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Abstract

In this paper some new additive results for the Drazin inverse are presented. We give a
formula for the Drazin inverse of a sum of two matrices under conditions on the matrices less
restrictive than those imposed in the corresponding theorem given by Hartwig et al. (Linear
Algebra Appl. 322 (2001) 207-217). We consider some aplications of our results to the per-
turbation of the Drazin inverse and analyze a number of special cases.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Let Z(A), A(A) denote the range and null space of A € C"*". The index of
A, denoted by ind(A), is the smallest non-negative integer r such that C"*" =
R(A") & N (A”). The eigenprojection A" of A corresponding to the eigenvalue 0 is
the uniquely determined idempotent matrix with

R(AT) = N(A") and AN(AT) = R(A").
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If A € C™" is such that ind(A) = r, the Drazin inverse of A is the unique matrix
AP e C™" satisfying the relations

APAAP = AP, AAP = APA, AMTAP = Alforalll > r.

By [2-Theorem 7.2.1], for each A € C"*" such that ind(A) = r, there exists a
non-singular core-nilpotent block form

_(C 0\,
A_P<0 N)P ,

where C is non-singular and N is nilpotent of index r. Relative to the above form,
the Drazin inverse of A and the eigenprojection A™ are given by

—1
AD=P<C0 8)19‘, A”=I—AAD:P<8 ?)P‘.

In particular, if A is nilpotent then the block C is empty and AP = 0; if A is
non-singular then the block N is empty and AP = A~!. The case when ind(A) = 1,
which is equivalent to having N = 0 in the above form, is of special interest and
the Drazin inverse of A is called the group inverse of A, and is denoted by A”. The
Drazin inverse of complex square matrices is investigated in the books [1] and [2].

The behaviour of the Drazin inverse with respect to the sum a + b of two Drazin
invertible elements of a ring is firstly considered by Drazin in [4]. Herein, it was
showed that (a + b)P = aP + bP provided ab = ba = 0. In [9-Theorem 2.1] there
was constructed, for matrices, a formula for the Drazin inverse (A + B)D as a func-
tion of A, B, AP, BP when only the condition AB = 0 was assumed. This result
was extended in [8] to the generalized Drazin inverse of bounded linear operators
in Banach spaces. The aim of this paper is to extend additive Drazin inverse results
given in [9] to more general cases, under weaker conditions on the matrices A and
B by dropping off the assumption that one of the products of these matrices van-
ishes. In this paper we apply our results to get a perturbation result that generalizes
[9—Corollary 2.2] and admits several special cases.

Next we state one lemma concerning Drazin inverse of a partitioned matrix that
will be needed later (see Meyer and Rose [5]).

Lemma 1.1. Let

A 0 B C
M1=(C B)’ M2=(O A>’

where A and B are square matrices with ind(A) = r and ind(B) = s. Then

AP 0 BP  x
D D
w=(y m) w=(7 b)

r—1 s—1
X = (BP)? (Z(BD)"CA’) A" + BT (Z B"C(AD)"> (AP)2 — BPCAP.

i=0 i=0
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2. Drazin inverse of a sum of two matrices
First we state one particular case of our main result.

Theorem 2.1. Let B € C"*", s = ind(B), let N € C"*" be nilpotent of index r. If
NBP =0and B*"NB = 0 then

r+s—2
(N + B)? = B® + (BP)? ( > (BD>"NS(i>) @1
=0
and, foranyi > 0,
B™(N + B)! = S(i), (2.2)
where

i
S@)=B"|> BN/
j=0
Moreover, if max{r,s} <I<r+s—2 then for all i >1 we have S(i) =
BiITHlIS( — 1) = S — NI~

Proof. Let P be a non-sigular matrix for which

. Cp 0 1
B=P ( 0 NB) P,
where Cp is non-singular and N is nilpotent of index s. From N BP = 0 it follows
that N can be written as
5[0 N1\ -1
wer(® M)

where N, is nilpotent of index r. From B™ N B = 0 it follows that NoNg = 0. Thus,
foranyi > 0,

i i
(N2+ Np)' =Y Ny /Ny => NN, /.
j=0 j=0
We observe that Ny + Np is nilpotent of index r +s — 1. Wesett =r + 5 — 2.
From Lemma 1.1 we get that

