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Abstract

We describe classes of prime ideals in ultraproducts of commutative rings. We consider
ticular prime ideals in ultraproducts of Noetherian rings, Krull domains, finite character ring
QR-domains.
 2004 Elsevier Inc. All rights reserved.

Introduction

If {Ri : i ∈ I } is a collection of commutative rings, then the ultraproductR∗ = ∏
U Ri

preserves many properties of its component ringsRi . More precisely, by a theorem of Ło
a first-order sentence in the language of commutative rings is satisfied byR∗ if and only if
it is satisfied by “almost all” of theRi [1, Theorem 4.1.9, p. 216]. Thus ultraproducts
of importance in understanding the first-order theory of a given class of rings, and
are a number of applications of model-theoretic algebra (e.g., to the existence of v
bounds in commutative algebra) which use the ultraproduct construction in a fundam
way. Some interesting instances of this technique can be found in [18–20] and [21].
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Many important ideal-theoretic properties cannot be expressed as first-order sen
and fail to be preserved by ultraproducts. In particular, except in some very special
an ultraproduct of Noetherian rings is non-Noetherian, has infinite Krull dimension
very complicated prime spectrum. Yet it is of interest in applications to understand
products of Noetherian rings. For example recent articles by H. Schoutens [19–21] r
ultraproducts of Noetherian rings as a means of transferring characteristicp > 0 devices
such as tight closure to affineC-domains.

In the article [16] we consider the relationship between a Noetherian domain, its
pletion, valuations and ultrapowers. In the present article we focus on describing
ideals in ultraproducts of several classes of rings, including those rings that are Noet
In Section 3 we describe all the maximal ideals in ultraproducts of finite character
or QR-domains, and postpone till Section 5 a description of all the maximal ideals
ultraproduct ofd-dimensional Noetherian rings (see Corollary 5.6).

In Section 4 we describe the maximal prime divisors of any induced ideal (de
below) in an ultraproduct of a class of rings large enough to include Noetherian ring
QR-domains.

In general, nonzero ideals of an ultraproduct of rings have infinite height, but b
troducing in Section 5 a notion of “ultra-height” for ideals of ultraproducts, we are
to partition and examine the set of prime ideals of finite ultra-height in an ultraprodu
rings from a class that includes the rings having a Noetherian prime spectrum. Whend � 0
andR∗ is an ultraproduct of rings all having dimension bounded above byd , then every
prime ideal ofR∗ has finite ultra-height. Moreover, we show in Theorem 5.4 that e
prime ideal of ultra-heightn is contained in a prime ideal that is unique among ideals
are maximal with respect to having ultra-heightn.

In Section 6 we consider chains of prime ideals in an ultraproduct and in Section
use these results to describe in Corollary 7.5 all the prime ideals of ultra-height one
ultraproduct of Krull domains. Hence we recover in more generality results from [11
which prime ideals in an ultrapower of the ring of integers are described, and [2], w
considers ultraproducts of Dedekind domains. We note also in Remark 7.4 how on
combine our results here with those of [16] to obtain a description of all the prime i
in an ultrapower of a one-dimensional Noetherian domain having module-finite in
closure.

Our approach throughout this article turns on the basic problem: IfR is a ring andS
is a union of a collectionP of prime ideals ofR, what are the prime ideals ofR that
are maximal among ideals inS; equivalently, what are the maximal ideals of the ringR

localized atR \ S? In Section 2 we examine a general setting in which this problem
be solved. This setting is large enough to encompass the ultraproducts we cons
later sections. We phrase this setting in terms of lattices of Zariski closed subsets
spaces of prime ideals, and we show in Theorem 2.9 that maximal filters on this
correspond to prime ideals maximal in the unionS of prime ideals. We deduce from th
in Theorem 2.10 a characterization of when every maximal ideal of a ring can b
scribed using filters on a certain lattice of closed subsets of a given collection of
ideals.
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1. Notation and preliminaries

In this section we discuss notation, lattices and the ultraproduct construction. All
considered in this paper are commutative and have an identity. Some of our later res
phrased in terms of lattices. As usual, we write∧ and∨ for the join and meet of a lattice
All the lattices we consider will be sublattices consisting of certain subsets of a give
Hence all our lattices are distributive with meet∩ and join∪, and in all cases that w
consider these lattices will contain a least element, namely the empty setφ. However the
lattices we consider often will not have a top element.

1.1. Filters on lattices

If L is a lattice with least elementφ, then a nonempty subsetF ⊆ L is afilter onL if
for all V,W ∈ L we have:

(i) V ∧ W ∈F , if both V ∈F andW ∈ F ;
(ii) if V ∈F andV � W , thenW ∈ F .

A filter F on L is proper if it is properly contained inL, and the proper filterF is a
maximal filterif the only filter that contains it isL. By Zorn’s Lemma, every proper filte
of a latticeL with least element extends to a maximal filter onL.

1.2. Ultrafilters

Throughout the paperI will stand for a fixed index set. IfL is the collection of all
subsets ofI , then anultrafilter on I is a maximal filter on the latticeL; equivalently,U is
an ultrafilter onI if and only if for all A ⊆ I , eitherA ∈ U or I \ A ∈ U . It is not hard to
see that if an ultrafilterU contains a finite set, then it contains a singleton set, say{i}, and
i is an element of every element ofU . In this case we sayU is aprincipal ultrafilter. An
ultrafilter that is not principal is called afreeultrafilter.

1.3. Ultraproducts and ultrapowers

Let {Ri}i∈I be a collection of rings indexed by a setI . If U is an ultrafilter onI , then
we writeR∗ = ∏

U Ri for theultraproductof theRi ’s with respect to the ultrafilterU . An
element of

∏
U Ri is an equivalence class of elements of

∏
i∈I Ri defined by:

(ai)i∈I ∼ (bi)i∈I ⇔ {i ∈ I : ai = bi} ∈ U .

By an abuse of notation we denote by(ai) the element ofR∗ determined by the equivalenc
class of(ai). Since we only consider ultraproducts (with a brief exception in De
tion 6.1), this should not cause any confusion. In the case that there is a ringR such that
for all i ∈ I , Ri = R, thenR∗ is theultrapowerof R.
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1.4. Properties that hold forU -manyi

Given a collection{Xi}i∈I of setsXi indexed byI and an ultrafilterU on I , we say that
a propertyP holds forU -manyi if the set of alli such thatXi satisfiesP is an elemen
of U .

1.5. Induced ideals of ultraproducts

Let {Ri} be a collection of rings indexed by a setI , and letU be an ultrafilter onI .
ThenR∗, as a homomorphic image of a product of commutative rings, is a commu
ring. If for eachi, Si is a subset ofRi , then we write(Si) for the subset ofR∗ consisting of
elements of the form(si), si ∈ Si . An idealA of R∗ is inducedif A = (Ai) for some sub-
setsAi of R. Observe thatA = (Ai) is an induced ideal ofR∗ if and only if for U -manyi,
Ai is an ideal ofRi . More information on induced ideals can be found in [15]. It is ea
checked, using properties of ultrafilters, that an induced idealP = (Pi) of R∗ is prime
(respectively maximal) if and only if forU -manyi, Pi is a prime (respectively maxima
ideal ofRi . ThusR∗ is a domain if and only if forU -manyi, Ri is a domain.

2. Prime ideals and maximal filters

In this section we introduce a general framework for describing prime ideals a
from certain lattices of closed sets of subspaces of Spec(R), whereR is a commutative ring
In the following sections we apply this construction to the case whereR is an ultraproduc
of rings.

Definition 2.1. Let P be a set of prime ideals of a ringR. For A an ideal ofR andV a
nonempty subset ofP , we define

VP (A) = {P ∈P: A ⊆ P },
J(V ) =

⋂
P∈V

P,

S(V ) =
⋃
P∈V

P.

If V is an empty set, we defineJ(V ) = S(V ) = R.

Let V be a nonempty collection of prime ideals of a ringR. SinceS(V ) is a union
of prime ideals, it follows thatR \ S(V ) is a multiplicatively closed set. Thus there
a one-to-one correspondence between the prime ideals ofR that are maximal inS(V )

and the maximal ideals in the ringR localized atR \ S(V ). Moreover by Zorn’s Lemma
the set of ideals ofR contained inS(V ) contains maximal members and these ideals
necessarily prime. In Theorem 2.9 we show that when the prime ideals inS(V ) satisfy a
prime avoidance property with respect to finitely generated ideals, then the prime
maximal inS(V ) can be classified using ideals such as in (i) of the following definitio
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Definition 2.2. LetP ⊆ Spec(R), and letL be a sublattice of the latticeL(P) of all subsets
of P .

(i) If F a proper filter onL, then

(F) :=
⋃

V ∈F
J(V ).

(ii) If Q is a prime ideal ofR, then

F(Q) := {
V ∈ L: J(V ) ⊆ Q

}
.

A priori F(Q) is merely a subset (possibly empty) ofL. We will show in Theorem 2.9
that under certain circumstances it is a maximal filter onL. On the other hand(F) is
always at least a radical ideal ofR. For leta, b ∈ (F ). ThenVP (a)∩ VP (b) ⊆ VP (a + b).
Clearly, sinceF is a filter,VP (a) ∩ VP (b) contains an element ofF . ThusF is closed
under addition. Since(F) is a union of radical ideals, this is sufficient to show that(F) is
a radical ideal. With an additional assumption onL we will show in Lemma 2.7 that(F)

is a prime ideal.
If P is a collection of prime ideals of a ringR, thenP can be viewed as a topologic

subspace of Spec(R) (with the Zariski topology) under the subspace topology. A clo
subsetV of P is a set of the formVP (A), whereA is an ideal ofR. ThusV is closed inP
if and only if VP (J(V )) = V .

We distinguish in the following definition three classes of sublattices of the lattic
closed subsets of a collectionP of prime ideals.

Definition 2.3. Let P ⊆ Spec(R), and letL be a sublattice of the lattice of closed subs
of P .

(i) L is weakly saturatedif for eachV ∈ L and subsetW of V,W ∈ L if and only if
W = VV (A) for some finitely generated idealA of R.

(ii) L is saturatedif L is weakly saturated and for eachV ∈ L and finitely generated idea
A of R with VV (A) = φ, there existsa ∈ A such thatVV (a) = φ.

(iii) L is strongly saturatedif L is weakly saturated and for eachV ∈ L and finitely gen-
erated idealA of R, VV (A) = VV (a) for somea ∈ A.

