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Abstract

This paper deals with perturbations of the Ornstein–Uhlenbeck operator on L2-spaces with respect to
a Gaussian measure μ. We perturb the generator of the Ornstein–Uhlenbeck semigroup by a certain un-
bounded, non-linear drift, and show various properties of the perturbed semigroup such as compactness and
positivity. Strong Feller property, existence and uniqueness of an invariant measure are discussed as well.
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1. Introduction and preliminaries

The starting point in this work is the following second-order problem in an infinite-dimen-
sional Hilbert space H

{
u′(t, x) = 1

2 TrD2u(t, x) + 〈Ax,Du(t, x)〉 + 〈F(x), (−A∗)γ Du(t, x)〉, t � 0,

u(0, x) = f (x), x ∈ H .
(1)
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Here A is a linear operator on H , D denotes the Fréchet derivative and F is a function mapping
H into itself (the precise assumptions and ingredients will be formulated later). Such problems
are successfully handled by functional analytic, actually operator-semigroup theoretic methods
(as presented, e.g., in [12]). As a general reference to this approach we mention the monographs
by Da Prato [7] and Da Prato, Zabczyk [10,11].

The Ornstein–Uhlenbeck semigroups corresponding to problem (1) for F ≡ 0 is studied in,
e.g., Da Prato [5,6], Da Prato, Zabczyk [9–11], van Neerven [25] and van Neerven, Zabczyk
[26]. For γ = 0 the general case, using perturbation arguments, is then treated by Da Prato in [5,
6] and also by Chojnowska-Michalik [2], Chojnowska-Michalik, Goldys [3,4], Goldys, Kocan
[16], Rhandi [23]. Our investigation is inspired by Da Prato’s paper [6] where he considers the
critical case γ = 1/2 and works in the space of bounded uniformly continuous functions on
H . His work concentrates rather on the corresponding elliptic problem and uses perturbation
and dissipativity methods. Our idea is to work on the space L2(H,μ), where μ is the invariant
measure for the Ornstein–Uhlenbeck semigroup, and to obtain the solution of the above problem
by perturbation techniques, more precisely by using the Miyadera–Voigt perturbation theorem,
from semigroup theory.

We also obtain qualitative properties such as compactness, positivity and under certain con-
ditions the irreducibility of (Pt )t�0 (see Sections 2 and 4). These imply immediately, thanks
to a spectral theoretic argument, the existence of an invariant measure ν of the above Cauchy
problem. We stress here that the L2-approach makes it also possible to show the strong Feller
property of the semigroup (Pt )t�0, which means that for all bounded, measurable functions f

and t > 0 we have Ptf ∈ Cb(H) (where Cb(H) denotes the Banach space of bounded and con-
tinuous function on H ). This particularly involves that the space Cb(H) is invariant under the
semigroup (Pt )t�0.

We will also see that the restricted semigroup (P̃t )t�0 is a Markov semigroup on Cb(H).
Denote by X(t) the corresponding stochastic process on H . Then for suitable functions F , X(t)

is a solution of the following stochastic differential equation (see Zambotti [31]){
dX(t) = AX(t)dt + (−A)γ F (X(t)) + dW(t),

X(0) = x ∈ H,

here W(t) is a cylindrical Wiener process on the real, separable Hilbert space H , with inner
product 〈·,·〉 and norm ‖ · ‖. Further, the invariant measure ν is proved to have finite second
moment (because it is absolutely continuous with respect to the Gaussian measure μ—having
all finite moments—and its density ρ is in L2(H,μ)), so this means that the above stochastic
equation admits a stationary solution with stationary distribution ν.

Of course, (Pt )t�0 is a contractive semigroup on Cb(H), but using a spectral property of this
semigroup, we can even show that under some additional conditions it is bounded on L2(H,μ)

(see Theorems 4.2 and 4.3). In this way we generalize the results obtained in [3] and [23], where
only the case γ = 0 was treated.

Now we comment on the case γ = 0. It was proved in [3] that the invariant measure is unique
without the assumption of F being Lipschitz. However, for the sake of the simple, more or
less functional analytic treatment we included this additional assumption (see Corollary 4.4).
In [2, Corollary 6.3], it is shown that the semigroup (Pt )t�0 is quasi-contractive, our result of
(polynomial) boundedness (Theorem 4.2) complements this, showing that the semigroup cannot
grow exponentially. Polynomial boundedness is improved to boundedness in presence of the
irreducibility of (Pt )t�0 (see Theorem 4.3).
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Actually, we will quickly leave behind our starting problem, and concentrate on the semigroup
theoretic results, whose interpretation concerning the properties of the equation above is fairly
standard.

Let us set up now the framework for our investigations. Consider the stochastic differential
equation (corresponding to the case F ≡ 0 in the above problem){

dZ(t) = AZ(t)dt + dW(t),

Z(0) = x ∈ H,
(2)

where A is a linear operator in H satisfying the following hypothesis.

Hypothesis 1.1.

(a) The operator (A,D(A)) generates an analytic semigroup (etA)t�0.
(b) For t > 0 the operator etA is Hilbert–Schmidt and

∞∫
0

∥∥etA
∥∥2

HS dt < +∞,

where ‖ · ‖HS stands for the Hilbert–Schmidt operator norm.

It is well known that under this hypothesis, Eq. (2) has an H -valued mild solution (see, e.g.,
Da Prato, Zabczyk [9]) which is a Gaussian Markov process given by

Z(t, x) = etAx +
t∫

0

e(t−s)A dW(s). (3)

The distribution of the process Z(t, x) is easily described. To that purpose define

Qt =
t∫

0

esAesA∗
ds, t > 0.

