iTr)).  (2.10)

The points corresponding to Zy ,, k =1, 2, a in the disk model are given by

-1
Win = (Zin +1D7 Ziw = 1D = (S + 1 T2, +4€, ) Sen+iTiw). 21D

Our task is to show that the limiting values satisfy either (i) W; = W, = W, or the relations
described in one of part (ii) or (iii) of the proposition.

We will break our analysis into cases depending on the eigenvalues of the real symmetric
2 x 2 matrices T1 and T>. Let #; and 1, be the eigenvalues of 77 and 11, 75 be the eigenvalues of
T,. For T} we have 6 cases which we will label ++, +0, +-, 00, 0-, - - depending on whether
t1 and 1, are positive, zero or negative. Pairing the possibilities for 77 and 75 and taking account
of symmetry leaves 21 cases to consider.

Case ++ ++
In this case 77 and 7> and, by (2.7), also T, are positive definite. So (2.11) implies that Wy ,,
W2, and W, , all converge to /. So (i) holds.

Cases ++ +0, ++ +-, ++ 00, ++ O0-and ++ - -
In these cases, using (2.3), we have lim,_, o R(T 1, €1,,) = T1 and we see that the limit of

R(T € ,n) T; . . .. .
[R(T;,n»e;_n)] has the form [ B ] where B = lim,—, oo R(T2,n, €2.,). By assumption 77 is invertible,

hence Ran[ ;‘ ] is two-dimensional, and hence equal to Ran P. From (2.5) we may deduce that
Ran($, +i7>) € Ran B. Referring again to (2.3) we see that Ran B is less than two-dimensional,
so that S» + i7> has rank less than two. On the other hand S; + i7] is invertible. This contra-
dicts (2.6). Therefore these cases do not occur.

Case +0 +0

By (2.6) S1 +iT and S + i T, are either both invertible or both not invertible. If they are
both invertible, then, since limy,—, o0 Sk, n + 1,/ Tkz’n + 46,%’,’ =S8 +iT; for k=1, 2 we see from
(2.11) that W; = W, = I. From (2.10) we see that (S, + iT,) is invertible. Also, from (2.7) we
can conclude that 7, > 0. Then (2.11) implies that W, = I, too.

Now we must consider the case where S; + iT; and S, + i 7> are both not invertible. First
we show that 77 and 7> have the same eigenvectors. We argue by contradiction. Suppose the
eigenvector of 77 corresponding to its positive eigenvalue is different from that of 75. Then the

limit 1imy o0 7" ] = [71] has rank 2, which implies that P is the projection onto its
range. Thus (2.1) implies that Ran[ “;;:2] C Ran| 2 ]-

For the moment, let us focus on S; and T7. Denote the projections onto the positive and zero
eigenvectors for 77 by Py and Py. The range condition above implies that Ran §1 € Ran 77 which
implies that Ran PpS; € Ran PyT1 = 0. So PpS; = 0. In addition, we know that R(T} , €1,,)S1.n
is symmetric, so taking limits, we find that 71S| = S{ T1. This implies that Py SPy = 0.
Taken together, these equalities show that S| = P S; P+. Now we can deduce that Ran Py C
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Ker(SlT — iT1)(S1 + iT1). In fact, we must have equality: Ker(SlT —iT)(S1 + iTy) can-
not be more than one-dimensional because, lying on the unit sphere, (S; + i77) # 0. So
Ker(ST —iT\)(S) +iTi) =KerTy.

Now an analogous argument shows that Ker(SZT —i12)(S2 +iT>) = Ker T>. We are assuming
that Ker T; # Ker T>. However, (2.6) implies Ker(ST —iT1)(S1 +iTi) = Ker(S] —iT»)(S, +
iT>). This contradiction proves our claim that the eigenvectors of 77 and 75 are the same.

Now we focus again on Sy, +i71,,, and compute the limiting value of Wy ,. To simplify
notation slightly, we drop the subscript 1. Let t1 ,, t2 , be the eigenvalues of T;,, and let V,, be the
real orthogonal matrix whose columns are the eigenvectors of 7;,. For the case we are considering
Hip—t1 >0and t , — 0. Clearly

t 0
Tnzvn[ ldn b }an. (2.12)
N

The symmetry of R(T,, €,)S, implies that

S, =V, |:§1,1,n R(t2,n, €1,0)81,2,n/ R(t1 s 61,n)] v 2.13)
1,2,n $2.2.n

Since the limit S 4 i 7 is not invertible we have s2 2 , — 0. With this notation, the expression for
W, is