D -1
pD_p(CB Ni 1 p(Cg X\ p-1
(N + B) _P<O mang) PEPE o)ET

where

t
X =(Cz" (Z(C,;l)"zvl(zvz + NB>">

i=0
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t i
= (x| D€YY N[ Do NNy
i=0 j=0

Write S(i) = B”(X:i/:O Bi=INJ) foralli > 0. Now, we compute, foralli > 1,

. 0 0 L0 0 Nfo MmN,
so=r 16 ) 26 ) M)

Hence,
t
BP + (BP)? (Z(BD)iNS(i)>

i=0

_p (€5 e @ N (Ko Ny N ) pe

0 0
o (C5' X\ oo b
_P< ; 0>P = (N + B).

The equality (2.2) and the second statement of the theorem are easily verified. [J

Remark 2.2. Let B, N € C"*" satisfy conditions of Theorem 2.1. Then we have

r+s—2
(N +B)°(WN +B)=B"B + ( > (BD)"“NS(i)) ,
i=0
where S(7) is defined in (2.2).

Now we can derive some especial cases from Theorem 2.1.

Corollary 2.3. Let B € C**", s = ind(B), and let N € C"*" be nilpotent of index
r.If NB = 0 then

r—1
(B+ N)P = BP (Z(BD)iNl) .
i=0
Proof. See [9—Corollary 2.1 (iii)]. U

Corollary 2.4. Let B € C"*", s = ind(B), and let N € C"*" be nilpotent of index
r. Suppose that NB® = 0 and B*TNB = 0.
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(i) If N> = 0 then

s—1 s—1
(B + N)P = BP 4+ (BP)? (Z(BD)iNB’) + (BP)? (Z(BD)iNBi> N.
i=0 i=1
(i) If NR =0, then
r+s—2
(B + N)°R = BPR + (BP)? ( > (BD)fNBi> R.
i=1
(iii) If B> = B, then

(B+N)P =B -N)"".
Proof. Each of these cases follows directly from Theorem 2.1 and the following

simplification. _ S
Write S(i) = B” (Z’jzo B'=/NJ7) foralli > 0.

(i) Since N> =0, NS(i) = NB' + NB"'N foralli > 1.
(ii) Since NR =0, NS(i))R = NB'R.
(iii) Since B> = B, BP = B and then the hypothesis NBP = 0 implies NB = 0.
Then from Corollary 2.3 it follows that (B + N)P = B(Z;;é N'). Now, we
use that (1 — N)~! = Zf;é N. O

Next, we state the main result.

Theorem 2.5. Let A € C™", r =ind(A), B € C"*", s = ind(B). If APB =0,
ABP = 0and BT ABA™ =0 then

t
(A+ B)P = BP (1 + Z(BW“AZ(:’)) AT

i=0

t
+B7 (1 + Z Z(i)B(AD)"“) AP

i=0

t
—(BP)? (Z(BD)iAZ(i)B> AP

i=0

t
—BP (Z AZ(i)B(AD)"> (AP)?

i=0

t—1 -1
—(BP)? (Z > (BPYAZ( +k+ l)B(AD)k> (AP)2,  (2.3)

i=0 k=0
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wheret =r + s — 2 (in the case r = s = 1, we assume that Zi;lo is an empty sum)
i
Z(i) = B” Z BiTIAT | AT, (2.4)
j=0
Moreover, if max{r, s} <1 < t then we have
Zi)y=Bza—-1) =21 - DA foralli > 1.

Proof. Let P be a non-sigular matrix for which

_ Cas O .
aer (G 0)e
where C 4 is non-singular and Ny is nilpotent of index r. From AP B = 0 it follows
that B can be written as

(0 0
za_P(B1 BZ)P .

Thus from the assumptions ABP =0and B"TABA™ =0, using Lemma 1.1 to com-
pute BP, we get that NAB? =0 and BgNABz = 0. So, we see that By and Nyu
satisfied conditions of Theorem 2.1.