From the assumptions above it follows that for t > 0 the operators Qt , and even Q∞ :=
limt→∞ Qt , are of trace class. The Gaussian measures NetAx,Qt

on H with mean etAx and co-
variance Qt exist for all t > 0 and x ∈ H . This family of measures gives the distribution of
the process Z(t, x). The transition semigroup associated to this process is called the Ornstein–
Uhlenbeck semigroup and is defined by

(Rtϕ)(x) := E
(
ϕ
(
Z(t, x)

))
for all ϕ ∈ Cb(H), (4)

where E denotes the expectation. Using the distribution of the process Z(t, x), we can write (4)
as

(Rtϕ)(x) =
∫

ϕ(y)dNetAx,Qt
(y), ϕ ∈ Cb(H), x ∈ H.
H
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A change of variables gives the expression

(Rtϕ)(x) =
∫
H

ϕ
(
etAx + y

)
dNQt (y), t � 0, ϕ ∈ Cb(H), x ∈ H, (5)

where NQt is the Gaussian measure on H of mean 0 and covariance operator Qt .
It is well known that the semigroup (Rt )t�0 is not strongly continuous on the spaces Cb(H)

and UCb(H) (see Cerrai [1] and van Neerven, Zabczyk [26]). In order to get around this, we will
consider the L2-space with respect to an invariant measure. From [10, Section 6.2.1] we know
that the measure μ = N0,Q∞ is invariant for (Rt )t�0 (and it is even unique), which means that∫

H

Rtϕ(x)dμ(x) =
∫
H

ϕ(x)dμ(x) for all ϕ ∈ Cb(H). (6)

Therefore, we can extend (Rt )t�0 to a C0-semigroup of contractions on L2(H,μ).
We denote by (L,D(L)) the generator of the semigroup (Rt )t�0, and we define the operator

(L0,D(L0)) with D(L0) := F∞
b (H), and for x ∈ H

L0ϕ(x) := 1

2
TrD2ϕ(x) + 〈

x,A∗Dϕ(x)
〉
, ϕ ∈ D(L0), (7)

where F∞
b (H) is the space of cylindrical functions:

F∞
b (H) := {

f ∈ C∞
b (H), f (x) = fm

(〈x,h1〉, . . . , 〈x,hm〉), fm ∈ C∞
b

(
R

m
)}

,

where (hi)1�i�m are elements from D(A∗). For a function ϕ ∈ F∞
b (H), we denote by Dϕ its

Fréchet derivative.
It follows from [3, Lemma 3] that (D,F∞

b (H)) is closable in L2(H,μ) and if we denote
again by D its closure then its domain is the Sobolev space W 1,2(H,μ) which is defined as the
completion of F∞

b (H) in the L2(H,μ) with respect to the norm defined through

‖ϕ‖2
W 1,2 =

∫
H

∣∣ϕ(x)
∣∣2 dμ(x) +

∫
H

∥∥Dϕ(x)
∥∥2 dμ(x).

It was proved in [8] that

W 1,2(H,μ) ↪→ L2(H,μ) is a compact embedding. (8)

The following proposition from [3] gives a description of the generator of the Ornstein–
Uhlenbeck semigroup.

Proposition 1.2. Assume Hypothesis 1.1. Then D(L0) is invariant under the action of Rt and the
generator L of the Ornstein–Uhlenbeck semigroup (Rt )t�0 on L2(H,μ), is a unique extension
of L0 to a generator of a C0-semigroup. Moreover, L is the closure of L0.

For the sake of completeness we repeat here the already classical theorem Miyadera [19] and
Voigt [27, Theorem 1] (see also [12, Corollary III.3.16]).
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Theorem 1.3. Let (Rt )t�0 be a C0-semigroup on a Banach space E with generator (A,D(A)).
Consider an A-bounded linear operator (B,D(B)) such that there are constants α > 0, q ∈
[0,1) with

α∫
0

‖BRtϕ‖dt � q‖ϕ‖ for ϕ ∈ D(A). (9)

Then the following assertions hold.

(a) The operator A + B with domain D(A) generates a C0-semigroup (Pt )t�0 on E given by
the Dyson–Phillips series

Pt =
∞∑

n=0

Un(t), t � 0, (10)

where the operators U0(t) := Rt and Un+1(t)ϕ := ∫ t

0 Un(t − s)BRsϕ ds for t � 0 and ϕ ∈
D(A) extend continuously to the whole space E. The series in (10) converges in the operator
norm uniformly for t � 0 in compact intervals.

(b) For ϕ ∈ D(A) and t � 0, we have the integral equations

Ptϕ = Rtϕ +
t∫

0

Pt−sBRsϕ ds, (11)

Ptϕ = Rtϕ +
t∫

0

Rt−sBPsϕ ds. (12)

The estimate ‖Pt‖ � Meωt holds with constants M > 0, ω ∈ R dependent only on the semigroup
(Rt )t�0 and the constants α and q .

2. Perturbation of the Ornstein–Uhlenbeck semigroup

In this section we consider perturbations of the Ornstein–Uhlenbeck semigroup by non-linear
drifts as, e.g., in [3] and [23]. We consider the linear operator (B,D(B)) defined by

D(B) := D(L) and Bϕ(x) := 〈
F(x), (−A∗)γ Dϕ(x)

〉
, x ∈ H,

where F ∈ Cb(H,H) and γ ∈ [0,1/2). This definition is indeed meaningful: Lemma 2.3 below
shows that for ϕ ∈ D(L) and x ∈ H we have Dϕ(x) ∈ D((−A∗)γ ). This perturbing operator ap-
pears as the third term in (1), thus taking into account the description of the Ornstein–Uhlenbeck
operator (7), our ultimate aim is to show the generator property of L + B . For this purpose we
will check the appropriate assumptions of the Miyadera–Voigt perturbation Theorem 1.3.

