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1. INTRODUCTION AND NOTATION

A random ordinary differential equation is a differential equation

x2'(t, w) = f(t, x(1, w), w), x(a, w) = xo(w). ()

Here, x is a stochastic process, w € £ (a probability space) and x” is some sort
of derivative (sample path, mean square, etc.) of x. In this paper we prove
some existence and uniqueness theorems for (1) which have two distinct
advantages over earlier theorems—they give in the linear case practical
criteria ensuring the existence of solutions with a specified number of
moments, together with bounds on their rates of convergence.

There are some existence and uniqueness theorems in the literature,
especially for linear equations (see, for example, [1], [2}, and [3]). However,
if it is required that the solutions have (say) finite mean and variance or,
equivalently, that the derivative ’ in (1) be a mean square derivative, the
known results are very restrictive. For example, in the problem
*'(f, w) = A(w) %(t, w), (0, w) = x(w), where 4 is just a random variable,
these theorems apply only if 4 is essentially bounded. Thus, even Gaussian
coefficients are not allowed!

In fact, often solutions do not exist. As we shall see later, for example,
if A(w) = 0, ¥ = A(w) x, x(0) == 1 has a “mean square” solution on [0, 8]
if, and only if, the Laplace transform of A is analytic for {s| < 2b. If
#(0) = x,{w), then a mean square solution exists for all x, with finite moments
of all orders if, and only if, 4 is essentially bounded.

Because of the large numbers of derivatives one can use in stating (1)
precisely, a number of different existence problems can be stated. The next
section states and compares three of these. The third section contains the
basic existence and uniqueness theorems of the paper, which are essentially
generalizations of the Picard existence theorem to cover certain discontinuous
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operators. The paper concludes with an appendix summarizing the integration

theory used.
We conclude this section with some definitions and notation.
Rr is Euclidean # space with norm |[x| = sup |x;|. If A is an n X n

matrix, then | 4| = sup | Ax /| x [ (=sup; X | a5 |- See (4], p. 41).

(@, P)is a probability space with probability P. L( p, n) is the Banach space
formed from all from x: 2 — R” with finite p-th moments (p > 1) and
norm || x [j, = (£ | 2(w)|?)/?. (E = expectation operator).

I = [a, b] is an interval.

x: ] x 2 — R"is a stochastic process. It can also be thought of as a map
x:I—L(p,n) if || x(¢, )|, < oo. In this case we say x is L? differentiable
(W? pseudodifferentiable) if the difference quotient (x(t + &, w) — x(t, w))/h
converges in the norm (weak) topology on L( p, n). If almost all the sample
paths of x are differentiable, we say x is SP differentiable. (See A-4 in the
appendix for precise definitions.)

x is called SP integrable if for almost all its sample paths IZ | 2(2, w)| dt
exists and is finite. If, considered as a map I — L(p, n), x is Bochner (Pettis)
integrable, we say x is L?(w”) integrable. (See A-1 in the appendix.)

2. ProBLEM FORMULATIONS

Corresponding to each of the three types of derivatives just defined, we get
a different interpretation of the random differential Eq. (1). The precise
formulations given make each equivalent to a related integral equation.

SP PrROBLEM. f:I X R* X 22— R* and x,:82—>R" are given.
x 1 x 2 — R"is said to solve the SP problem on 1

(SP) x®'(t, w) = f(t, x(t, w), w), x(a, w) = x{w)

IFF for a.e. w € 2 the following conditions are satisfied: x(z, w) is absolutely
continuous (in ¢) on I, %(a, w) = xg(w), and dx(t, )/0t = f(t, x(t, w), w) for
almost all t e 1.

In what follows, if we write f: I X L(p, n) — L(p, n), we mean that for
eachte [ f(t, -) is defined on some subset of L(p, #), in general varying with 2.

W# ProBLEm. [:I X L(p,n)—L(p,n) and £,el(p,n) are given.
% : I — L(p, n) is said to solve the w? problem on

@?) £() =f(t41),  4a) =%
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IFF £ is L( p, n) absolutely continuous (see A.2 in the appendix), £(a) = £, , £(?)
is in the domain of f(¢, -) for a.e. t € I, and f(¢, #(2)) is the L( p, n) pseudo-
derivative of £ on I.