We sett = r + s — 2. From Lemma 1.1 we have that

D —1
p_ p(Ca 0 “1_ p(C,4 0 1
(A+B) _P<B1 NA+32> P _P<X (NA+B2)D>P ,

where

t
X =(Ns+B)" (Z(NA + By)* B, (cAl)k> (€1 =(Na+ B)PBiC, "
k=0

Using Theorem 2.1 we get that
t
(Na+ By)" = BY — B (Z(B?)"NAS@) :
i=0

where S(i) = BY (Yi_o ByN), /) foralli > 0.
Now, expand X as the sum of the following terms X, X and X3.

t
X = B] (Z(NA + Bz)"Bl(C;I)’C) ok

k=0
t
= B} (Z S(k)B) (C;l)k> (CH%
k=0

where this equality follows by using (2.2) in Theorem 2.1.
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t t
Xo=—BY (Z(B?)"NAS@) (Z(NA + Bz)"&(C;l)k) (oyiok

i=0 k=0

t
=B} (Z Na(Na + Bz)kBl(C;Uk) (%

k=0

t—1t—1

—(BP)? (Z S (BYYNaSG +k+ 1By (C;l)k> (€%
i=0 k=0

where this equality follows by using (2.2) to obtain that S(i) (N4 + Bk = Bg (Ng +

B))IT% = S(i + k), after we change i =i — 1 in the last sum and we observe that
S@+t+1)=0fori =0,...,tr—1.

X3=—(Ns + B)PBC}!
t

=—BPBC,' — (BD)? (Z(B?)"NAS(I')&) ;.

i=0
Write Z(i) = B™ (Z;zo B~/ AJ)A™. By direct computations, for all i > 1 we

have,

1 0
ZO=P\_pbp, 1- BzBD>

i( 0 (0 0Y, (0 0],
= it BT )0 N 0 N
o (0 0 -

0 (I—BQBD)Z_O By /N

(e

=0 S(l))

and

0 0

. Dyq _
AZ(i)B(A")! _P<NAS(i)Bl(CA1)q 0

) p! forallg > 1

Now, we compute the terms of the expression (2.3) for (A + B)P using the block
descomposition,

t
> =BP (1 + Z(BD)"“AZ(i)) A”

i=0
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0 0 d 0 0 0o 0 ~
-7 {(0 B?) - ; ((3‘23)"“31 (35)”2) (0 NAS(i)>} P

p (0 0 > p-l
0 BY+ Y0 o(BY)T2NAS(G)

0 0 »
P P
(0 (Na + Bz)D> '

t
)= B" (1 + Z Z(k)B(AD)"“) AP

k=0

c;,! 0\ _,

=P D —1 b t —1\k+2 P,
~BPBIC;! + BT (Xisg SKBICYH2) 0

t
—(BP)? (Z(BD)iAZ(i)B> AP

i=0

23

= _P O O P—l
B Zgzo(Blzj)H_ZNAS(i)BlCXl 0 ’

t
S4=—BP (Z AZ(i)B(AD)"> (AP)?2

i=0
0 0\ ,
- (ZﬁzoBfNAS(OBI(cAI)fH o)P ’

t—11-1
Zs=—(B") (Z > (BPYAZG +k+ 1)B<AD)k> (AP)?
i=0 k=0
——p < 0 0) Pl
YT Yhs0 (BRI TANASG + k+ DBy(CH? o)
Thus, 1+ 52+ 53+ Z4+ 25 = P! (CAI 0
X (N4 + Br)

the proof of (2.3). The second statement of the theorem is easily verified. [J

) P, completing

Remark 2.6. Our conditions in Theorem 2.5, APB = 0, ABP = 0and B* ABA™ =
0 can be formulated geometrically as

RA(B) C N'(AT), R(B*)C N(A) and R(BA™) C N (B"A)

and we see that when r = ind(A) > 1 and s = ind(B) > 1 these conditions are
weaker than condition AB = 0, or Z(B) C A (A), assumed in [9-Theorem 2.1].

Remark 2.7. Let A, B € C"*" satisfy conditions of Theorem 2.5. Then for the pro-
jection (A + B)P(A + B) we get, after some computations, the following formula
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t
(A+ B)P(A+B)= BB + APA + (Z(BD)f+1AZ(i)> AT
i=0

t
+ B” <Z Z(i)B(AD)"+‘)

i=0
13 t )
_ Z Z(BD)I"F]AZ(Z + k)B(AD)k+1,
i=0 k=0
where Z(i) is defined as in (2.4).