N . -1
W v |:sl,l,n+l tlz’n+4€}% R(Q,nvEn)sl,Z,n/R(tl,n,en):|
n="Vn

S1,2.n $2.2.n + i,/tin + 46%

« sl,l,n"l‘itl,n R(IZ,n,En)sl,Z,n/R(tl,n’En) V!
S1.2.n $22n +it2p "

Now we can compute the (1, 1) entry of V! W, V, explicitly, yielding

(52,2 +1\/13, +4€2) (51,10 +i11.0) = R(t2.0, €0)87 5,/ R(11.0, €)

(52,20 + i,/t22,,, +4€2)(s1,1,0 + i,/ti,, +4€2) — R(ton, Gn)sz,,,/R(ll,n, €n)

Write (52,20, 2,0, €n) = I'n (@10, @20, @3 ) With 0?7 + @3 +®3 = 1. Then r, — 0 and, by
going to a subsequence if needed, we may assume that the wy , — wx, k =1, 2, 3. The numerator
and denominator of the expression above converge to the same value, namely,

<a)1 + i,/a)% +4a)§>(51,1 +it1) — R(wy, 0)3)5%72/”-

We claim that this value cannot be zero. If it is, then calculating the real and imaginary parts

yields
_ 2 2 2 _
w181,1 — 114/ 05 + 403 — R(w2, w3)s7 /11 =0,
sl,l,/a)g +4a)% + w1ty =0.
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Recall that 11 > 0 and R(w;, w3) > 0. The second equation implies that each term in the first
equation is non-positive, and thus must be zero separately. This yields wy = w3 =0 so w1 = %1
and thus s; 1 = 0. Returning to the expression for the common value of the numerator and de-
nominator, this is now if; | which is non-zero, contradicting our assumption. We conclude that
this common value of the numerator and denominator above is non-zero, and thus the (1, 1) entry
of the limit VWV is 1.

Thus we have shown that

_v|l By
W_V[ﬂ a}v,

where we have taken into account that since W is a matrix in the ball model for SH», it is
symmetric. In addition, we know that ||W| < 1 so we can conclude that 8 = 0. To see this we

compute the eigenvalues of [fl}g [ éft ] explicitly. This yields a value for the larger eigenvalue
of

1 21812 > 1 2,
3 ) + |1 +al<|B] + 18I

1+l + 218 \/(1—|a|2)2
+
This must be < 1 so B =0. Then we must also have |«| < 1 to keep ||W] < 1.

Re-introducing the subscript 1, this shows that Wy has the form prescribed in conclusion (ii)
of the proposition. The argument for W, is the same, and the matrix V, containing eigenvectors
for T} or T is the same matrix in both cases. Using (2.7) we can see that the matrix T, =
((T12 + T22) /2)'/2 has the same eigenvectors as 71 and 7>, and also has one positive and one zero
eigenvector. So a similar argument shows that W, also has the form prescribed in (ii) (possibly
W, = I which is a special case of (ii)), again with the same matrix V. This concludes the proof
of this case.

Case +0 +-
We begin by showing that 77 and 7> have the same eigenvectors. To begin, we consider
S> + i T, and note that by (2.12) and (2.13) this matrix has the form
. 01,1 +1i7 0 T
S L=V ’ . )
2Hih [ 02,1 Uz,z—l—lfz]

where 71 > 0 and 7 < O are the eigenvalues of 7>. Thus

det(S5 —iT2) (2 +iTh) = |ov1 +iti|*lo22 +iTa|* #0

so Sy +iT, is invertible. By (2.6), S1 + i 77 is invertible too.
If the eigenvectors of 7} and 7, are different, then by (2.3) the limit lim,,_mo[

R(Tl,nfl.n)]
R(T2,n.€2,n)

[T?Jr ], where T 4 is the matrix T projected onto its positive eigenspace. The matrix [TZT‘J
has rank 2 so its range must coincide with the range of P. Then (2.5) implies that Ran S |+
iT; € Ran T} which is impossible since S + i T} is invertible and dim Ran 77 = 1. Therefore the
eigenvectors of 77 and T5 are the same. Let V be the orthogonal matrix containing the common

eigenvectors.
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Since S| + iTj is invertible, we obtain from (2.11) that Wi = (S; +iT) "' (S; +iTy) = 1.
Similarly Wr = (52 + i|T2|)_l (82 +iT»). An explicit computation shows that this has the form
Vo lV! witha = (022 — iln2l) /(022 +il ).

It remains to consider W, . Using the formula (2.7) and the asymptotics (2.3) we find that T, =
((T12 + Tz% I/ 2)!/2_ Thus T, has one positive and one zero eigenvalue with the same eigenvectors

as T1 and T». The arguments from the previous case show that W, has the form V[(l) 2 ]V’ with
lof < 1.

