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1. Introduction and preliminaries

Let us begin with some basic definitions and notation that will be needed in this paper. Throughout this paper, we
denote by N and R, the set of positive integers and real numbers, respectively. Let (X, d) be a metric space. For each x € X
and A C X, let d(x, A) = infyca d(x, y). Denote by A/ (X) the class of all nonempty subsets of X and CB(X) the family of all
nonempty closed and bounded subsets of X. A function H : CB(X) x CB(X) — [0, co) defined by

H(A, B) = max{squd(x, A), suEd(x, B)]
Xe Xe

is said to be the Hausdorff metric on C3(X) induced by the metric d on X.

Let g: X — X be a self-map and T : X — N/(X) be a multivalued map. A point x in X is a coincidence point of g and T if
gx e Tx. If g=id is the identity map, then x = gx € Tx and call x a fixed point of T. The set of fixed points of T and the set
of coincidence point of g and T are denoted by F(T) and COP(g, T), respectively. Recall that g is said to be nonexpansive
if d(gx, gy) <d(x,y) for all x, y € X.

It is known that many metric fixed point theorems were motivated from the Banach contraction principle (see, e.g., [1])
which plays an important role in various fields of nonlinear analysis.
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Theorem BCP (Banach contraction principle). Let (X, d) be a complete metric space and T : X — X be a self-map. Assume that there
exists a nonnegative number y < 1 such that

d(T(x),T(y)) <yd(x,y) forallx,yeX.
Then T has a unique fixed point in X.

In 1969, Nadler [2] first gave a famous generalization of the Banach contraction principle for multivalued map. Since
then a number of generalizations in various different directions of the Banach contraction principle and Nadler’s fixed point
theorem have been investigated by several authors; see [1,3-15] and references therein.

Theorem NA (Nadler). Let (X, d) be a complete metric space and T : X — CB(X) be a k-contraction; that is, there exists a nonnega-
tive number k < 1 such that

H(Tx, Ty) <kd(x,y) forallx,ye X.
Then F(T) # 0.

Let f be a real-valued function defined on R. For ¢ € R, we recall that
limsup f(x) = inf sup f(x)
x—c £>00<|x—c|<¢

and

limsup f(x) = inf sup f(x).

x—ct €>00<x—c<e

Definition 1.1. ([3-5]) A function ¢ : [0,00) — [0,1) is said to be an M7 -function if it satisfies Mizoguchi-Takahashi’s
condition (i.e. limsup,_,;+ ¢(s) <1 for all t € [0, 00)).

Clearly, if ¢ : [0, 00) — [0, 1) is a nondecreasing function or a nonincreasing function, then ¢ is an M7 -function. So the
set of M7 -functions is a rich class. An example which is not an M7 -function is given hereunder. Let ¢ : [0, c0) — [0, 1)
be defined by

sint 4 T
(p(t)::{ i ifte©.3]
0, otherwise.
Since limsup,_, g+ ¢(s) =1, ¢ is not an M7 -function.
In 2007, M. Berinde and V. Berinde [6] proved the following interesting fixed point theorem.

Theorem BB (M. Berinde and V. Berinde). Let (X, d) be a complete metric space, T : X — CB(X) be a multivalued map, ¢ : [0, c0) —
[0, 1) be an MT -function and L > 0. Assume that

H(Tx, Ty) < @(d(x, y))d(x,y) + Ld(y, Tx) forallx,y € X.
Then F(T) # 0.

It is quite obvious that if let L =0 in Theorem BB, then we can obtain Mizoguchi-Takahashi’s fixed point theorem [9]
which is a partial answer of Problem 9 in Reich [10].

Theorem MT (Mizoguchi and Takahashi). Let (X,d) be a complete metric space, T : X — CB(X) be a multivalued map and
¢:[0, 0c0) — [0, 1) be an MT -function. Assume that

H(TX, Ty) < ¢(d(x,y))d(x,y) forallx,y € X.
Then F(T) # 0.