L» ProBLEM. f: 1 x L(p,n) —>L(p,n) and #£,€L(p,n) are given.
£:1—L(p,n) is said to solve the L? problem on [/

2

(L) 0 =fL ), Ha) =

15F £ is L( p, n) strongly absolutely continuous, &(¢) is in the domain of f(¢, -)
for a.e. t €1, and f(t, #(2)) is the L( p, n) derivative of £ on I.

THEOREM 1. (a) x:1 X 2> R" solves the SP problem 1FF for a.c.
w e Q, x(t, w) = xo(w) + (SP) [, f(5, *(s, ), w) ds for all t  I.
(b) £:1-—L(p, n) solves the w? problem IFF

pt,
(1) = & -+ (wP) J (s, %(s)) ds forall zel.
(c) X :1—L(p,n) solves the L? problem IFF

#(1) = £, + (L?) "t f(s, &(s))ds  forall tel

Proof. (a) is very well-known, and (b) and (c) are characterizations of the
different integrals. See A.5. Q.E.D.

DeriniTioN 2. If x : £2 — R™ has a finite p-th absolute moment, we denote
by & its equivalence class in L( p, #), and we say that £ and x are equivalent.

If f: 1 x R* x 2 —~ R~ then by f: I x L(p, n)—L(p, n) we mean the
function defined by f(z, £) = f(t, (w), w)". We say f and f are equivalent.

We now give a complete solution to the problem of interrelationships
between the various problems, based on the interrelationships between the
different integrals developed in the appendix.

THEOREM 3. We assume throughout that f and f, and x, and %, appearing in
the different problems are related as follows: f and f are equivalent, x, and %, are
equivalent. If x : I X 2 — R"is product integrable and has absolutely continuous
sample paths, then f(t, x(t, w), w) is product measurable.

(2) If &:1—L(p,n) solves the L? problem, there exists an equivalent
x: I X > R", product measurable, solving the SP problem. Conversely, if x
solves the SP problem, the equivalent % solves the L¥ problem if, and only if,

[21LF (s %ty @), @)y dt < o0
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(b) If & : I — L(p, n) solves the W? problem and there exists an equivalent
product integrable x : I X 2 — R" then x solves the SP problem. Conversely,
if x solves the SP problem and p > 1, then the equivalent £ solves the W problem
158 x*( f (1, #(t))) is integrable for each x* € (L(p, n))*.

(c) If £ solves the L? problem it always also solves the W? problem. If %
solves the W? problem it solves the LP problem 1vF f £, 2@, dt < oo and
f(t, %@2)) is almost separably valued ([7], p. 72).

Proof. All these results follow from the relationships between integrals
given in A.6. We prove (a), for example.

Assume £ solves the L? problem. Then there exists a product integrable
yIx Q>R equwalent to f(t,£(t)) by Theorem A6 (a). Define
w(t, w) = x{w) + (SP) fa (s, w) ds. This x is easily seen to be the equivalent
SP solution. The converse follows from A.6 (c). Q.E.D.

COROLLARY 4, Under the same assumption about f, f, x, , and %, , if the SP
problem has at most one solution, then the L? problem also has at most one
solution.

3. ExisTeENCE THEOREMS FOR THE LP PROBLEM

Most existence theorems for random differential equations which have
appeared in the literature are variants on the following result, which is an
easy generalization of Picard’s classical proof of the convergence of the
successive iterates.

Taeorem S. If f: 1 X L{p, n) — L p, n) satisfies
£t %) —f(t, ), <A@ 12~y 15,

b . . .
where [, k(t) dt < oo, then there exists a unique solution to the L* problem for
any initial condition.

Unfortunately, this theorem has very limited applicability even in the
linear case, as the following example shows:

ExampLE. Consider the L? problem &' = A(w) » where A(w) is a random
variable. This equation has a unique SP solution x(t, w) = xy(w) et} for
initial condition x(0) =x, . Since each L? solution is also an SP solution, £(¢)
is the only possible L? solution. However, £(t) € L? for all x, € L? 1FF 4(w) < K
almost surely. To see this, let T(w) == €4 for some fixed ¢ € I. The map
Xy — Ty in L? is easily seen to be closed. But if one sets x, = T7/| T*||,,
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then || Tx,||/|] 1| = || T"*1|}/|| T*|| is bounded 1FF T is bounded. By the
closed graph theorem, therefore, £(¢) ¢ L? for any 7 for some initial conditions
xy€LP, if A is not bounded on the right.