Remark 2.4. The saturated property (ii) is equivalent to a prime avoidance conditio
the elements of a weakly saturated latticeL. NamelyL is saturated if and only if given
anyV ∈ L and finitely generated idealA of R such thatA ⊆ S(V ), thenA ⊆ P for some
P ∈ V . This is just the contrapositive of the statement in (ii). To see this note tha
statementVV (a) 
= φ for all a ∈ A is equivalent toA ⊆ S(V ). Thus suppose that for som
V ∈ L there is a finitely generated idealA ⊆ S(V ). Hence by (ii),VV (A) 
= ∅ and so
A ⊆ P for someP ∈ V .
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One of our motivating examples of a weakly saturated lattice is that of the “basis la
for a collection of prime ideals:

Definition 2.5. If P ⊆ Spec(R), then thebasis latticeof P is the latticeL of subsets of
P whose members are of the formVP (A), whereA is a product of finitely many nonzer
finitely generated ideals ofR. In the latticeL meet is defined by∩ and join is defined by∪.
Note thatVP (A) ∩ VP (B) = VP (A + B) andVP (A) ∪ VP (B) = VP (AB).

That a basis latticeL for a collectionP of prime ideals is weakly saturated is a co
sequence of the relevant definitions. It is important for the application of these notio
later sections to note thatVP (0) (= P) need not be in the basis lattice ofP . Indeed,P is
a member of the basis lattice ofP if and only if there exists a productA = A1 · · ·An of
finitely many finitely generatednonzeroidealsAi of R such thatA is contained in every
prime ideal inP . Thus it can only happen thatP is not a member of the basis lattice ofP
if R is a domain. For ifR contains zero-divisors, then necessarily 0 is a product of non
finitely generated ideals, so thatP = VP (0) is in the basis lattice ofP .

Example 2.6. We mention here for later reference three examples.
(i) Let L be a weakly saturated lattice on a set of incomparable prime idealsP such

that for allV ∈ L, V is a finite set. (Such examples are encountered later in Theorem
Remark 3.6(i) and Remark 4.4(i).) IfA is any ideal ofR andV ∈ L, then sinceV is finite,
the Prime Avoidance Theorem (see for example [4, Lemma 3.3]) implies that there
elementa of A contained in precisely the same prime ideals inV that containA, that is,
VV (A) = VV (a). HenceL is strongly saturated.

(ii) If R is a ring containing an uncountable field, then any countable setP of prime
ideals has the property that every finitely generated ideal contained in a union of
ideals inP is contained in one of these prime ideals [23]. Thus ifL is a weakly saturate
lattice onP ⊆ Spec(R) such that each elementV ∈ L is countable, thenL is saturated
Therefore, ifR contains an uncountable field andP is a countable subset of Spec(R), then
the basis lattice ofP is saturated.

(iii) Let R be a ring having the property that the radical of any finitely generated ide
the radical of a principal ideal. IfA is a finitely generated ideal that is contained in a un⋃

P∈X P of prime ideals ofR, then
√

A ⊆ ⋃
P∈X P and by assumption

√
A = √

aR for
somea ∈ R. By taking a suitable power ofa, we may assume thata ∈ A. Thus any weakly
saturated lattice on a collectionP of prime ideals ofR is necessarily strongly saturate
since for each finitely generated idealA of R, there existsa ∈ A such thatVV (A) = VV (a)

for anyV ∈ L.
The QR-domains provide a large and diverse class of rings having this property.

tegral domainR is aQR-domainif every overring ofR is a localization ofR with respect to
a multiplicatively closed subset. The QR-domains are precisely the Prüfer domains
the property that the radical of any finitely generated ideal ofR is the radical of a principa
ideal, where a domain is aPrüfer domainif every finitely generated ideal ofR is invertible
[6, Theorem 27.5]. Interesting examples of QR-domains include the ring of entire
tions and holomorphy rings ([5, Proposition 8.1.1], [17]). More generally, it evident
any Prüfer domain with torsion Picard group is a QR-domain. Also, it is not hard t
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that a QR-domainR is Noetherian if and only ifR is a Dedekind domain with torsio
class group. Thus the class of QR-domains is quite distinct from the class of Noet
domains.

Lemma 2.7. LetP ⊆ Spec(R) and letF andG be maximal filters on a weakly saturate
latticeL of closed subsets ofP .

(i) If V,W ∈ L with V ∪ W ∈F , thenV ∈ F or W ∈ F .
(ii) (F) is a prime ideal ofR contained inS(V ) for eachV ∈F .
(iii) If (F) ⊆ (G), thenF = G.
(iv) If A is a finitely generated ideal,A ⊆ (F) andV ∈F , thenA ⊆ P for someP ∈ V .

Moreover, the mappingF → (F) is an injection from the set of maximal filters onL into
Spec(R).

Proof. (i) This follows from the fact thatL is a distributive lattice andF is a maximal filter
[3, Theorem 9.7, p. 186]. We note that this part of the lemma does not need the assu
thatL is weakly saturated.

(ii) Suppose thata, b ∈ R andab ∈ (F). Then there existsW ∈ F such thatab ∈ J(W).
HenceW ⊆ VP (ab) = VP (a) ∪ VP (b). ThusVW(a) ∪ VW(b) = W ∈ F and sinceL is
weakly saturated bothVW(a) and VW(b) are inL. Hence by (i) eitherVW(a) ∈ F or
VW(b) ∈ F . Thusa ∈ (F) or b ∈ (F), so (F) is a prime ideal. Finally, ifV ∈ F , then
since(F) = ⋃

{W∈L: W⊆V } J(W), it follows that(F) ⊆ S(V ).
(iii) Let V ∈ F . We will show thatV ∈ G. Let U ∈ G. SinceG is a filter andV ∪ U ∈ L,

it is the case thatV ∪ U ∈ G. SinceL is weakly saturated, there exists a finitely genera
idealA of R such thatV = VV ∪U(A). SinceV ∈ F , it follows thatA ⊆ J(V ) ⊆ (F) ⊆ (G).
Therefore, sinceA is finitely generated, we see thatA ⊆ J(W1) + · · · + J(Wn) for some
W1,W2, . . . ,Wn ∈ G. HenceW1 ∩ W2 ∩ · · · ∩ Wn ⊆ VP (J(W1) + · · · + J(Wn)) ⊆ VP (A).
Thus (V ∪ U) ∩ W1 ∩ · · · ∩ Wn ⊆ VV ∪U(A) = V . Since G is a filter andV ∪ U,

W1, . . . ,Wn ∈ G, it follows that V ∈ G. HenceF ⊆ G, and sinceF is a maximal filter,
we haveF = G.

(iv) SinceA is finitely generated and contained in(F), there existW1,W2, . . . ,Wn ∈F
such thatA ⊆ J(W1) + · · · + J(Wn). SinceV,W1,W2, . . . ,Wn ∈ F , it follows thatV ∩
W1 ∩ W2 ∩ · · · ∩ Wn ∈ F . In particular, there existsP ∈ V ∩ W1 ∩ W2 ∩ · · · ∩ Wn, and
necessarilyA ⊆ P .

The final statement of the lemma is a consequence of (ii) and (iii).�
Lemma 2.8. Let P ⊆ Spec(R) and letL be a weakly saturated lattice of closed subs
of P . If V ∈ L andQ is maximal as an ideal contained inS(V ), thenJ(V ) ⊆ Q (equiva-
lently,V ∈F(Q)).

Proof. Since every element ofJ(V ) is contained in every prime ideal inV , it follows
that J(V ) + Q ⊆ S(V ). Thus the maximality ofQ in S(V ) implies J(V ) ⊆ Q, so V ∈
F(Q). �
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Theorem 2.9. LetP ⊆ Spec(R) and letL be a weakly saturated lattice of closed subs
of P . The following statements are equivalent.

(i) For eachV ∈ L, the mappingsF → (F) and Q → F(Q) form a one-to-one corre
spondence between maximal filtersF onL containingV and the prime idealsQ of R
maximal among ideals contained inS(V ).

(ii) L is saturated.

Proof. To see that (i) implies (ii) it suffices, as noted in Remark 2.4, to show that ifA is a
finitely generated ideal ofR with A ⊆ S(V ) for someV ∈ L, thenA ⊆ P for someP ∈ V .
SinceA ⊆ S(V ), it is contained in an idealQ that is maximal among ideals that are subs
of S(V ). But (i) implies thatQ = (F) for some maximal filterF onL containingV . Hence
by Lemma 2.7(iv) we are done.

We now show that (ii) implies (i). LetV ∈ L and letQ be a prime ideal ofR that is
maximal among ideals contained in the setS(V ). We claim thatQ is equal to some(F),
whereF is a maximal filter onL containingV . Define

E = {
VV (A): A is a finitely generated ideal withA ⊆ Q

}
.

Let A andB be finitely generated ideals that are contained inQ. ThenVV (A) andVV (B)

are inE , andVV (A) ∩ VV (B) = VV (A + B) ∈ E . HenceE is closed under finite inter
sections. Also note that ifA ⊆ Q, then sinceQ ⊆ S(V ), we have thatA ⊆ S(V ). Since
L is saturated andA is finitely generated, by the prime avoidance condition noted in
mark 2.4 it follows thatA is contained in some element ofV . In particular,VV (A) 
= φ

and soφ /∈ E . Therefore, sinceE does not contain the empty set andE is closed under finite
intersections, it follows thatE extends to a maximal filterF onL.

We observe next thatQ ⊆ (F). Indeed if a ∈ Q, then VV (a) ∈ E ⊆ F , so a ∈
J(VV (a)) ⊆ (F); henceQ ⊆ (F). ThusQ = (F) since(F) is an ideal ofR contained
in S(V ) (by Lemma 2.7(ii)) andQ is maximal among ideals inS(V ). It follows that each
ideal that is maximal among ideals inS(V ) is of the form(F) for some maximal filterF
onL containingV .

On the other hand, ifG is a maximal filter onL containingV , then by Lemma 2.7(ii)
(G) ⊆ S(V ). Moreover, ifQ is maximal among ideals inS(V ) containing(G), then as
we have established,Q = (F) for some maximal filterF containingV . Thus(G) ⊆ (F),
which by Lemma 2.7 impliesG = F . Hence(G) is maximal among ideals contained
S(V ). Therefore the mappingF → (F) is a bijection between maximal filtersF containing
V and the ideals that are maximal among ideals contained inS(V ).