It is known that in our case rg etA ⊆ rgQ
1/2
t for t > 0, see [9, Corollaries 9.22, 9.23]. Thus

the Cameron–Martin formula [11, Theorem 1.3.6] provides the Radon–Nikodým derivative of
the equivalent measures NQt and NetAx,Q
t
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dNetAx,Qt

dNQt

(y) = e−1/2‖Λtx‖2+〈Q−1/2
t y,Λt x〉 for y ∈ H,

with Λt := Q
− 1

2
t etA, t > 0.

Further, Λt satisfies the following norm estimate, see [9, Corollary 9.22]

‖Λt‖ � ct−1/2, t > 0. (13)

For our purposes however we will need an estimate for Q
− 1

2
t e

t
2 A as well. This can be obtained

analogously to the case of Λt (see [9, Appendix B]), but for the sake of completeness we sketch
the argument. Let us fix t > 0 and consider the Hilbert space U = L2([0, t],H) and the bounded
operator J :U → H , Ju := ∫ t

0 e(t−s)Au(s)ds. Then the adjoint operator J ∗ :H → U is given by
(J ∗x)(s) = e(t−s)A∗

x, so we have Qt = JJ ∗. Now Corollary B.4 in [9] gives that

∥∥Q
− 1

2
t e

t
2 Ax

∥∥2 = ∥∥J−1x
∥∥2 = min

{‖u‖2
U : Ju = e

t
2 Ax

}
. (14)

Define the function

u(s) :=
{

0, s < t/2,
2
t
e(s−t/2)Ax, s � t/2.

Then we have u ∈ U and

Ju =
t∫

0

e(t−s)Au(s)x ds = 2

t

t∫
t/2

e(t−s)Ae(s−t/2)Ax ds = et/2Ax.

So from (14) we obtain

∥∥Q
− 1

2
t e

t
2 Ax

∥∥2 � ‖u‖2
U = 4

t2

t/2∫
0

∥∥esAx
∥∥2 ds � c1

t
‖x‖2,

hence

∥∥Q
− 1

2
t e

t
2 Ax

∥∥ � c2

t1/2
‖x‖.

For x ∈ D((−A)γ ) we obtain the following estimate

∥∥Λt(−A)γ x
∥∥ = ∥∥Q

− 1
2

t e
t
2 Ae

t
2 A(−A)γ x

∥∥ � c2

t1/2
· c

tγ
‖x‖ = cγ

t1/2+γ
‖x‖, (15)

where we used that (A,D(A)) generates an analytic semigroup and hence ‖tγ (−A)γ etA‖ is
bounded near 0 (see [21, Theorem 6.13]).

The following proposition gives the crucial estimates needed for the application of Theo-
rem 1.3. An immediate consequence is also the compactness of the semigroup (Rt )t�0 (see [11,
Proposition 10.3.1]).
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Proposition 2.1. Assume that Hypothesis 1.1 holds and take ϕ ∈ L2(H,μ). Then for any t > 0
we have DRtϕ ∈ L2(H,μ), and

‖DRtϕ‖2 � c0t
− 1

2 ‖ϕ‖2. (16)

Moreover, Rt is compact for all t > 0.

Even more can be said: the following lemma gives further estimates on the derivatives of the
orbits of the semigroup Rt being vital for the perturbation theorem.

Lemma 2.2. Let ϕ ∈ L2(H,μ) and t > 0. Then DRtϕ(x) ∈ D((−A∗)γ ) for all x ∈ H . Moreover
‖(−A∗)γ DRtϕ(·)‖ ∈ L2(H,μ), and we have

∥∥(−A∗)γ DRtϕ(x)
∥∥2 � cγ t−2(γ+1/2)Rtϕ

2(x) for x ∈ H , t > 0 and, (17)∥∥(−A∗)γ DRtϕ
∥∥

2 � cγ t−(γ+1/2)‖ϕ‖2, t > 0. (18)

Proof. Let ϕ ∈ L2(H,μ), t > 0 and h ∈ D((−A)γ ). Then

〈
DRtϕ(x), (−A)γ h

〉 = ∫
H

〈
Λt(−A)γ h,Q

−1/2
t y

〉
ϕ
(
etAx + y

)
dNQt (y), x ∈ H.

By the Hölder inequality and then using (15) it follows that

∣∣〈DRtϕ(x), (−A)γ h
〉∣∣2 �

∣∣Rtϕ
2(x)

∣∣ ∫
H

∣∣〈Λt(−A)γ h,Q
−1/2
t y

〉∣∣2 dNQt (y)

�
∣∣Rtϕ

2(x)
∣∣ · c2

γ t−2(γ+1/2)‖h‖2, x ∈ H.

Hence from the arbitrariness of h we obtain DRtϕ(x) ∈ D((−A∗)γ ) and

∥∥(−A∗)γ DRtϕ(x)
∥∥ � cγ t−(γ+1/2)

∣∣Rtϕ
2(x)

∣∣1/2
, x ∈ H.

By integrating on H , and using the invariance of the measure μ we obtain inequality (18). �
For the resolvent R(λ,L) of the generator (L,D(L)) we have the following lemma.