The rest of this section is devoted to trying to rescue the essential element
of the Picard theorem—the convergence of the successive iterates—even
though the operator not only does not satisfy a norm Lipschitz condition but
is not even L(p,n) continuous. T'wo basic methods are used. The first
(Lemma 6 and its consequences) is based on a sample path Lipschitz
condition. The second (Theorem 9) gives somewhat sharper results for linear
systems but does not give equally simple existence criteria. The proof of
Theorem 9 is contructive and may be used to compute the moments of the
solution and to find rates of convergence to the moments (see Corollary 11).

LevmMa 6. Let f:1 X R*— R* and x,: 82— R" satisfy the following
conditions:

(a) If x : I X 2 — R"is product measurable and absolutely continuous in its
Jirst variable almost surely, then f(t, x(t, ), ) is product measurable.

(b) x4 L(p, n).
(c) |f(2, xy(w), w)] 25 L? integrable on 1.
(d) There is a product measurable k : R X 2 — R, such that for all x, y € R"

[f(t, % 0) — [, 9, )] <Kt w)|x—y]

almost surely, and such that f; k(t, w) dt << co almost surely.
Then if, in addition, the linear homogeneous L? problem

f'(t, w) = k(t, w) f(t, a))

b @)
Ea, ) = [ 1£(s wfw), o)l ds
has an L? solution on [a, b, then the L problem
X't w) = f(1, 2(t, w), w)
A3)

x(a, w) = xo(‘“)

has a unique solution x(t, w) on [a, b].

Proof. Let £(t, w) and x(#, w) be the SP solutions of (2) and (3),
respectively. Then ¢ (or more precisely, £&—see Definition 2) is the unique L?
solution of (2).
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First, we briefly study (2). Let L(w) = fa | f (s x{w), w)| ds, and define
iteratively  &(t, w) = 0, §&,.4(f, ) = L{w) +j k(s, w) €,(s, w) ds. 'This
sequence has the following properties:

(1) £.(t, w) is a nondecreasing function of 7.
(i) £ty @) = 1 -+ Tiy 1it (f k(s, o) ds) L(w)
(i)  £,(¢, w) 71 &(t, ) [the solution of (2)] uniformly in ¢ a.s., uniformly
in L?, and in the L? integral sense (i.e., ja €, w) — &,(¢, w)|, dt —0.)

(i) & =0.

(v) &/(t,w) 7 E(t, w)as., iIn L? norm, and in the L? integral sense.

Now define x(t, w) = xo{w),

13
Xpia(t, ) = xo f £, x5, ), w) ds.

By the Picard theorem applied to sample paths, x,,; — & uniformly in ¢ for
a.e. w. Note that

it ) — 3t @) = [R5, ) 2305, ) — %o, )] .

Since
| %y(f, @) — %9 | < L(w) = | (1, w) — &olt, o)
and
vty @) — &t )] = [ R, @)(Els, @) — Eumals, ) di,
it is easy to induce that
I xn+1(t’ w) - xn(t; w)l < gn—Ll(t, w) _ fn(ty (1)).
Also,
l x';b+1(ta w) - xn’(t: w)‘ < k(t9 w)(gn—l(ta w) - ‘fn—l(t: w))
< f;n+1(ts w) - f’ﬂ,(tﬂ w)‘