Corollary 2.8. Let A, B € C"", r =ind(A) and s = ind(B). Suppose that AP B =
0and ABA™ = 0. Then

r—1
(A + B)D — <Z(BD)i+1Ai) AJT
i=0

s—1 r+s—2 i
+B7T ZBi(AD)i+1 + Z ZBI—]AJB(AD)I+2
i=0

i=1 j=1

r—2 r—2
_ (BD)2 (Z(BD)iAi+lB> AD_BD (Z Ai-‘t—lB(AD)i) (AD)2
i=0

i=0

r=2r—2—i
i=0 k=0
Proof. From APB = 0 and ABA™ = 0 it follows that

AB> = ABA"B + AB(I — A")B = ABAAPB =0

and thus AB_D = 0. Then we can apply Theorem 2.5, together with the simplification
AZ(i) = A"TTA™ foralli > 0 and A'B = AT'APB =0 for all i > r, to get the
result of this corollary. [J

Now, we can derive some special cases from Corollary 2.8.

Corollary 2.9. Let A, B € C"", r =ind(A) and s = ind(B). Suppose that AP B =
0and ABA™ = 0.

(i) If B> = B then

r—l r—1
(A+BP=8B (ZN) A" +(I — B) (AD+ZAiB(AD)i+2)

i=0 i=1
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r—=2 r—2
_B (Z A"+1B> AP —2B (Z Ai+lB(AD)i) (AP)?

i=0 i=0
r—=3r—2—i
—B (Z Z Al+k+lB(AD)k> (AD)2
i=0 k=0
(1) If B is nilpotent then we get a symmetrical result of Theorem 2.1,
r+s—2 i o )
(A+BP=aP+ | Y S B aipaP) | (AP
i=0 j=0

(i) In particular, if B> = 0 then

r—1 r—1
(A+ B)P = AP + (Z A"B(AD)i) (AP + B (Z Al’B(AD)’) (AP).

i=0 i=0

Proof. Each of this cases follows directly from Corollary 2.8 and the following
simplification.

(i) Since B> = B, we have B® = B and B* B = 0.
(ii) Since B is nilpotent of index s then B® = 0 and BP =0.
(iii) Since B2 =0then B> =0. O

Corollary 2.10. Let A € C"", r =ind(A), B € C"", s =ind(B). If AB® =0
and BT AB = 0 then

r—1 r+s—=2 i
(A + B)D — Z(BD)i+lAi + Z Z(BD)I-FZAB]Al—j AJT
i=0 i=1 j=1
s—1 . . s—=2 ' .
+ BT[ <Z Bl (AD)I+]) _ (BD)2 (Z(BD)lABl+]) AD
i=0 i=0

s—2
_ BD (Z ABiJrl (AD)Z) (AD)2
i=0

s—2§5—2—i
(=0 k=0

1

~

Proof. From ABP = 0 and B™ AB = 0 it follows that
A’B = AB"AB + A(I — B")AB = ABPBAB =0
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and thus AP B = 0. Then we can apply Theorem 2.5, together with the simplification
Z(i)B = B*B*! foralli >0 and AB' = ABPB!*! =0 for all i > s, to get the
result of this corollary. [J

Corollary 2.11. Let A € C"™", r =ind(A), B € C"*", s =ind(B). Assume
ABP =0and B"AB = 0.

() If A> = A then

s—1 s—1
(A+ B)P = (BD + Z(BD)i+2ABi) (I — A)+ B” (Z Bf) A

i=1 i=0

s—2 s—2

i=0 i=0

§s—=35—2—i
i=0 k=1
(i) If A is nilpotent then we get Theorem 2.1 as a particular case of Corollary 2.10.

Proof. We apply Corollary 2.10 and the following simplification.

(i) Since A% = A, we have AP = A and A/A™ =0 forall j > 1.
(i) Since B is nilpotent then B® = 0. [

If the stronger condition AB = 0 is satisfied then we obtain the Theorem 2.1 given
in [9].

Corollary 2.12. Let A, B € C"*", r = ind(A) and s = ind(B). If AB = 0 then
r—1 o s—1 ' .
(A + B)D — BD (Z(BD)ZAZ> A?T + B?T (Z BZ(AD)Z) AD.
i=0 i=0

Proof. Since AB = 0 then it follows that AP B = BAP = 0. Thus we can apply
Corollary 2.8 or Corollary 2.10 to get the above result. [

3. Applications

We can prove a perturbation result concerning the matrix L — E, generalizing
[9—Corollary 2.2]. Our result recovers all the cases analyzed in [9] and thus the previ-
ous perturbation results given in [11,12,15,16]. Continuity properties of the Drazin
inverse are investigated in [3] for complex matrices , and in [10,13] for linear
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operators. Error bounds of the perturbed Drazin inverse with certain restrictions on
the perturbing matrices are given in [6,14,15] and in [7] for closed linear operators.