Case +0 00

In this case, 75 = 0 so by (2.6) S1 +i77 and S are either both invertible or both not invertible.
If they are both invertible, then by (2.11) Wy =W =1.By 2.7) T, =T/ /2 and therefore has
one positive and one zero eigenvalue. Then the argument from case +0 +0 shows that W, =
4] (1) 2]V’ with |a| < 1, where V contains the eigenvectors of 7.

Now we consider the case where S| + i 7] and S, are both not invertible.

First we show that Ker S, = Ker 77. Notice that since R(T1,n, €1,1)S1.n = S{’nR(TL,,, €1.0)
and R(T1 ., €1,,) — T1, upon taking limits we find that 7751 = Si Ti. Thus

(S1 —iT0)(S1 +iTy) =S} 81 +i (S| Ty — T1S1) + TF = |81 + T

So, by (2.6), if Sov =0 then || Sjv||? + || T1v||*> = 0 which implies that Tjv = 0. Thus Ker S, C
Ker 7. By assumption Ker 77 has dimension 1, so we must have equality.
The arguments in case +0 +0 now imply that Wy has the form V[(l) 2 V! with |er| < 1, where

V contains the eigenvectors of 7. Since T, = T/ V2, W, has the same form.

It remains to consider W5. Let 71, and 2 ,, be the eigenvalues of 7> ,, which, by assumption,
both converge to zero. We will use the notation

—1 .
aj,nzéj’nR(Tj,n’ej,n)’ j=12
ai, 0
0 ax,

real eigenvalues A, and §,, and eigenvectors [f:; ] and [_Ci" ] where ¢, = cos(8,) and s,, = sin(6,)
for some 6,,. To declutter the notation, we will now drop the subscript n with the understanding
that variables are evaluated along a subsequence. We find that

These are the eigenvalues of Y2] / 2. Then, since [ ]Sz,,, is a real symmetric matrix, it has

s s
S . Ac ;:83 Aal8cs Vt
2= 20 555 aslede? | V2

a cs a

where V; diagonalizes T>. Then we obtain

52052 . ;7 -1
Wy = V- [%+te(a1+l/a1) )‘Tl‘scs :|
2=V 5 245

r=4 As“+éc :

o €S = +ie(ar + 1/az)
T -
Ma;&_i_le(al —1/ay) A=d g .

X : 7% 124502 “ V.
=8 As>+38c . _
o CS = +ie(ar —1/ar)
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v (Ac2 4 852) + i€’ (a? + 1) (h — 8)cs -
- (A —8)es (As? +8c2) +ie' (@2 +1)

L[ +os7) + i€'(@?— 1) (. — 8)cs v

(L —8)es (hs?+8cH) +i€'@3—1) ] 2

where A = ):/al, §= S/al, €’ = €/ay, and we have cancelled a common factor of ay/a; from
the bottom row of each matrix. Since we are assuming that S, is converging to a rank 1 matrix,
we may assume that A converges to a non-zero finite number and § converges to zero. Moreover,
since not only € but also 7| = €(a; — 1/a;) converges to zero, we find that €’ = €/a; converges
to zero too.

Now write (8, €’) = r(w1, w) where r — 0 and a)% + a)% = 1. Going to a subsequence if
needed, we may assume that w; and w; converge. Then a lengthy calculation shows that in the
limit (the limiting values of @ and a, could be infinite here) we have

—2iwy s2 —cs
Wy —1= 1% |: Vi
w) + iwz(a]zs2 +a3c? + 1) —cs 2 2

The limiting vector V5[] is orthogonal to the kernel of S,. Since Ker S, = Ker 71, this vec-
tor must be the eigenvector of 77 with positive eigenvalue. Thus Vz[ _S; _C’“;S]VZ’ = V[g ?]V’,
where V contains the eigenvectors for 77. Therefore we may conclude that W, = V[ ]Vf with
la] < 1.

10
0a

Case +0 0-
We will show that this case is not possible.
First, suppose that (S1 + i71) is invertible. Then, by (2.6) S> + i T is invertible too. Let Vi ,

.0 i .
tld . |- We will work in the
2.n

(Sk.n +iTk n) V1,n- To apply (2.5) we need

be an orthogonal matrix diagonalizing 77 , so that V{ w10 Vi = [

basis where T , is diagonal, so let Sk,n + iTk,n =V/
to compute the limit of

n

I:R(tl,mel.n) 0 ]

Ran 0 R([Z,nvsl,n) (214)
By

where B =1V, [ R(r]"(')’ez‘”) R(zy 0 o )]V,f for some orthogonal V. Here t; , and t, , are the eigen-

values of T} , and 71, and 12, are the eigenvalues of 73 ,,. Using (2.3) we find that

I:R(ll,nsﬂ,n) 0 ]
[ 0 R(IZ,n»El,n) } —

By,

tn 0
0 0
0 0
0 0
Since this matrix has rank 1, the limiting range in (2.14) must be larger. To determine what it can
be, we multiply the matrix in (2.14) on the left by [(1) r?, | where r, is chosen to scale the second
column of the matrix in (2.14) to produce a non-zero limit, possibly after going to a subsequence.