Therefore, by (iii) and (v) x,, — x and x,” — »" uniformly in #, a.s., uniformly
in L?, and in the L(p, #) integral sense. We now show that x is the desired
solution. If f(z, x(t, w), w) were L(p, n) integrable,

j[ (1, w) — xo — (LV) f t FGs, %(5, ), w) ds ”,,
g H x(t’ w) - xn+1(t5 ‘“)“P

[ttt ) = = @) [ flo o0, )|

@) [ 163 0 @)~ 16,565, 0), @)l s
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We know the first two terms on the right go to zero. We now show
simultaneously the L(p, #) integrability of f (£, x(f, »), ) and the convergence
to zero of the third term. Since f(¢, x(f, w), w) is product measurable
[Assumption (a)], by A.6 we need only show

f "t 2, @), @), dt < o
Hf(ta x(t’ w)7 w) —f(ta xk(t’ w)9 w)“p

o

< X st o) — £ ) |

<] 3 K oXEn(t o)~ Gt o) |
< w) — & w)l,
Also,
£t 5t ).l < 1 ) )
3 10t ) ~ 5 |

< jlf(ta xo(w), w)Hp +1l fk/(i, ‘“) - fll(t9 ‘“)Hz)
< f(@, %o(w), w)lly + 1l €2, @), -

Thus, || f(t, ¥:(t, ), w)fl,, is bounded by an integrable function. Applying the

generalized dominated convergence theorem completes the existence proof.
Uniqueness follows from Corollary 4, since the SP problem satisfies a

Lipschitz condition and, hence, has only one solution. Q.E.D.

We now apply the lemma to linear systems to get two explicit existence
criteria. While the criteria do not always give the best result, each is sharp in
the sense that counterexamples exist if any condition is relaxed.

CoRrOLLARY 7. Consider the linear L? problem
() = AW () + P, (@) = x,, (4)
where A is an n X n matrix, and P and x, n vectors, of integrable processes. Let
k(t, w) = | A2, w)|.
Suppose A(t), P(s), and x, are zndependent forall a < s, t < b.
Define L(s, t) = E(es*®.«)), Then if _[ L, t)dt < o0, theLp problem (2) has
a (unique) solution on [a, b] if p << 5/b — a.
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Proof. Using the independence assumptions, it is easily seen that
Lemma 6 can be applied if we can show that

JJ; ‘( k(t, ) JZ k(s, w) ds exp (J: k(s, ) ds)Hp dt << (5)

if p <s/(b — a), for then the SP solution of (4) will have an L? integrable
derivative.
For any € > 0, the integral in (5) is bounded by

J 1 Voeane] [ Mswras) exp [ ks w)ds]

ip(ite) /2e

p(1+e)

b i b : b )
< f i k(t’ w)“p(1+e) joe dt H{ €xp f k(S, w) ds \‘ f I k(t’ w)“ﬂ(1+e)/2s dt.
a I a Ip(1+e) Y a

We show these three terms are all finite. Since L(s, t) is a moment—generatmg
function of k(t, w), if f L(s, t) dt < oo for any positive s,f | A(s, wll}, ds << o
for any r <C oo. Hence, the first and third terms are finite. For the second
term, we apply an inequality due to R. Edsinger [5] to show that

}} exp ( f b k(s, w) ds)}}

lp(1+e)

< _.i_.a f:{[ exp(b — a) A(s, w)|lpa4g 5

<5 E(exp((b — a)(1 + €) pk(s, w)) ds + exp(b — a)

< b—i_; fiL(p(l + €)(b — a), s) ds + exp(b — a)

and, picking ¢ > 0 small enough, we have p(1 4 €) < 5/{(b — a), as desired.
Hence, all the integrals are finite and we are done, Q.E.D.

CoroLLARY 8. Consider the same L? problem

®(t) = A@) x(t) - P(),  x(a) = x,, @

where A is an n X n matrix, and P and x, are n vectors of integrable processes.
Let A(t, w) = (a,(t, w)).

Assume that all the processes a;i(t) are mutually independent, and assume also
that A(t), P(s), and x, are independent.

Define L, (s, t) = E(e*%t»)). Then
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(i) If for some 5 > 0 and each (i, j)
4 b
f L, f)dt < oo  and j Li(—3,0) dt < co,

the L® problem (2) has a solution if p < 5/n%(b — a)).
(i) If for some 5 > O and each (1, j)

b b
f Li¥s, t)dt < oo and Li(—s, 1) dt < o

the L? problem has a solution if p < 5/(b — a).
In both cases the solution is necessarily unique.

Proof. Let k(t, w) = | A(¢t, w)| and L(s, t) == Ees*t.«), Then

Ktw) < Y [aglt, o).

