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Abstract

In this paper we define Besov—Lipschitz and Triebel-Lizorkin spaces in the context of Gaussian
harmonic analysis, the harmonic analysis of Hermite polynomial expansions. We study inclusion
relations among them, some interpolation results and continuity results of some important operators (the
Ornstein—Uhlenbeck and the Poisson—Hermite semigroups and the Bessel potentials) on them. We also
prove that the Gaussian Sobolev spaces L% (y4) are contained in them. The proofs are general enough to
allow extensions of these results to the case of Laguerre or Jacobi expansions and even further in the general
framework of diffusion semigroups.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
2
Let us consider the Gaussian measure yy(x) = eﬂ(‘,—/‘z with x € RY and the
Ornstein—Uhlenbeck differential operator
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LZEAX—(X,VX). (D

Let = (B1.....Ba) € N be a multi-index, let B! = [Ti_; ;L. 18l = Yoy i 0 = 7=
foreach 1 <i <dand 9# =0f" .. 9f.
Let us consider the normalized Hermite polynomials of order 8, in d variables

1 2
hp(x) = —1fied —(e*x ). )
B (2“3',3 1/2 l_[ 8xl
then, it is well known, that the Hermite polynomials are eigenfunctions of L,
Lhg(x) = —|Blhg(x). 3

Given a function f € L!(y,) its B-Fourier—Hermite coefficient is defined by
7B = o = [ F0aoraan).

Let C,, be the closed subspace of L2(y,) generated by the linear combinations of {h g 1Bl=n }
By the orthogonality of the Hermite polynomials with respect to y; it is easy to see that {C,} is
an orthogonal decomposition of Lz()/d),

o0
L*(va) = @ Cn
n=0

which is called the Wiener chaos.
Let J, be the orthogonal projection of L?(y,) onto C,, thenif f € L2(yy)

Inf =Y fBhs.
|Bl=n

Let us define the Ornstein—Uhlenbeck semigroup {7}},>( as

T, f () 1 / _ 2 x4yl )2 (m-)f( ya(dy)
X)) = ———— e 1—em? y)valdy
i (1- e_Zt)d/Z Rd

1 _ly e:’;tlz
T 7d2(1 —e-2)d/2 /Rde == f(y)dy. 4)

The family {7;},>¢ is a strongly continuous Markov semigroup on L”(y;), 1 < p < oo, with
infinitesimal generator L. Also, by a change of variable we can write,

T f(x) = /Rd fWV1—e u+e " x)ya(du). (&)

Now, by Bochner subordination formula, see Stein [16], we define the Poisson—Hermite
semigroup {P;},>¢ as

Pif(x) = T2y f (¥)du = /0 Ty f o’ ds), ©6)

whw
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where the measure

—12/4v

t
w2 ds) = 5= ds = 8t s)ds, 7)

ENCER

is called the one-side stable measure on (0, co) of order 1/2.
The family {P;},> is also a strongly continuous semigroup on L”(yg), 1 < p < oo, with

infinitesimal generator —(—L)!/ 2. From (4) we obtain, after the change of variable r = et/ du
exp (t?/41ogr) exp( - 2X|2) dr
Pif(x) = 2n(d+l)/2 /1‘@1 / “logr)3? (1= r2)dn —fO)dy
= f p(t, x,y) f(y)dy, ®)
R4
with
_ exp (12/4logr) P\ =152 ) dr o
P X, Y) = . (Clogr)3?  (1—r2)d2 - ®)
In what follows, we will often going to use the notation
ulx,t) = P f(x).
Observe that by (3) we have that
Tihg(x) = e Plhg(x), (10)
and
Phg(x) = e VPlhg(x). (11)

For more details on the Ornstein—Uhlembeck and Poisson—Hermite semigroups we refer
to [20].

Let us observe that since |7} f — fllp,y, — Oand | P f — fllp,y, — O0ast — Othen {T;}
and { P;} play the role of “approximation of the identity” in Gaussian setting. Moreover they are,
up to now, the only approximations of identity known. Therefore following H. Triebel — see [19];
section 2.6.4, Harmonic and Thermic extensions, page 152 — we are going to use them to define
Gaussian Besov—Lipschitz Bg’ q(vd) and Gaussian Triebel-Lizorkin F [‘;" ¢(va) spaces. An open
problem then is to find alternative definitions of those spaces and give a more explicit description
about the type of regularity that they actually describe.

On the other hand, the possibility of characterize the Gaussian Besov-Lipschitz spaces in
terms of modulus of smoothness, as it is done in the classical case, would be possible only if
the classical translation operator 7y f (x) = f(x + ) is replaced for a more suitable translation
operator since the spaces L?(y;) are not in general closed under the action of 7, for instance, in

. . . 2 ..
the one dimensional case, let us take the function f(x) = elXI"=I*1 then it is clear that felL ! (y1)

but it is easy to see that 71 f(x) = f(x +1) = eF+1P=+1l & 11(;,). This point requires further
investigations.
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For ¢ > 0, the Fractional Integral or Riesz potential of order «, 1), with respect to the
Gaussian measure is defined formally as

17 = (=L)"*"*II, (12)
where, IIjf = f — fRd FO)ya(dy), for f € L*(yg). That means that for the Hermite
polynomials {hg}, for | 8| > 0,

1
I&/hﬁ(x) = w—a/Zhﬂ(x)’ (13)

and for 8 = 0, I} (hy) = 0. Then by linearity can be extended to any polynomial. It is easy to
see that if f is a polynomial,

1 o0
1 fx) = m/() 1“7 (Pf (x) = Poo f (X)) (14)

Moreover by P. A. Meyer’s multiplier theorem, see [13], I/ admits a continuous extension to
L?(yq), 1 < p < o0, and (14) can be extended for f € LP(y,), see [15]. Alsoif f € Cé(Rd)
such that [ps f(y)ya(dy) = 0, then

IV f=— ! /Oot“andt (15)
«l T el Sy o

see [11].
The Bessel Potential of order & > 0, 7o, associated to the Gaussian measure is defined
formally as

JY = — L)y, (16)

meaning that for the Hermite polynomials we have,

TV hg(x) = hp (x).

(1+ 18D/

Again by linearity can be extended to any polynomial and Meyer’s theorem allows us to extend
Bessel Potentials to a continuous operator on L?(y,), 1 < p < co. Additionally, it is easy to see
that 7/ is a bijection over the set of polynomials P.The Bessel potentials can be represented as

T ()—#/mr“ Y (17)
afx_F(a) 0 € ffxtv

for more details see [4]. Moreover {Jo o is a strongly continuous semigroup on L”(y,),
1 < p < oo, with infinitesimal generator %log(l —L).