Lemma 2.3. Suppose that Hypothesis 1.1 holds, and let ϕ ∈ L2(H,μ). Then DR(λ,L)ϕ(x) ∈
D((−A∗)γ ) for λ > 0 and x ∈ H , and we have

∥∥(−A∗)γ DR(λ,L)ϕ
∥∥

2 � c2,γ λ−(1/2+γ )Γ (1/2 − γ )‖ϕ‖2. (19)

In particular, we have BR(λ,L) ∈ L(L2(H,μ)).
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Proof. From Lemma 2.2 we have for each ϕ ∈ L2(H,μ) and t > 0, (−A∗)γ DRtϕ ∈ L2(H,μ)

and

∥∥(−A∗)γ DRt − (−A∗)γ DRs

∥∥
2 = ∥∥(−A∗)γ DRs(Rt−sϕ − ϕ)

∥∥
2

� cγ s−(γ+1/2)‖Rt−sϕ − ϕ‖2

for t > s > 0. Hence the function

0 < t �→ (−A∗)γ DRt is strongly continuous.

On the other hand, from the estimate (18) we obtain

∞∫
0

e−λt
∥∥(−A∗)γ DRtϕ

∥∥
2 dt < +∞ for all ϕ ∈ L2(H,μ) and λ > 0.

So for each ϕ ∈ L2(H,μ) and λ > 0, we have

(−A∗)γ DR(λ,L)ϕ =
∞∫

0

e−λt (−A∗)γ DRtϕ dt, and

(−A∗)γ DR(λ,L)ϕ ∈ L2(H,μ).

Hence estimate (18) and some calculation give the desired inequality in the lemma. The fact that
BR(λ,L) is a bounded operator on L2(H,μ) follows directly, since F is bounded. �

After these preparations we are able to prove the following perturbation theorem.

Theorem 2.4. Assume that Hypothesis 1.1 holds. Then the operator N := L + B with do-
main D(N) := D(L) generates a compact, analytic strongly continuous semigroup (Pt )t�0 on
L2(H,μ), satisfying the integral equation

Ptϕ = Rtϕ +
t∫

0

Pt−sBRsϕ ds (20)

for all t � 0 and ϕ ∈ L2(H,μ), and the operator BPt has a bounded extension to L2(H,μ) for
each t > 0. Moreover, we have

T∫
‖BPtϕ‖2 dt < +∞ for each T > 0. (21)
0
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Furthermore, the integral equation

Ptϕ = Rtϕ +
t∫

0

Rt−sBPsϕ ds (22)

holds for all t � 0 and ϕ ∈ L2(H,μ). The generator (N,D(N)) is the closure of the operator
defined for ϕ ∈ F∞

b (H) and x ∈ H by

N0ϕ(x) := 1

2
TrD2ϕ(x) + 〈

Ax,Dϕ(x)
〉 + 〈

F(x), (−A∗)γ Dϕ(x)
〉
.

Proof. We use Theorem 1.3, the Miyadera–Voigt perturbation theorem for strongly continuous
semigroups. Lemma 2.3 implies that the operator (B,D(B)) is L-bounded, hence we only need
to check (9) in Theorem 1.3 for B and (Rt )t�0. From the proof of Lemma 2.3 one can see that
the function 0 < t �→ BRtϕ ∈ L2(H,μ) is continuous and by (18) for any q ∈ (0,1) there exists
α := α(q) > 0 such that

α∫
0

‖BRtϕ‖2 dt � cγ ‖F‖∞‖ϕ‖2

α∫
0

t−(γ+1/2) dt � q‖ϕ‖2. (23)

Therefore (N,D(L)) generates a strongly continuous semigroup (Pt )t�0 on L2(H,μ) and the
integral equations (20), (22) hold for all ϕ ∈ D(L). Since (23) is satisfied for all q ∈ (0,1), by
[12, Ex. III.2.18.2] it follows that the L-bound of B is 0. The Ornstein–Uhlenbeck semigroup
(Rt )t�0 is under our assumptions analytic (see [15]), so [12, Theorem III.2.10] shows (Pt )t�0 to
be analytic, too. Since D(L) is dense in L2(H,μ), it follows from (18) and Lebesgue’s theorem
that (20) holds for all ϕ ∈ L2(H,μ).

Let us now prove (21) and (22). It follows from Theorem 1.3 and (18) that the operator Pt is
given by

Ptϕ =
∞∑

n=0

Un(t)ϕ for ϕ ∈ L2(H,μ),

where U0(t)ϕ := Rtϕ and Un+1(t)ϕ := ∫ t

0 Un(t − s)BRsϕ ds for all t � 0 and ϕ ∈ D(L). By
Lemma 2.2 and (13) we have that∥∥(−A∗)γ DRtϕ

∥∥
2 � c2,γ t−(γ+1/2)‖ϕ‖2

for all t > 0 and ϕ ∈ L2(H,μ). For U1 we also have (−A∗)γ DU1(t)ϕ ∈ L2(H,μ) and

∥∥(−A∗)γ DU1(t)ϕ
∥∥

2 �
t∫

0

∥∥(−A∗)γ DRt−sBRsϕ
∥∥

2 ds

� c2,γ

t∫
(t − s)−(γ+1/2)‖BRsϕ‖2 ds
0
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� c2
2,γ ‖F‖∞t−(γ+1/2)

[
t1/2−γ

1∫
0

(1 − s)−(γ+1/2)s−(γ+1/2) ds

]
‖ϕ‖2

�
(
c2

2,γ ‖F‖∞T̃ 1/2−γ K
)
t−(γ+1/2)‖ϕ‖2,

for ϕ ∈ L2(H,μ) and t ∈ (0, T̃ ] (1 > T̃ > 0 is arbitrary), where K := ∫ 1
0 (1 − s)−(γ+1/2) ×

s−(γ+1/2) ds.
By induction it follows that for each n ∈ N, ϕ ∈ L2(H,μ) and t ∈ (0, T̃ ], ‖(−A∗)γ DUn(t) ×

ϕ(x)‖ ∈ L2(H,μ) and∥∥(−A∗)γ DUn(t)ϕ
∥∥

2 � c2,γ

(
c2,γ ‖F‖∞T̃ 1/2−γ K

)n
t−(γ+1/2)‖ϕ‖2.