It remains to show that ifQ is maximal among ideals inS(V ), thenF(Q) is a max-
imal filter containingV . By Lemma 2.8V ∈ F(Q), so we have already established t
Q = (G) for some maximal filterG on L. We must show thatG = F(Q). Observe tha
G ⊆ F(Q), since if W ∈ G, thenJ(W) ⊆ (G) = Q. It remains to show thatF(Q) ⊆ G.
Let W ∈ F(Q), and setU = V ∪ W . SinceL is weakly saturated,W = VU(A) for
some finitely generated idealA of R. ThusA ⊆ J(W) ⊆ Q = (G). SinceA is finitely
generated there existW1,W2, . . . ,Wn ∈ G such thatA ⊆ J(W1) + · · · + J(Wn). Thus
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U ∩ W1 ∩ · · · ∩ Wn ⊆ U ∩ VP (A) = VU(A) = W . Now U ∈ G sinceV ∈ G andV ⊆ U .
SinceU,W1, . . . ,Wn ∈ G andG is a filter it follows thatW ∈ G. HenceF(Q) = G. �

In the next section we will consider cases in whichP ⊆ Max(R). The next theorem
characterizes when every member of Max(R) can be captured using maximal filters on t
basis lattice ofP .

Theorem 2.10. LetP be a nonempty subset ofMax(R), and letL be the basis lattice ofP .
Then the following statements are equivalent.

(i) The mappingsF → (F) andQ → F(Q) form a one-to-one correspondence betwe
the set of maximal filtersF onL and the membersQ of Max(R).

(ii) L is saturated and every finitely generated ideal ofR is contained in some memb
of P .

Proof. (i) ⇒ (ii). SinceL is the basis lattice ofP , it is weakly saturated. We appeal
Theorem 2.9 to show thatL is saturated. Indeed by the theorem it is enough to prove
for eachV ∈ L the ideals that are maximal inS(V ) are maximal ideals ofR.

Let V ∈ L, and letQ be an ideal which is maximal with respect to containmen
S(V ). We claim thatQ is a maximal ideal ofR. By Lemma 2.8,J(V ) is contained inQ.
Let M be a maximal ideal ofR containingQ. By (i) M = (F(M)). SinceJ(V ) ⊆ Q ⊆ M ,
we haveV ∈ F(M), and sinceM = (F(M)), it follows that M is a subset ofS(V ) by
Lemma 2.7(ii). SinceQ is contained inM andQ is maximal inS(V ) we haveQ = M ,
which proves the claim.

It follows from the above argument that for anyV ∈ L there is a bijection between th
maximal filters onL that containV and ideals that are maximal with respect to containm
in S(V ), given byF → (F). Hence by Theorem 2.9L is saturated.

Finally, if B is any finitely generated ideal, then by (i)B ⊆ (F) for some maxima
filter F on L. If W is any member ofF , then by Lemma 2.7(iv)B is contained in some
memberP of W .

(ii) ⇒ (i). By Lemma 2.7 the mappingF → (F) is injective. By Theorem 2.9, fo
each maximal filterF on the basis latticeL of P , (F) is maximal among ideals inS(V )

wheneverV ∈ F . Conversely, for each idealQ of R maximal among ideals contained
S(V ), F(Q) is a maximal filter onL. Thus it remains to show that Max(R) = {(F): F is
a maximal filter onL}.

Let Q be a maximal ideal ofR, and leta be a nonzero element ofQ. Set V =
VP (a) ∈ L. For every finitely generated idealA of R containinga, VP (A) ⊆ V . Since
L is saturated,VV (A) 
= φ for all proper finitely generated idealsA of R. Thus since
Q is the union of finitely generated idealsA of R containinga, it follows thatQ ⊆ S(V ).
Hence there exists a maximal filterF on L such thatQ ⊆ (F). SinceQ ∈ Max(R), we
haveQ = (F).

Conversely, we claim that ifF is a maximal filter onL, then(F) ∈ Max(R). LetF be
a maximal filter onL. Then(F) ⊆ Q for some maximal idealQ of R. However we have
established thatQ = (G) for some maximal filterG onL. Thus by Lemma 2.7(iii)F = G,
so(F) = Q ∈ Max(R). �
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Lemma 2.11. LetP be a collection of prime ideals of a ringR, and supposeL is a weakly
saturated lattice of closed subsets ofP . LetF be a maximal filter onL. ThenF extends
to an ultrafilterU on the setP , and for any such ultrafilterU extendingF , the following
statements hold.

(i) The diagonal mappingR → ∏
U R/P has kernel(F).

(ii) If R is a domain,F is the quotient field ofR and δ :F → ∏
U F is the diagonal

mapping, thenδ is injective andδ(R(F)) = δ(F ) ∩ ∏
U RP .

Proof. When viewed as a collection of subsets ofP , F is closed under finite intersection
and does not contain the empty set. ThusF extends to an ultrafilter onP . Let U be any
ultrafilter that extendsF , and observe thatU ∩ L is a proper filter onL that containsF .
SinceF is a maximal filter onL, this forcesF = U ∩L.

(i) Let α :R → ∏
U R/P be the diagonal mapping, and letW ∈ L. Let a ∈ (F) =⋃

W∈F J(W). Thena ∈ J(W) for someW ∈ F . ThusW = VP (J(W)) ⊆ VP (a). Hence
VP (a) ∈ U and soa ∈ Ker α. Therefore(F) ⊆ Ker α.

Conversely, ifa ∈ Ker α, thenVP (a) ∈ U . Let W be any member ofF . Then since
L is weakly saturated,VW(a) ∈ L. SinceVW(a) = W ∩ VP (a), the setVW(a) is also an
element ofU . ButU ∩L= F , soVP (a) ∈ F . Thusa ∈ J(VW(a)) ⊆ (F). This proves the
reverse inequality, namely Kerα ⊆ (F).

(ii) Clearly δ is injective. By (i),(F) = {a ∈ R: VP (a) ∈ U}, so the equalityδ(R(F)) =
δ(F ) ∩ ∏

U RP follows. �
Let X be a subset of the ringR which is the union of a set of prime ideals. Through

the rest of this paper we will useRX to denote the ringR localized at the multiplicatively
closed setR \ X.

Theorem 2.12. LetL be a saturated lattice of subsets of a collectionP of prime ideals of a
ring R and letV ∈ L. Suppose that for allP ∈ V the ringRP is a valuation domain. The
R(F) is a valuation domain wheneverF is a maximal ultrafilter onL such thatV ∈ F . In
particular RS(V ) is a Prüfer domain.

Proof. To prove the first statement letF be a maximal filter onL containingV . Then
by Lemma 2.11,F extends to an ultrafilterU on the set of all subsets ofP . SinceRP

is a valuation domain forU -many elements of the index set (namely for allP ∈ V ), it
follows that the ultraproduct

∏
U RP is a valuation domain. Also by Lemma 2.11R(F)

is isomorphic to a domain that is an intersection of the image of its quotient field a
valuation ring containing it; henceR(F) is a valuation domain.

To see that the second statement follows from the first, recall that a domain is Pr
and only if each localization at a maximal ideal is a valuation domain. The maximal i
of RS(V ) correspond to the ideals ofR which are maximal with respect to containment
S(V ). By Theorem 2.9 these ideals are all of the form(F) for some maximal filterF onL
containingV . Hence the second statement follows.�
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Although it is not needed later, we record the following corollary as an applicatio
the ideas in this section.

Corollary 2.13. LetR be a domain containing an uncountable field, and letV be a count-
able collection of maximal ideals ofR such that for allM ∈ V , RM is a valuation domain
Then the ringRS(V ) is a Prüfer domain. In particular ifR = ⋂

M∈V RM , thenR is a Prüfer
domain.

Proof. LetL be the basis lattice ofV . By Example 2.6(ii)L is a saturated lattice, soRS(V )

is a Prüfer domain by Theorem 2.12. If alsoR = ⋂
M∈V RM , thenR = RS(V ) and the claim

is clear. �

3. Saturated lattices in ultraproducts

Standing hypothesis for Section 3.We letR∗ denote the ultraproduct of the commutat
rings{Ri : i ∈ I } with respect to an ultrafilterU on the setI .

As noted in 1.5 an induced ideal ofR∗ of the form(Pi), where eachPi is a prime ideal
of Ri , is a prime ideal ofR∗. However, finding other primes in the ultraproduct tends to
more problematic. In [11] the maximal ideals ofR∗, whereRi = Z for all i, were shown to
be in one-to-one correspondence with maximal filters on certain Boolean algebras.
eachRi is a domain [16] describes chains of primes inR∗ using valuations on the quotie
fields of theRi ’s. In this section we will use the machinery developed thus far to gener
the work of [11] (albeit in a different notation) by describing some of the prime idea
an arbitrary ultraproduct using maximal filters on lattices of certain subsets of the in
prime ideals. In some cases this technique can describe all the maximal ideals ofR∗ (see
Remark 3.6 and Section 5).

Definition 3.1. We use the following variations on the notion of “induced” sets.

(i) A subsetW ⊆ Spec(R∗) is said to beinduced by the family{Wi}i∈I whereWi ⊆
Spec(Ri), if W consists of all induced primes of the form(Pi) with Pi ∈ Wi (if Wi is
empty, thenPi = Ri ). If eachWi is a finite set, then we say thatW is afinitely induced
set. We note that in this case, even though eachWi is finite, in generalW is an infinite
set.

(ii) We write Specind(R∗) for the set of prime ideals induced by the family{Spec(Ri)}i∈I .
Thus Specind(R∗) is precisely the set of induced prime idealsP = (Pi) of R∗.
Similarly we write Maxind(R∗) for the set of prime ideals induced by the fam
{Max(Ri)}; these prime ideals are necessarily maximal ideals ofR∗ (see 1.5).

(iii) For each i ∈ I , let Pi ⊆ Spec(Ri) andLi be a weakly saturated lattice of subs
of Pi . If P is induced by the family{Pi}, then thelatticeL of subsets ofP induced by
the family{Li} is the set of subsetsV of P that are induced by a family{Vi}, where
for eachi ∈ I , Vi ∈ Li . ThatL is indeed a lattice with respect to∪ and∩ follows
from the next lemma.
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Lemma 3.2. Let P be a subset ofSpecind(R∗) induced by a family{Pi}. If A = (Ai) is
an induced ideal ofR∗ andV andW are subsets ofP induced by families{Vi} and{Wi}
respectively, then:

(i) V \ W is the set induced by the family{Vi \ Wi};
(ii) V ∪ W is the set induced by the family{Vi ∪ Wi};
(iii) V ∩ W is the set induced by the family{Vi ∩ Wi};
(iv) V ⊆ W if and only ifVi ⊆ Wi for U -manyi;
(v) J(V ) is the induced ideal(J(Vi));
(vi) S(V ) = {(ai) ∈ R∗: ai ∈ S(Vi)};

(vii) R∗
S(V )

∼= ∏
U (Ri)S(Vi );

(viii) VP (A) is the subset ofP induced by the family{VPi
(Ai)}.

