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INTRODUCTION

It was noted in [11, 12] that there is a close interrelation between the
local theory of lattices over a classical order and torsion-free modules over
an artinian algebra with respect to a hereditary torsion theory. This
connection is most apparent if the order A is a subhereditary order. This
means that there exists a hereditary order I” such that

rad(MNcAdcTr.

In this case the study of A-lattices is closely related to the study of the
socle-projective modules over the algebra

@_[I‘/rad(l“) F/rad(F)]
- 0 A/rad(I’) |’

(These modules were also studied by Simson [13] and Nishida [6], and in
[7].) The aim of this note is to elaborate on this connection.

The most prominent examples are the generalized Béickstrom-orders
which were treated extensively in [7]; in this case 2 is a hereditary
algebra. These generalized Bickstrom-orders seem to play the same role
from the point of view of integral representations as do the hereditary
algebras in the artinian situation. In the artinian case the theory of simply
connected algebras of finite representation type, i.e., the Auslander—Reiten
quiver is connected, and every 7-orbit passes through a projective module
is via the tilting theory [5, 3] closely related to the representation theory of
hereditary algebras. We hope that a similar connection can be established
between generalized Bickstrom-orders of finite representation type and
orders, whose Auslander-Reiten quiver is connected, and every t-orbit
either passes through a projective lattice or through a I'lattice.
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The paper is organized as follows. In the first section we study a very
general situation: R is a complete local noetherian integral domain with
field of fractions K. 4 is a finite dimensional K-algebra, and rad(INc AT
are R-orders in A (i.e., 4 is finitely generated as R-module, and spans A4).
In this situation the category ,.#°(I") of R-torsion-free finitely generated
A-modules X with I"- X projective over I is representation equivalent to
the category of socle-projective modules M over the algebra 2 above,
which do not have simple direct summands (Theorem I).

In Section 2 we study irreducible maps and almost split sequences in
F(2) and ,#°(T) resp., extending results from [7] (Theorem II). In this
very general situation we prove Brauer-Thrall 14 for the category ,.#°(I")
(Theorem III).

In Section 3 we turn to the classical situation, where R is Dedekind, A4 is
separable and " is hereditary, and we describe the Auslander—Reiten quiver
of A; in this case ,.#°(I") comprises all A-lattices. One of the main results,
Theorem IV, is that indecomposable I-lattices have A-projective successors
in the Auslander—Reiten quiver of A. Finally, in Theorem V, we show that
the orders 4 of finite lattice type, which are subhereditary and for which
&#(2) has preprojective components are precisely those possessing
indecomposable lattices Q,, ..., Q,, which have only projective successors
and such that every oriented cycle in the Auslander—Reiten quiver A(A) of
A passes through one of the Q; (equivalently, A(A\{Q.} <:<s has no
oriented cycles). As A. Wiedemann has noted, the second condition is
satisfied, provided K- @:_, Q, is a faithful 4-module.

Some of the results here (Theorems II and IV) were proved in [7] for
generalized Béickstrom-orders and the proofs carry over for subhereditary
orders. This was done in the “Diplomarbeit” of Th. Weichert [15].
Weichert has also supplied the example in Section 3.

We finally point out that the results of Sections 1 and 2 also apply in the
Jollowing situation: Let £ be a field and A a finite dimensional #-algebra,
contained in a semi-simple #£-algebra I" (e.g., via the regular represen-
tation). In this case ,.#°(I") consists of the finitely generated A-modules V,
contained in a /-module W with I"- V=W,

1. A CATEGORICAL EQUIVALENCE BETWEEN LATTICES AND
ARTHINIAN MODULES

The result in this section was proved for classical orders in [11, 127 (see
also [7]). We shall review it here in the following more general situation:

Let R be a commutative noetherian complete local domain with field of
quotients K and let 4 be a finite dimensional K-algebra. An R-order A in 4
is a subring of A containing the same identity as A4 such that
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(i) A 1is finitely generated as R-module,
(ii) K-A=A;ie., A contains a K-basis for A.

Given two orders A < I we shall consider the full subcategory ,.#°(I")
of the category of left A-modules, which satisfy

ob( .#°(I")) = (X = R-torsion-free finitely generated left
A-module with I" - X projective over I).

Note. We identify K®r X=K-X=A4- X, X being R-torsion-free, and
hence we can form I'- X inside A4 -X; however, one should observe that
I'- X is in general different from I'®, X: as a matter of fact, /'- X is the
quotient of I'® , X modulo its R-torsion submodule; note that the latter is
a I-submodule. One sees this by considering the natural map I'®, X —
I'®,K-X=K-X, induced from the inclusion X - K-X. In particular
every A-homomorphism in ,.#°I") between X and Y gives rise to a
I-homomorphism between /- X and I"- Y. Conceptually one can view X as
a form of the projective I-module I"- X. It should be noted that this con-
cept can be applied in the more general situation to any ring I” and a sub-
ring A, if one considers only those left A-modules which are A-submodules
of a free [~-module.

Without loss of generality we can always assume that A is indecom-
posable as a ring.

Remarks. (1) In the classical situation, where R is a Dedekind domain
and A is separable, A4 is any Rorder in 4 and I is a hereditary R-order
containing A, then ,.#°(I) is just the category of all A-lattices.