The fractional derivative of order & > 0 with respect to the Gaussian measure DY, is defined
formally as

D} = (-L)*?, (18)
meaning that for the Hermite polynomials, we have
DY hg(x) = |BI*/* hg(x), (19)

thus by linearity can be extended to any polynomial.
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The fractional derivative D with respect to the Gaussian measure was first introduced in [11]
following [7]. For more details we refer to that article. Also see [14] for improved and simpler
proofs of some results contained there.

Now, if f is a polynomial, by the linearity of the operators I and DY, (13) and (19), we get

Il f = 17 (D f) = DL} ). (20)

The Gaussian Sobolev spaces of order « > 0, LP (v4), 1 < p < oo, can be obtained, as in the
classical case, as the image of L”(y,) under the Bessel potential 7, , with the norm

1= | =02 D

Also they can be defined as the completion of the set of polynomials P with respect to that norm,
see [21] and therefore P is trivially dense there. Let us remember that it can be proved that the
set of polynomials P is also dense in L? (y4), 1 < p < 00, see [1]. The fractional derivative D}
can be used to characterize the Gaussian Sobolev spaces L (y,) see [11].

As usual in what follows C represents a constant that is not necessarily the same in each
occurrence.

2. The main results

As it was already mentioned in the introduction, the main objective of this paper is to introduce
the Gaussian Besov-Lipschitz Bz (y4) and the Gaussian Triebel-Lizorkin F o (yd) spaces, for
any o > 0. We will follow Stein [16] scheme to define and study the B}, (yd) spaces but since
the Poisson—Hermite semigroup is not a convolution semigroup the proofs of the results will be
totally different to the ones in Stein’s book. We will use, in an essential way, the representation
of the Poisson—-Hermite semigroup (6) using the one-side stable measure, i, (1/2) defined in ).
From that fact, it is then clear that similar constructions are possible for the harmonic analysis
of Laguerre or Jacobi polynomial expansions and even further in the framework of general
diffusion semigroups but we are not going to consider those cases here. Let us point out that
Hermite, Laguerre and Jacobi are the only cases of diffusion semigroups associated to orthogonal
polynomials, see Mazet [12].

On the other hand, Besov-Lipschitz spaces can be also obtained as interpolated spaces using
interpolation theory for semigroups defined on a Banach space, see for instance Chapter 3 of [2]
or [17].

We will need some technical results for the measure /x;l/ 2 First, in what follows since

(1/2)(ds) 2f 53/2 ds = g(¢, s)ds, for any k € N, the notation - ku(l/z)(ds) will denote

k k
mufl/z)(ds) = —2"""ds. (22)

Then by induction it can be seen that

ak (1/2) P (1/2)
o= > @ fm T dy (23)

i€Z,jeN,
0<j<k2j—i=k

where {a; ;} is a (finite) set of constants.
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. . 2 .. .
Moreover, using the change of variable u = fﬁ, it is easy to see that given k € Nand ¢ > 0

+00 1 1 C
/ k,u, (ds) = x (24)
0
%P k+3) o . . .
where Cy = ———2-. Finally, using the two previous results we get that if k € Nand r > 0,
2
then i
ool 8k C
(1/2) k
ds) < —. 25

Now, considering the maximal function of the Ornstein—Uhlenbeck semigroup,

T* f(x) = sup|T; f(x)],

t>0

we have the following inequality that will be used later,

Lemma 2.1.

kP f(x)

pra Ci T* f (x)1 7.

Proof. Using (25) and the dominated convergence theorem, we have
+00
2
V' Tﬂ)—yﬁ“mm

1/2)
gﬁ qun%km/(dﬂ

P f(x)
ok

o 1/2) « —k
< T f(x) —atkﬂt )| <=Ce T fe)e™". O
0

Lemma 2.2. Given f € L?(y;), « > 0 and k, [ integers greater than «, then

okp f
otk

3P f
at!

< Alt*l+0!.
P,Yd

< At =" it and only if
psva

Moreover, if Ap(f), Ai(f) are the smallest constants appearing in the above inequalities then
there exist constants Ay | o and Dy | o such that

Akl Ak(f) < Ail(f) < DrpoAr(f),
forall f € LP(yy).

Proof. Let us suppose, without loss of generality, that k& > [. We will prove first the direct
implication. For this, we use the representation of the Poisson—Hermite semigroup (6),

+00
Ef@)=/‘ T, £ u? (ds).
0
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then differentiating k times with respect to 7,

akP +o00 ak
YRS _ /0 T f )il @),

ark
Using the identity (23) it is easy to prove that for all m € N
" P,
lim M =0,
t—+4o00 It

and therefore givenn € N, n > «o

AP, f(x) /*wa“JﬂfOO
R A MLLEA AR
t

" s+l
Thus,
" P Foo | gntlp,
t| ]
M Mpyy ds p.va
+o0
< / An+l(f)s7(n+1)+(xds
1
_ An+1 (f) t_n+a
n—a '
Then
A, (f) < n—H(f)
andasn > o is arbltrary, then by using the above result k — / times, we get
A (f) _ A2 Ax(f)
A = 2t 2 A
l—«a (l—a)(l—i—l—a) (l—oz)(l—i—l—a) k—1—a)
= Di,1,a Ak(f)-

To prove the converse implication, using again the representation (6), we get,

oo 1/2)
ulx,t1 +n) =P (P,fx) = /0 Ts (P f)(xX) ey, " (ds).

Therefore, taking t = | + t, and differentiating / times with respect to f, and k — [ times with
respect to 11 we get

3k t +00 81P 3k -1
M()]C{, ):/ T, tz];(x) k " (1/2)(d) 26)
a1 0 AT

Thus, using the inequality (25) and the fact that the Ornstein—Uhlenbeck semigroup is a
contraction semigroup, we get

u(-, 1) </m o'p, f au(mm)
otk pya  J0 ’ 8t2
P, f W' 1/2)
a[é A a k IMII (d )
P-vd
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8[

— Py f
1 2

ord

I—k
1

PV
ok
< Crat At o5

< Ci—i

Therefore, taking 1j = 1, = 5,

k(. —k+a
§ul. 1) scszxf)(%) ,

otk

Psvd
and then,

Ci—
M) < g A, O

The following technical result will be the key to defining Gaussian Besov—Lipschitz spaces,

Lemma 2.3. Given o > 0 and k, | integers greater than o. Then

1
q 1
(/“” <tk—a]3"P;f ) g)q <00
0 M Npy) 1
if and only if
1
q 1
/+OO i ¥ dr)’ < oo.
0 or! pva) t

Moreover, there exist constants Ak 1o, Dk 1.« such that

1
+o0 q dt q
Dk’l’a </ <tla ) _)
0 P.Vd !
1
+00 Tar\e
0 P.vd 4
1
—+00 9q dt q
< Akl (/ (tl_“ ) —)
0 p.vd 4

Proof. Let us suppose, without loss of generality, that k > I. We will prove first the converse
implication; from Lemma 2.2, we have,

P f
ot!

kP f
ark

P f
at!