Proof. (i) Let P = (Pi) ∈ V \ W . ThenPi ∈ Vi for U -manyi andPi /∈ Wi for U -manyi.
SinceU is a filter,Pi ∈ Vi \ Wi for U -manyi; henceP is in the set induced by the famil
{Vi \ Wi}. Conversely, ifP = (Pi) is in the set induced by{Vi \ Wi}, thenPi is in Vi \ Wi

for U -manyi. SincePi is in Vi for U -manyi, P ∈ V . Also, sinceU is an ultrafilter andPi

is not inWi for U -manyi, P /∈ W .
(ii) If P = (Pi) ∈ P , then P ∈ V ∪ W if and only if for U -many i, Pi ∈ Vi ∪ Wi .

Statement (ii) follows.
(iii) The proof of (iii) is similar to (ii).
(iv) SupposeV ⊆ W andX := {i ∈ I : Vi 
⊆ Wi} ∈ F . For eachi ∈ X, let Pi ∈ Vi \ Wi ,

and for eachi ∈ I \X, setPi = Ri . Then(Pi) ∈ V \W , contrary to assumption. Converse
supposeVi ⊆ Wi for U -manyi. Let P = (Pi) ∈ V . Then forU -manyi, Pi ∈ Vi ⊆ Wi , so
thatP ∈ W .

(v) If a ∈ R∗ \ J(V ), thena /∈ P for someP = (Pi) ∈ V . SinceV is induced by{Vi},
we have that forU -manyi, Pi ∈ Vi . Thus forU -manyi, J(Vi) ⊆ Pi . Hence(J(Vi)) ⊆ P .
Consequentlya /∈ (J(Vi)). On the other hand ifa = (ai) ∈ R∗ \ (J(Vi)), then forU -manyi,
there existsPi ∈ Vi such thatai /∈ Pi . Thus(Pi) ∈ V anda /∈ (Pi). This proves (v).

(vi) If a = (ai) ∈ S(V ), thena ∈ P for someP = (Pi) ∈ V . SinceV is induced by the
family {Vi}, we have thatPi ∈ Vi for U -manyi. Henceai ∈ S(Vi) for U -manyi, and soa is
in the right side of the equality of (vi). Conversely, suppose thata = (ai) whereai ∈ S(Vi)

for all i ∈ I . Then for alli, ai ∈ Pi for somePi ∈ Vi . Hencea ∈ (Pi) ⊆ S(V ) which proves
the desired set equality.

(vii) Define a mappingf :
∏

U (Ri)S(Vi ) → R∗
S(V )

by f ((
ai

bi
)) = (ai )

(bi )
, where for each

i ∈ I , ai ∈ Ri and bi /∈ S(Vi). By (vi) this mapping is well-defined and onto. Also,
is injective since if (ai )

(bi )
= (ci )

(di )
in R∗

S(V )
, then there exists(ei) of R∗ \ S(V ) such that

(ei)(aidi −bici) = (0). Hence by part (vi)ai

bi
= ci

di
in (Ri)S(Vi ) for U -manyi, and it follows

that( ai

bi
) = (

ci

di
).

(viii) SupposeP = (Pi) ∈ VP (A). ThenAi ⊆ Pi for U -manyi. SinceP ∈ P , we have
also thatPi ∈ Pi for U -manyi. Hence (sinceU is a filter) we have thatPi ∈ VPi

(Ai) for
U -manyi. ThereforeP is in the set induced by{VPi

(Ai)}. To prove the reverse inclusio
suppose thatP = (Pi) is in the set induced by{VPi

(Ai)}. Then forU -manyi, Ai ⊆ Pi and
Pi ∈Pi . HenceP ⊇ A andP ∈P , so thatP ∈ VP (A). �



780 B. Olberding, J. Shapiro / Journal of Algebra 285 (2005) 768–794

er-

ar-

w the
Lem-

f

at-
aximal
in
h

Lemma 3.3. LetP be a nonempty set of prime ideals ofR∗ induced by a family{Pi}, where
eachPi is a collection of prime ideals ofRi . If for eachi ∈ I , Li is a strongly saturated
lattice of closed subsets ofPi , then the latticeL induced by the family{Li} is a strongly
saturated lattice of closed subsets ofP .

Proof. If V ∈ L, thenV is induced by a family{Vi}, where for eachi ∈ I , Vi is a closed
subset ofPi . By Lemma 3.2(v),J(V ) = (J(Vi)) and so by Lemma 3.2(viii),VP (J(V ))

is induced by the family{VPi
(J(Vi))}. Since eachVi is closed inPi , it follows that

Vi = VPi
(J(Vi)). Hence we have thatVP (J(V )) is induced by the family{Vi} and so

VP (J(V )) = V . Thus we have shown that every member ofL is a closed subset ofP .
Next we show that ifV ∈ L andA is a finitely generated ideal ofR∗, thenVV (A) ∈ L.

SinceA is finitely generated, it must be an induced ideal. Hence we can writeA = (Ai)

for finitely generated idealsAi ⊆ Ri . By Lemma 3.2(viii)VP (A) is induced by the family
{VPi

(Ai)}, and by assumptionV is induced by a family{Vi}, where for eachi ∈ I , Vi ∈ Li .
Thus by Lemma 3.2(viii)VV (A) is induced by the family{VVi

(Ai)}. Since for eachi ∈ I ,
Li is a weakly saturated lattice, it follows thatVVi

(Ai) ∈ Li . HenceVV (A) ∈ L, which is
what we wanted.

Now supposeW ∈ L and thatW ⊆ V . We must show that there exists a finitely gen
ated idealA of R∗ such thatW = VV (A). SinceW ∈ L, it is induced by a family{Wi},
where eachWi ∈ Li . Furthermore by Lemma 3.2(iv) the setX = {i ∈ I : Wi ⊆ Vi and
Wi ∈ Li} is in U . If i ∈ X, then sinceLi is weakly saturated, there exists an idealAi of Ri

such thatWi = VVi
(Ai). For eachi ∈ I \ X, setAi = 0. For eachi, sinceLi is strongly

saturated there existsai ∈ Ai such thatVVi
(Ai) = VVi

(ai). Then by Lemma 3.2(viii)
W = VV (a), wherea = (ai). HenceL is a weakly saturated lattice. Moreover this
gument shows that ifA is any finitely generated ideal ofR∗, then there existsa ∈ A such
thatVV (A) = VV (a). ThusL is strongly saturated.�
Remark 3.4. Although we have not pursued this approach here, it is possible to vie
induced sets in Definition 3.1 as ultraproducts of sets. By doing so one may obtain
mas 3.2 and 3.3 as an application of Łos’s theorem.

Using Lemma 3.3 we record now our main theorem of this section.

Theorem 3.5. Let P be a nonempty set of prime ideals ofR∗ induced by a family{Pi},
where eachPi is a collection of incomparable prime ideals ofRi . Then the collection o
all finitely induced subsets ofP is a strongly saturated lattice.

Proof. For eachi ∈ I , let Li be the collection of finite subsets ofPi . By Example 2.6(i)
eachLi is a strongly saturated lattice, so by Lemma 3.3 the result is proved.�
Remark 3.6. We note that if a latticeL of subsets of a collection of prime ideals is s
urated, then Theorem 2.9 can be applied to describe the prime ideals that are m
among ideals contained inS(V ) for anyV ∈ L. Along these lines, the maximal ideals
an ultraproduct ofd-dimensional Noetherian ringsRi , where the maximal ideals in eac
Ri all have heightd , are described in Section 5.
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Also of interest is the case where the basis lattice of the set of induced maximal
of R∗ is saturated. In this case we can describe all the maximal ideals ofR∗ using our
methods. In particular we have by Theorem 2.10 that the mappingsF → (F) andQ →
F(Q) form a one-to-one correspondence between maximal filtersF on the basis lattice o
the set of induced maximal ideals ofR∗ and the membersQ of Max(R∗). We note here
two such interesting cases in which the basis latticeL of the setP of induced maxima
ideals is strongly saturated.

(i) A ring R hasfinite characterif each nonzero ideal ofR is contained in only finitely
many maximal ideals ofR. Suppose thatR∗ is an ultraproduct of finite character ringsRi .
For eachi ∈ I , the basis latticeLi of Max(Ri) is the collection of finite subsets of Max(Ri),
so by Example 2.6(i)Li is strongly saturated. Thus by Theorem 3.5 the latticeL′ of closed
subsets of the collectionP of induced maximal ideals ofR∗ induced by the family{Li}
is strongly saturated. The basis latticeL of P is a sublattice ofL′. For if VP (A) ∈ L,
whereA is a product of nonzero finitely generated ideals ofR, thenA is induced, so
by Lemma 3.2(viii)VP (A) is induced by a family of finite subsets of Max(Ri); hence
VP (A) ∈ L′. Now L (since it is the basis lattice ofP) is weakly saturated, and sinceL is
a sublattice of a strongly saturated lattice,L is strongly saturated.

(ii) If for each i ∈ I , Ri is a QR-domain, then by Example 2.6(iii) the basis latticeLi

for Max(Ri) is strongly saturated. The basis latticeL of the set of induced maximal idea
of R∗ is contained in the lattice induced by the family{Li}. By Lemma 3.3 the latter lattic
is strongly saturated, so the sublatticeL is also strongly saturated.

4. Maximal prime divisors in ultraproducts

Standing hypothesis for Section 4.As beforeR∗ is an ultraproduct of commutative ring
{Ri : i ∈ I } with respect to an ultrafilterU on I .

If A is an ideal of a ringR andZ(A) = {r ∈ R: ∃s ∈ R \ A such thatrs ∈ A}, then
R \ Z(A) is a multiplicatively closed set and it follows that ifP is an ideal ofR maximal
among ideals inZ(A), thenP is a prime ideal. The prime ideals maximal among ide
in Z(A) are themaximal prime divisorsof A. We denote this set by Max(A). If R is a
Noetherian ring, then every proper ideal has only finitely many maximal prime div
(these of course are the primes maximal among the associated primes ofA). The prime
ideals minimal overA are contained inZ(A) and are theminimal prime divisorsof A (see
[13, 7.4]). The set of all minimal prime divisors ofA is denoted Min(A).

We describe in Theorem 4.3 the maximal prime divisors of an induced idealA = (Ai)

of R∗ in the case where each Max(Ai) has a strongly saturated basis lattice. This occ
for example when eachRi is a Noetherian ring or a QR-domain (see Remark 4.4).

The following lemma is proved in Theorem 6.6 of [15] under the assumption thatR is
an integral domain.

Lemma 4.1. The following statements are equivalent for a commutative ringR.

(i) Each nonzero prime ideal ofR is contained in a unique maximal ideal ofR.
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(ii) For all nonzero nonunitsx, y, z of R such thatxR + yR = R, there existx′, y′ ∈ R

such thatxR + x′R = R, yR + y′R = R andx′y′ ∈ Rz.