In fact, Mizoguchi-Takahashi’s fixed point theorem is a generalization of Nadler’s fixed point theorem, but its primitive
proof in [9] is difficult. Another proof in [11] is not yet simple. Recently, Suzuki [10] gave a very simple proof of Theorem MT.

Several characterizations of M7 -functions are first given in this paper. Applying the characterizations of M7 -functions,
we establish some existence theorems for coincidence point and fixed point in complete metric spaces. From these results,
we can obtain new generalizations of Berinde-Berinde’s fixed point theorem and Mizoguchi-Takahashi’s fixed point theorem
for nonlinear multivalued contractive maps. Our results generalize and improve some main results in [1-3,6-12].
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2. Main results

In this section, we first give some characterizations of M7 -functions.
Theorem 2.1. Let ¢ : [0, c0) — [0, 1) be a function. Then the following statements are equivalent.

(a) @ isan MT -function.

(b) Foreacht € [0, c0), there exist rtm €[0,1) and gt(]) > 0 such that ¢(s) )for allse (t,t + egl)),
)for allse[t, t+ 8[(2)].
)for allse (t,t + 8;3)].

(e) Foreacht € [0, 00), there exist rt(4) €[0,1) and 654) > 0 such that ¢(s) [(4) forallse[t,t+ 8;4)).

(f) For any nonincreasing sequence {xp}nen in [0, 00), we have 0 < sup,cn @ () < 1.

(g) ¢ is a function of contractive factor [4]; that is, for any strictly decreasing sequence {xp}nen in [0, 00), we have 0 <
SUPpeny @ (Xn) < 1.

(c) Foreacht € [0, 00), there exist rt(z) €[0,1) and st(z) > 0 such that ¢(s)

<!
<r?
(d) Foreacht € [0, 00), there exist rt(B) €[0,1) and 853) > 0 such that ¢(s) < rt(3
<,

Proof. (i) “(a) < (b)".
We first show “(a) = (b)”". Suppose that ¢ is an M7 -function. Then for each t € [0, c0), there exists & > 0 such that

sup @(s) <1.

t<s<t+er

By the denseness of R, there also exists r; € [0, 1) such that

sup @(s) <re <1,
t<s<t+er
which says that ¢(s) <r; for all s € (t,t + &;). The converse part (i.e. (b) = (a)) is obvious.
(i) “(b) & (c)".
Clearly, “(c) = (b)” is true for rgl) = rgz) and et(l) = 852). Conversely, assume (b) holds. Let t € [0, c0) be given. Then, by
our hypothesis, there exist rfl) €[0,1) and et(]) > 0 such that ¢(s) < rf” for all se (t,t+ et(l)). Put et(z) = st(]) and

(2)

! M (1)

:=max{r;, o), ¢t +& )}
Then r[(2) €[0,1) and ¢(s) < rta) for all se[t,t+ 852)]. So we prove “(b) = (c)".

(iii) The implications “(c) = (d) = (b)” and “(c) = (e) = (b)” are obvious.

(iv) Let us prove “(e) = (f)".

Suppose that (e) holds. Let {x,}neny be a nonincreasing sequence in [0, c0). Then tg := limp_s o0 Xy = infpeny Xp > 0 exists.
By our hypothesis, there exist ry, € [0, 1) and &, > 0 such that ¢(s) <1, for all s € [tg, to + &r,). On the other hand, there
exists £ € N, such that

tO§Xn<tO+5t0

for all n € N with n > £. Hence ¢(x,) <r¢, for all n > £. Let

1 :=max{ex1), p(x2), ..., P(x¢—1), T, } < 1.

Then @(x,) < n for all n € N. Hence 0 < sup,cn ¢ (xn) <1 <1 and (f) holds.

(v) The implication “(f) = (g)” is obvious.

(vi) Finally, we prove “(g) = (e)".