(2) In the algebraic geometric situation, where R is a regular, A4 is the
local ring of dimension d of an isolated singularity. In this case [ is the
normalization of A; then ,.#°(") contains just the A-modules X which
become projective when extended to [ i.e., I'- X is I-projective. (The same
applies if I is any ring between A and its normalization.)

Choose now a two-sided A-ideal I such that

(i) [is also a two-sided [-ideal,
(ii) Ic<rad(A), the Jacobson radical of A.

We observe that then automatically
Icrad(I).
In fact, /= rad(A) and so [ is nilpotent modulo

rad(R)-A crad(R) - I'crad(l); ie., Icrad(l).
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With this notation we put
=4/ and B=T/L

Then & and # are finitely generated algebras over the commutative local
ring R= R/(RnI). Moreover, the inclusion 4 — I” induces an R-algebra
injection o — %, and we identify &/ as a subring of #. We now construct
the pair category & as follows: An object consists of a finitely generated left
/-module U and a finitely generated projective left #-module V together
an &/-monomorphism

o U-V
such that
% -Im(c)=V.
Morphisms in & are commutative diagrams
U=V
ol
U - v,

where o is «/-linear and § is #-linear.
It should be noted that & can be identified with a certain category of
finitely generated modules over the artinian algebra

% X
9 =[ . M].
We now construct a natural functor
F: . MN()—> &,
Mv+— (M/I-M—=> T -M/I-M),
where ¢ is induced by the inclusion i1: M — I"- M. Moreover, if a,: M - M’
is a A-homomorphism in ,.#°(I"), then it induces a I-homomorphism

B,:I"'-M — I'- M’ rendering the following diagram commutative:

M—Y>STITM
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Hence we obtain a morphism in &

M/II-M— T-M/I-M

! Jﬁ

M/[I-M— - M/I-M.

It should be noted that I"- M/I- M is #-projective, I"- M being I'-projec-
tive. Moreover,

B-(M/I-M)=(I'/l)-(M/I M)=T-M/I-M.

THEOREM 1. The functor F induces a representation equivalence between
L AD) and &; ie., F induces a bijection between the indecomposable objects
in M°I") and in &.

Remark. The essential and important point of the theorem is that it
allows one to compare the lattices in ,.#°(I") with the finitely generated
modules in &, which are modules over the artinian algebra 2. The
application of this result in later sections is as follows: Under certain
conditions, the category & is closely related to the category of finitely
generated 2-modules, which have a projective socle. This category has
almost split sequences, and the structure of its Auslander—Reiten quiver
allows one to deduce structural results about ,.#%I).

For the proof we have:
Claim 1. F is up to isomorphism surjective on objects.

Proof of Claim 1. Let U —° V be an object in £&. We may assume that ¢
is a set theoretic inclusion. Since V is a projective #-module, let Q be
the projective I-module reducing to V; ie, n:Q— V is the induced
epimorphism and put M=n"'(U). Then Me ,#°I) by Nakayama’s
lemma. This proves Claim 1. |i

Claim 2. T is surjective on morphisms.

Proof. Given a morphism (o, f) in & we may assume thanks to
Claim 1 that we have a commutative diagram

MII-M—>T-M/I-M

J [ﬁ

MM —>T-M/[I-M
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with M, M’e ,#°(I"). Since I"-M is I-projective we can complete the
following diagram commutatively by a I-homomorphism f,:

rrM— I -MJI-M—0

B,J lﬁ

"M —sT-M[I.M'—0.

The given morphism («, f) induces an ./-homomorphism viewing
I'-M/I-M as an &/-module

y: Coker(o) — Coker(a’).
Since Coker(g) 2 I'- M/M, we find, using the commutative diagram

O—M—TI'M— " MI-M—20

l lﬁl lv
O— M —> I M —IM/I-M—),

that o, = f,|,: M > M’ is a A-homomorphism, which under F gives rise to
(o, §). This proves Claim 2. |

Claim 3. T reflects decompositions; i.e., if for a: M — M’, the map F(a)
is a split epimorphism, then « was a split epimorphism to start with.
(Similarly for split monomorphisms.)

Proof. In view of Claim2 it suffices to show that F reflects
isomorphisms. With the notation of the proof of Claim 2, let («, f) be an
isomorphism in &. We have to show that a,: M — M’ is an isomorphism.
From Nakayama’s lemma it follows that «, is surjective. By using the
inverse of (a, f) we conclude that we also have a surjective map
®y: M' > M. Passing to the corresponding A4-modules we conclude,
counting K-dimensions, that a, must be injective; whence an isomorphism.

This proves Claim 3 and completes the proof of Theorem I. §

Remark. The above situation is most transparent, if =rad(I'); ie., if
we have an inclusion

rad(INcrad(Ad)c AT,

We shall assume this from now on. In this case # is semi-simple over
£ = R/rad(R) and & is a finite dimensional £-algebra. Thus, if we consider

the algebra
B R
9=
o &}
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then & has a projective socle. We denote by (%) the full subcategory of
finitely generated left 2-modules which have a projective socle. Then we
have:

LEmMa 1. Let S|, .., S, be all the simple non-isomorphic %B-modules,
then

ob(&)={Ue L (2): U has no simple direct summand }.