Multiplying on the right side with an invertible matrix does not change the range. So, using (2.5)
we find that
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_ . 151 0
S1+iTh 0

~ ~ C
Ran[Sz—i-iTz]—Ran 0
0 w3

for some w;, wy and ws. This implies that S» + iT» is not invertible, which contradicts our
assumption.

Now we consider the case when S| + i 7} and S 4 i T> are both not invertible. By (2.6) their
kernels are equal. Let V| be an orthogonal matrix diagonalizing 77, so that VI’,n T'nVin =

0 . . .
[t](’)" N ] As we have seen above, the fact that R(T7 ,, €1,)S1,, is symmetric together with the

fact that R(#2,,, €1,)/R(t1,n, €1,) — 0 imply

S +iT =V, $1,1 +if 0 Vlt:VI s;,1+inn O Vlt'
52,1 52,2 52,1 0

We used that since #; > 0 and S; + i7; is not invertible, we must have s » = 0. Similarly, the
fact that » < 0 and 7y = 0 implies that R(72,,, €1,)/R(71,1, €1,) = 0 so we can conclude that

. o1.1 0 ‘ 0 0 i
S +iTh, =V ’ . V, =V . V,,
2T 2[02,1 02,2+lr2} 2 2[62,1 o +it | 2

since S; + i 75 is not invertible either. Now we invoke the fact that S + i7; and S, + i7> have
the same kernel. This implies that

1 .
Vi |:(1):| =V [sz;_lrz].
1/022,1 +a§2+r§ 21
c S

Write Vl_1 Vo =[5, .] where ¢ = cos6 and s =sin6 for some 6. Then, the first line of the
previous matrix equation reads

c(o2p +itp) + 5021 =0.

Since 7, < 0 the imaginary part of this equation implies ¢ = 0. Since ¢* + s> = 1, this implies
s = =1 and thus 0,1 = 0. Therefore

[0 170 o 0 F1] . o [ora+inn 0],
S2+’T2_V1[q:1 oHo 02,2+it2:|[:i:1 o}vl_vl[ 0 o}vl'

Now we turn to (2.5). We conjugate all the matrices with Vy ,, that is, we work in the basis
where T, is diagonal. Then we find

sil4+irp O

52,1 0

Ran ox2+itn O
0 0

R(tl,nsel,n) 0
0 R(IZ,naél.n)

C limRan v R(t1 p.€2.0) 0 Vi
f 0 R(tyn.€20) | 1
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Cn —Sn

where V,, = [ s e

] with ¢; — 0, s, — £1. Write (R(22,n, €1,n), R(T1,n, €2,n)) = p(@1,n, @2,1)
with 8, — 0 and (w1 ,, @2.n) = (w1, w2) and a)]2 2T a)%n = 1. Now multiply the matrix on the
right side of the previous equation with [(]) 1/%" ] This leaves the range unchanged, so the limit

on the right is the limiting range of

R(tl,naél,n) 0
0 W1,n
R(Tl,na 62,11)5% + R(TZ,nv eZ,n)sy% W2 nSnCn — R(TZ,n» 62,n)sncn/8n
R(Tl,ns 62,}z)sncn - R(TZ,ns 62,n)sncn wZ,ns,% + R(T2,nv EZ,n)c;%/(sn

This limiting range will be the span of the limiting values of the columns, provided these are
linearly independent. Using R(t2,,, €2,,)/8, — 0, we see that this is true, and therefore

sil+ity O tn 0
521 0 0 w
, C
Ran| o +in 0| SR
0 0 0 w
But this is impossible because 7, < 0.
Case +0 - -
R(T|.Ilv€1,n)

In this case the limiting range of | , = ] is the range of a matrix of the form [ %] for
2,1:€2,1) 0
some invertible 2 x 2 matrix A. This follows from the asymptotics (2.3) which imply that the
eigenvalues of R(73,,,€2,,) tend to zero much more quickly than those of R(T} p,€1,,). Thus
(2.5) implies S> + i 7> = 0 which is not possible. So this case does not occur.

Case 00 00

If S; is invertible, then, since 71 = T>» =0, (2.6) and (2.9) imply that S, and S, are invertible
too. Then formula (2.11) shows that Wi =W, =W, =1.