*pf Ck—1 31P_§f <£>l_k
CIL (%) by V2 '
Thus,
q 1
L1, )
0 ak |, 1
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+oo
< Gk / o
20—k 0

p,vd
—+00
= Akl / st
0

1
‘ 1
) ds) |
pva) S
with A ;¢ = Cr_s2K7.

For the direct implication, given n € N, n > «, again using the previous lemma

P f </+°°’8”+‘Psf
DYd e

at" asntl
Therefore, by using the Hardy inequality [16]
1
0 pva) 1
1
~+o0 +0oo || gntl 1 q
([ o [ )
0 t 3S"+ PV 1
1
+00 +oo | gntlp q q
_ ( [ ( e ds> d)
0 ! ds Pva
1
q 1
< 1 /+oo sn+l—o{ d_S ! )
n—a \Jo Py s
Now, as n > « is arbitrary, using the above result k — / times
1
0 pva) t
1
! a4 q
L /*w e |0 RS dr)?
|l —« 0 Pvd t

8[[-{-1
_ 1 /+<>o tl+27ot 8l+2PIf
T (l-a).l+1=-a) \Jy

8tl+2
q 1
oo k—a dt !
< Dila t —
0 p.Yd t

_ 1
where Dy 1.4 = [ R(ES e s U

Now, following the classical case, see for instance [6,16,18,19], we are going to define the
Gaussian Besov-Lipschitz By ,(ya) spaces or Besov-Lipschitz spaces for Hermite polynomial

expansions,

q
dr
t

AP pf
]
3 (3)

AP f
as!

ds.
P,vd

P f

ot

8n+1 Pvf
gsn+l

P f
at!

1

q 1

) dt) |
p.vd t

kP f
otk
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Definition 2.1. Let « > 0, k be the smallest integer greater than o, and 1 < p,q < oo. For
1 < g < oo the Gaussian Besov—Lipschitz space By ,(y4) is defined as the set of functions

f € LP(yy) for which
00 7 4 1/q
(/ (r""‘ ) —> < oo. (27)
0 p.vd d
1
th /q
-] . (28)
pva) 1

The norm of f € By, ,(yq) is defined as
00
£l = 1F 1y + (fo ("—“
For ¢ = oo the Gaussian Besov-Lipschitz space Bg,oo(yd) is defined as the set of functions
f € L?(y,) for which exists a constant A such that
‘ kP f

ark
and then the norm of f € Bg,oo(yd) is defined as

1 g = £ 1 + AR, (29)

where A (f) is the smallest constant A appearing in the above inequality.
In particular, the space Bg, ,(ya) is the Gaussian Lipschitz space Lipy(ya)-

P f
otk

okp f
otk

~

< At_k+a

pP.vd

Lemma 2.3 show us that we could have replaced k by any other integer / greater than « and
the resulting norms are equivalent.

In what follows, we need the following technical result about L? (y,;)-norms of the derivatives
of the Poisson—Hermite semigroup,

k
Lemma 2.4. Suppose f € LP(y,), then for any integer k the function II%H%W is a non-
increasing function of t, for 0 <t < 400. Moreover,

Proof. Let us consider first the case k = 0. Let us fix 71, f > 0, by using the semigroup property
we get

u(x, n + 1) = Py, f(x) = Py (P, f(x)) = Py (u(x, 12)).

Therefore, by definition of P;, Jensen’s inequality and the invariance of y,

P
/ Iu(x,t1+t2)|”m(dx)=/ ya(dx)
Rd ]Rzl
5/ (/ p(tl,x,y)lu(y,tz)lpdy>Vd(dx)
R4 R4

zf Py (lu(x, 12)]7)7a(dx)
]Rd

okp f
otk

<Clfllpt™ t>o0. (30)
P.Vd

/Rd p(t1, x, yu(y, t)dy

= / lu(x, )17 ya(dx).
Rd
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Thus

1Pty fll pve = 1P fll pya-

Now to prove the general case, k > 0. Differentiating the identity u(x, t1 +1) = P, (u(x, 12)),
k times with respect to #; to get

Fut,n+n) _, (du@, n)
I R U
and then use a analogous argument to the one above.

In order to prove (30) we use again the representation (6) of the Poisson—-Hermite semigroup
and differentiating it k times with respect to ¢ we get

kP, f(x) +oo * an
8[72/0 T f o @),

thus, by Minkowski’s integral inequality, the contractive property of the Ornstein—Uhlenbeck
semigroup and inequality (25), we get for ¢ > 0

k +o00
P f < /
PsVd 0

otk
+00
= / ”Tsf”p,yd
0

+00
”f”p,yd/
0

Cx
< t_k”f”p,yd- 0

*
Tsfmlh (ds)

p.va

" a2
akut/)(d)‘

IA

1/2
e </>(d)‘

Let us study some inclusions among the Gaussian Besov—Lipschitz spaces,

Proposition 2.1. The inclusion B! oy (Ya) C B »2an (Va) holds if either:

(i) a1 > ay > 0 (g1 and g3 need not to be related), or
) If a1 = a2 and q1 < q2

1
.. k q a1 .
Proof. In order to prove (ii), we set A = ( 0+°° (tk’“llwllp,yd) %) I Now, fixing 7o > 0

atk
fo
/; (tk—ﬂt ) dt < AT,
3 pP\Yd t

2

P f
atk

By Lemma 2.4, || o P’f I p,y, takes its minimum value at the upper end point (¢ = 1) of the above
integral. So we get
k q1 0
w / k=g g < A9
ark |, Juo r -
P
That is || 5 ’,? lpys < CAty ko but since to is arbitrary then
t
kP
tf < CAt_k+a,
ark P-Yd
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forall # > 0. In other words f € BY, , implies also that f € B;’,"oo. Thus, as g2 > ¢

)
/-i-oo (tka ) g
0 p.vd !
k q2—4q1 q1
_ f*“ (tk_a 2P f ) (tk_a 0" P f ) dr
k
0 P.Vd dt p.vd t

ark
+ k 9
< (CA)qz_qlf N (tk—“ kit ) d
0 p-vd t
and therefore f € B}, .

ark
= (CAL~1 AN = CA? < 400,

Now in order to prbve part (i), by Lemma 2.4 we have

okp, f

ark

kP f
ark

<ct7% r>o.