Proof. This is just a restatement of [7, Propositionl, p.8, and
pp- 26-271].

The £-algebras & that arise in the above construction can easily be
described as follows:

LEMMA 2. A £-algebra %, is Morita-equivalent to an algebra

= Tjrad(I") I/rad(I)
_[ 0 A/rad(I")]

for R-orders A, I" with
rad(MNcAcT,

if and only if 9, has a projective left socle, and no simple ring direct factor.

Proof. Obviously 2 has a projective left socle and no simple ring direct
summand. Conversely, let the socle S of &, be projective as a left module.
Let P be the direct sum of the non-isomorphic non-simple projective left
2,-modules. There is no loss of generality if we assume &, to be indecom-
posable as a ring. Then

soc(P)® P

is progenerator for the category of left 2,-modules. Hence 2, is a Morita-
equivalent to

@_[End%(Soc(P)) End, (soc(P))
B 0 End,, (P) ]

In fact, Homg (Soc(P), P)=Endg,(Soc(P)) and Hom, (P, Soc(P))=0,
Soc(P) being projective, and P having no simple direct summand.
Moreover, the natural map

@: End,, (P)— Endg, (Soc(P))

is injective, Soc(P) being projective.
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Now Z can even be realized with R-orders A and I” over a Dedekind
domain by choosing I" such that I'/rad(I") = End g, (Soc(P)). We then take
A to be the pullback of the diagram

I'— End g (Soc(P))
A—— Endg (P).

This proves Lemma 2. |

Note. In [12;7, 1.11] a necessary and sufficient condition was given for
the category & (2) to have finitely many indecomposable objects provided
2 was the tensor algebra of a multivalued oriented graph [4], in particular
9 is a hereditary algebra. In this case A is called a generalized Béckstrom-
order [7], the representation theory of which is well understood.

2. IRREDUCIBLE MAPS

Let € be either ,.#°(I"), or #(2) for a left socle-projective £-algebra 2,
and recall, that we always assume

rad(Ncrad(d)cAcT.

DerFINITIONS. (1) A morphism X —? Y in € is said to be irreducible if

(i) ¢@erad(€(X, Y)), where €(X, Y) is the set of morphisms between
X and Y in %, and rad(%4(X, Y)) are the non-split maps between X and Y;

(i1) for every factorization
X5 vY
| F
X—=—Z
either a is a split monomorphism or f is a split epimorphism.
(i) and (ii) can be summarized by saying
@ erad(€(X, Y))/rad*(4(X, Y)).
The R-module (£-module)
rad(4(X, Y))/rad*(¢(X, Y))

is called the “module” of irreducible maps.

481/121/1-4
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(2) An exact sequence
E0O— XLy YHLY—Z—0

in € is said to be an almost split sequence, provided

(i) E is not split exact,
(ii) every x:Z' — Z, which is not a split epimorphism, factorizes via
y. Every y": X - X", which is not a split monomorphism, factorizes via ¢.

A map ¢(¥) which is not a split monomorphism (split epimorphism), is
called a source map (sink map), if it satisfies 2 (ii).

(3) € is said to have almost split sequences, if for every indecomposable
X, which is not ext-injective in €; ie., the functor Extl(—, X) is not zero
(Y, which is not ext-projective in %; i.e., the functor ExtL (Y, —) is not
zero) there exists an almost split sequence in €, beginning with X (ending
in Y).

Note. If X is not ext-injective in £(2), then in the almost split
sequence in & (2)

0— X2, pE -2, y— 0,

where E;, 1 <i<n, are indecomposable, the (¢;), <,<, form a basis of the
“space” of the irreducible maps leaving X, and dually the (¥,); <<, form a
basis of the “space” of the irreducible maps ending in ¥ [10].

We first turn to &(2), where 2 has a left-projective socle. For a finitely -
generated left 2-module M we denote by tM the maximal submodule, the
socle of which has no projective submodule, and put fM = M/tM. The
modules tM are the torsion-modules in a hereditary torsion-theory [14].
The category #(2) has almost split sequences as was observed in [2, 8].
In [7, 2.6] the following result of C. M. Ringel and the author was proved
(in much more generality):

THEOREM IL. If @ is left socle-projective, then S(D) has almost split
sequences, which are constructed as follows. Given X indecomposable in
KL (D) which is not an injective D-module.

(i) X is ext-injective in S (D) if and only if in the almost split sequence
Sfor X in the category of all finitely generated left 2-modules

F0O—XY—¥%—Z—0

we have fZ =0.
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(ii) If X is not ext-injective in ¥(2), then
0—X—0Y1Z— fZ—0

is the almost split sequence in (2).

We now turn to € = ,#°(I'). For arbitrary R it is not known whether ¢
has almost split sequences. Only in the following situations:

(1) R is Dedekind and I" hereditary [7], i.e., the classical situation.

(2) In case A is the coordinate ring of an isolated singularity.
(M. Auslander [1] has shown that in these cases the category of
Cohen—Macauly modules has almost split sequences; but our category is
different from that of the Cohen—Macauly modules.)

+#°(I") has almost split sequences. (The existence in the second case was
proved in [9].) '

Because of the connection between irreducible maps and almost split
sequences we shall have a close look at irreducible maps and our functor

F: , M) — P(2) (as introduced in Section 1).