If Sy is not invertible, then (2.6) and (2.9) show that S{, S» and S, have the same kernel.
Following the computation of W in the case 0+ 00, we see that for the present case, Wi, W»
and W, each have the form V[ (1) g]V’ with |a| < 1, where in each case V contains the common
eigenvectors of S{ S, S35, and ), S,.

Case 00 0-

If S1 and S; + i T» are both invertible then, starting with (2.5) and possibly rescaling the limit
on the right, we will end up with

S1 A
C
Ran|:S2+iT2:| _Ran|:Bi|

where A and B are invertible matrices with real entries. Since the ranges are unchanged under
multiplication on the right by invertible matrices, this is equivalent to

I I
C
Ran[(sz +iTy)S; ! ] = Ran[BA—l]
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which implies that Sle_ 1 +1i T2S1_1 =BA~ L. Taking the imaginary part of this equation yields
TgSfl = 0 which implies 7> = 0, since S is invertible. But 7, # 0 so this is impossible.

Now suppose that S; and S, + i 7, are both not invertible. From (2.6) they have a common
kernel, which must be one-dimensional. If this kernel is spanned by v then, since S is a real
matrix and S1v = 0, we may assume that v has real entries too. Then Srv + i T>v = 0 implies, by
taking real and imaginary parts, that Sov =0 and Tov = 0. If V, is an orthogonal matrix diago-
nalizing T, we have Ty = Vo[ § © V4. Thus, v = T[ | ]. Now, it follows that §; = Vo[ o 2]V

0522
and S, +iTy = Vo[, 7"

0 0s0tits ]VZ’ . So, starting with (2.5) and conjugating with V, we obtain

51.2 R(tipern) 0 ;

52,2 € limRan v [ 0 R(tzv"’el-n)] Vi (2.15)

01,2 I:R(fl,n»fz,n) 0 ] :
02,2 + ZTZ 0 R(Tz,nveln)

where V,, = Vz_n1 Vin= [E’: _LSI" ] for some ¢, = cos(8;,) and s, = sin(6,). Going to a subsequence
if needed, we assume that ¢, and s, converge. To simplify notation, drop the n subscript and
let Ry = R(t1,n, €1,n), Ro = R(t2,n, €1,n), R3 = R(T1 .5, €2,0), and Ry = R(12 1, €2,,,). With this

notation we need to find the limiting range of

Ric2 + Rys? (R — Ry)sc
(Ri — R))sc  Ris®>+ Roc?
R3 0
0 Ry

B =

Let 8; = \/Rlzcz + R3s2+ R} and & = \/Rlzsz + R3c% + R? be the Euclidean norms of the

columns of B. If lim R3/§; > 0O, then B [ 1/05' 1/082] converges to a matrix of the form

S+ % %
S O % ¥

where + denotes a positive entry and * is an arbitrary entry and each column has Euclidean norm
equal to 1. Here we used that R4/8, — 0, which follows from the estimate R} /85 < 2R3 /R? for
k either 1 or 2 and the fact that R4/ Ry — 0. The matrix above has rank 2, and thus its range must
be the same as the limiting range on the right side of (2.15). Now, given (2.15), the fact that both
entries in the last row are zero contradicts 7 < 0.

Thus we must have lim R3/8; = 0 which implies that either R3/(Ric) — 0 or R3/(R2s) — 0.

(It could be that one or the other of these sequences is undefined, if ¢ or s is identically zero
1/R 0
along the sequence.) If R3/(Ric) — 0 we compute the limiting value of BV[ 0 ] l/m]

and find that this has the form



R. Froese et al. / Journal of Functional Analysis 262 (2012) 1011-1042 1035

1 0
2 2 1 0
0 Ra/\/R% + s2R2 o .
CR3/Ri  sRy/\JR2+s2R2 |7 |0 =
0 0

—sR4/Ry  cR4/\/R3 + s>R}

where the second column has Euclidean norm equal to 1. As above, this contradicts (2.15).

Finally, if R3/(R2s) — 0 we compute the limiting value of B V[ 1/ Ri+c2R 0 ] and find that

0 1/R,
this has the form
2 2
R/ Rl—i-czR3 0 %« 0
0 1 N 0 1
cR3/\/R?+c*R; sR3/R> x 0
0 0

—sR4/\/R} + 2R3 cR4/R>

where the first column has Euclidean norm equal to 1. Again this contradicts (2.15).
In conclusion, we see that this case is not possible.

Case 00 - -
This case is analogous to ++ 00 and is not possible.