1
)fh dt) a
PsYd t

p.vd

Now given f € Bg,lqw taking again

(1

we get as in part (ii)

P f
ark

kP f
otk

< CA[7k+a1 ,

PsYd
q?2
) dr
P.Yd !

for all ¢+ > 0. Now,

+00
/ tk—ozz
0

okp f
ark

1 k q2 q2
— / tk_OlZ 3 Ptf g + /+OO tk—OlZ ak P[f d_t
0 k|, t 1 k. t
=141
Now,
1 k q2 1
1= t(kfolz)qg d Ptf g < t(kfolz)sz CA th(alfk)QZg
e < (cA)
0 t D.Vd t 0 t

! dr
= (CA)® / ploe—a)g =7 CA%,
0 t
and

P, f

+o0
I — / (ka2
1 otk

+00
— CQz/ t—azng - C.
1 t

92 400
d_t S / t(k7a2)q2 Cta*k(lzd_t
t 1 t

pP.vd
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Hence,

—+00
/ tkfozg
0

andso f € BpY,. O

okp f
otk

92
dr
— < 400,
PVd

The following technical result will be the key to defining Gaussian Triebel-Lizorkin spaces,

Lemma 2.5. Let o > 0 and k, [ integers such that k > | > «. Then

([~ () 2)] <=

Py
if and only if

([l 2| =

Py
Moreover, there exist constants Ak .o, Dk.1,« Such that

mptf

al
Wprf

1
+oo al q dr q
D P —
Vel (/(; ( o zf) p
p.y
1
+00 3k th q
k—a
< ¢ __Pp -
Py

31
wpzf

1
+00 q dr q
< Akl </ (l‘l_a ) —)
0 t
Proof. Let n € N such that n > «. Then it can be proved that

+o00 8n+1
< / ‘—Psf(X)
t

p.y

al’l

37P[f(X) ds.

9sntl1

1
)7)
t
an-i—l
— P f(x)

3Sn+1

Then by Hardy’s inequality,

([~ (e
([
fniOl(/Om(s g+l

9" P
o Dif )

1
>¢] dt)q
ds) —
1
1
q q
) s(”_o‘)q_lds>

P f(x)

gsnt+l
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1
1 /+oo n+l—a ! ds !
= N - .
n—a \Jo s
Now as n > « is arbitrary, iterating the previous argument k — [ times, we have
1
</+oo (tl—a )q g) 4
0 t
- 1 /+oo fH1-a
T -« 0
+
< 1 / o (tl+2—ot
T (-—a).l+1—-a) \Jo

1
“+o00 q dt q
< Cila (f <tk_°’ ) —)
0 t

where Cy 1o = 1 . Thus
ak

U 1—a)(—1—a)
q i q i
+00 dr\? +00 dr\?
Dy 1o / e — < / L e — .
w 0 t 0 otk t
p.y Py

where Dy 1o = 1/Ck 1.a-
The converse inequality is also obtained by an inductive argument from the case k = [ 4 1.
Let us remember (26),

Fu,n) _ (7 (8PS @) 8T a0
ok )y U\ ad el

P fx)

ds n+1

31
szf(x)

alJrl
atl+1

P f(x)

W

P f(x)

1
Tar\*
t

orl+2

8k
87Ptf(x)

a[

P

and since, from (23), 30 My (1/2 (ds) = ( 1_ — %) My, (1/2 (ds) we get

o u(x, 1) S/Wn(“rzf(x))'( _ >‘ i (ds)
atk 0
<1 lfm T ( PP/ @) ) i’ (ds)
0
+t_1/+°° T ( 8’Pt2f(x) ) (1/2)(d ),
2 Jo 8:2 K
Therefore

*u(x, 1)
otk

1/q
[
0 2 5]
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“+00 +o00 9 dr 1/q
<C, ( / (ré“"‘tf ! / T( )ué””(d@) —2)

0 0 5]

1/q

+00 +00 a

k—a 11 1 a2 dry
t — T, - d —
+</O (2 2/0 s< )s'utl (S)> t

=I+1IL
Now using twice Minkowski’s integral inequality (since 7y is an integral transformation with
positive kernel) and the fact that ,ufll/ 2 (ds) is a probability, we get

AP, f(x)
ath

8 Py, f(x)
ath

1/q
+oo g [+ o' Py, f(x) 12 " dn,
[—C a1 / 7 (282 f D) am drp
q(/o (2 1 ) (() s( até My (S) f
1/q
oo [ pbeo a o' Py f [\ dro 12
<C k= =1 T 2] &2 1/2) 4
= q/o (/0 <2 1 ) (s( 8l‘é P My, (ds)
1/q
+oo +oo a (la'P, Fooy\? dea "
T ey () ) ) e
' Py, f(x)

()

and using the same argument for (II) and (24), we have

q 1/q
c,T* /+OO (tk‘“tl)q dn !
1 0 2 5] tl2
1/q
oo q T dr
C,T* (/ (té““tl‘l) ( ) =
0 5]

Taking t; =1, = % and changing the variable, we get

A
@)
R
Pﬂ
*
Y
S~
+
3
-
[N
g
-L

l
o1}

' P, f(x)

11
l
ot}

IA

AP, f(x)
até

1/q

+o0 a (18'P, f(x)|\? dt

I<C,T* = L) =

-4 (fo ( ) < ot! ) t

and

1/q

+00 a (|9'P f) |\ dr

n<c,T* [= ) =

=G4 (/0 (t ) < or! ) t

Hence, by the L? boundedness of T*

()

o u(x, 1)
otk

Py
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1
S - /+°° (Il_a o' P f (x) )qg .
= The 0 dul t
124
1
- (/*"" (tz_o, 0P f(x) )’@) f
4 0 du! t
Py

AP f(x)
or!

q 1/q
dr
9
t
Py

+00
=< Ck,a,q / (tl_a
0

Now, we can introduce the Gaussian Triebel-Lizorkin spaces F), , (yva) following the classical
case (see [6,18,19]),

Definition 2.2. Let « > 0, k be the smallest integer greater than «, and 1 < p,q < oo. The
Gaussian Triebel-Lizorkin space Fl‘}’ q (yq) is the set of functions f € L (y,) for which

([OO < . )q dt)l/q
t had < o0 31)
0

t
The norm of f € F;‘,q()/d) is defined as

*( k
o —
||f||F;}’q =0 lpy + /0 (t

Observe that by Lemma 2.5 the definition of F),"? (y4) does not depend on which k > « is chosen
and the resulting norms are equivalent.