LemMMA 3. Let ¢: M —— N be a map between indecomposable modules
in (MUI). Assume F(@)#0. If F(p) is irreducible in (D), then ¢ was
irreducible to start wth.

Proof. Since &=Im(F)c ¥(2), F(p) is irreducible in &. Surely
¢ € rad(Hom ,(M, N)) by Theorem L. Given now a factorization in ,.#°(I'")

M2 N

| F

M5,

then we have F(¢)=F(x)-F(f) and so F(«) is a split monomorphism or
F(B) is a split epimorphism. But by Theorem I, split maps lift to split maps.
This proves Lemma 3. |I

We pause a moment to draw some interesting consequences from
Lemma 3. Let & be either ,#°(I") or (D).

DEFINITIONS. The Auslander—Reiten quiver of € is the oriented graph,
which has as vertices the isomorphism classes of indecomposable objects in
&, and there is an arrow from [X] to [ Y], provided, there is an irreducible
map in € from X to Y.
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For Me . #° we define the size of M, sz(M), to be the number of
composition factors of K- M as A-module.

THEOREM III (Brauer-Thrail 13). Let 4 be a connected component of the
Auslander—Reiten quiver A( . M°(I')) of #°(I') such that:

(i) The vertices of A have bounded size; ie., the sizes of the modules in
4 have a uniform bound.

(ii) F(4) contains at least one module for each ring direct factor of 2.
Then

(@) A(MUD)) =4,
(B) A(,#°D)) is finite; ie., (#°(I) has only finitely many indecom-
posable lattices.

Remarks. (1) The hypothesis (ii) is satisfied if, for example, 4 contains
all indecomposable projective A-lattices or if 4 contains all indecomposable
projective [-lattices.

(2) The hypothesis (ii) is superfluous if dim R=1 and I is hereditary
in a separable algebra A, since in this case ,.#°(I") is the category of all
A-lattices, and then one knows the result.

(3) It is likely that the hypothesis (ii) is superfluous in general, cf. [9].

Proof. Because of Lemma 3 and Theorem I, F(4) is a union of connec-
ted components of the Auslander—Reiten quiver of & = Im(F). (The notion
of the Auslander-Reiten quiver of & should be self-explanatory.) It follows
from the proof of [7, 4.4] that an irreducible map in & is also irreducible in
F(2). Thus the Auslander—Reiten quiver A(&) of & is obtained from
A(&(2)) by omitting the points corresponding to the simple projectives in
Z(2) and omitting all arrows leaving the simple projectives. We show next
that the vertices in F(4) have uniformly bounded composition lengths. To
see this we note that there exists ne N such that for every [M]ed, I'-M
has at most n indecomposable summands. Hence all modules in F(4) have
their number of composition factors in the socle uniformly bounded by ».
Thus the number of indecomposable summands in the injective envelope of
all modules in F(4) is uniformly bounded. Consequently, the composition
length of all modules in F(4) are uniformly bounded. Thanks to Lemma 3,
F(4) decomposes into a finite number of connected components 4,,
1 <i<n each of which has uniformly bounded composition length. Now
these are components in the Auslander-Reiten quiver of &. Let 4,,, , be the
Auslander—Reiten quiver of & without the components 4,, 1 <i<n. Note
that in 4(&(2)) there are no irreducible maps between 4, and 4, for i # j.
Let now S be a simple projective @-module. Note that, because of
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Lemma 2, S cannot be injective, and so S has an almost split sequence in
F(2D)

0—S— PE—T—0,

with E; indecomposable. Assume that E, € 4,. Since T, E,€ & we conclude
that T, E; € 4, for all i, since there are no irreducible maps between 4; and
A4, for k#j Let 4/ be the component in A(¥(2)) generated by 4,
1<j<n+1. Then 4;, 1 <j<n, are connected components in A(¥(2)) all
modules of which have uniformly bounded composition length. By
hypothesis, |J7_, 4, contains at least one module from each ring direct
summand of 2, and so we can invoke Brauer-Thrall 14 for &#(2) [7, 2.14],
to conclude 4(¥(9D))=J7_, 4, is finite and the statement of the theorem
follows. ||

In order to discuss the irreducible maps ¢ in ,.#°(I") we have to restrict
the morphisms in ,.#°(I") considerably; since we are mainly interested in
indecomposable objects, this is not a severe restriction.

DEFINITION. ,.#°%(I'), has as objects the same objects as ,.#°(I"), but
we allow only morphisms ¢: M —» N, M, Neob(,#°I)) such that
I -Im(¢) is I projective.

Remarks. (1) We still have a representation equivalence between

4#°(I), and &; i.e., Theorem I remains valid for ,.#°%(I),. To see this we
make the following observation:

(i) Let

be a morphism in &. Since # = I'/rad(I") is semi-simple, we have a decom-
position V'=Im(f)® V,. Hence we can lift V' to a projective I-lattices
0'=0,®Q,, where Q, reduces to Im(8). Now we lift g to f,: 0 - Q,,
where Q is a lift of V. If now

802 0,— 0,00,

then the proof of Claim 2 shows that (a, §) can be lifted to a morphism in
A"”o(r)s'

(ii) If we have a composition Ay of the morphisms of &, then 4 can
be lifted to ¢ and u to ¥; ¢, ¥ morphisms in ,.#°(I'), such that the com-
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position is a morphism in ,.#°I'),. (Note that in general the composition
of morphisms in ,.#°I), is not a morphism in ,.#°(I),.)