Case 0- 0-

Let V1 and V; be orthogonal matrices diagonalizing 77 and 75 respectively. By switching the
sign of a column, if needed, we may assume that V1 and V; are rotation matrices. We will show
that they are equal. Using (2.5) we write

Vi [lf)l Igz]vlt
R3 O T
V2[ 0 R4:| Vs

where the quantities on the right are being evaluated along a subsequence where Vi and
V> converge. As before, Ry = R(t1.5,€1.n), R2 = R(t2,n,€1,n), R3 = R(t1,n,€2,), and Ry =
R(t2,n, €2.n). Going to a subsequence we assume that Ry/R4 converges, and by switching the
roles of Ry and Ry if needed, that lim Ry/R4s = a < oo. Notice that @ > 0. Let V = V2’ VI =

[5 _C‘Y ] where ¢ = cos(0) and s = sin(f) for some 6. We now conjugate by V; to work in a basis

where T3 is diagonal. Then we find

[Sl—l—iTl

S+ iT21| € limRan

Vo (S —i—iT])VQt . [0
|:V2(Sz+iT2)V2t € limRan [%319 ]
L 4
[ 0

=limRan
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rRic —Rjs 1
o Ris  Roc Ry 0
=limRan Ric —Rss |: 0 2
L R4s  Ryuc
Fc  —s/ln
ey K c/|t|
=IlimRan ac —Rss /e
L O c/|m|

Suppose lim R3s/€? = oo. Then the limiting range on the right is equal to the range of

c 0
s 0
ac 1
0 0

This is not possible because the last row of the matrix on the left has imaginary part 5 < 0 and
is therefore non-zero. Hence we may assume R3s/e€? — b < oo. In particular, this implies that
s — 0, since 62/R3 — 0. Thus V = I and we have shown that V| = V,.

Next we will show that S; = S> and 77 = T». Returning to the range condition, write

V(S1+iT1)V’=[s1’l 0]+i[0 0},

§2,1 822 0 n

. 01.1 0 . 0 0
V(S +iT)Vi= ’ +i ,
(52 2) [62,1 02,2} [0 T2:|

where now V = V| = V,. The zero in the top right corner follows from R;/R; — 0 and
R4/R3 — 0. Then

S11 0 10
$2.1 S22+ if c Ran 0 1/
o1,1 0 a b
o1 o2 +iT 0 1/]w|

In particular the second column of the matrix on the left must be a non-zero multiple of the
second column of the matrix on the right. This is possible only if b = 0, so we may assume this.
The resulting range condition is equivalent to

01,1 0 _la 0 1 0 §1,1 0
o1 o2 +iT 0 1/l |10 Il ]| s21 s22+it2 ]’

Taking the imaginary part of this equation yields 7, = 1. The real part reads

01,1 0 _ asl,l 0
021 022 21 $22 |
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S0 52,1 =021, 22 =022 and 01,1 =as1,1 with a > 0. Finally, (2.5) implies that s ; = o7 so
it must be thata =1 and 51,1 = 071 1.

Thus we have shown that S; = S> and 77 = T,. Let us call the common values S and 7. It
follows from (2.8) that Ta2 = T2 and from (2.7) that 7, < 0. Thus 7, = T'. To see that S, = §
too, notice that in the basis where T is diagonal S, will also have a zero in the top right corner.
Thus we can write

ys,vi=| 41 O
¢ a1 axp

and then (2.10) implies

ap,| as, | ap, 0 _ | s 52,1 51,1 0
0 arn — it a1 aza+it 0 s —it §21 S2a+it |’

This gives a2, = 52,1, ail = slz’1 and a%’z = S%,z But the equation X, = (X + X»)/2, written
as R(Ty.n,€a.n)San = (R(T1 0, €1,0)S1.n + R(T2.n, €2.1)S2.1)/2 implies that a; 1 has the same
sign as 51,1 and that a; » has the same sign as s2 2. Thus S, = S.

Suppose that (S + i|T|) is invertible. Then W; = Wa = W, = (S +i|T|)"' (S +iT) and we
have proved case (i) of this proposition.

It remains to deal with the case where (S + i|T|) is not invertible. In this case the values of
S and T do not completely determine the limiting value of Z (or W). We will show that the
possible limiting values are described by case (iii) of this proposition.

The matrix (S 4i|7|) is not invertible whenever s; 1 = 0. So we wish to consider the situation
tin O ]

where we have a sequence of positive numbers €, — 0 and sequences of matrices 7, = [ 0 5
Wn

$1,1,n 52,1,n R(t2,n.€n)/ R(t1 5, €n)
$2.1,n $22.n

52,1 and §22,, — 52,2. Since R(f 5, €,) ~ 62/|l‘2| we find that

with tn— 0 and hn—>Mh < Oand S, = [ ] with S1,1,n —> 0, $2.1,n —>

1
lim Z, = lim — (R(T,.€)S, +iR(T,. €)%

n—00 n—>00 €2
— lim iV R(tl,ns €n) 0 S1,1,n SZ,l,nR(IZ,n’ En)/R(tl,n, €n)
n—oo €2 0 R(t2.n,€n) | [ 52,10 $2.2.n

.| R(t1 n, €n)2 0 t
+i ’ \%
[ 0 R(IZ,n, En)z

Sln p(fie 1) 4 jR(L 12 %20
= lim v[ o RS DHIRCEED tzl}vt.