In [10] the notion of homogeneous Gaussian Besov—-Lipschitz and homogeneous Gaussian
Triebel-Lizorkin spaces were considered. Nevertheless the definitions of those spaces given there
appear to be wrong in the case that « > 1. On the other hand, Epperson [3] has considered
Triebel-Lizorkin spaces with respect to the Hermite functions expansions which are different to
the spaces that we are considering in this article related to Hermite polynomial expansions.

Let us observe that by the L” (y;)-continuity of the Gaussian Littlewood—Paley g{-function,

onf

see [9]
o (ap 2\
gl(fxx):(/o [ dr) (33)

it is immediate to see that for 1 < p < 0o
L”(ya) = Fy ,(va),

and by the trivial identification of the L? spaces with the Hardy spaces, see [5], we have also
HP(ya) = F),(va),

For Gaussian Triebel-Lizorkin spaces we have the following inclusion result, which is
analogous to Proposition 2.1 (i),

kP f

otk

p.vd

o“P, f

q 1/q

dr

— . 32
atk ) t) (32)

p.vd
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Proposition 2.2. The inclusion F)'y, (va) C Fp%,(va) holds for a1 > az > 0 and q1 > ¢».
Proof. Let us consider f € F," " (y4). Then

1
/+OO tk—az q2 g 92
0 t

P f(x)
otk

1
= fl <tk—a2 _8thf(x) >q2 g =+ /+oo <tk—a2 8thf(x) >q2 g ?
~\Jo otk t I ark t
< /1 (tkﬂtz 0" P f (x) >q2 de " + /+OO <tka2 %Py f (x) )q2 dt ”
~\Jo otk t 1 atk '

=I+1IL

Let us observe that for the first term /I, the case g1 = ¢, is immediate since as ¢t < 1,
k=2 < k=1 and then

k a1
10 < /+°° ey [T PFO0) N dE
~Jo otk t
Now, in the case g1 > ¢ taking r = Z—;, s = qquIqZ then r, s > 1 and % + % = 1, then, by the
Holder inequality

kP, f(x)
ark

1 9
192 = / la—a)qy [ h—a ﬂ
0 t
1 : 1
/ t(al—az)ﬂsg l / (tk—ﬂll
0 t 0
q a
_ ! /1 e [P GO\ dr\ 7
(o1 —a2)q2s \ Jo ark t
q1 i
c /+oo tk*al d_t q1 .
0 t
Now for the second term II, using Lemma 2.1, we have
g 1
2
/*+00 tk—(xz g ”
1 1
1
+00 g dt\| 2
C T*f(x) (/ <tk—a2t—k> 2 ?> 2
1

1
+00 7
CT*f(x) (/ t_"‘ZQZg> ‘_¢ T* f(x).
1

t

kP, f(x)
otk

IA

1
qar dt r
t

kP, f(x)
otk

IA

O* Py f (x)

II
otk

IA
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Then, using the L? (y;)-continuity of T*, we get

1
/+w tk—otz 3thf qu_t 7
0 otk t
p.Yd
1
+o00 akpf q1 dr q1
k— ! *
<cC (fo <t o W) 2 T Fllpye
p.vd
r 1
400 akpf q1 dr q1
k— t
<C (/0 (; ol W) 7 F 0 fllpyy | < +oo,
L P-va

Thus, f € F,>?(yy). O

Let us observe that the Gaussian Besov—Lipschitz spaces and the Gaussian Triebel-Lizorkin
spaces are by construction subspaces of L?(y,;). Moreover since trivially || f| pova = < IIfll BY and

(W2l pova = < I £l Fg . the inclusions are continuous. On the other hand, from (11) it is clear that
for all r > Oandk e N,

k

o P @) = (< DF 1812 VPl ),
and therefore

/+Oo kea qd_t /q
0 py) 1
+00 d 1/q
- (f (=181 ke Vg1, ) —’)
0 t

+00 3 3 dt 1/q
— |BF> </0 (k=g t«/mq?> gl .y
Iﬁl"‘/z

(L((k —a)g) 4 |1hgll .,y < 0.

Thus hg € B;’,‘,q (yq) and

Iﬁl‘)‘/2

lhgllps, = (1 + (I'((k — a)q))“'f) gl p,y -
Similarly, hg € F,‘f’ q (vq) and

+o0 L a4 1/q
— - _
Ihglirg, = gl + (/0 <t ) t)

/2
(1 + '5 " - a)q))W) Ihgllp.y = gl Bs, -

Pihg(x)

ok
8k

p’y

Therefore, the set of polynomials P is included in B;‘j’ ¢(va) and in F[‘j‘ ¢ (Va)-
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Also we have the following inclusion relations between Gaussian Triebel-Lizorkin spaces and
Gaussian Besov—Lipschitz spaces,

Proposition 2.3. Let o > 0and p,q > 1
@) If p = q then
Fy ,(va) = By, ,(va).
(i) If g > p then
Fy ,(va) C By, ,(va).
(i) If p > q then

B% ,(va) C FS,(va).

Proof. (i) Using Tonelli’s theorem, we trivially have

1
/+oo tk—oc 8thf p g P
0 otk t
P\Vd
oo p dr\”
_ (k—a)p
= t dx)—
(/0 ,/Rd ark a(dx) t )
1
_<f+oo (tk—a )Pdt>"
0 » !

(ii) Suppose g > p, by Minkowski’s integral inequality we have,

q rlq
(= 15,) )
0 P.Yd 4
/q

o p ar g, P
_ / k=g (/ m(dx)) —

0 Rd t

o0
<L
R \Jo

7 4 r/q
- va(dx).
Therefore,

1
P f(x)

P f
otk

okp f
otk

kP, f(x)
ark

F Py f (x)

otk t

1/q
o P f “ar
k—a !
o = t R
1 lss, = 1 f Wy + ( /0 ( i M) :
1/q
o0 kP, I\ dr
k—a ‘ _
< M fllpya + (/0 <l R ) " =1flFg,-

pYd
(iii) Finally, if p > ¢, using again Minkowski’s integral inequality, we

o0 q dt l/q
I Ee, = 1 pya + (/ (r"—“ ) —)
i O t

okp f
ark

p.vd
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0o 74 1/q
< ||f||p,yd+< / (r"—“ ) 7) = fllzg,. O
0 p.Va

Let us prove now that the Gaussian Sobolev spaces Lh (yq) are contained in some
Besov-Lipschitz and Triebel-Lizorkin spaces, and therefore they are “finer scales” to measure
the regularity of functions.