The idea of a proof is the same as in (i), and we indicate it symbolically:

VS Im(H)@V 5 W, 0V, W,

rrr 11

90— 0,00, — 01905,

(2) Thanks to (ii) above, Lemma3 carries over to ,.#°%7I),, and
consequently Theorem IIT holds in ,.#°(I');.

(3) In the classical situation, where dim R=1 and I is hereditary.
Al D)= o MT),.

LeMMA 4. Let ¢: M — N be an irreducible morphism between indecom-
posable objects in ,M°(T),. If F(¢)=0, then I'-M is an indecomposable
projective I-lattice, and N is A-projective. (The converse is trivially true.)

Proof. Since F(¢)=0, Im(¢)crad(l)-N moreover [I-Im(p) is
I'-projective, and we have the inclusions

Im(p)c= I -Im(¢)crad(l})- NcNc T -N.
Since Im(¢) € ob(,.#°(I")), we have the factorization
M- N
” L’ , note I" - Im(¢) € ob( A °(I)).
M= T.Img

However, f is not a split epimorphism, and so a must be a split
monomorphism. But M was indecomposable, and so M ~ I"-Im(g) is an
indecomposable projective I™lattice.

Let now

PN

be the projective cover of N as A-module, and note that k is a morphism in
+MOI),. x induces a split morphism

r-P—=T-N, with A-k=id, u,

and hence a split epimorphism

rad(I')- P—> rad(I")- N.
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Then the following diagram is commutative:

rad(I')- P—> rad(l)-N

P———>=——N,

and we have the commutative diagram

M= M—* N

rad(I')- M

rad(;’) «P————rad(IN).

If N is not projective, then o must be a split monomorphism, but
M crad(I')- Pcrad (P) < P cannot be a direct summand of P. Thus N is
A-projective. This proves Lemma4. |

In this general situation, I cannot say anything in case ¢ is irreducible in
LMY MO(T),) and F(¢) #0. T would need Lemma 4 for ,.#° (that the
morphism sets in ,.#°(I"), form abelian groups). However, Lemma 4 does
not hold in ,.#°/") and the morphism sets in ,#°(I), do not form
abelian groups in general. The remedy is to turn to the classical situation:

LEMMA 5. Let dim R=1 and assume that I" is hereditary and A is
semisimple. Let y: M — N be an irreducible map between indecomposables in
AMOD). If F(@) #0, then F(¢) is irreducible in & (D).

Proof. 1If follows from the proof of [7,4.4] that it is enough to show
that F(¢) is irreducible in &. Assume we have a factorization in &

F(M)—225 F(N)

|

F(M)—2— F(X),
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where X € ob( ..#°()). @ and f can be lifted to morphisms in ,.#°(I); but
in general ¢ # «ff. We show first that

y=0—of

cannot be irreducible. In fact, assume that i is irreducible. Then by
Lemma4, M is a Ilattice and N is a projective A-lattice. Since ¢ was
irreducible, it follows that Im(¢) is a direct summand of rad ,(/N); but then
also Im(¢p) <=rad(l")- N by [7, 1.4]. Thus F(¢)=0, a contradiction. Hence
¥ is not irreducible, and so Y erad’(Hom,(M, N)). But then ¢ is
irreducible if and only if af is irreducible. Thus F(¢) is irreducible. This
proves Lemma 5. |

In the classical situation of generalized Béckstrom-orders, the
predecessors of an indecomposable I™lattice Q in the Auslander-Reiten
quivers must be injective A-lattice, and the successors of Q are projective
A-lattices [7, Sct. 4].

It is surpirsing that this result also holds in the very general situation
considered here, for the successors.

LemMA 6. In M) let @:Q— M be an irreducible map with Q an
indecomposable projective I'-lattice and M indecomposable in ,M°(I"). Then
M is a projective A-lattice.

Proof. We first show that F(¢)=0. If not, we have a non-zero map
Flp): F(Q) - F(M),

which cannot be an isomorphism, ¢ being irreducible—note that F(Q) and
F(M) are indecomposable. Since F(Q) is an injective 2-module—not just
an injective object in &—the map F(¢) factors via F(Q)/soc(F(Q)), where
soc(F(Q)) denotes the socle of F(Q) as 2-module. But F(Q)/soc(F(Q)) is
torsion, whereas F(M) is torsion-free. So there are no non-zero maps from
F(Q) to F(M). Thus F(¢)=0. If one now reviews the proof of Lemma 4,
one sees that then M must be an indecomposable projective A-lattice.
(Note that in Lemma 4 the hypothesis @€ ,.#°(I"), was only used to
ensure that M is an indecomposable projective [-lattice.) This proves
Lemma 6. |

I can only prove the corresponding statement for the predecessors under
additional assumptions.

LEMMA 7. Assume that #°(I") has left almost split sequences. (This is
surely so, if dim R=1 and I' is hereditary.) If Q is an indecomposable
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projective I-lattice and M e ,#M°(I') is indecomposable with an irreducible
map ¢: M — Q, then M is an ext-injective object in M°(T).