Hence by taking T̃ sufficiently small, we obtain (−A∗)γ DPtϕ ∈ L2(H,μ) and

∥∥(−A∗)γ DPtϕ
∥∥

2 �
∞∑

n=0

∥∥(−A∗)γ DUn(t)ϕ
∥∥

2

� c2,T̃ ,γ
t−(γ+1/2)‖ϕ‖2,

for ϕ ∈ L2(H,μ) and t ∈ (0, T̃ ]. Since F is bounded we obtain

‖BPtϕ‖2 � c3,T̃ ,γ
t−(γ+1/2)‖ϕ‖2, (24)

for ϕ ∈ L2(H,μ) and t ∈ (0, T̃ ]. This last inequality yields (21) for T = T̃ > 0. Using the
semigroup property one can prove (21) for arbitrary T > 0. From the denseness of D(L) in
L2(H,μ) and Theorem 1.3, and using again the last inequality, it follows that (22) holds for all
ϕ ∈ L2(H,μ).

To show the compactness of (Pt )t�0, we use the compactness of the semigroup (Rt )t�0 (see
Proposition 2.1) and the integral equation (22). Since for t > 0, the operator BPt is bounded, it
follows that the operators Rt−sBPs (0 < s < t) are compact. Hence (24) and a well-known result
of Voigt [28] yields the compactness of the operator given by the strong integral

t∫
0

Rt−sBPs ds.

To prove the last statement it is enough to refer to Proposition 1.2 and notice that by
Lemma 2.3 the operator BR(λ,L) is bounded, so F∞

b (H) is also a core for (N,D(L)) =
(L + B,D(L)). �
3. Strong Feller property of the perturbed semigroup

The Ornstein–Uhlenbeck semigroup can also be considered on the space Cb(H). However,
there it is not strongly continuous with respect to the supremum norm, see, e.g., van Neerven,
Zabzcyk [26]. We tackle this problem by introducing the mixed topology τm on Cb(H) (or with
a different terminology the strict topology), which is a sequentially complete, locally convex
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topology on Cb(H) and on supnorm bounded sets of Cb(H) it coincides with the compact-
open topology, see Sentilles [24], Wiweger [29]. (For other approaches relaxing on the notion of
supnorm-strong continuity see Cerrai [1] and Priola [22].)

The Ornstein–Uhlenbeck semigroup is strongly continuous and locally equicontinuous with
respect to τm, in other words the Ornstein–Uhlenbeck semigroup is a bi-continuous semigroup
on Cb(H) (see [30, Section IX.2–7] for details on semigroups on locally convex spaces, and
Farkas [14], Goldys, Kocan [16], Kühnemund [17] for the Ornstein–Uhlenbeck semigroup in
this framework).

Let us denote this semigroup by (R̃t )t�0 and its generator as a bi-continuous semigroup
by (L̃,D(L̃)) (see, e.g., [18]). Two facts should be noticed. For t � 0 the operator R̃t is the
restriction of Rt to Cb(H) (because we have the same explicit formula for the semigroup). Sec-
ond, if f ∈ D(L̃), then f belongs also to D(L). This follows from the definition of D(L̃):
ϕ ∈ D(L̃) ⊆ Cb(H), if and only if t−1(R̃tϕ − ϕ) is supnorm-bounded and converges in the
compact-open—or equivalently here, in the mixed—topology; the limit is then L̃ϕ. A similar
perturbation result to Theorem 2.4 can be proved for (R̃t )t�0, see [13] for details. In fact, in [13]
only the case A is self-adjoint was covered, but the arguments work almost verbatim also in the
setting of this paper.

A full analogy to the above presented L2-results is valid. Namely, if F :H → H is a bounded
and continuous function, then there exists a bi-continuous, i.e., τm-strongly continuous, locally
τm-equicontinuous semigroup (R̃t )t�0 with generator (L̃ + B̃,D(L̃)), where B̃ is the restriction
of B to D(L̃) (part of B in Cb(H)). Similarly to (10) the perturbed semigroup can be written as

P̃t =
∞∑

n=0

Ũn(t), t � 0, (25)

with Ũ0(t) := R̃t and

Ũn+1(t)ϕ :=
t∫

0

Ũn(t − s)B̃R̃sϕ ds for t � 0 and ϕ ∈ D(L̃). (26)

Here, unlike in the paragraph following (10), the integrals are τm-strong integrals. The operators
Ũn(t) may be extended to bounded operators from D(L̃) to Cb(H), and the series in (25) con-
verges in the operator norm uniformly for t � 0 in compact intervals. It is also proved in [13]
that (P̃t )t�0 is a Markov semigroup on Cb(H). We immediately obtain the following

Theorem 3.1. The semigroup (P̃t )t�0 is the restriction of (Pt )t�0 to Cb(H).

Proof. For the sake of clarity we remark that Cb(H) is indeed contained in L2(H,μ) since μ is
a finite measure. It is clearly enough to show that Un(t) restricted to Cb(H) coincides with Ũn(t)

for all n ∈ N. This follows by an easy induction. Indeed, Ũ0(t) = R̃t is the restriction of U0(t) =
Rt . Suppose that for some n ∈ N the operator Ũn(t) is the restriction of Un(t). Let ϕ ∈ D(L̃),
then ϕ ∈ D(L) as remarked above and both Un+1(t) and Ũn+1(t) are given by strong integrals
where the integrands coincide by assumption. The integral (26) defining Ũn+1(t) converges in
the τm-topology, hence also in L2(H,μ), thus Ũn+1(t)ϕ = Un+1(t)ϕ. Now by density arguments
it follows that Ũn+1(t)ϕ = Un+1(t)ϕ for all ϕ ∈ Cb(H). �
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A part of the following assertion is already implicitly contained in the proof of Theorem 2.4.