00 52,1 52,2

22 |22

The top left entry can have any limiting value in H, depending on the relative rates at which f; ,,
s1,1,» and €, converge to zero. This shows that case (iii) of this proposition holds.
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Case 0- - -
Following the calculation above we find in this case that

rRic —Rps
Ris Roc Rl_l 0
R3¢ —Rj3s |: 0 6_2:|
L Rgs  Ryc

fc —s/lnl
s ¢/l
0 —s/|tl
LO /|l

|:V2(Sl +iT)V,

V2(Sz+iT2)V2’i| € limRan

=limRan

This contradicts the fact that S + i 75 is invertible in this case. So this case is not possible.

Case - - - -
In this case both S1 4+ iT7 and S» + i T> are invertible, so the condition (2.5) implies that

S1+iT A
|:Sz+iT2:| € Ran |: I:|

for some invertible real matrix A. Then we find that (S1 +i77) = A(S2 +iT3) sothat S| = AS;
and Ty = AT>. Then A =TT, ' and so T;'S; = T, 'AS> = T,7' S, = B for some matrix B.
Notice that B +i = TI_I(S1 +iTy) is invertible. Now (S; +iT1)*(S1+iTy) = (B +i)*T12(B +1)
and similarly (S +iT))*(S) +iT1) = (B +i)*T}(B +i). So (2.6) implies T} = T; which
implies 71 = T» since both eigenvalues are negative in each case. Then we find A = I and so
S1 =953 too.

Now we find, using the asymptotics of R(T1 ,,€1,) that Y1 =0and Z; = X| = |T1|’]Sl.
Similarly Y> =0and Z, = X, = |T2|_1Sz. Therefore Z1 = Z>» = (Z1 + Z3)/2 = Z,. This com-
pletes the proof. 0O

Proof of Proposition 1.8. (i) The only fixed point for ¥; in SHj is Z = i1, and this is not on

the boundary.
(i) It follows from (1.7) that

= e 6 0
ha[ 0 8]

where

e 19 = cos(0;) — i sin(@y)

=(—Ag)/(2N2) —iyJ1— (= Ag)?/8

o w1 ()\.) 0
_V1|: 0 a)z()n)i|vlt'

Here V] is the rotation matrix diagonalizing Ag and w; (X)) =(A — 1)/(2\@) —iy/1— (A —1)2/8,
(M) = (A + 1)/(2\/§) —iy/1 — (A + 1)2/8 lie on the unit circle for A € J.
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The equation ¥ - (V[ (1) 2]V’ )= V[(l) 2 ] V! that we are trying to rule out can now be written

Vie=iOx V[(]) g]V’(e’.@*)_1 V= [(1) 2] Since (!9*)~! = ¢~ this is equivalent to

w1() 0 10 w1(k) 0 [1 0
VZ[ 0 a)z(k)i|v2[|:0 oti|v2|: 0 wz(k)i|v2t_|:0 ﬁ] 2.16)

cos(f) —sin(0) ]’ b-

where V> = V! Vy. To show this is impossible for any rotation matrix V, = [sin(e) cos(®)

serve that the matrix

- w1 (L) 0 t
U—V2|: 0 wz(k)] V, 2.17)

is unitary. We obtain from (2.16)

oo a]-1s 5]
In particular, the upper left matrix entries have to agree. This gives
Uip=Uy.
Thus Im U;,; = 0. On the other hand, using that V5 is real, it follows from (2.17) that
Im Uy 1 = sin®(0) Imw; (1) 4 cos?(0) Imwa (1).
But the right side cannot be zero for A € (—2+/241,2+/2— 1), in view of the definition of w; (1).

Thus (2.16) cannot hold.
(iii) We wish to show that the equation

/
wx(v[z r}v’):v[z ’}V’ (2.18)
r p r.p
cannot hold.

If z = 7/ = ioco then we must first transfer (2.18) to the ball model. The point [“ZO ;] € SH,
corresponds to the point [(1) (p_i)(/)(p +i)] in the ball model. So, in this case (2.18) asserts that ¥,
has a fixed point on the boundary. This is false, so we have ruled out the case z =z’ = ico.