Proof. If M is not ext-injective, then it has an almost split sequence

AN
N

According to Lemma 6, N is projective, a contradiction. This proves
Lemma7. |}

0

Note. The lemma actually only needs F(¢) to be irreducible.

3. THE CLASSICAL SITUATION:
AUSLANDER-REITEN QUIVERS AND EXAMPLES

We assume henceforth that R is one dimensional, that A4 is separable,
and that A, I" are R-orders in A with I" hereditary, such that

rad(INcAcT.

The notations from the previous sections are retained. In that case
M) = ,#° is just the category of all left A-lattices. And so the
Auslander—Reiten quiver A(A)=A(,#°) of all A-lattices carries an
additional structure, namely the partially defined translation coming from
almost split sequences, together with a valuation on the arrows. The same
holds for A(#(2)). (For details we refer to [7, 2.12].) The structure of the
Auslander—Reiten quivers A(A4) and A(¥(2)) are intimately related.

Let us recall the definition of the permutation associated to a hereditary
order I'. Let (Q,); <;<. be the non-isomorphic indecomposable I lattices.
Since I is hereditary, these [I-lattices are at the same time injective
Ilattices; thus @, has a unique minimal over-lattice S(Q;), which is again a
projective I-lattice, and hence

S(Q,) ~ Qa(i)

for some a(i)e(l,2,..,m). This map o:(l,..,m)—(l,.,m) is a
permutation, called the permutation of I.
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THEOREM IV. (i) If M and N are indecomposable A-lattices, and M is
not a I-lattice, then we have for the spaces of irreducible maps

Irr (M, N) =~ Irr (5 (F(M), F(N)).

(ii) If M is a I-lattice, say M= Q,, then for an indecomposable
projective A-lattice P

Irr,(Q;, P) ~ Irry(_@)(Qam/fadr(Qa(i))’ F(P)).

(iii) The Auslander—Reiten quiver of A is obtained from that of ¥(2)
by identifying the injective P-module

— I:Qi/radr(Qi)]
' Q:/rad r(Q))

with the simple projective 9-module

Soiy = I:Qa(i)/ragr(Qau)):I.

Proof. The first statement is just a summary of what was proved in the
Lemmata 3, 4, and 5. We also know from Lemma 6 that the only
irreducible maps from Q, are of the form

(P:Qi_’P9

where P is indecomposable projective over A.
We prove (ii) in the form of

LeEMMA 8. There is a natural bijection between the irreducible maps
Q,~ P in ,#° and the irreducible maps

S, = I:Qa(i)/rad(gr) . Qum] LE(P).

Proof. This will be established if we can show Q{'—i.e., s copies of
Q,—is a direct summand of rad ,(P) if and only if (S,,)"* is a direct
summand of rad, (F(P)).

By definition of ¢, Q¢ is a direct summand of rad(I")- P if and only if
(Q,))" is a direct summand of I'"- P. We write

rad (P)=X® Q,
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where Q is a I™lattice and X does not have any I'-direct summands. Then
by [7, 1.4] we have

rad ,(P)/rad(I") - P ~ X/rad(I') - X,
the isomorphism being induced from the inclusion X —rad,(P). In

particular Q crad(I") - P.
Hence

rad(l')-Porad(l)- X Q.
However, the above equality shows

rad(F)-P=rad(l)- X&® Q.
If 0=, 9, we put

SQ)= B (@)™

With this notation we have
r-P=r-XxesQ).

We now can put

rad(F(P)) [ I"- P/rad(I")- P ]

| rad(P)/rad(I")- P
[(I-X® S(Q))/(rad(I)- X ® Q)]
[ (X®Q)/(rad(I)- XD Q)

[T X/rad(I')- @[S(Q)/Q]
" X/rad(n)-x U

Hence in &(2) we have the irreducible map
[S(QO)/ Q] - F(P).

We shall show next that

[S(QO)/Q]
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is the maximal semi-simple summand of rad(F(P)). Let X= @!_, X, be the
decomposition of X into indecomposables and let ;: X; — P be the natural

inclusions. Then the ¢, are irreducible and since no X, is a /-module, we
conclude with Lemmata 3, 4, 5 that

F(y): F(X,) - F(P)
is irreducible, whence the statement. |

This proves Lmma 8 and Theorem IV. |

ExampLE [15,p.85]. Let I'=(R),II(R),II(R),, then the permutation
of I' is the identity. Let A be defined as follows:

R R R|R 1IenRR H]QRRRRRn‘
n R R|R T {R R R m R R R n R =
n n R[=m ]| |™®|r R R n n R R n R =«
n n m R nm |t nm R nm = n R n R =
nnnan](n
n moT n R =
_nnnnnnRJ

Here the matrix entries linked by a line are congruent modulo 7, where 7 is
the maximal ideal in R.
The algebra 2 is the path-algebra of the graph

where the dotted arrows are zero relation and C indicates a commutativity
relation.
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The Auslander—Reiten quiver of S(2) is given as

\ A\ \/\

1 14 1-2-1—2— —2-1)- [1]

/\/\/\/\/\/\/\

\Yavi A/
AN AN

AVAVANIZVAVAN
YAYANVANY/AVAYS
\[2 Bz]

2]

According to Theorem III, the Auslander-Reiten quiver of ,.#° is
obtained from A(S(2)) by identifying the modules [0, ..., 1] and @, @
and (1), (1). The projective A-lattices are indicated by [n, and the injective
A-lattices by m].