Proof. (i) ⇒ (ii). Let x, y, z be nonunits inR such thatRx + Ry = R. Define S1 =
S(VMax(R)(x)), S2 = S(VMax(R)(y)) andS = {ab ∈ R: a ∈ R \ S1 andb ∈ R \ S2}. We
claim first thatzR ∩ S 
= φ. By way of contradiction, suppose thatzR ∩ S = φ. SinceS is
a multiplicatively closed subset ofR, there exists a nonzero prime idealP of R such that
z ∈ P andP ∩ S = φ. Therefore we deduce thatP ⊆ S1 ∩ S2. (For if not, then sayp ∈ P ,
with p /∈ S1. Thenp = p1 ∈ S a contradiction.) Thus there exist prime idealsQ1 andQ2
such thatP ⊆ Q1 ∩ Q2 andQ1 andQ2 are maximal among ideals inS1 andS2, respec-
tively. NowxR +Q1 ⊆ S1 sincex is in every prime ideal inVMax(R)(x), so the maximality
of Q1 in S1 impliesx ∈ Q1. Similarly, y ∈ Q2. If M1 is a maximal ideal containingQ1,
thenx ∈ M1, soM1 ∈ VMax(R)(x) and it must be thatM1 = Q1 sinceM1 ⊆ S1. HenceQ1
is a maximal ideal ofR containingP . Similarly,Q2 is a maximal ideal ofR containingP ,
so (i) forcesQ1 = Q2. However sincexR + yR = R andx, y ∈ Q1 = Q2, this is impos-
sible. ThuszR ∩ S 
= φ and there existx′ ∈ R \ S1 andy′ ∈ R \ S2 such thatx′y′ ∈ zR.
MoreoverxR + x′R = R andyR + y′R = R.

(ii) ⇒ (i). SupposeP is a nonzero prime ideal ofR contained in two distinct maxima
idealsM andN of R. Let 0 
= z ∈ P , and letx ∈ M \ N andy ∈ N \ M such thatxR +
yR = R. Then by (ii) there existx′, y′ ∈ R such thatxR + x′R = R, yR + y′R = R and
x′y′ ∈ zR. Sincex ∈ M , x′ /∈ M . Similarly, y′ /∈ N . Howeverx′y′ ∈ zR ⊆ P , sox′ ∈ P or
y′ ∈ P , and sinceP ⊆ M ∩ N , this is a contradiction. �
Lemma 4.2. If every member of a collection of commutative rings has the property
each nonzero prime ideal is contained in a unique maximal ideal, then every ultrapr
of these rings also has this property.

Proof. As in [15] the lemma is an immediate consequence of Lemma 4.1 and Łos’s
rem. Alternatively, the lemma can be verified directly using Lemma 4.1.�
Theorem 4.3. LetA = (Ai) be an induced ideal ofR∗ such that forU -manyi ∈ I , the basis
latticeLi of Max(Ai) is strongly saturated. LetV be the subset ofSpecind(R∗) induced by
the family{Max(Ai)}. The following statements hold forA.

(i) The mappingsF → (F) andQ → F(Q) form a one-to-one correspondence betwe
maximal filtersF on the basis lattice ofV and the membersQ of the setMax(A).

(ii) If for U -manyi, Max(Ai) = Min(Ai), then each minimal prime divisor ofA is con-
tained in a unique maximal prime divisor ofA.

Proof. (i) For eachi ∈ I , letVi = Max(Ai), so thatV is induced by the family{Vi}, and let
Li be the basis lattice ofVi . Note thatS(Vi) = Z(Ai). By Theorem 3.3 the lattice induce
by the{Li} is strongly saturated. Since the basis lattice ofV (which, as a basis lattice,
necessarily weakly saturated) is a sublattice of this lattice, it is strongly saturated. T
Theorem 2.9 it suffices to show thatS(V ) = Z(A). By Lemma 3.2S(V ) = {(ai) ∈ R∗: ai ∈
S(Vi)}. Hence fora = (ai) ∈ R∗, a ∈ S(V ) if and only if for U -many i, ai ∈ S(Vi) =
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Z(Ai); if and only if forU -manyi there existsbi ∈ Ri \Ai such thataibi ∈ Ai . Therefore,
a ∈ S(V ) if and only if there existsb ∈ R∗ \ A such thatab ∈ A. HenceS(A) = Z(A).

(ii) By passing to the ringR∗/A ∼= ∏
U Ri/Ai we may assume without loss of general

thatA = 0. For eachi ∈ I , let Vi be the set of minimal prime ideals ofRi . By assumption
for eachi ∈ I , Vi coincides with the set of maximal prime divisors ofRi . Thus if for
eachi ∈ I , Ti is the ringRi localized atRi \ S(Vi), thenTi has Krull dimension zero
By Lemma 3.2 (vii)R∗

S(V )
∼= ∏

U Ti , so by Lemma 4.2R∗
S(V )

has the property that eac
nonzero prime ideal ofR∗ is contained in a unique maximal ideal ofR∗

S(V )
. From (i) it

follows that the prime ideals maximal inS(V ) are the maximal prime divisors ofA. Hence
each minimal prime divisor ofA is contained in a unique maximal prime divisor ofA. �
Remark 4.4. In both of the following cases ifA is a proper induced ideal ofR∗, then the
maximal prime divisors ofA can be described via Theorem 4.3 by maximal filters on
basis lattice of a collection of induced prime ideals ofR∗.

(i) If for each i ∈ I , Ri is a Noetherian ring, then for every proper idealAi of Ri ,
Max(Ai) is finite. Hence by the Prime Avoidance Theorem (see Example 2.6(i)) the
lattice of Max(Ai) is strongly saturated, and Theorem 4.3 applies.

(ii) Similarly, if for eachi ∈ I , Ri is a QR-domain, then for every proper idealAi of Ri ,
the basis lattice of Max(Ai) is strongly saturated (see Example 2.6(iii)), and Theorem
applies.

Remark 4.5. In the setting of Theorem 4.3(ii) it need not be the case that every max
prime divisor ofA is a minimal prime divisor ofA. For example, letK be a field and for
eachi ∈ N setRi = K[[x]]/(xi). If U is a free ultrafilter onN, then

∏
U Ri has infinite

Krull dimension (see for example [7]). Thus in eachRi , the zero ideal does not have
embedded prime, yet the induced maximal ideal(xRi) of R∗ is a maximal prime diviso
of 0 that is not a minimal prime divisor of 0.

5. Ultra-height in ultraproducts

Standing hypotheses for Section 5.As usualR∗ is an ultraproduct of rings{Ri : i ∈ I }
with respect to an ultrafilterU on I . In addition,n denotes a nonnegative integer such t
for all i ∈ I , the Krull dimension dim(Ri) of Ri is at leastn. Finally we assume that eac
ideal ofRi of heightn is contained in only finitely many heightn prime ideals.

Two of our motivating examples for the rings considered in this section are Krul
mains and the ringsR for which Spec(R) is a Noetherian topological space. In a Kr
domain every ideal of height 1 is contained in only finitely many prime ideals of heig
so our standing hypotheses are satisfied in the casen = 1 when eachRi is a Krull domain.
On the other hand, ifR is a ring with Noetherian prime spectrum, then every ideal ofR has
at most finitely many minimal prime ideals [14]. Thus if for eachi ∈ I , Ri is a ring with
Noetherian prime spectrum, then the standing hypotheses are satisfied for all choicn.

We introduce now a height function for ideals in ultraproducts that resembles the
height function ht(A) for idealsA, and we use this new height function to partition
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set of prime ideals of finite “ultra-height.” We describe also the maximal elements in
sets.

Definition 5.1. To each ideal ofR∗ we associate anultra-heightin the following way.

(i) If A = (Ai) is an induced ideal ofR∗ and there exists an integerm � 0 such that
for U -many i, ht(Ai) = m, then we define theultra-height of A to bem and write
uht(A) = m. If no such integerm exists, then we define uht(A) = ∞.

(ii) If B is an arbitrary (not necessarily induced) ideal ofR∗, then we define uht(B) =
sup{uht(A): A is an induced ideal ofR∗ with A ⊆ B}, assuming this supremum exis
otherwise we set uht(B) = ∞.

If there existsd � 0 such that forU -many i, dim(Ri) � d , then every ideal ofR has
ultra-height� d .

Remark 5.2. It is easy to find examples of ideals of infinite ultra-height in ultraprodu
of Noetherian rings. Even in an ultrapower of Noetherian rings it is possible that
exist induced ideals of infinite ultra-height. For example, letR be a Noetherian domain o
infinite Krull dimension, say with maximal ideals{Mi : i ∈ N}, such that for eachi ∈ N,
ht(Mi) = i. (See [13, Example 1, p. 203].) IfU is a free ultrafilter onN, then for anyn ∈ N,
the set{i ∈ N: ht(Mi) = n} is finite and hence not inF . Thus uht((Mi)) = ∞.

Definition 5.3. Associated toR∗ and the nonnegative integern, we have the following
sets:

Specn
(
R∗) = {

P ∈ Spec
(
R∗): uht(P ) = n

}
,

Maxn

(
R∗) = maximal elements of Specn

(
R∗),

Specind
n

(
R∗) = {

P ∈ Specn
(
R∗): P is an induced ideal ofR∗},

Ln

(
R∗) = finitely induced subsets of Specind

n

(
R∗).

A priori it is not clear that Maxn(R∗) is a nonempty set. However in Theorem 5.4
show that (under our standing assumptions on theRi ) the set Maxn(R∗) is nonempty and
we describe the elements of Maxn(R

∗) using maximal filters onLn(R
∗).

Recall the standing assumption of this section that each finitely generated ideaAi of
Ri of heightn is contained in only finitely many primes of heightn. This will be important
in the next result.

Theorem 5.4. Each prime ideal inSpecn(R
∗) is contained in a unique member

Maxn(R
∗). Furthermore, the mappingsF → (F) and Q → F(Q) form a one-to-

correspondence between maximal filtersF on the latticeLn(R
∗) and the membersQ of

Maxn(R
∗).

Proof. In the proof we abbreviateVSpecind
n (R∗)(A) as V(A) for all idealsA of R∗. By

Theorem 3.5Ln(R
∗) is a strongly saturated lattice, so by Theorem 2.9 the mappingF →
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(F) is an injection from the set of maximal filtersF onLn(R
∗) to the set of prime ideal

of R∗. Moreover, for eachV ∈ Ln(R
∗) the mappingsF → (F) andQ → F(Q) form a

one-to-one correspondence between the maximal filtersF onLn(R
∗) that containV and

the prime idealsQ that are maximal among ideals inS(V ).
We show first that ifF is a maximal filter onLn(R

∗), then the prime ideal(F) has
ultra-heightn. Let V ∈ F . Then by Lemma 3.2(v)J(V ) = (J(Vi)), whereV is induced
by a family {Vi} of finite sets. Since eachJ(Vi) is an intersection of finitely many heigh
n prime ideals, it follows that uht((F)) � n. If uht((F)) > n, then there exists an induce
ideal A = (Ai) ⊆ (F) of R∗ such that uht(A) > n. ThenA ⊆ (F) ⊆ S(V ), so that by
Lemma 3.2(vi) forU -many i, Ai ⊆ S(Vi). For all i, Vi is a finite set of heightn prime
ideals ofRi . Therefore by prime avoidance we have thatAi is contained in a heightn
prime ideal ofRi for U -many i. But then uht(A) � n, a contradiction. It follows tha
uht((F)) = n.