3P f
ark

Theorem 2.1. Let us suppose that 1 < p < +o00 and a > 0. Then

@) LEGa) C Fe5(va) if p > 1.
(i) L& (va) C By ,(va) = Fy ,(va) if p = 2.
(iii) LE(va) C Bl (va) if p = 2.

Proof. (i). We have to consider two cases:

(1) If « > 1. Suppose h € Lg(yd) then h = Jyf, f € LP(y4), by the change of variable
u = t+s using the fact the representation of the Bessel potentials (17) and Hardy’s inequality

to get,
1
/+°° k= Tar)’
0 t
1
5 1
_ /+mt2(k—a) akP,jaf(x) g ’
0 otk t
2\ 2
1 /+°° 20k-a) /+°°sae—s O Prys f(x) [ ds\ ™ dr
- I'(@) 0 0 a(t +S)k s t
1
2 2
= s ([ ([Tt P00y &
I'(e) \Jo t t

duk
1
2 2
<L /+°° /*"0 ue™! Fhuf du ) 2014
') \Jo ‘ duk
1
+o0 2 2
BRI )’
“I'awk—a \Jy u
Hence, by the L? (y;)-continuity of the Gaussian Littlewood—Paley gi-function, see [4]
1
2 2
/+oo tk—oc d_l‘
0 t
p.y ]
- ;; /4»00 uk 8kPuf 2d_u 2
“ I k-« 0 duk u

P’y
= Ck,(x”gkf”p,y = Ck,a”f”p,y = Ck,ot”h”p,aa
thus /1 € F;"Z(yd).

% P.h(x)
ark

kP, f(x)
duk

okPh
otk
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(2) If0 < « < 1. Suppose h € L (yy), thenh = T, f, f € LP(yy4), again using (17),
1
) 1
[+oo e g 2
0 t
1 —+00 —+o0
< / t2(k7a) (/ s%eS
I'(e) \Jo 0
- C /+°o (2l—e)—1 (/l §%a—S
I'(e) \Jo 0
1
+o0 d 2 2
+ (/ s%e™* —s> :|dt)
P s
- C /+°o 2k—a)-1 (/t (@la—s P s f(x)
I'(@) \Jo 0

At + )k

C 400 +00
+ / t2(k—o¢)—1 (/ Sa—le—s
I'(e) \Jo t

=I+1IL

kP h(x)
otk

1
ds\2dr\’
k) t
ds 2
S

P f(x)
At + )k

P f(x)
At + s)k

P f(x)
At + s)k

2\ 3
ds) dt)
2\
ds) dt)

Now, sincee™ < 1,591 <1 lasa < 1,and using the change of variables u = ¢ + s and
Hardy inequality we get,
1

II < </+°° 2k=1)—1 </+°° *Prys f(x)
- At + s)k
0 t
00 00 2 2
_ </+ 2011 </+ PP du) d,)z
0 2 duk
1
00 00 2 2
</+ (2k=1)=1 </+ M du) dt)z
0 t duk
+00
([
(/

(e
0 duk

2 2
) u2(k—1)—1du)
On the other hand, again since e™ < 1,
0" Py f (x)

1
2 2
du
) —) = g f(x).
u
+00 t 2
/ f2lh—e)—1 </ s 2 sl ) ds> dr
0 0 At + s)k
_ L/Jrootzk—l (ﬁ/tsa—l
a? 0 ™ Jo

P £ (x)
At + s)k

1

2 2
ds) dt)

IA

kP, f(x)
Juk

12

IA

k 2
M ds) dr.
At + o)k
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Now, as o > 0 using Jensen’s inequality for the measure ,%s“’lds and Tonelli’s Theorem,

1 400 t 2
I < —2/ 21 (%/ s« ds) dr
o= Jo 0
400 +00 k 2
< l/ 5o ! (/ (i 4 syet | L P /0O dt) ds,
a Jo K

At + s)k
since 2k — a — 1 > 0. Finally, again using the change of variables u = ¢t + s and the Hardy

1 +o0 +oo 2

_ / Sol—l / u2k—a—1 du ds
o Jo 2s

1 [+ +o0 2

_ / sl)l—l / uzk—(x—l du ds
o Jo K

+oo k 2
< l/ (u" FhS ) )
o Jo u o

Py f(x)
ot + )k

inequality

* Py f (x)

12
duk

IA

P, f(x)
duk

IA

duk

Hence, again by the L? (y;)-continuity of the Gaussian Littlewood—Paley gi-function,

400 2 %
|l (/0 (fk_“ ) g) < Crallgi flpy

t
Thus & € F;‘,z(yd),foro <a < 1.

%Pk
otk

Py
< Crallfllpy = Cralltlpa-

Let us prove now (ii). Suppose i € Lg(yd) with p > 2then h = 7, f, f € L?(y4). Using the
inequality (@ + b)? < Cp(a? +bP)ifa,b >0, p > 1 we get

1
» 1
([ (- ) <)
0 P-vd t
1

» 1
< 1 /+OO tk—a /+OO §%e S d_S d_t :
T I'(@) \Jo 0 oy S t

p

([ (|t
~ I \Jo 0 py S

(s + 0k
1
n /"'m o ds P dr\”
s —)] = .

Using the inequality (a + b)l/p <al’? 4+ pVPifa, b >0, p=>1

kP T, f
otk

Py f
At + s)k

3sz+tf
A(s 4 1)k

P
g /+ooﬂ’(k—°‘) /tso‘ —8kP“+ff ds
') \Jo 0 I +nk],, s
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too ok Py ds dt
+ ) —
] (s + 1)F T
+00 t k
- ¢ / (k=a)p / oo | 2P
I'(a) \ Jo 0

s+ k|,
L C /+°°,(k—a)p /+°°Sa
I'(e) \Jo t

=I+1IL

1
ds)pdt>”
v S t
1
ds dt r
t

Now, using again the Hardy’s inequality, since k > « and Lemma 2.4

ak s+tf
(s + t)k

1
= C /+OO tp(k—o{) /JFOO SC( 8]( S‘+tf ds - !
) \Jo ; (s + z)k t
1
kP f ?