2,j=1

But since the a,; are independent, if s > 0, then

L(S, t) < H E(esla”(t,w)])‘
ii=1

Since eslentt-w  gsaittw) 1 g=sailt.w) - Fesicit)l) js L7 integrable on
[a, b] if the same is true for e3%i(%.») and e~*%!¢-<), Elementary estimates using
the Holder inequality then show we can apply the preceding theorem. Q.E.D.

If A(t) has some special form, one can often get better estimates. For
example, if 4(¢, w) is the matrix arising from an #n-th degree linear equation,
then all the #? in the previous corollary can be replaced by »n.

If all the Laplace transforms L,(s, f) in the preceding corollary are every-
where defined (as functions of s) and are locally L* functions of ¢, then the
equation has an L? solution on the whole interval being considered for all p
for which P(s) is LP-integrable. Hence, the following example is true.

ExamPLE. Suppose x,, A(f) and P() are as in the preceding corollary.
Suppose further that the coefficients of A(¢) and P(t) are normally distributed
with means and variances which are bounded on [g, 5]. Then

K = A(t) x(t) + P(2), x(0) = x,

has a unique L? solution for all p on [a, b].

We remark that it is possible to use the methods of proof of Lemma 6 to
bound || x(¢) — x,()ll, by {| &) — £.(2)l, and, hence, get error estimates for
the convergence of moments of the solution. For linear systems the estimates
arising from the next theorem are slightly better.
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THaeoREM 9. Let A(t) be an n X n matrix of L” integrable processes. Let
P : I— L(p, n) be L? integrable, and let x, € L(p, n). Then the L? problem

S(0) = AW =) + PEW),  x(a) = % @

has a (necessarily unique) solution on I if

@ T |7 16 A - A Pal s - dse < o0

o bas Sz
® ¥ f f j 1 A(sy) +++ As) gl dy -+ dsy, < 0.

Proof. Define the iterates
xo(2) = x, (the initial condition) ©
¢ ¢
Smial) = 0+ (L7) | A(s) wals) ds +(L7) [ P(s) ds.

The iterates obviously exist and converge uniformly in the L(p, #) norm to
some process x(#). In fact, x,,, has the explicit representation

m t Sk Sa
() = x, + A 4 dsy ++ ds,,
wnlt) = %o+ X [ [ e [ A - Al wodsy - ds

+ ;:é ft f fZ2A(sk) e A(sy) P(sp) dsy - ds, (7)

The desired convergence then follows from the assumptions and
Theorem A.7.
To complete the proof, we must show

x(t) = x, + f t A(s) x(s) ds + f t P(s) ds.

We first show that A(s) x(s) is L(p, n) integrable. x(¢) is clearly L(p, n) norm
continuous and, hence, (since it is then L? integrable) there is an equivalent
product measurable process. Hence, if jz It A(s) x(s)|l, ds << oo, then A(s) x(s)
is L(p, n) integrable. But since A(s) x,,(s) is easily seen to be L? integrable and
since

Il-A(s) 2y <1 AE)F() — XNy + | A(S) %N 5
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we need only show fZ | A@)(x(s) — (Nl < 00 for some m. But by
assumption,

f TAG)(S) — o))y ds

£ IR 59
= 2 J [ h ( I A(s) o Alsr) %9 |1y dsy ++ dsy
E=mi1vea Ya
@< b sy s
=X e Al Al Pl dsy - ds < K
k=m+1 "% ¢ 14 a

ull)qiforrnly for some K. Observe also that this inequality also shows
Jo Il A(s)(x(s) — x4($))ll, ds — 0. Hence, we may apply the bounded
convergence theorem for Bochner integrals to conclude, in addition,

lim i] @) | t A(s) x(s) ds — (L) ’t A(s) 2 (s) ds 'L ~0.
But
H x(t) — % — (L) | t A x(5) ds — (L) | t P(s) ds 1

Ip

X ia(t) — %9 — f t A(s) x(s) ds — f P(s) ds

[
[
i

<11 3(0) = S + |

»

“lan [ s a - [ 1050 b|

and all the terms on the right go to zero. Hence, x is the desired solution.
Uniqueness follows from Corollary 4. Q.E.D.