Remark. The Auslander-Reiten quiver 4(A) of the category of A-lat-
tices in the above example has the following property: If 7 is the
Auslander—Reiten translate, i.e., in an almost split sequence

0O-M->E->N-0

N =171(M), then each t-orbit in 4(A4) contains either a projective A-lattice
or a I'-lattice. This is equivalent to the Auslander—Reiten quiver of ¥ (2)
having a preprojective component.

This phenomenon can be characterized by the internal structure of the
order A. To do so we introduce some more notation:

DerFINITIONS. (i) Let A be an R-order in 4, and let Q,, ..., Q, be those
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indecomposable A-lattices which have only projective A-lattices as
successors (equivalently, have only injective predecessors) in A(A). Denote
by G the full additive subcategory of ,.#° generated by (Q,); <:<s-

(ii) Let X be the following category: the indecomposable objects are
the indecomposable A-lattices not in G, and for each indecomposable
QeG, we introduce new objects Q* and Q. For X and Y indecom-
posable A-lattices not in G we put

X' (X, Y)=Hom (X, Y)/G(X, Y),

where G(X, Y) is the group of A-homomorphisms, factoring via an object
in G. Moreover, in addition we put

X (Q*, Y)=Hom,(Q, Y)/radg(Q, Y),
H'(X, 07 )=Hom,(X, Q)/radg (X, Q),
H(Q*, Qg )=radg(Q, Qo)/radz (Q, Qo)
H(Q™, X)=XH(X,0"),
where X, Y are indecomposable objects but X#Q* and Y#Q; for

indecomposable objects O, Q,€G. Here radg( , ) are maps which
factorize via the radical in G.

Remark. It should be noted that in case 4 is a subhereditary order, ¥
is just the category &(2), which is by the above definition characterized
internally.

We next define the separated Auslander—Reiten quiver of A.
DEerINITION.  The separated Auslander—Reiten quiver of A, A°(A4), has as
vertices

(i) The indecomposable A-lattices, which are not in G,
(ii) for each Q;e G, two new vertices [Q;*] and [Q; ]

The spaces of irreducible maps between two vertices [ X] and [ Y] are

(i) TIrr (X, Y), if X and Y are indecomposable A-lattices not in G,
(i) Irr g0 (X, @F)=0, Irr 454 (Q;7, ¥) =0,
(ii1)  Irr (@7, X)=TIrr 4 (Q;s X), Irt g5 )(Y, Q7 )=Trr (Y, Q).

THEOREM V. For an R-order A of finite lattice type, the following are
equivalent:

(i) Every oriented cycle in A(A) passes through a lattice in G.
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(ii) A is subhereditary and A(¥(2)) has preprojective components. In
this case X~ has almost split sequences and A(X )= A(F(D)).

If A satisfies one of these equivalent conditions, we shall call A an almost
directed order.

Remark. The conditions (i) cannot be replaced by the condition that
every Auslander—Reiten orbit contains a projective A-lattice or an object
in G:

(1) This cannot be done just by combinatorial arguments, as the
following example of A. Wiedemann shows:

N
/

L)

L
~

1

Here [ ) denotes projective objects, ( ] injective objects, and (1) and (2)
have to be identified. Then every t-orbit contains a projective object, but
the conclusions of the theorem are false. On the other hand, rank-con-
siderations show that the above picture cannot arise as Auslander-Reiten
quiver of an order. (We point out that this example shows that some of the
fundamental properties of lattices cannot be detected from the purely
combinatorial structure of the Auslander—Reiten quiver.)

(

\V4

(2) Our computer has found an example of an order 4 such that every
t-orbit of A(A) contains a projective A-lattice, G=¢F, but 4 is not
subhereditary. This shows that (i) is necessary:

ExaMpPLE. The order
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has Auslander—Reiten quiver

[1] 2

(1] 2]/ \3/

NUNAN
4/ 5/ 6

N/

10 [11]

Modules having the same numbers have to be identified. This shows that
every t-orbit contains a projective lattice. But there is no vertex with only
projective successors and also A is not a subhereditary order.

Proof. (ii)= (i) is a consequence of Theorem IV. Thus it remains to
show (i) = (ii). This will be done in several steps.

Claim 1. Let ¢:Q — M be an epimorphism, where Qe G and M is a
A-lattice. Then ¢ is a split epimorphism. (This holds without any of the
above assumptions.)

Proof. There is no loss of generality if we assume M to be indecom-
posable. If Q; is an indecomposable direct summand of Q and ¢,=¢|,,
then ¢; is not a split monomorphism, unless it is also a split epimorphism.
If Q; is not an injective A-lattice ¢, factorizes via the almost split sequence

of Q;:
0— Q,—-> P— N—s0.
lw/l’:
M

But Im(c) is a direct summand of rad ,(P), for the projective A-lattice P.
Hence

Im(¢;) = rad ,(M).
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If Q, is an injective A-lattice, then the unique minimal overmodule Q;  of
0, is a projective A-lattice. However, ¢, is not a split monomorphism, and
hence we get a factorization

Since o is irreducible, Im(¢) is a direct summand of rad ,(P), and again we
conclude

Im(¢p,) = rad (M).
But then Im(¢,) = rad (M), a contradiction. This proves Claim 1. ||

Consequence. The A-lattices Q,, 1 <i<s are irreducible, for otherwise
they would have proper images.