Theorem 3.2. The perturbed semigroup (Pt )t�0 possesses the strong Feller property, that is for
all f :H → R bounded and measurable function Ptf ∈ Cb(H) holds for all t > 0.

Proof. Let ϕ :H → R bounded and measurable. By (20) we have

Ptϕ = Rtϕ +
t∫

0

Pt−sBRsϕ ds = Rtϕ +
t∫

ε

Pt−sBRsϕ ds +
ε∫

0

Pt−sBRsϕ ds

= Rtϕ +
t∫

ε

P̃t−s B̃R̃s−εRεϕ ds +
ε∫

0

Pt−sBRsϕ ds.

In this last line the first two terms belong to Cb(H) because by our assumption the Ornstein–
Uhlenbeck semigroup (Rt )t�0 has the strong Feller property. Hence it suffices to show that∫ t

ε
Pt−sBRsϕ ds converges to

∫ t

0 Pt−sBRsϕ ds in supremum norm. This however follows from
the estimate in (17). �
4. Invariant measures. Existence and uniqueness

In this closing section we first show the positivity of the semigroup (Pt )t�0, which leads
to the existence of a positive invariant measure. We end by discussing the irreducibility of the
semigroup.

We emphasize here that the estimate (21) in Theorem 2.4 enables us to perturb again the
semigroup (Pt )t�0 with operators B as above. This is useful to prove the following theorem.

Theorem 4.1. The semigroup (Pt )t�0 generated by (L + B,D(L)) is positive on L2(H,μ).
Moreover, there exists an invariant measure ν for (Pt )t�0 which is absolutely continuous with
respect to the measure μ, i.e.,

ρ := dν

dμ
∈ L2(H,μ).

Proof. We prove first the positivity of the semigroup (Pt )t�0. Take ε > 0 such that γ + ε < 1/2,
and set An := (−A)γ nR(n,A) = −n(−A)γ−1AR(n,A). So An are bounded operators converg-
ing pointwise to (−A)γ (see [12, Section 4.10]) and commuting with A. For n ∈ N define the
operator Bn by D(Bn) := D(L) and

Bnϕ(x) := 〈
AnF(x),Dϕ(x)

〉 = 〈
Fn(x),Dϕ(x)

〉
= 〈

An(−A)−(γ+ε)F (x),
(
(−A)γ+ε

)∗
Dϕ(x)

〉
for ϕ ∈ D(L). From this we see that the application of Theorem 2.4 yields the semigroups
(P n

t )t�0 with generator (L + Bn,D(L)). These semigroups are positive on the space UCb(H)
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(see Rhandi [23] for the case Fn ∈ UCb(H,H) and Chojnowska-Michalik, Goldys [3] or Es-
Sarhir, Farkas [13] in case Fn ∈ Cb(H,H)). Furthermore, we have the estimate

‖Bnϕ − Bϕ‖2 �
∥∥An(−A)−(γ+ε) − (−A)−ε

∥∥ · ‖F‖∞
∥∥(

(−A)γ+ε
)∗

Dϕ
∥∥

2 (27)

for all ϕ ∈ D(L). Note that for ϕ ∈ D(L) we can write

(B − Bn)ϕ(x) = 〈
F(x) − An(−A)−γ F (x),

(
(−A)γ

)∗
Dϕ(x)

〉
= 〈

Gn(x),
(
(−A)γ

)∗
Dϕ(x)

〉
,

where Gn ∈ Cb(H,H) is defined by Gn(x) := F(x) − An(−A)−γ F (x). Hence by Theorem 2.4
the semigroup can be perturbed by the operator B − Bn, i.e., the semigroup (Pt )t�0 is the
Miyadera–Voigt perturbation of (P n

t )t�0. Thus (20) yields

(
Pt − P n

t

)
ϕ =

t∫
0

Pt−s(B − Bn)P
n
s ϕ ds.

Combining this with (24) and (27) gives, for sufficiently small t > 0,

∥∥Ptϕ − P n
t ϕ

∥∥
2 �

t∫
0

‖Pt−s‖ · ∥∥(B − Bn)P
n
s ϕ

∥∥
2 ds

� c1(t)
∥∥An(−A)−(γ+ε) − (−A)−ε

∥∥ · ‖F‖∞
t∫

0

∥∥(
(−A)γ+ε

)∗
DP n

s ϕ
∥∥

2 ds

� c2(t)
∥∥An(−A)−(γ+ε) − (−A)−ε

∥∥ · ‖F‖∞‖ϕ‖2

t∫
0

1

sγ+ε+1/2
ds

= c3(t)
∥∥An(−A)−(γ+ε) − (−A)−ε

∥∥ · ‖ϕ‖2. (28)

For the operator (−A)−ε is compact and An(−A)−γ converges pointwise to the identity I ,
the operator norm convergence of An(−A)−(γ+ε) to (−A)−ε follows. So the above yield that

P n
t ϕ

‖·‖2−−→ Ptϕ for all ϕ ∈ D(L) (n → ∞). Thus P n
t ϕ

‖·‖2−−→ Ptϕ, as n → ∞, for all ϕ ∈ L2(H,μ)

by the denseness of D(L) in L2(H,μ) and the uniform (exponential) boundedness of ‖P n
t ‖ with

respect to n ∈ N. The latter property can be easily seen: ‖P n
t ‖ � Meωt with constants M and ω

not depending on n because of the last statement of Theorem 1.3 and the estimate (23). So we see
that there exists t0 > 0 such that Pt is positive for t ∈ [0, t0]. Thus, by the semigroup property,
the positivity of Pt follows for all t � 0.