A

as\” dr
ask oy S t

C +00 +o00
_— / tPk—a) / Sa‘
I'(e) \Jo '
1
+ k P »
L;< [ “(sa L ) S(kwlds)
I'a)k—a \Jy as oy
1
» 1
o /+°° * ds)”
“\Jo py) S
400 akp d
—ca| ([ 5 Lrd)
0 dsk s

p

IA

P f

ak
ask

P f

by Tonelli’s Theorem.
Now since p > 2 using Lemma 2.1, we have

/*“’ P du /+°° (Mk
0 u 0

duk
+00
C(T* p=2 <
(T* f(x)) /0

-2
(-
ak

Puf(x)

k

_kPuf(x)

o

v

ak
mpuf(x)

Therefore

ak
/0 ‘ auk

%)

14
akp,
/(/ SR
okp,
(Tf()p20 @%) )y(dx)

551
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Using the Holder inequality, with 6 = %, and the L? (y4)-continuity of 7* and g, we have

(£ pemzer |

p

o o

] 1-6
<c f ((T*f(x))(”_2)'1“’ m(dx)>
]Rd

AL

=C fR (T (0)” va(d)

(L (el )
L\ ) v

-2
= CIT* FIl5 gk f12, < CUF I

L KPf
u [
ouk

P, f(x)
duk

2 du
) —) va(dx)
u

1 0

2 4,\7
) — ] va(dx)
u

ak
Wpuf(x)

p=2
P

It

3/{
mpuf(x)

Thus,
I < Ck,a”h”p,a-

Now, using again Lemma 2.4 and since o > 0
C +00 t ak
e Y Py
I'(a) 0 0 a(s+1)

1
as\” dr\”
Dy S t

1
N
([T ([ s )
- I'(w) 0 0 ark py S t
1
1 C too  Nakp fP dr\”
_ / 7 LAKiZa [ o 1
o ') \Jo at py !t

Soh € BY ,(ya).if p > 2.

(iii) can be proved using similar arguments as in (i) and (ii) but it is immediate consequences

of (i) and of Proposition 2.3(ii). [

In [10], using Theorem 3.2, it is claimed that the Gaussian Sobolev spaces Lg(yd) coincide
with the homogeneous Gaussian Triebel-Lizorkin F ».o but the proof of that theorem is wrong
since it is assumed that the operator involved is linear, but it is actually only sublinear. We suspect
that, as in the case of homogeneous spaces see [8], the equality in (i) is actually true, but we have

not been able to prove it so far.

Now, let us prove some interpolation results for the Gaussian Besov—Lipschitz spaces and for

the Gaussian Triebel-Lizorkin spaces,
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Theorem 2.2. We have the following interpolation results:

(1) Forl < pj,qj < +ooandaj >0, if f € ng,t]j(yd)l j=0,1, then f € Bg,q(Vd), where
o =og(l —60) + a0, and

1 1 0 1 1 0
—=—1=-6)+ =, - =—10-0+—, 0<6<l.
P po pi q 490 q1

(ii) For 1 < pj,qj < +oocanda; >0, if f € F;‘J’.l,qj(yd), j=0,1, then f € F,‘;"q(yd), where
o =oo(l —60) + a0, and
1 1 0 1 1 0
—=—00-06)+ —, - =—0-60)+—, 0<6<l.
p Po P1 q 40 q1

Proof. The proofs of both results are based on the following interpolation result for L”(yy)
spaces (actually true for any measure p) that is obtained using the Holder inequality:

For1 < rg,r; < oo and 1 = %(1 —mM+40<n<LIffel(y),j=01then
S €L (yq) and

L e < WANLD AN (34)

Let us prove (i). Let k£ be any integer greater than «g and «1, by using the above result we get
fora = ag(1 — 0) + 16,
)q dr
pva) 't

/Jroo tkfoz BkP,f
0 atk

k 1-6 k 6 q

B /+°° (tk_moa_e)ﬂ.@) 0" P f 0“ P f ) dr
- k k

0 % Mgy I 0% Npye)

k 1-6 k [4 q

_/+°° <,<1—9)<k—ao>+9(k—a1> oO"Prf O Prf ) dr
- k k

0 M Mgy Il 0% Mpyya)

kP f
otk

kP f
otk

(1-0)q 0q
+00
— / <tk—ot0 ) (tk—al > g
0 Po-vd P1.vd 4

Now, if A = Z—‘f then 0 < A < 1 and ¢ = (1 — A)qo + rqi. Therefore by using again the Holder

inequality,
q
) dr
7 t

+00
/ tkfoz
0
k q0 1-2 q1 A
0 dr Po-Vd 4 0 pi.Vd 4
q6

< 00,
(i) Analogously, by taking B = f,—?, A= o ve have 0 < B, < l and p =
(1 —B)po+ Bpri1,q = (1 — A)qo + rqi1. Let k be any integer greater than oy and o, by using

kP f
ark

kP, f
ark

and so f € B;‘,"q(yd).



554 E. Pineda, W. Urbina / Journal of Approximation Theory 161 (2009) 529-564

the Holder inequality we get for ¢ = ao(1 — 0) + «16,
Gl
t
/‘+OO 8k Pl‘f (1-0)q tk_al
0 Btk
f

/+Oo<k o 8th
0

P f
Cork

o“ P f
otk
P f
otk

kol()

%9 4
) T
Mg
) T

(1-2)q0
k—oq
ok D (t

1-2 s
- /+ e [P\ dt /+°° e [P\ e
~\Jo ark t 0 otk t

Thus

L)Pp
/+oo tk N aka q
0 atk Tt
pvd
P
+OO akptf q dr q
1-np
L~
~ Jra \ Jo ark t

>

P

A
) " vd (dx)

(1-6)p
g\
) ¢
. o
AN
) - va(dx)

-8y

kP f
otk

+o00
X (/ <t o
0
+oo
JAINE
(!
+00
X (/ <tk°‘1
0
L)
~Jre \Jo t
Br1
oo k—a| n dt “
X /O (t > " va(dx),

and then again using the Holder inequality,

1P
thq
t

p.vd

okp f
otk

kP f
otk

P f
Cark

" P f
otk

+0oo

tk—oz Bthf

otk
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g o =h
400 Bk P 0 dr \ %
_ t
R \Jo !

atk

IA

Pl
+00 k q1 qa
% / (/ (lkal %) (1—t) 1 ya(dx)
R4 0

1 po(1—=P)

_ /+OO k=0 PN dr)
I\ Jo ark t
Po-Vd

piB

4y 0

P1,vd

P f

otk

e

Hence f € F,‘f,q(Vd)- O

Now, we are going to study the continuity properties of the Ornstein—Uhlenbeck semigroup,
the Poisson—Hermite semigroup and the Bessel potentials on the Besov-Lipschitz and
Triebel-Lizorkin spaces.