The conditions of the following theorem are satisfied when the idempotent matrix
W commutes with L which is the case studied in [9—Corollary 2.2].

Theorem 3.1. Consider L — E and let W be an idempotent such that WE = E. We
set Ly =L(I —W)and R = WLW — WEW. Suppose that

(i) LiLW =0,

(i) (I = W)L(LW — E)LT =0,
(iii) (I — W)LE(I — W)LWLP =0.
Then

-1 1
(L — EYP = (Z(RD)"“LQ — Z(RD)iJFZE(I — W)LL"I*) LY
i=0 i=1

t—1 —1
+R (Z RULYY M + Y RIE(I—W)LE( — W)(Llll))i+4)

i=0 i=0

t—1
—R™ (Z R'E(I — W)U + LWL?)(L?)i+2>

i=0
+RPE(I — W)LY + (I + RPE)Y(T — W)LW((LP)?
—E(I = W)(LD)’) = (R°)’E(I — W)
x (LT — LWLY — LE(I — W)(LD)?)
—(RPYE(I — W)LE(I — W)LP,

where |l = ind(L1) and t = ind(R).

Proof. We split L — E as

L—E=A+B,
where A =L — WLW and B = WLW — E. In order to compute AP we write A
as A=Li+ L, where L1 = L(I — W) and L, = (I — W)LW. We observe that

L% = 0. It follows from assumption (i) that Lj L, = 0. Thus we may use Corollary
2.12 to obtain

AP = 1P 4 L,(LD)? and A" = LT — L,LP.
Since WE = E then L B = 0. Hence LY B = 0and APB = (I + L,LY)LYB = 0.
From (ii) and (iii) it follows that
ABA™ = (I — W)L(LW — E)(L] — L,LD) = 0.

Then we may apply Corollary 2.8, with the simplification A>B = (L; + Ly)L1B =
0, to give
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r—1 s—1
(A"f_ B)D: <Z(BD)i+1Ai) A7T + B7T (Z Bi(AD)i+l>
i=0 i=0
+ B” (Z Bi‘AB(AD)"“) — (B®)?ABAP — BPAB(AP)?,
i=1

(3.1)

where r = ind(A) < ind(L{) + 1 and s = ind(B) < ind(R) + 1. In order to com-
pute BP we write B as B= R — S where S = WE(I — W). Since SR = 0 and
§% = 0 then we may apply Corollary 2.12 to give

BP = RP — (RP)’S and B” = R™ + RPS.
For all i > 1 we have
B'=(R-5 =R —R~'S and (BP) = (RP) — (RP)*ls.
On the other hand, for all i > 1 we have
AT =Li+ Ll and  (AP) = (LP) + Ly(LD)y .
Now, we compute the first term of (A + B)P:

r—1
Zl — (Z(BD)i+1Ai> AJ‘[
i=0
-1 ' . 1 . '
= —(R®)’S(LT — LoLY) + (Z(RD)’“L'1 - Z(RD)'“SLLg—l) LT
i=0 i=1
= —(RPE(I — W)(LT — LWLD)
-1 1
+ (Z(RD)"“U’1 Y (R®TEU - W)LLl'll) LT.
i=0 i=1

Let us compute the second and third term of (A_—l— B)P. Frqm assumption (ii) it
follows that Lo R = 0, then for all i > 2 we have Bi"1AB = R’_ZSLZS. Thus,

s—1 s
22: Bﬂ (Z Bi(AD)i+1 + ZBi—lAB(AD)i+2>

i=0 i=1

t—1 -1
= R" (Z RULDY ™ + 3 RISLyS(LD)*

i=0 i=0
t—1 ' '
— > R'SU + Llel))(Lll))”'z)
i=0
+ RPSLY 4 (1 + RPS)La((LP)? — S(LD)?)
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t—1 t—1
= R” (Z RI(LD)*! 4 Z R'E(I — W)LE(I — W)(L?)“r“)

=0 i=0
t—1 ' '
.y (Z R'E(I — W)U + LWL?)(L?)’“)
i=0
+RPE(I = W)LY + (I + RPE)(I — W)LW
x (LP)* — E( = w)(LD)?).
On the other hand, for the other terms of (A + B)P in (3.1 ) we get
>3 =—(BP)2ABAP — BPAB(AP)?,
= —(RP)*SLySLY — (RP)?>SLyS(LD)?,
= —(R°E(I-W)LE(I — W)LY — (RP)?E(1 — W)LE(I—W)(LD)*.
Finally, the result follows by adding X| + X, + X3 to get (L — E)P. O

Here we discus some special interesting cases of Theorem 3.1. The following
lemma is needed for the cases to follow.