Claim 2. G has kernels and cokernels of pure submodules. Every object
in G is split projective, moreover I'=End,(@:_,Q;) is a heredirary
order.

Proof. Llet Q,,0,eG and ¢eHom,(Q,, @,). Because of Claim 1,
Im(p) is a direct summand of @, and so

01~ Ker(¢)® Im(o),

and hence G has kernels. Since cokernels of pure submodules are again
A-lattices, G has cokernels of pure submodules by Claim 1. Again by
Claim 1, all objects in G are split projective. Finally G is equivalent to the
category of projective [-lattices, via a functor

G —% {proj. "modules},
where # =Hom ,(@3_, Q;, —).

In order to show that I’ is hereditary we must prove that rad(l") is
projective. So let

F(Q) —— rad(l)
9’(0\ l
F=%(Q,)

481/121/1-5
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be a projective cover for rad(I"). In G we have the situation
Q\\'———' Qo
Im(«).

Because of Claim 1, ¢ is a split emimorphism and Im(x)e G. For the
Imodules we then have the situation

Note that % (o) is a split emimorphism and so Im(# (7)) = rad(I"). Since
rad(/") and % (Im(«)) have the same R-rank, 4 must be an isomorphism.
This proves Claim 2. |

Claim 3. A is a subhereditary order with associated hereditary order I,
which is Morita-equivalent to I,

Proof. We define the A-module T to be the image of the evaluation
map

Q ®Endq0) Hom ,(Q, rad(A4)) — 4,
where 0=P;_, 0.

Remark. Up to this stage we have not yet used that A is of finite lattice
type; however, in the proof of Claim 3 we need it, but only to ensure that
KT is a faithful 4-module. Hence in the statement of the theorem, finite
lattice type can be replaced by the condition that KT is faithful.

For any indecomposable A-lattice M, the multiplication with a param-
eter = of R factorizes via objects in G, 4 being of finite representation type.
Thus KT is faithful and hence by construction KT = A.

Moreover, since for each Q; there exists a projective A-lattice P; with
Q.® X,=rad ,(P,), we conclude that

T~@® Q")  withn,>0.

i=1
We now define

I=(aed:a-T<T)=End,(T)> 4.
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This is then obviously Morita-equivalent to I* and whence hereditary by
Claim 2.

In order to show that A is subhereditary with associated hereditary order
I', we need to show that rad(I") c 4.

Since I is hereditary, every Q, has a unique minimal /-overlattice, Q.
Let 1;: Q; > @ be the natural injection. For any indecomposable A-lattice
M and any morphism

0:Q0,->M
which does not factor properly via an other I'-lattice, there exists—because
of the structure of 4(A)—an extension
0~ M- 0

such that ¢ -y =1,.
Let y: M — I'- M be the natural injection. Then we can complete the
following diagram commutatively:

Q’.——-ﬂ—>r-M

Q,»'T* M.

In fact, if Im(¢ - ) would be a direct summand of I'- M, then M would be
isomorphic to Q;, and the statement is clear. Put X =Im(8)+ Im(y)}—we
can identify Im(f) with Q7 as a submodule of I"- M.

Case 1. The map Q; — X induced by f is a split monomorphism with
inverse t: X — Q7. Then the map ¢ factors via § and the statement
follows.

Case2. The map Q; — X is not a split monomorphism. According to
our hypothesis, the almost split sequence

0— Q7 — P—17(Q7) — 0

has P projective and Im(y) = rad(P). By the universal property of almost
split sequences, we get a factorization

Qr —r

N4
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In particular, Im(f) < rad ,(X). Thus ¥: M — X— is induced by o—is
an epimorphism. But then i is the identity and ¥ factorizes via
o;: Q; = Q;, a contradiction to the hypothesis. Thus we get an extension

0, M5 Q.

Let ¢,;: Q,—» M, 1<j<m,;, be a set of generators for the image of the
evaluation

Q®End,,(Q) Hom ,(Q, M) - M.

Then Qo=3; ;Im(¢;) is the largest I-submodule of M, and by the above
remark we have an extension

Qo ML 05 withe -y =1,

where the composition : is the natural injection Q,— Q4. Obviously
Qo =I-M, and since I -M/Q, is semi-simple, we conclude
Qo=rad(I")- M. Hence rad({’)c A, and A is a subhereditary order. The
remainining statements of the theorem are now easily verified.

EPILOQUE

The almost directed orders seem to be the analogue for integral represen-
tations to the simply connected artinian algebras. Theorem V shows that
these give rise to simply connected socle-projective categories for %.
However, for 2 the I-lattices Q; (in ") become projective. If one wants
to copy some of the results from the artinian situation to subhereditary
orders, one has to develop a relative homological algebra for A-lattices
(4 is subhereditary for I"), where also the /™-lattices are made A-projective.
This will be done in a subsequent paper.
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