We show next that ifP ∈ Specn(R
∗), then there is a maximal filterF onLn(R

∗) such
that P ⊆ (F). By our comments at the beginning of the proof it is enough to show
P ⊆ S(V ) for someV ∈ Ln(R

∗). Let A = (Ai) be an induced ideal ofR∗ contained inP
such that uht(A) = n, and letV = V(A). ThenV ∈ Ln(R

∗), since forU -many i, Ai has
at most finitely prime ideals of heightn containing it. IfB ⊆ P is an induced ideal ofR
containingA, then sinceB is induced by heightn ideals,φ 
= V(B) ⊆ V . Thus sinceP is
the union of all induced idealsB ⊆ P containingA, we have thatP ⊆ S(V ). Hence by our
above commentsP ⊆ (F) for some maximal filterF onLn(R

∗).
Finally, if F is a maximal filter onLn(R

∗), then(F) ∈ Maxn(R
∗). For if (F) is not a

maximal member of Specn(R
∗), then we have established that there is a maximal filterG on

Ln(R
∗) such that(F) � (G). But by Lemma 2.7 this implies thatF = G, a contradiction.

Hence(F) ∈ Maxn(R
∗). We conclude that every prime ideal in Specn(R

∗) is contained in
a prime ideal of the form(F), whereF is an maximal filter onLn(R

∗), and that(F) ∈
Maxn(R

∗).
It remains to show that ifP ∈ Specn(R

∗), thenP is contained in auniquemember
of Maxn(R

∗). Let P ∈ Specn(R
∗) and letA = (Ai) ⊆ P be an induced ideal ofR∗ with

uht(A) = n. Suppose thatP is contained in two members of Maxn(R
∗). ThenP ⊆ (F) ∩

(G) for some maximal filtersF andG onLn(R
∗). Let U ∈F andW ∈ G. SetV = U ∪ W

and observe thatV ∈ F ∩ G. Thus by Lemma 2.7(F), (G) ⊆ S(V ). SinceV ∈ Ln(R
∗),

V is induced by a family{Vi} of finite sets. For eachi ∈ I , let Ti be the localization o
Ri/Ai at R \ S(Vi). Then by Lemma 3.2(vi)(R∗/A)S(V )

∼= ∏
U Ti . For U -many i, Ti is

a zero-dimensional ring, so by Lemma 4.2 every prime ideal ofR∗/A that survives in
(R∗/A)S(V ) is contained in a unique maximal ideal of this ring. Thus since(F) and(G)

are maximal among ideals contained inS(V ) andA ⊆ P ⊆ (F) ∩ (G), then(F) = (G),
and this proves the theorem.�

We next show how to obtain a class of maximal ideals ofR∗ determined by the maxima
ideals ofRi . Then with certain additional assumptions, we will describe all the max
ideals ofR∗. Note that our next result (and only our next result) does not use the sta
assumption of this section regarding finite height ideals ofRi .
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Proposition 5.5. For eachi ∈ I , let Pi = Max(Ri) and letP be the set induced by th
family {Pi}. LetL be the lattice of all finitely induced subsets ofP . Then(F) is a maximal
ideal ofR∗ for each maximal filterF onL.

Proof. It suffices to show that ifa = (ai) ∈ R∗ \ (F), then there existss ∈ (F) andt ∈ R∗
such thats + at = 1. To say thata /∈ (F) means that no subset ofVP (a) is in F . This we
claim, implies thatP \ VP (a) must contain a subsetW that is inF . To see this letV ∈ F
be arbitrary and suppose that it is induced by the family{Vi}. Let Xi = {P ∈ Vi : ai ∈ P }
andWi = Vi \ Xi . Then letX andW be the sets of prime ideals ofR∗ induced by the
families {Xi} and{Wi} respectively. Thus by Lemma 3.2V = X ∪ W . SinceX,W ∈ L,
it follows from Lemma 2.7 that one of these sets is inF . However,X ⊆ VP (a), and
thereforeW ⊆ P \ VP (a) must be inF as claimed.

SinceVW(a) = φ it follows that forU -manyi, VWi
(ai) = φ. As Pi consists of all the

maximal ideals ofRi andWi is a finite set, there must existsi ∈ J(Wi) and ti ∈ Ri such
that si + aiti = 1. Now lets = (si) andt = (ti). By Lemma 3.2,s ∈ J(W). Furthermore,
J(W) ⊆ (F) ands + at = 1, so we are done.�

The next two corollaries show that with additional assumptions on the coord
ringsRi , we can use the above results to describe all the maximal ideals ofR∗.

Corollary 5.6. Suppose that forU -manyi ∈ I , dim(Ri) = n andSpec(Ri) is a Noetherian
space. ThenMaxn(R

∗) ⊆ Max(R∗). Furthermore, ifM ∈ Max(R∗), thenM ∈ Maxr (R
∗)

for some0� r � n. In particular,M = (F) for some maximal filterF onLr (R
∗).

Proof. It is safe to assume that all theRi have dimensionn. Then it follows from our
hypothesis and Proposition 5.5 that Maxn(R

∗) ⊆ Max(R∗).
Now let M ∈ Max(R∗) and suppose that uht(M) = r (which could be less thann).

ThenM ∈ Specr (R
∗) and clearlyM is a maximal element of this set. Furthermore, si

Spec(R) is Noetherian, each ideal of heightr is contained in only finitely many prim
ideals of heightr (since they all would be minimal primes over the ideal) [14]. The
statement now follows from Theorem 5.4.�
Corollary 5.7. Suppose that forU -manyi ∈ I , Spec(Ri) is a Noetherian space and eac
maximal ideal ofRi has heightn. ThenMaxn(R

∗) = Max(R∗).

Proof. By Corollary 5.6, we know Maxn(R∗) ⊆ Max(R∗). To complete the proof we hav
to show that ifM ∈ Max(R∗), then uht(M) = n. Suppose that uht(M) = r < n. From
Theorem 5.4 we knowM = (F) for some maximal filterF onLr (R

∗). PickV ∈ F . Then
V is induced by a family{Vi} where eachVi is a finite set of prime ideals ofRi of heightr .

By assumption, no element ofVi is maximal. Thus for eachP ∈ Vi we can pick a
maximal idealM of Ri such thatP � M . Denote this finite set of maximal ideals byWi

and letW be the set induced by the family{Wi}. HenceW ∈ Ln(R
∗). Each element ofW

corresponds in a natural fashion to an element ofV . Thus each subset ofW corresponds
in a natural way to a subset ofV . Hence we can define a maximal filterG on the lattice of
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subsets ofW by declaringW ′ ⊆ W is in G if and only if the corresponding setV ′ ⊆ V is
in F . ThatG is a maximal filter follows from the definition.

Next we claim thatM = (F) ⊆ (G). To see this leta ∈ (F). Thena ∈ J(Y ) for some
Y ∈ F . ClearlyY ∩ V ∈ F sinceF is a filter. LetW ′ be the subset ofW corresponding to
Y ∩ V . ThusW ′ ∈ G and

J(Y ) ⊆ J(Y ∩ V ) ⊆ J
(
W ′) ⊆ (G).

Therefore the claim is proved. Finally, note that uht((G)) = n. Hence(F) � (G). But this
is a contradiction, sinceM = (F) was assumed to be maximal.�
Remark 5.8. The following two problems remain open.

(i) Describe the prime ideals of finite ultra-height in an ultraproduct of Noetherian ri
(ii) Describe the prime ideals in an ultraproduct of Artinian rings.

These two problems are in fact equivalent. For ifQ is a prime ideal in an ultraproduct o
Artinian rings, then uht(Q) = 0. Conversely, supposeQ is a prime ideal of ultra-heightn
is an ultraproductR∗ of Noetherian rings{Ri : i ∈ I }. Let A = (Ai) ⊆ Q be an induced
ideal ofR∗ with uht(A) = n. We may assume eachAi has heightn. For eachi ∈ I , let Vi

be the finite set of heightn prime ideals containingAi . Let V ∈ Ln(R
∗) be induced by the

family {Vi}. For eachi ∈ I , let Ti be the ringRi/Ai . By Lemma 3.2(vii)(R∗/A)S(V )
∼=∏

U (Ti)S(Vi ). ThusQ/A corresponds to a prime ideal in the ultraproduct
∏

U (Ti)S(Vi ) of
Artinian rings.

In Section 7 we describe all the prime ideals of ultra-height one in an ultraprodu
Krull domains.

6. Chains of primes ideals in Specn(R∗)

Standing hypotheses for Section 6.In this section we use the same assumptions a
Section 5. Namely, dim(Ri) � n for some fixedn � 0, and every ideal of heightn is
contained in only finitely many heightn prime ideals.

Definition 6.1. For eachi ∈ I let Ei denote the set of all functionsei from the set of heigh
n prime ideals ofRi to Z�0 with finite support (i.e.,ei(L) = 0 for all but finitely many
L ∈ Spec(Ri) with ht(L) = n). SetE = ∏

i∈I Ei . Let P = (Pi) ∈ Specn(R
∗) and for each

e = (ei)i∈I ∈ E, defineP e = (P
ei (Pi )
i ). (SinceP is an induced ideal inR∗, this definition

is independent of the representation ofP as(Pi).)

Recall that ifQ ∈ Maxn(R
∗), then by Theorem 5.4Q = (F(Q)) for a unique maxima

filter F(Q) on Ln(R
∗), the lattice of finitely induced subsets of Specn(R

∗). Using these
constructs we define a family (in fact a chain) of ideals contained inQ which under certain
circumstances turn out to be prime ideals.
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Definition 6.2. Let Q ∈ Maxn(R
∗) ande ∈ E. We define

Qe =
√√√√ ⋃

V ∈F(Q)

( ⋂
P∈V

P e

)
.