Assume that ¢ is a function of contractive factor. On the contrary, suppose that there exists f € [0, co) such that for each
r€[0,1) and each € > 0 there is s € [f,f 4 €) with property ¢(s) > r. So, for ry := ¢(f) € [0,1) and for €; :=1 > 0 it must
exists s1 € [f,f + €1) with ©(s1) > r1. The last inequality also implies that s; ;ﬁf and thus f < s1. Choose €, > 0 satisfying
f + €3 <sqp, and set

1
ry = max{<p(s1), 1- 5}.

Then, for r, and for €; as indicated, we can find s, € [£, t + €2) with @(s2) > rp. This also entails that t < sy < s1. Continuing
this process, we can construct a strictly decreasing sequence {s,} C [t, 00) C [0, c0) such that

1 1
@(Sp) >y = maX{so(sn_1), 1- E} >1- o
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for all n € N. This yields sup,cy@(sn) > 1 which contradict that ¢ is a function of contractive factor. Therefore we show
that “(g) = (e)” is true.
By (i)-(vi), we complete the proof. O

Remark 2.1. In [5, Theorem 2.8], the author had proved that any M7 -function is a function of contractive factor.
The following existence theorem for coincidence point and fixed point is one of the main results of this paper.

Theorem 2.2. Let (X, d) be a complete metric space, T : X — CB(X) be a multivalued map, g : X — X be a continuous self-map and
¢ : [0, 0c0) — [0, 1) be an MT -function. Assume that

(a) Txis g-invariant (i.e. g(Tx) C Tx) for each x € X;
(by) there exists a function h : X — [0, co) such that

H(Tx, Ty) < (d(x, y))d(x, y) + h(gy)d(gy, Tx) forallx,y € X.

Then COP(g, T) N F(T) 0.

Proof. Note first that for each x € X, by (a), we have d(gy, Tx) =0 for all y € Tx. So, for each x € X, by (b1), we obtain

d(y, Ty) <¢(d(x,y))d(x,y) forallyeTx. (1)

Let x € X. Take xop = x € X and choose x; € Txg. If d(xg,x1) =0, then xg = x1 € Txg. Hence xo € F(T) and we are done.
Otherwise, if d(xg, x1) > 0 or xg # X1, let x : [0, 00) — [0, 1) be defined by k(t) = w. Clearly, 0 < ¢(t) <k (t) <1 for all
t € [0, 00). By (1), it follows that

d(x1, Tx1) < k(d(x0, X1))d(X0, X1). (2)
By (2), there exists x, € Txq such that

d(x1,x2) < K (d(x0, x1))d(x0, X1).
If d(x1,x2) =0, then x; =x3 € Tx; and hence x; € F(T). Otherwise, there exists x3 € Txy such that

d(x2,x3) < K (d(x1,X2))d(x1, X2).
Let &, =d(xp—1, Xn), n € N. By induction, we can obtain the following: for each n € N,

Xn € Txp—1, and (3)

&nv1 <k (&n)én. (4)

Since k (t) < 1 for all t € [0, o0), by (4), the sequence {£;},°; is strictly decreasing in [0, co). Since ¢ is an M7 -function,
by Theorem 2.1, 0 < sup,cy ¢ (&) < 1. Then it follows that

1
0 < supk () = 5[ 1+ sup (&) ] < 1.
neN neN

Let y :=sup,en Kk (§n)- So v € (0, 1). By (4) again, we have

§nt1 <K (§n)én < y&n foreachneN. (5)
Thus it follows from (5) that

d(Xn, Xn41) = n1 < V&n <--- < y"&1 = y"d(x0,x1) (6)
for each n e N. Let oy = %d(xo,xl), n € N. For m, n € N with m > n, we have form (6) that

m—1

d(xn, xm) < ) d(xj, Xj1) < .

j=n

Since 0 <y <1, limp_, o ot = 0 and hence limp_, o sup{d(xs, Xn): m > n} = 0. This prove that {x,} is a Cauchy sequence
in X. By the completeness of X, there exists v € X such that x, — v as n — oo. Since, by (3), x,+1 € Tx,, we have from (a)
that