We prove now the last statement of the corollary. First note that Rt1 = 1 for all t � 0. There-
fore, it follows from (20) that also Pt1 = 1 for all t � 0. Since each Pt , t > 0, is compact,



100 A. Es-Sarhir, B. Farkas / J. Differential Equations 233 (2007) 87–104
the same is true for its adjoint P ∗
t . Therefore, 1 is also an eigenvalue for P ∗

t . Let ϑ be a cor-
responding eigenvector, i.e., P ∗

t ϑ = ϑ for all t � 0. Since (P ∗
t )t�0 is positive it follows that

|ϑ | = |P ∗
t ϑ | � P ∗

t |ϑ | and from

〈
P ∗

t |ϑ |,1
〉 = 〈|ϑ |,Pt1

〉 = 〈|ϑ |,1
〉 = 〈∣∣P ∗

t ϑ
∣∣,1

〉
,

we obtain

∣∣P ∗
t ϑ

∣∣ = P ∗
t |ϑ | for all t � 0.

Hence we deduce

|ϑ | = P ∗
t |ϑ |.

If we write ρ = |ϑ |
‖ϑ‖1

, then ν := ρμ is an invariant probability measure for the semigroup (Pt )t�0
which has the asserted properties. �

The following proposition describes how fast the semigroup (Pt )t�0 can grow. Later, after
proving the irreducibility, this will give us the boundedness of the semigroup.

Theorem 4.2. The semigroup (Pt )t�0 is polynomially bounded on L2(H,μ). More precisely
‖Pt‖ � C(1 + tn−1) for all t � 0, where n is the order of the pole 0 of the resolvent λ �→
R(λ,L + B).

Proof. First we show that the exponential growth bound ω0(P ) of (Pt )t�0 is 0. Since P ∗
t , t > 0,

is compact, its spectrum contains only eigenvalues and 0. Hence to estimate the spectral radius
of P ∗

t it suffices to estimate the eigenvalues. So let α be an eigenvalue of P ∗
t with corresponding

eigenvector ϕ. Then, using also the positivity of Pt , we have

|α| · 〈1, |ϕ|〉 = 〈
1,

∣∣P ∗
t ϕ

∣∣〉 � 〈
1,P ∗

t |ϕ|〉 = 〈
Pt1, |ϕ|〉 = 〈

1, |ϕ|〉.
So |α| � 1, because 〈1, |ϕ|〉 
= 0. Therefore r(P ∗

t ) � 1 holds and so ω0(P ) = ω0(P
∗) � 0, but

then clearly ω0(P ) = 0.
From the positivity and the compactness of the semigroup we have by [12, Corollary VI.1.13]

that the boundary spectrum consist of one single point s(L + B) = 0, which is also a domi-
nant eigenvalue of L + B . Let π be the spectral projection corresponding to the decomposition
σ(L+B) = {0}∪(σ (L+B)\{0}) (see [12, Section IV.1.16–1.18]). We set d = dim(rgπ), the al-
gebraic multiplicity of the eigenvalue 0 of L+B , and n = the order of the pole 0 of the resolvent
R(λ,L + B). We have L2(H,μ) = πL2(H,μ) + (I − π)L2(H,μ). Let (P 1

t )t�0 and (P 2
t )t�0

be the restricted semigroups to πL2(H,μ) and (I − π)L2(H,μ), respectively. Then (P 1
t )t�0 is

polynomially bounded, indeed ‖P 1
t ‖ � K(tn−1 + 1) (because (L + B)|rgπ is an d × d-matrix

with only 0 as eigenvalue, so the polynomial growth can be read off its Jordan normal form,
where the largest Jordan-block is n×n). Further, (P 2

t )t�0 is uniformly exponentially stable, i.e.,
‖P 2

t ‖ � Me−ωt with some ω > 0. Let ϕ ∈ L2(H,μ). Then
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‖Ptϕ‖ �
∥∥P 1

t πϕ
∥∥ + ∥∥P 2

t (I − π)ϕ
∥∥

� K
(
tn−1 + 1

)‖πϕ‖ + Me−ωt
∥∥(I − π)ϕ

∥∥ � C
(
1 + tn−1)‖ϕ‖,

for a constant C > 0 independent of ϕ and t . �
Theorem 4.3. For F :H → H bounded and Lipschitz continuous the semigroup (Pt )t�0 is irre-
ducible and bounded.

Proof. We follow the arguments of [11, Chapter 7] and we also keep the notations therein. Let
(Ω,M, (Mt )t�0,P) be a filtered probability space with W(t) an H -valued cylindrical Wiener
process. Take 0 < T < 1 and denote by H 2([0, T ]) and H 2,2([0, T ]) the space of H -valued
progressively measurable processes Y with

‖Y‖H 2 := sup
s∈[0,T ]

(
E

∥∥Y(s)
∥∥2)1/2

< +∞, and

‖Y‖H 2,2 :=
(

E

T∫
0

∥∥Y(s)
∥∥2 ds

)1/2

< +∞, respectively,

both being Banach spaces if endowed with the respective norms.
For each x ∈ H define the mappings

K0(Y )(t) :=
t∫

0

(−A)γ e(t−s)AF
(
Y(s)

)
ds, and

K(x,Y )(t) := etAx +
t∫

0

e(t−s)A dW(s) +K0(Y )(t) for Y ∈ H 2
([0, T ]).