We note that
⋃

V ∈F(Q)

(⋂
P∈V P e

)
is an ideal. To see this leta andb be in the set. Then

a ∈ ⋂
P∈V1

P e and b ∈ ⋂
P∈V2

P e, whereV1,V2 ∈ F(Q). Thusa + b ∈ ⋂
P∈V1∩V2

P e.
SinceF(Q) is a filter,V1 ∩ V2 ∈F(Q) and it follows that the set is closed under additi
As it is the union of ideals it is clearly closed under multiplication. Hence it is an idea

Applying the relevant definitions, it is not hard to see that ifQ ∈ Maxn(R
∗) is an in-

duced ideal, sayQ = (Qi), then

Qe = √
Qe =

√(
Q

ei(Qi)
i

)
.

Proposition 6.3. The set{Qe: e ∈ E} is a chain under set-inclusion⊆.

Proof. Let V be an arbitrary element ofF(Q) induced by say the family{Vi} and let
e, f ∈ E. Let X andY be the subsets ofV induced by the families{Xi} and{Yi} respec-
tively, whereXi = {Pi ∈ Vi : ei(Pi) � fi(Pi)} andYi = {Pi ∈ Vi : fi(Pi) > ei(Pi)}. Then
V = X ∪ Y by Lemma 3.2(ii). Therefore by Lemma 2.7(i) one ofX or Y is in F(Q). We
will first assume thatX ∈ F(Q).

Let V ′ be any another element ofF(Q) and partitionV ′ into X′ andY ′ as above. IfY ′ ∈
F(Q), we would have by Lemma 3.2(iii)φ = X ∩ Y ′ ∈ F(Q), which is a contradiction
HenceX′ ∈ F(Q) for any other choice ofV ′ ∈ F(Q).

Now let a ∈ Qe. Then for someV ∈ F(Q) and somen > 0, we havean ∈ ∩P∈V P e.
Let X and Y be the partition ofV as above. Then we have

⋂
P∈V P e ⊆ ⋂

P∈X P e ⊆⋂
P∈X P f ⊆ Qf . SinceQf is a radical ideal we can conclude thata ∈ Qf ; henceQe ⊆

Qf . If we started with the assumption thatY ∈ F(Q), then by the same argument w
would haveQf ⊆ Qe. �

Let P be a prime ideal of a domainR such that
⋂∞

k=1 P k = 0. We define the “orde
filtration” ordP :R → Z ∪ {∞} via ordP (0) = ∞ and, for 0
= a = (ai) ∈ R∗, ordP (a) =
max{k: a ∈ P k}, whereP 0 is defined to beR. Let P = (Pi) be an induced prime idea
of R∗. Then we define the induced function ord∗

P :R∗ → Z∗ ∪ {∞} via ord∗
P (0) = ∞ and

ord∗
P (a) = (ordPi

(ai)) for all 0 
= a = (ai) ∈ R∗. For more on this construction see [16].
We say that the order filtration ordP is k-additivefor a positive integerk if for all a, b ∈

R, ordP (ab) � k(ordP (a) + ordP (b)). Similarly, ord∗P is k-additive if for all a, b ∈ R∗,
ord∗

P (ab) � k(ord∗
P (a) + ord∗

P (b)).

Theorem 6.4. LetQ ∈ Maxn(R
∗) and suppose that there existsV ∈F(Q) andk > 0 such

that for all P ∈ V , ord∗
P is a k-additive function. ThenQe ∈ Specn(R

∗) for eache ∈ E.

Proof. Let V be induced by the family{Vi}. We first claim that forU -manyi, Vi satisfies
the property that for allPi ∈ Vi , the function ordPi

is k-additive. If not, then forU -manyi
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there existsPi ∈ Vi such that ordPi
is notk-additive. Hence the function ord∗

P for P = (Pi)

cannot bek-additive, contrary to assumption.
Next we show thatQe is a prime ideal whene = (ei) ∈ E. Let ab ∈ Qe, where

a, b ∈ R∗. Thus for somen > 0 and someW ∈ F(Q), anbn ∈ ⋂
P∈W P e. Write a = (ai)

andb = (bi). Let Xi = {Pi ∈ Wi : ordPi
(ai) � ordPi

(bi)} andYi = {Pi ∈ Wi : ordPi
(bi) >

ordPi
(ai)}. Let X andY be the subsets ofW induced by the families{Xi} and{Yi} respec-

tively. By Lemma 3.2(ii),W = X ∪ Y . Thus by Lemma 2.7(i) eitherX or Y is in F(Q).
First assume thatX ∈ F(Q). We know that forU -many i, ordPi

is k-additive for all
Pi ∈ Vi . Therefore ifP = (Pi) ∈ X we have, sinceanbn ∈ P e, thatei(Pi) � ordPi

(an
i bn

i ) �
nkn(ordPi

(ai)+ordPi
(bi)) � 2nkn ·ordPi

(ai) � ordPi
(a2nkn

i ). Thusa2nkn

i ∈ P
ei(Pi )
i . Hence

a2nkn ∈ ⋂
P∈X P e ⊆ Qe. SinceQe is a radical ideal, we havea ∈ Qe. If Y ∈F(Q), then a

symmetric argument shows thatb ∈ Qe. HenceQe is prime.
The only thing left is to show that uht(Qe) = n. However,Qe clearly contains induce

idealsA with uht(A) = n, and on the other handQe ⊆ Q. Thus we are done.�
Corollary 6.5. If for eachi ∈ I , Ri is a Krull domain, then for eachQ ∈ Max1(R

∗) and
e ∈ E, Qe is a prime ideal ofR∗.

Proof. For each height one prime idealPi of Ri , ordPi
is a 1-additive function; indeed

ordPi
extends to a valuation on the quotient field ofRi [12, Corollary, p. 88]. It follows

that for eachP = (Pi) ∈ Specind
1 (R∗), ord∗

P is a 1-additive function. Now apply Theo
rem 6.4. �

We note in the next corollary another significant case in which theQe are prime ideals
In order to appeal to Theorem 6.4 we apply a recent theorem of Hochster and HunekP

is a prime ideal of heightk in a regular local ringR that contains a field, thenP (km) ⊆ P m

for all m > 0 [10] (see also [19] for a “nonstandard” proof). HereP (m) denotes themth
symbolic powerP mRP ∩ R. It is an open question whether the theorem of Hochster
Huneke holds for all regular local rings of mixed characteristic. (Swanson has show
given a prime idealP of any regular local ring there existsk > 0 such thatP (km) ⊆ P m for
all m > 0, but it is not known whetherk can be chosen in such a way that it depends o
on the height ofP [24].)

If R is a regular local ring containing a field andP is a prime ideal ofR of heightk, then
ordPRP

is well known to be (in our terminology) a 1-additive function onRP . Thus, ap-
plying the result of Hochster and Huneke we have that ordPRP

(x) � k(ordP (x)+1)−1 �
2k · ordP (x), since ordP (x) = 0 implies ordPRP

(x) = 0. Thus ordP (xy) � ordPRP
(xy) �

ordPRP
(x) + ordPRP

(y) � 2k(ordP (x) + ordP (y)). Hence ordP is a 2k-additive function.

Corollary 6.6. Suppose that for eachi ∈ I , Ri is a regular local ring containing a field
Then for eachQ ∈ Maxn(R

∗) ande ∈ E, Qe is a prime ideal ofR∗.

Proof. If P = (Pi) is a prime ideal ofR∗, where eachPi is a heightn prime ideal ofRi ,
then it follows from the preceding discussion that ord∗

P is 2n-additive, so we may appl
Theorem 6.4. �
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When it is assumed that theRi are Noetherian rings, then given any prime idealP in
Specn(R

∗) it is possible to find an ideal of the formQe, Q ∈ Maxn(R
∗), contained inP .

This will be the content of the next theorem. First, however, we need a lemma.

Lemma 6.7. Let Q ∈ Maxn(R
∗). If A = (Ai) ⊆ Q is an induced ideal ofR∗, then

(
√

Ai) ⊆ Q.

Proof. Let a = (ai) ∈ (
√

Ai). Then for eachi ∈ I , there existsfi > 0 such thatafi

i ∈ Ai .
Thusb := (a

fi

i ) ∈ A ⊆ (F(Q)) = Q, whereF(Q) is a maximal filter onLn(R
∗). There-

fore b ∈ J(V ) = (J(Vi)), for someV ∈ F(Q) which is induced by a family{Vi}. Hence
for U -many i, a

fi

i ∈ J(Vi). Thereforeai ∈ J(Vi), since J(Vi) is a radical ideal. Thu
a ∈ J(V ) ⊆ (F(Q)). �
Theorem 6.8. For eachi ∈ I , let Ri be a Noetherian ring. IfL ∈ Specn(R

∗), then there
exists a unique memberQ of Maxn(R

∗) such thatQe ⊆ L ⊆ Q for somee ∈ N.

Proof. In the following we abbreviateVSpecind
n (R∗)(A) asV(A) for every idealA of R∗. Let

A = (Ai) ⊆ L be an induced ideal ofR∗ with uht(A) = n. We may assume that ht(Ai) = n

for all i ∈ I . We first reduce to the case that for eachi ∈ I , Ai is an intersection of power
of heightn prime ideals. For eachi ∈ I , write Ai = Bi ∩ Ci , whereBi is the intersection
of the isolated components ofAi andCi is the intersection of the embedded compone
of Ai (if there are no embedded components, setCi = Ri ). Then(Bi) ∩ (Ci) = (Ai) ⊆ L,
so(Bi) ⊆ L or (Ci) ⊆ L. Howevern < uht((Ci)) andn = uht(L), so this forces(Bi) ⊆ L.
For eachi ∈ I , let Vi be the heightn prime ideals ofRi containingBi . SinceBi is the
intersection of primary ideals, each having an associated prime inVi , it follows that there
existsfi > 0 such that

⋂
P∈Vi

P fi ⊆ Bi . Since(Bi) ⊆ L we may reduce now to the ca
thatA = (Ai) ⊆ L has the property that for eachi ∈ I , there existsfi > 0 such that ifVi is
the (finite) set of heightn prime ideals containingAi , thenAi = ⋂

P∈Vi
P fi .