8Xny1 € Tx, foreachneN. (7
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Since g is continuous and lim,_, o X, = v, we have
lim gx, = gv. (8)
n—oo
Since the function x — d(x, Tv) is continuous, we get from (b1), (7), (8) and lim_ o X, = v that
d(v,Tv) = lim d(xp41, TV)
n—oo
< lim H(Txp, Tv)
n—o00
< lim {p(d(xn, v))d(Xn. v) + h(gv)d(gV. g¥n41)} = 0.

Hence d(v, Tv) = 0. Since Tv is closed in X, we have v € Tv. By (a), gv € Tv. Therefore, v e COP(g, T) N F(T) and the
proof is complete. O

Here, we give an example illustrating Theorem 2.2.

Example A. Let £*° be the Banach space consisting of all bounded real sequences with supremum norm d, and let {e,} be
the canonical basis of £°°. Let {t,} be a sequence of positive real numbers satisfying 71 = 7, and 7,41 < t for n > 2 (for
example, let 71 = % and 7, = % for n € N with n > 2). Thus {t,} is convergent. Put v, = 1,e, for n € N and let X = {v;}nen
be a bounded and complete subset of £°°. Then (X, d) be a complete metric space and doo (Vy, Vi) = Ty if m > n.

Let T: X — CB(X) and g: X — X be defined by

Tvy = [ {vi, va}, ﬁfn €{1,2},
X\{v1,v2, ..., Vn, Vpy1}, ifn>3,
and
v, ifne (1,2},
EVn= { Vi1, ifn>3,
respectively. Then the following hold.

(a) Tx is g-invariant for each x € X.
(b) C(’)P(g, T)NF(T)={vq, va}.
(c) g is continuous on X.

Indeed, (a) and (b) are obviously true. To see (c), since

o doo(gv1,gv2) =0 <11 =dwo(v1, Vv2),

o do(gV1,8Vm) =T2 =T1 =doo(V1, Vi) for any m > 3,

o do(gV2, 8Vm) = T2 =doo(V2, Vi) for any m > 3,

o doo(8Vn, 8Vim) = Tn1 < Tn =doo(Vp, Vi) for any n >3 and m > n,

we prove that g is nonexpansive on X which implies that g is continuous on X.
Define ¢ : [0, c0) — [0, 1) by

Tni2 : _
(p(t)::{ 2, 1ft_17n.forsomeneN,
0, otherwise,
and h: X — [0, 00) by
~ 0, nefl,2},
h(vyp) =
(Vn) {n, ifn>3.

Since limsup,_,¢+ ¢(s) =0 <1 for all t € [0, 00), ¢ is an M7 -function. We claim that

Hoo(TX, TY) < @(doo (X, ¥))doo (%, ¥) + 11(gY)dos (gy, Tx) forallx, y € X, (%)

where Ho is the Hausdorff metric induced by do. In order to verify that T satisfies (x), we consider the following four
possible cases:

Case 1. 9(d(v1, v2))doo (V1, V2) + h(gV2)dao(gV2, TV1) = T3 > 0 = Hoo(Tv1, TV2).
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Case 2. For any m > 3, we have
@(doo(V1, Vin))doo (V1, Vi) + R(gVm)doo(gVm, TV1) = T3 + (M + 1)T2 > T1 = Hoo(TV1, TVm).
Case 3. For any m > 3, we obtain
@(doo(v2, Vin))doo (V2, Vi) + R(gVm)doo(gVm, TV2) = Ta + (M + 1) T2 > T1 = Hoo(TV2, TVm).
Case 4. For any n >3 and m > n, we get
@(dos (Vi Vim))doo (V. Vi) + A(gVin)doo (8Vm. TVn) = Tnt2 = Hoo TV, TVim).
Hence, by Cases 1, 2, 3 and 4, we prove that T satisfies (). Therefore, all the assumptions of Theorem 2.2

are satisfied. Applying Theorem 2.2, we also prove COP(g,T) N F(T) # . Notice that Hoo(Tv1,Tvy) =171 > 73 =
©(doo(V1, Vm))doo (V1, viy) for all m > 3, so Mizoguchi-Takahashi’s fixed point theorem is not applicable here.