We claim that K0, hence K, is Lipschitz continuous. Indeed, we have K0 = T ◦F , where

F(Y )(t) := F
(
Y(t)

)
is the evaluation map, and

T (Y )(t) :=
t∫

0

(−A)γ e(t−s)AY (s)ds is a convolution type map.

By [11, Proposition 7.3.2] we know that F :H 2([0, T ]) → H 2,2([0, T ]) is Lipschitz continuous,
as so is F :H → H by assumption, moreover the Lipschitz constant of F depends only on that
of F . Now we show that the linear operator T :H 2,2([0, T ]) → H 2([0, T ]) is bounded, and then
the Lipschitz continuity of K0 follows:

∥∥K0(Y ) −K0(Y
′)
∥∥

H 2 � ‖T ‖H 2,2→H 2 · ∥∥F(Y ) −F(Y ′)
∥∥

H 2,2

� �‖T ‖H 2→H 2,2 · ‖Y − Y ′‖Hp, (29)
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here � being independent of T . To see the boundedness of T , we can write for Y ∈ H 2,2([0, T ])
that

E

∥∥∥∥∥
t∫

0

(−A)γ e(t−s)AY (s)ds

∥∥∥∥∥
2

� E

( t∫
0

∥∥(−A)γ e(t−s)AY (s)
∥∥ds

)2

� E

( t∫
0

∥∥(−A)γ e(t−s)A
∥∥ · ∥∥Y(s)

∥∥ds

)2

�
t∫

0

∥∥(−A)γ e(t−s)A
∥∥2 ds · E

( t∫
0

∥∥Y(s)
∥∥2 ds

)

� Ct2( 1
2 −γ )‖Y‖2

H 2,2 . (30)

This shows ‖T (Y )‖H 2 � CT ( 1
2 −γ )‖Y‖H 2,2 , hence the desired estimate. Even more can be seen

from this and (29). If we take T > 0 sufficiently small, then the Lipschitz constant of K0 can be
chosen arbitrarily small α ∈ (0,1).

Additionally to this we define for Y ∈ H 2([0, T ])

Kn(Y )(t) := etAx +
t∫

0

e(t−s)A dW(s) +
t∫

0

e(t−s)AAnF
(
Y(s)

)
ds,

where An are bounded operators and approximate (−A)γ , as in the proof of Theorem 4.1. It is
straightforward that Kn → K strongly in H 2([0, T ]). Similar computation to the above shows
that the Lipschitz constants of K and Kn can be made small α ∈ (0,1) uniformly with re-
spect to n ∈ N, if T > 0 is small enough. Indeed, one has only to notice that ‖Ane

(t−s)A‖ =
‖(−A)γ nR(n,A)e(t−s)A‖ � M‖(−A)γ e(t−s)A‖ for s ∈ [0, t), and the repeat the arguments as in
(30). By Theorem 7.1.1 in [11] we obtain that K and Kn have unique fixed points X and Xn,
n � 1 respectively (if we want to emphasize the dependence on t and x we write X(t, x) and
Xn(t, x)). Further, Theorem 7.1.5 in [11] shows that Xn → X in H 2([0, T ]).

Consider the semigroups (P n
t )t�0 from the proof of Theorem 4.1. They are generated by

(L+Bn,D(L)), where Bnϕ(x) = 〈Fn(x),Dϕ(x)〉, and Fn(x) = AnF(x) is bounded. It is shown
in [3] that for ϕ ∈ Cb(H) one has P n

t ϕ(x) = Eϕ(Xn(t, x)). Using a similar argument as in (28),
for ϕ ∈ Cb(H) one can prove that P n

t ϕ(x) → Ptϕ(x) (n → ∞) for all x ∈ H uniformly on
compact intervals [0, t0] (see the proof of Theorem 4.4 in [13] for a detailed argument). This
means that Xn → X in distribution. So it follows that Ptϕ(x) = Eϕ(X(t, x)), where we have

X(t, x) = Z(t, x) +
t∫

0

(−A)γ e(t−s)AF
(
X(s, x)

)
ds, (31)

with Z(t, x) := etAx + ∫ t
e(t−s)A dW(s) the Ornstein–Uhlenbeck process.
0
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Now we are in the position to show the irreducibility of the semigroup (Pt )t�0, the idea we
follow here appears in [3]. Let B(x0, r) ⊆ H be an open ball. We show Pt1B(x0,r) = P({‖X(t) −
x0‖ < r}) > 0 for all t > 0. In (31) take t > 0 (independent of x) so small that

∥∥∥∥∥
t∫

0

(−A)γ e(t−s)AF
(
X(s, x)

)
ds

∥∥∥∥∥ =
t∫

0

∥∥(−A)γ e(t−s)A
∥∥ · ‖F‖∞ ds � r/2.

Then we have

P
({∥∥X(t, x) − x0

∥∥ < r
})

� P
({∥∥Z(t, x) − x0

∥∥ < r/2
})

> 0,

which is positive because of the irreducibility of the Ornstein–Uhlenbeck semigroup [10, Theo-
rem 7.3.1]. The proof for irreducibility of (Pt )t�0 is complete.

The boundedness of the semigroup follows now at once. Because of the irreducibility we
known by Perron–Frobenius theory that the spectral projection π is one-dimensional (see [20,
Theorem C-III.3.8]), so Theorem 4.2 finishes the proof. �
Corollary 4.4. For F :H → H bounded and Lipschitz continuous the invariant measure ν for
(Pt )t�0 is unique.

Proof. The semigroup (Pt )t�0 is strong Feller (Theorem 3.2) and irreducible (Theorem 4.3), so
the uniqueness follows. �
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