If z =ioo and 7' € R, then we may compute the left side of (2.18) as follows. Recall from

(1.7) that

W, — cos(®;) —sin(®;)
T | sin(®y)  cos(®y)

where

cos(@y) =V [‘8 COZ] Vi, sin(@) =V [SOI S(ﬂ Vi
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Here V; is a real rotation matrix and s1, s» > 0. Using this notation and the representation

Vo= VIV = [C _S}
s ¢
with ¢ = cos(f) and s = sin(f), we can calculate an expression for the left side of (2.18). Upon
substituting z = —1/w and setting w = 0, (2.18) results in a matrix equation whose bottom right
entry can be written

5% (sf 453 + (c1 — e2)?) +s152(c* +5%) +s150p2 =0.

Since s1 and s, are both strictly positive this equation cannot hold. Thus we have ruled out the
case z=ioo and 7/ € R.

The equation above also cannot hold when s1 and s; are replaced with —s; and —s3, and this
can be used to rule out the case z € R and 7/ =ioo.

Finally, if z1, z2 € R then (2.18) can be written

cit O lz | st O ¢
als afulr f]-nlo o]v
_|Z st Oyelz 7 7 r et 07,
_|:r p V2 0 s V2 rop o, p V2 0 o Va-
The bottom right entry of this equation reads

S1 (S2 + (re+ ps)z) + 52 (62 + (rs — pc)2) =0.

Again, since s1 and sy are strictly positive, this equation cannot hold. We have ruled out (2.18)
in all cases so the proof of (iii) is complete. O
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Appendix A

Proof of Lemma 1.2. (i) It is enough to prove this statement for I" of the form I" = [(I) l; ]
with B =B, I' = [(1) —01] or = ['3 ATo,l ], since these generate Sp(4, R). If I" = [(1) f] with
BT =BthenI" - (X+iY)=(X+B)+iY.So Z| — Z,, Y| and Y> are invariant under the action

—-1/2

of I which implies that w,(Zy, Z;) = ||Y, " (Z1 — Zz)*Yl_l(Zl — Zg)Y2_1/2||iIZ is invariant

too. If ' = [(1) _01] then I"- Z = —Z~!. The invariance of w,, follows from the identities —Zf] +
2, ' =272y - 222y and ImZ;7 ' = Z7'Y; 27! together with the fact that [C*Cl14p =

|CC*l1+p. The proof for the case I' = [A

0 AT ] is similar.
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(i) Since > 0 we have (Y +¢)~! < Y~!. Thus the required inequality follows from

[V 407221 — 22 1+ 072~ Z) a0
<2+ 07221 - 22 ¥7 (20 - 2oV + )T
= v - a0 2 - 2oy P
<|vy 2@z - z0v; 20 - 20y VP10
= % 2@ - 2y 2 - zyy; P

(iii) We follow [5]. For A € R, Y, is bounded above and below by positive constants. Thus,

ImG =Y, ; PImzy ,'~ < CImZ with constants uniform in A. Since all norms are equivalent

for 2 x 2 matrices, and by the convexity of | - |1+P , it suffices to show that for Z = X +iY,
1Y <I(Z—iD)*Y~(Z —il)||; +4. Because Y is positive definite,
1Yl =t(Y)
<u(Y+vY'-21)+4
=tw((Y = DY (Y = D) +4
(Y =DY 'Y —D+ XY 'X)+4
=tw((X—i(Y = D)Y (X +i(Y - D)) +4
=|@z-in*y'Z-iD|, +4. (A.1)
This completes the proof. For future reference, notice that (A.1) also holds with |[Y~!||; on the
left side.
(iv) Using [ABll1+p < I All2qi4p) | Bll2cispy and [ Al ) = [[A* A1+, together with the
comment following (A.1) we find that for any € > 0
lz+o-in'y'z+o-iD],,,
; -1 . -1/2 -1/2 .
<[@-iny@=in|,,, +2007 2y, YA Z = iD]y 4,
-1
+lerTiof,,,
<U+o|z-iny\z —i1)||1+p +(1+ 1/6)||Q||2||Y_1||1+p
<(l+e+ClQP)|Z—in Yy "(Z—iD],,,+ClQl

Now the result follows from the fact that for any € > 0, there is C. such that |a + bl”l’ <
(14 €)|a|'*P + C.|b|'+P for positive a and b. O

Lemma A.l. Let Z = X 4+ iY be a complex n x n matrix with X and Y real and symmetric.
Moreover assume that Y >t > 0. Then Z is bijective and | Z~"|| < tfl.
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Proof. Forall ¢ € C",

tllell* < (¢, Yo) =Im(p, Zo) < |9, Zo)| < el Zol,

and hence
lell <t ' Zepll. (A2)

This implies that Z is injective and hence bijective since n is finite. Inserting ¢ = Z 71y
into (A.2), we find

|z7 | <7l
for all ¢y € C". This yields the claim. O
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