As a direct consequence of Theorem 2.2, we obtain the following result.

Theorem 2.3. Let (X, d) be a complete metric space, T : X — CI3(X) be a multivalued map, g : X — X be a continuous self-map and
¢ : [0, 00) — [0, 1) be an MT -function. Assume that

(a) Txis g-invariant (i.e. g(Tx) C Tx) for each x € X;
(by) there exist L > 0 and a function T : X — [0, L] such that

H(Tx, Ty) < @(d(x, y))d(x, y) + T(gy)d(gy.Tx) forallx,y € X.
Then COP(g, T) N F(T) # 0.
Example B. Let £, do, Hoo, {€n}, {Tn}, X, T, g and ¢ be the same as in Example A. Define a function h by
ifn=1,

h(vy) := ifn=2,

2

ﬁ7

1

)
- .

1-— % ifn>3.

Then h is a function from X into [0, 1]. In order to verify that T satisfies

Hoo(TX, Ty) < ¢(doo (%, ¥))doo (%, ¥) + h(gY)doo(gy. Tx) forallx,y € X, ()

we need to consider the following four possible cases:
Case 1. p(d(v1, v2))doo (V1, v2) + 1(gV2)doo (gV2, TV1) = T3 > 0 = Hoo(Tv1, Tv2).

Case 2. For any m > 3, we have

. -7
@(doo (V1. Vin))doo (V1, Vi) + (gVin)doo (gVm, TV1) = T3 + (zr—zmﬁ)fz

=T+ (13— Tn+1) > T1
=Hoo(Tvy, Tvm).

Case 3. For any m > 3, we obtain

@(doo(V2, Vi) )doo (V2. Vin) + 1(8Vm)doo (8Vim. TV2) = T2 + (T4 — Tmp1) = T1 = Hoo(TV2, TVm).
Case 4. For any n >3 and m > n, we get

@(doo (V. Vim))doo (Var, Vin) + R(gVim)doo (8Vm. TVn) = Tnya = Hoo (TVn, TVp).

Hence we know that T satisfies (xx). Applying Theorem 2.3, we have COP(g, T) N F(T) # @.
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Theorem 2.4. Let (X, d) be a complete metric space, T : X — CB(X) be a multivalued map, g : X — X be a continuous self-map,
@ : [0, 0c0) — [0, 1) be an MT -function and L > 0. Assume that

(a) Txis g-invariant (i.e. g(Tx) C Tx) for each x € X;
(b3) there exists L > 0 such that

H(TX, Ty) < @(d(x, y))d(x, y) + Ld(gy, Tx) forallx,y € X.

Then COP(g, T) N F(T) # 9.

Proof. Define 7: X — [0,L] by 7(x) =L for all x € X. So, (b3) implies (b,) and hence the conclusion follows from Theo-
rem 23. O

Example C. Let (*°, doo, Hoo, {€n}, {Tn}, X, T, g and ¢ be the same as in Example A. It is not hard to verify that T satisfies
H(Tx, Ty) < @(d(x, ))d(x,y) +d(gy,Tx) forallx,ye X.

Applying Theorem 2.4 with L =1, we obtain COP(g, T) N F(T) # @.

Remark 2.2. It is quite obvious that (by) implies (bs) (since t(x) <L for all x € X), so (by) and (bs) are indeed equivalent.
Hence Theorem 2.3 and Theorem 2.4 are real logical equivalent.

The following intersection theorem is also immediate from Theorem 2.2.