CoroLLArY 10. Let A, P, and x, be as in the theorem. If x, and P are
independent of A, then conditions (a) and (b) may be replaced by the single
condition

b
a

() z N

[ 1 AGs) - Al dsy - dsy < oo,

We note in passing that the iterates defined in Eq. (7) can be used to
compute the moments of the solution. The method is summarized in the
following corollary.

COROLLARY 11. Let x(t) = (x'(2),..., x*(f)} solve (2) and let the m-th
iterate [defined in (6)] be %, (1) = (%,,X(2),....%,"(2))-
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Let
M(t, iy b, 5 8y ey 1) = E(x"(2) - (1))

Mty yeeer 8,3 8y ey ) = E(&i(2)  &07(2)

s

R,(f) = fjjfmﬁwmmmmmmwa

S L
1 Ase) + Alse) mply) dsy -+ de .
Thenifr <Pandt,, ty,..,t, areinl,
(@) Mty ta sty 5 iy yeens 0) — Moy ey 5 2y 4oy )]

< (B i R(t) < (Ry(®))* rR,(b)

(b) An explicit expression for the r-th moments of x,,(¢) can be obtained from
Eq. (7) by taking the explicit representations of x'(t,),..., x%(t,), multiplying
them together, and taking expectations.

(c) If P and x, are independent of A(t), then for r < p the r-th moments of x,,
depend only on the first r moments of P(t) and x, and on the first rm moments of
the components of A(t). The r-th moments of x(t) depend on the first r moments
of x4 and P(t) and all moments of A(t).

Proof. (a) follows from the inequality, valid for any set of random variables
B,,.,B,and C,,..., C,,

| E(ByB, -+ B,) — E(C,Cy -+ C,)

< 2Byl Il Bica Ul By — Cillp | Craa e - 1 Gl -
k=1

The other assertions follow from examining (7). In (b) one must remember
that time and expectation integrals can be interchanged because the time
integrals are L( p, n) integrals. Q.E.D.

As an example of an application of this theory we consider the linear L?
problem with constant coefficients.

x'(t, w) = A(w) x(t, w) + P(t, o), x(a, w) = xolw), )
where A = (a;{(w)) is an 7 X n matrix of random variables with finite

moments, P : I — L(p, n) is L(p, n) integrable, and x, € L(p, n).

Tugorem 2. In the linear L¥ problem (8), suppose x, and P(t) are
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independent of A. Then if the Laplace transforms L(s) = E(es%(<) are
analytic for | s | << R, then there exists a (unique) L” solution of (5) on the interval
[t —a} << Rinp.

Proof. Because the proof is quite lengthy and the result is only slightly
better than an application of Corollary 7, we only sketch the proof, which 1s
detailed in [6], p. 53-60.

Applying Corollary 10 we see we need to show

oAl
Zl*'—’ﬁ—'gt < 00,

i.e., we need to bound the growth rate of || A7 ||, . Estimates reduce this to
estimating the growth rate of the moments of the a;,{w). But since the
transforms L;{s) are essentially moment-generating functions, standard tests
for the radius of convergence of a power series give just the desired bound.
Q.E.D.
It is easy to construct examples of linear equations where Theorem 9 gives
better results than does Lemma 7. For example, consider

w0 o 0

where a; is independent of x; but x,a, ¢ L?. Then if x;, € L? and a; has an
analytic characteristic function, Theorem 9 but not Lemma 7 applies.
However, Lemma 7 and its corollaries do seem to cover all important linear
systems.

We now give two examples showing that in some cases at least Theorem 12
(and, hence, Theorem 9) are the best possible. We remark that no examples
where Theorem 9 does not give the best possible result are known.

Exampre 1. Consider &'(f, w) = A(w) x(¢, w), %(0, w) = x4(w), where
A(w) = 0 is a positive random variable independent of x, and where x, e L?.
The SP solution (and, hence, by Theorem 3(a) the only possible L? solution)
is ®(t, ) = xy(w) exp(tA(w)). x(¢, w) is in L? 1FF || A*||, t*/n! converges. This
in turn is true IFF | ¢ | < R[p, where R is the radius of convergence of
E(exp(s4(w))). This is just as Theorem 12 predicts.

For example, if A(w) is exponentially distributed with density ¢=2, then
R =1 and in this case an L? solution exists on precisely [0, 1/p].