Lemma 3.2. Let L € C™" and let W € C™" be an idempotent. Assume that L*
W =WL*W = (LW)2. Ifwe set Ly = L(I — W) and Ly = WLW then

-1 r—1
LP = (Z(L?)”‘LO LT + L% (Z Lg(L?)i“) + (I — W)LW(LD)?,
i=0 i=0
[y =ind(Ly), r = ind(L3), and
(I —W)L™ = (I — W)(LT — LWLY).
Moreover, foralli > 1 we have
(I — WY(LP) = (I = W)(LD) + LW(LD)"H1)
and
- .
(I —W)L'"' =1 —W)LL).
Proof. Wesplit Las L =L+ Ly+ L3, where Ly =L —-W),L,=U—-W)

LW and L3 = WLW. We observe that L% = 0. Condition LW = (LW)? implies
(L1 + L3)L, = 0 and then

LP = (L1 + L) + Loa((L1 + Ly)P)?
and since L1L3 = 0 we can apply Corollary 2.12 to get

-1 r—1
(L1 + L3)P = (Z(L?)H'IL"l) LT + L} (Z Lg(L‘f)f“) ,

i=0 i=0
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where [ = ind(L) and r = ind(L3). Condition L>*W = WL?W implies LoL3 = 0
then L, LY = 0, then
Ly((L1 + L3)P)* = Ly(LD)%.

Then the first part of the lemma is proved. Now, from the formula for L we get that
foralli > 1

(I = W)LP) = (I = W)(LD) + LWL
and
(I —W)L™ = (I — W)(LT — LWLD).
By other way, we can easily prove that for all i > 1,
I-W)L'' =g -w)LL,. O
Case (1) We assume (i) WE = E and EW = 0. (ii) L?W = WL?>W = (LW)?2. (iii)
(I - W)LEL™ =0.

Then we can apply Lemma 3.2 and Theorem 3.1, with R = L3 = WLW which
implies R' = WL'W and (RP)! = (LP)'W, to get

-1
(L—EP=wLP - (Z(LD)iJr]ELi) (I —W)L™
i=0
+(I =W+ LPE)LP + LW(LP)?)

t—1 t—1
+L7TW (Z LiELE(LD)i+4 _ ZLiE(LD)i"t‘Z)

=0 i=0
—(I—W+LPE)LE(LP)® — (LP)’ELELP
— (LPY’ELE(LP)%.

Case (1a) We assume (i) and (ii) as in Case (1) and LE = WLE. Then
(L—E)PP=wLP - (Z(LD)’+1EL’) (I —W)L™
i=0
+(I =W+ LPE)LP + LW(LP)?)
—1
_ LJTW (Z LiE(LD)i+2> .
i=0
Case (1b) We assume (i) as in Case (1) and LW = WLW. Then

-1
(L—EY=wLP - (Z(LD)"“EL’) (I —W)L”

i=0
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t—1
+I —W+LPE)L® — LW (Z LlE(LD)t+2) '
i=0
Case (1c¢) We assume (i) as in Case (1) and LW = W L. Then

-1
(L _ E)D — LDW _ (Z(LD)i+1ELi> LJT

i=0

—1
+I —W+LPE)LP — (Z Ll’L”E(LD)i”) )
i=0

Example 3.3. We set

1 0 -1 1 0 -1
L=1]20 1 0 and E=]0 0 O
-1 0 1 1 0 -1
Consider
0 0 1
wW={|0 1 0
0 0 1
Then

0 0 O 0 1
Lw=\(0 1 0}, WL=|0 1 O
0 0 O -1 0 1

We have LW = WLW and WE = E, so we can apply Case (1b). However we see
LW # WL.