Let V be the subset ofLn(R
∗) induced by the family{Vi} and letQ ∈ Maxn(R

∗) such
that L ⊆ Q. By Lemma 3.2(v)J(V ) = (J(Vi)) = (

√
Ai), since by design,J(Vi) = √

Ai

for all i. Thus by Lemma 6.7J(V ) ⊆ Q, soV ∈ F(Q). For eachi ∈ I , define a function
ei ∈ Ei from the set of heightn prime ideals toZ�0 by ei(P ) = fi for all P ∈ Vi and
ei(P ) = 0 for every heightn prime ideal not inVi . Let e = (ei)i∈I ∈ E. We claim that
Qe ⊆ L. It suffices to show that for allU ∈ F(Q) with U ⊆ V ,

⋂
P∈U P e ⊆ L. Let U ∈

F(Q) be induced by a family{Ui} of setsUi ⊆ Vi . For eachi ∈ I , let Bi = ⋂
P∈Ui

P fi ,
and setB = (Bi). ThenB = ⋂

P∈U P e. ConsiderW = V \ U . By Lemma 3.2(i) the setW
is finitely induced by the family{Wi}, where for eachi ∈ I , Wi = Vi \ Ui . For eachi ∈ I ,
set Ci = ⋂

P∈Wi
P fi , and letC = (Ci). ThenC = ⋂

P∈W P e. HenceB ∩ C = A ⊆ L,
so B ⊆ L or C ⊆ L. If C ⊆ L ⊆ Q, then by Lemma 6.7J(W) = (J(Wi)) = (

√
Ci) ⊆ Q

so thatW ∈ F(Q). However by assumptionU ∈ F(Q) andU ∩ W = φ, so sinceF(Q)

is a maximal (and hence proper) filter by Theorem 5.4, we have a contradiction.
B = ⋂

P∈U P e ⊆ L, as claimed. This provesQe ⊆ L. That Q is the unique such prim
ideal follows from Theorem 5.4. �
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7. Prime ideals of ultra-height 1

Standing hypotheses for Section 7.In this sectionR∗ is the usual ultraproduct andn
denotes a nonnegative integer.

In this last section we describe prime ideals of ultra-height 1 in ultraproducts of ce
classes of rings. We derive some of these descriptions from the following more g
theorem.

Theorem 7.1. Suppose that for eachi ∈ I , the Krull dimension ofRi is at leastn and every
ideal of heightn is contained in only finitely many heightn prime ideals. LetN � 0 and
suppose that forU -manyi, Ri has exactlyN prime idealsP of heightn such that(Ri)P is
not a valuation domain. Then for exactlyN manyQ ∈ Maxn(R

∗), R∗
Q is not a valuation

domain.

Proof. For eachi ∈ I , let Ui = {P ∈ Spec(Ri): ht(P ) = n and(Ri)P is not a valuation
domain}. Let U be the element ofLn(R

∗) induced by the family{Ui}. SinceU is an
ultrafilter it is not hard to see thatU has exactlyN members. LetQ ∈ Maxn(R

∗). It suffices
to show thatR∗

Q is a valuation domain if and only ifQ /∈ U . If Q ∈ U , thenQ is an induced
ideal of the form(Pi), where for eachi ∈ I , Pi ∈ Ui . But thenR∗

Q
∼= ∏

U (Ri)Pi
, andR∗

Q

is not a valuation domain since for alli, (Ri)Pi
is not a valuation domain (see for examp

[15]). Conversely, suppose thatQ /∈ U . Let W ∈ F(Q). ThenU ∪ (W \ U) = W ∈ F(Q).
By Theorem 5.4F(Q) is a maximal filter, so by Lemma 2.7U ∈ F(Q) or W \ U ∈
F(Q). If U ∈ F(Q), then sinceU is finite, another application of Lemma 2.7 shows t
{P } ∈ F(Q) for someP ∈ U . In this caseQ = (F(Q)) = P ∈ U , a contradiction. Henc
W \ U ∈ F(Q). For everyP ∈ W \ U , R∗

P is a valuation domain. Hence by Theorem 2
R∗

Q is a valuation domain. �
In a Krull domainR every nonzero element ofR is contained in at most finitely man

height one prime idealsP of R, and for each such prime idealP , RP is a Noetherian valu
ation domain. Thus the results of the previous two sections apply to ultraproducts of
domains (in the casen = 1). In particular by Theorem 5.4 there is a one-to-one corres
dence between maximal filters onL1(R

∗) and the members of Max1(R
∗). Moreover, we

have by Theorem 7.1:

Corollary 7.2. If for eachi ∈ I , Ri is a Krull domain, thenR∗
Q is a valuation domain for

everyQ ∈ Spec1(R
∗).

If X andY are subsets of the quotient field of a domainR, then(X : Y) denotes the
set{r ∈ R: rY ⊆ X}. If R is a Noetherian domain with module-finite integral closureR

andP is a nonzero height 1 prime ideal ofR, then(R : R) is nonzero and(R : R)RP =
(RP : RP ). Thus if (R : R) is not contained inP , thenRP = RP andRP is a Noetherian
valuation domain. Since there are at most finitely many height one prime ideals cont
(R : R) (and becauseR is Noetherian), it follows that ifR has module-finite integral clo
sure, then there are at most finitely many height one prime ideals ofR such thatRP is not
a valuation domain. Hence by Theorem 7.1 we have:
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Corollary 7.3. If R∗ is an ultrapower of a Noetherian domainR having finite Krull dimen-
sion and module-finite integral closure, then for all but finitely manyQ ∈ Max1(R

∗), R∗
Q

is valuation domain.

Remark 7.4. If R∗ is an ultrapower of a Noetherian domainR with module-finite integra
closure, andQ ∈ Max1(R

∗) but R∗
Q is not a valuation domain, then it possible to descr

the ringR∗
Q and its prime spectrum using the techniques of [16]. For it follows from

proof of Theorem 7.1 thatQ = (Pi), where for eachi ∈ I , Pi is a prime ofRi such thatRPi

is not a valuation domain. Furthermore, since integral closure commutes with localiz
it follows that the one-dimensional ringRP also has module-finite integral closure. Hen
RP is analytically unramified. There are only finitely many such primes idealsPi of R, so
sinceU is an ultrafilter, a simple argument shows one may choose a prime idealP of R such
thatPi = P for all i ∈ I . HenceR∗

Q is an ultrapower of the one-dimensional analytica
unramified local domainRP . Such ultrapowers are described in Section 6 of [16].

Using the results of Section 6 we can now describe all the prime ideals of ultra-h
one in an ultraproduct of Krull domains.

Theorem 7.5. Suppose that for eachi ∈ I , Ri is a Krull domain. IfP ∈ Spec1(R
∗), then

there is a unique prime idealQ of R∗ such thatP ⊆ Q andP is the union of the idealsQe,
e ∈ E, such thatQe ⊆ P .

Proof. By Corollary 6.5 eachQe, e ∈ E, is a prime ideal. Leta ∈ P and chooseai ∈ Ri

such thata = (ai). Let Vi be the (finite) set of height 1 prime ideals ofRi containingai ,
and defineV to the be member ofL1(R

∗) induced by the family{Vi}. Define a mapping
ei ∈ Ei by ei(L) = 0 if L is a height one prime ideal ofRi not inVi andei(L) = ordL(ai)

if L ∈ Vi . Sete = (ei)i∈I ∈ E. (Notee depends only ona, not the choice ofai .) We claim
thata ∈ Qe ⊆ P .

Clearly a ∈ ⋂
L∈V Le ⊆ Qe, so it remains to show thatQe ⊆ P . For eachi ∈ I ,

(Ri)S(Vi ) is a PID since(Ri)S(Vi ) is an intersection of finitely many Noetherian valuati
domains. Hence for alli ∈ I ,

aiRiS(Vi ) =
( ⋂

L∈Vi

Lei(L)

)
RiS(Vi ).

Thus since
⋂

L∈V Le is the induced ideal(
⋂

L∈Vi
Lei(L)), it follows that

⋂
L∈V Le ⊆

aR∗
S(V )

⊆ PR∗
S(V )

, and sinceP = R∗ ∩ PR∗
S(V )

, we have
⋂

L∈V Le ⊆ P .
To show now thatQe ⊆ P , it suffices to show that for allW ⊆ V with W ∈ F(Q), we

have
⋂

L∈W Le ⊆ P . Let W ⊆ V with W ∈ F(Q). SinceW ∈ L1(R
∗), we have also by

Lemma 3.2(i) thatV \ W ∈ L1(R
∗). Now

( ⋂
Le

)
∩

( ⋂
Le

)
=

⋂
Le ⊆ P.
L∈W L∈V \W L∈V
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If
⋂

L∈V \W Le ⊆ P , then by Lemmas 3.2(v) and 6.7,J(V \ W) ⊆ Q. HenceV \ W ∈
F(Q), contrary to the assumption thatW is also in the maximal filterF(Q). Thus⋂

L∈W Le ⊆ P , and we have proved that for eacha ∈ P , there existse ∈ E such that
Qe ⊆ P . ThereforeP is the union of all the idealsQe, e ∈ E, such thatQe ⊆ P . �

Theorems 5.4 and 7.5 give a classification of all the prime ideals in an ultraprod
Dedekind domains.2 More generally, they give a description of all the primes ideals
ultra-height one in an ultraproductR∗ of Krull domains.

By Corollary 7.2 the localization ofR∗ at any of these prime ideals is a valuation d
main. Theorem 5.4 and Remark 7.4 give the outline for a classification of prime ideals
ultrapower of a one-dimensional Noetherian domain with module-finite integral clos

The prime spectrum of ultraproducts (even ultrapowers) of higher-dimensional No
ian rings is much more complicated. For example letR be a two-dimensional regular loc
ring, and letR∗ be an ultrapower ofR with respect to a free ultrafilterU on an index setI .
There is a partition of the set of prime ideals ofR∗ given by

Spec
(
R∗) = Spec2

(
R∗) ∪ Spec1

(
R∗) ∪ {

(0)
}
.

Since regular local rings are Krull domains, the prime ideals in Spec1(R
∗) can be describe

as above. Thus it remains to describe Spec2(R
∗). The set Max2(R∗) = Max(R∗) consists

of a single element, namely the maximal idealN of R∗ induced by the maximal idealM
of R∗. If P ∈ Spec2(R

∗), then for eachi ∈ I , there existsei > 0 such that(Mei ) ⊆ P . Thus
to describe the prime ideals ofR∗, it would be sufficient to describe the prime spectra
ultraproducts of Artinian rings of the formR/Mei . While several papers have studied
prime ideals of ultraproducts of zero-dimensional rings (and in particular Artinian ring
our knowledge the prime ideals in such ultraproducts have not been completely des
[8,9,22]. (Also see Remark 5.8.) In general there are many prime idealsP of R∗ containing
a prime ideal of the formMe, e ∈ E, and such a prime idealP does not have to be of th
form Mf for f ∈ E or even a union of such ideals. For example, ifA = ⋂∞

k=1 Mk , then
R∗/A is the complete regular local ringR(∗) of Krull dimension 2 described in [16], an
the set of prime ideals containingA is at least as complicated as the set of prime idea
the completion̂R of R.
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2 In Corollary 12 of [11] it is asserted (in our terminology) that ifZ∗ is an ultrapower of the ring of integer
Z, then each prime ideal inZ∗ is a union of prime ideals of the formQe , whereQ is a maximal ideal ofZ∗ and
e = (ei ) with eachei a constant-valued function. However there is a gap in the proof of this corollary an
assertion that theei can be assumed to be constant-valued appears to be unjustified.
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