Exampre 2. Consider #'(f, w) = A(w) x(t, w), %(0, w) = x(w) where
now A(w) = (a{w)) is an # X n matrix all of whose elements are the same
positive random variable a(w). If x, € L{p, n) is independent of a(w), it is easy
to see that an L? solution exists precisely if | # | <C R/np where R is the radius
of convergence of E(exp(sa(w))).
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APPENDIX. INTEGRATION THEORY

Throughout this appendix, I = [a, b] is some finite interval, x maps
R x 2 — R*, and £ : R — L(p, n) 1s equivalent to x (see Definition 2). Bisa

Banach space.
All undefined terms are defined in {7], Chap. 3.

DerFinrTiON A-1. (a) The sample path integral (or “SP integral”),
written (SP) [ (¢, w) dt, is just the Lebesque integral of the sample paths
obtained by fixing w. x is said to be SP integrable if this integral exists almost
surely.

(b) TheL? integral of £ is the Bochner integral of £ : I — L(p, n), if it exists.
It is denoted (LP) [ &(t) dt. (See [7], p. 79.)

(¢) The W? integral of & 11— L(p,n) is the Pettis integral of x. It is
denoted (w?) [ &(¢) dt. ([7], p. 77.)

Toeorem A-2. (a) x is SP integrable on I 1FF almost every sample path is
Lebesque integrable.

(b) £ is L” integrable on I 1¥F it is strongly measurable (in the L(p, n) norm
topology—{T}, p. 72) and [, || &(2)l, dt < oo.

Proof. See [7], p. 78, 80.

DerFiNtTION A-3. £:1— L(p, n) is said to be

(a) absolutely continuous if for each € > 0 there exists a § > 0 such that for
intervals (al ’ bl)v-’) (an ’ bn) if Z ‘ bz — 4; i <38 “ Z('x(bl) - x(al))H <e
(b) Strongly absolutely continuous if, in addition, ¥ || x(d;) — x(a))l| < e.

DerFINITION A-4. (a) y:I X 2—R* is the SP Derivative of
x:] x 2 R* 1FF almost all paths of x are absolutely continuous and
dx/01(t, w) = y(t, w) almost surely along almost every sample path.

(b) 7 : I — L(p, n) is the L? derivative of £ 17 for a.e. ¢
lim |I(#(z -+ &) — £@))/h — $(), = 0.

(c) 3 : I—L(p, n)is the W pseudoderivative of £ 1¥F for all x* € (L(p, n))*,
the dual space of L(p,n), x*(%(t)) is differentiable almost surely, with
derivative x*( 3(t)).

THEOREM A-5. (a) #(2) = #(a) + (w?) j; 3(s) ds 1¥F $ is the W? pseudo-
dertvative of £, § is WP integrable, and £ is absolutely continuous.
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(b) () = #(a) + (L?) Li J(s) ds 1FF % is strongly absolutely continuous and
almost surely LP differentiable with L? derivative 3.

Proof. (a) follows from [1], p. 132 and [7], p. 78.
(b) follows from [7], p. 83-88 and [1], p. 132.

TraeoREM A-6. (a) If y:1—L(p,n) is L integrable, then there exists
y:I x 2~ R" equivalent to 3, product integrable so that for each t in
I(L?) [+ 5(s) ds and (SP) [, (s, w) ds are equizvalent.

(b) If ¥ : I — L(p, n) is W? integrable and there exists an equivalent product
integrable y : I x Q2 — R*, then (W7?) f: (s)ds and (SP) |, Z y(s, w) ds are
equivalent.

(c) If y : I X - R" is product measurable and f: | ¥(t, )i, dt << o, then
the equivalent § : I — L(p, n) is L? integrable.

Proof. (a) follows from [8], p. 196-199,
(b) is proved in [6], p. 16,
(c) is proved by R. Edsinger in ([5], p. 8).

THeEOREM A-7. If %, :1—L(p, n) and x : 1 — L(p, n) are integrable, if
Jor each € > O the measure of {t : || x,(t) — x(t)ll, > €} — 0, and if there is an
integrable f (t) such that || x,(t)]l, < f(2), then lim,_,(L?) | L xn(s) ds = fz x(s) ds
Jortel

Proof. [7], p. 83.
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