Example 3.4. We set

00 —1 0 1 0 0 0
I R « -1 00 0
L=1lg o o of them L"=|¢y ¢ 1 o
21 0 1 1 0 1 0
and consider
0000 0000 0000
0000 0000 0000
W=loo010]l" B1=|o000]| 2 E2=|; 190
1010 2100 2100
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Then
00 0 0 -1 -100 0000
> |00 00 1 100 « _l00o00
EW=100 00| 22=10 0 oo| B2 =]0000
10-10 2 100 1000

We see that LZW = WL2W = (LW)2. Moreover, for the matrix E; we have
WE| = E;, E1W = 0and LE| = WLE]/. Thus we can apply Case(1a) to the matrix
L — E;.For the matrix E, we have WE, = E», E;W =0and (I — W)LE,L™ =0,
however (I — W)L E> # 0. Thus, we can apply Case (1) to the matrix L — E>.

Case (2) We assume (i) WE = E. (i) L*W = WL*W = (LW)?. (iii) ELW =
EWLW,I —W)LEW =0and (/ — W)LEL™ = 0.

We apply Lemma 3.2 and Theorem 3.1 having in count that condition ELW =
EW LW implies that, foralli > 1,

W(L — E))W = (WLW — EW)' = R'.
Thus,

-1 -1
i=0 i=0
t—1
x (I —W)L™ + R"™W (Z(L — E))WL{UI — W)(LP)i*?
i=0

t—1
+ Y (L—E)E(I—W)LE(I — W)(LD)"+4>
i=0

t—1

—R™W (Z(L —E)YEU — W)(LD)f+2> + RPE( — W)LP
i=0

£ (I = W)LW(LP)? — (I + RPE))(I — W)LE(I — W)(LP)>3

—(R®?E(UI - W)LE(I — W)LP

—(R®Y?E(I — W)LE(I — W)(LP)?).

Case (2a) Assume (i) and (ii) as in Case (2) and E(/ — W)LW = (I — W)LE = 0.
Then
-1 -1
(L — E)D — (Z(RD)[+1L(I _ W)Li—l _ Z(RD)i-‘rzE(I _ W)Ll>
i=0 i=0
r—1
x (I — W)L + R™W (Z(L — EY'WL(I — W)(LP)+?
i=0
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t—1

— Z(L —EYEU - W)(LD)"+2> +RPE(I —w)LP
i=0

+(I — W)LW(LP)?.

Case (2b) Assume (i) as in Case (2) and (/ — W)LW = 0. Then

-1 -1
(L _ E)D — <Z(RD)1+1L(I _ W)Li71 _ Z(RD)i+2E(I _ W)Ll>
i=0 i=0
t—1
x (I —W)L™ + R™W (Z(L — E)'WL({I — W)(LP)I*?
i=0
—1
— > (L -E)EU - W)(LD)"+2> + RPE(I — W)LP.
i=0

Example 3.5. We consider the matrix L and the idempotent W of Example 3.4 and
we set

0 0 0 0

0 0 0 0

B=1y 1 0 o

2 1 2 3

Then

00 0 0 0 0 0 0
00 0 0 0 0 0 0
EBLW=145 0 o ofl B"=10 0 0 o
3 0 -3 3 30 2 3

We see that E3LW = EsWLW, (I — W)LE3W =0and (I — W)LE3L™ =0
thus we can apply Case (2) to the matrix L — E3.

Case (3) Assume WE = E, LW = 0. In this case LE = 0 and we get Corollary
2.12 as a particular case of our perturbation result.

-1 —1

(L _ E)D — (Z(_ED)i+1WLi) LJT + EJT (Z(—E)lW(LD)l+l) .
i=0 i=0

Case (4) Assume WE =E, EW =WLW, L*W =WL>W = (LW)?> and

(I —W)LE(I — W)L™ = 0. Then we can apply Lemma 3.2 and Theorem 3.1 with

R = 0to get
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(L—EYP=u0-w)LP —wLUu — w)(LP)> — E(1 — W)(LP)?
+E(I —W)LE(I — W)(LP)* — (I = W)LE(I — W)(LP).

Case (4a) Assume WE = E, EW = WLW, L?*W = WL?>W = (LW)%? and LE =
WLE. Then

(L—EP =1 -W)LP —wLU - W)LP)> — E(1 — W)(LP)?.
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