Theorem 2.5. Let (X, d) be a complete metric space, T : X — CB(X) be a multivalued map, g : X — X be a continuous self-map and
¢ : [0, c0) — [0, 1) be an MT -function. Assume that

(a) Txis g-invariant (i.e. g(Tx) C Tx) for each x € X;
(bg) there exist L > 0 and a function y : X — [L, oco) such that

H(Tx, Ty) < @(d(x, y))d(x, y) + iu(gy)d(gy, Tx) forallx,y € X.
Then COP(g, T) N F(T) # .
Example D. Let £*°, dw, Hoo, {€n}, {tn}, X, T, g and ¢ be the same as in Example A. Define a function h by
ﬁ(vn) :==1+71, foranyneN.
Then h is a function from X into [1, oo). Following a similar argument as in Example A, we can show that T satisfies

Hoo(TX, Ty) < @(doo (X, ))doo (X, y) + 1(gY)doo(gy. Tx) forallx, y € X,
and COP(g, T) N F(T) # @ follows from Theorem 2.5.

Remark 2.3. In fact, Theorem 2.4 can be proved by Theorem 2.5. Indeed, under the assumptions of Theorem 2.4, let
w:X—[L,o00) be defined by u(x) =L for all x € X. So (b3) implies (bs). Hence Theorem 2.5 implies Theorem 2.4. No-
tice that Theorem 2.5 also implies Theorem 2.3 since 7(x) < L < u(x) for all x € X.

Applying Theorem 2.2, we get the following generalization of Berinde-Berinde’s fixed point theorem.

Theorem 2.6 (Generalized Berinde-Berinde’s fixed point theorem). Let (X, d) be a complete metric space, T : X — CB(X) be a multi-
valued map, ¢ : [0, co) — [0, 1) be an MT -function and h : X — [0, co) be a function. Assume that

H(Tx, Ty) < @(d(x, y))d(x,y) + h(y)d(y, Tx) forallx,y € X. (9)
Then F(T) # 0.

Proof. Let g =id be the identity map. It is easy to verify that all the conditions of Theorem 2.2 are satisfied. Hence the
conclusion follows from Theorem 2.2. O
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Example E. Let £, d, Heo, {€n}, {tn}, X, T, ¢ and h be the same as in Example A. Then F(T) = {v1, v2}. Following a
similar argument as in Example A, we can prove that T satisfies

Hoo (TX, TY) < @(doo(®, ¥))doo (%, ¥) + h(¥)doo (v, Tx) forallx, y € X.
Using Theorem 2.6, we get F(T) # @ (in fact F(T) = {v1, va}).

Remark 2.4.
(1) In Example B, since

2
=T+ (y—173)<T1

=Hoo(Tv2, TVm),

. T
@(doo(v2, v3))doo (V2, v3) + h(v3)deo (v3, TV2) = T4 + <2r—3>fz

T does not satisfy (9). So Theorem 2.6 cannot be applicable to Example B. Therefore Theorem 2.2 is a proper extension
of Theorem 2.6.

(2) Theorems 2.2, 2.3, 2.4, 2.5 and 2.6 all generalize and improve Berinde-Berinde’s fixed point theorem, Mizoguchi-
Takahashi’s fixed point theorem, Nadler’s fixed point theorem, Banach contraction principle and some main results
in [1-3,6-14]. By applying Theorem 2.1, [3, Theorem 2.1] and [14, Theorem 3.1] are indeed real logical equivalent.

(3) Let (X, d) be a metric space. Recall that a single-valued map T : X — X is called a generalized Berinde map [15] if there
exist r € [0,1) and a function b from X into [0, co) such that

d(Tx, Ty) <rd(x,y) +b(y)d(y,Tx) forallx,ye X.

In particular, if there exists B € [0, o0) such that b(x) = B for all x € X, then T is called a Berinde map [13,15]. In [15],
Suzuki proved some new fixed point theorems for generalized Berinde maps with constants. He also gave an example
illustrating that there exists a generalized Berinde map which is not a Berinde map; for more details, see [15].
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