Theorem 2.3. For the Besov-Lipschitz spaces Bg, q(va) and Triebel-Lizorkin spaces FI‘;‘ ),
we have
(1) The Ornstein—Uhlenbeck semigroup {T;} and the Poisson—Hermite semigroup {P;} are

bounded on B;"q Va)-

(i) For every B > 0, the Bessel potentials J, Y are bounded on B;" q(yd).

(iii) The Ornstein—Uhlenbeck semigroup {1}, the Poisson—Hermite semigroup { P;} are bounded
onFy .

(iv) The Bessel potentials 7, g are bounded on F[‘j‘ q Va).

Proof. (i) Let us prove the B;’," ¢ (a)-continuity of P; for any ¢ > 0, the proof for 7; is totally
analogous. By the L”-continuity of the Poisson—Hermite semigroup, Lebesgue’s dominated
convergence theorem and Jensen’s inequality we get

kP (Pf) | *PfY, |
I s T) dx) = j N A dx
/Rd S ()| ya(d) fR ( pYe ><x> Ya (dx)
athf(x)p
< | p (|2 dx
_,/];Qd s( 8tk Vd( )
PP
— 2 dx).
/ﬂéd ok ya(dx)
Thus,
ok P,(Py f) <‘8"Ptf
g i) < | ,
ot psVd ot pP:Vd
and therefore
1/q
oo [ 9k P (P f) ar
IPs fllgs, = IPsfllpy + f e Il
0 P.Yd
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1/q
+0o0 q dr
< 1Ny + (/ (rk—“ ) —)
0 P.vd !

= I £lsg,.

(ii) Now let us see that Jg is bounded on B;’," q (V) Using Lebesgue’s dominated convergence
theorem and Minkowski’s integral inequality and Jensen’s inequality, we have

‘ ! / @(L /+msﬂe—Sp f(x)d_s) ! (dx) ’
pa e | 05 \T@) Jo )L

N 1 q
L / Bes /
') Jo Rd

p Q ds
yd(dx)> =
/+°° NEDNAE
()

oAk
and then using Tonelli’s Theorem,

e stan,,)
: F(ﬁ)/ ( (
[

0" P f
otk

ok P,
otk

(Jsf)

kP P f (x)
ark

ds

k]

I A

P.vd

akP,
otk

dt
t

(Tpf)

ath (P 3“P (P f)

)” dt) ds
pva) L) S

_1 /+°° +00 P f Tdr\ ds
=T®) Jo ok |, ) 7]
_/+°° (, ‘athf )
0 8tk PYd l
Therefore
+oo [ llakp, T dr
1T fllgs, = 175 pya + o S (T8) =
0 P.Yd
+o0 P f T ar
k—a !
< t — = a .
< Wb+ | ( o M) E e,

(iii) Letus prove the F' ;" g-continuity of P, forany ¢ > 0, the proof for 7; is totally analogous. By
Lebesgue’s dominated convergence theorem and Minkowski’s integral inequality, we have

[ )e)
0 S
00 k
_ (/ (Sk_a [ ptexn B0,
0 R4 BS
5/ p(t,x,y)(/oo(" «
R4 0

kP, (Pyg)

e ®)

1
>q dS) /q
y —_
N
1/q
)5) e
N

*Pg(y)
dsk
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[e%e) q 1/q
_p (/ <sk_“ ) d—s> ).
0 N

Therefore, by the L”-continuity of P, we get

1/q
(G s)
0 S
P.vd
1/q
[e¢] q
-n (/ (- )d_s)
0 N
o0
f (sk—oz
0
Thus,

1
q ds /q
S
P.Yd
*© k
1Piglles, = I Prgllp.y + /0 (s X
© k
= ”g”p,yd + / (S -
0

= llglrg,-
(iv) Now let us see that Jg is bounded on F,‘f q(yd). By Lebesgue’s dominated convergence
theorem, Minkowski’s integral inequality and (iii), we have

00 q 1/q
(7 (- )'%)

0 S

o0 kp, [ 1 [T dr\(\? ds\ "

k—a s Ba—t - -

</0 (S as% <F(ﬂ)/o e hiss ) ) s)
< —1 /+oo tBet /00 (sk_“ )q % v g
- reJo 0 s t’

then, again by Minkowski’s integral inequality and (iii)

00 1/
([ ([ )
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PLY

akPSg
dsk

a*kPy(Pg)
dsk

8szg
dsk

pP.vd

aszg
dsk
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akP(Pg)
dsk

1
q ds /q
S
p.vd
1
q ds /q
S
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3 Pyg
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akps (

Ty 8) )

* Py(Prg)
dsk

(x)

| /+°°t,3 » /°°<k_a 9 Py (Pig) )qd_s s
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1/q
1 [t o  ds dr
- I'BG t k —a et -
r'e Jo 0 s t
27
1/q
7 ds
S
p,vd
00
178 gllFe, = T8 8llp.ya +
p8IFE, p 8llp.va 0

o k—
< lglppy + /0 ( ~

Actually we can say more,

akp, Pg
Cask

_o |3 Psg
dsk

Thus

1
ok P, 745\
sk (jﬂ ) s
p.va
1
7 gs e _ 3
5 = llgllFg,-

p.vd

ok Pg
Cosk

Theorem 2.4. Suppose that « > 0, B > 0. Then

(1) Jp is bounded from B (yd) to B (yd)
(i) Jp is bounded from F}; ,(va) to F,, ()/,1)

Proof. (i) Let us denote u(x, t) = P f(x) and U(x,t) = P;Jp f(x), using the representation
of P; (6) we have,

+00
Utx,1) = /0 T, @ (ds).
Therefore,

+00
Ux, 11+ 1) = Py (P (Tp ) (x) = /0 Ty (Py (T )0l (ds).

Now, let k, [ be integer greater than «, § respectively, by differentiating k times respect to
and / times respect to 1,

U (x, 11 + 1) _/+°°T akp,
N 0 * 3t§

1/2)
(1) + )k ) (x)_l“tn (ds).

Thus

ak-l—lU 1 +o00 ak 8
% Z/O T, ( " 74 f)) = [Mtl/z)(d ),
2

if # = t; + 1, and therefore, using the L”-continuity of 7y and (25)

FIHUC, 1 oo P, a ap
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o~ P, +oo | gl
=1 5ean| [P
8t2 oy 0 at 4
< Ct)™ akaZJ,gf (35)
p.y

On the other hand, using the representation of Bessel potential (17) we have

1 o0 5o ds
P (Tg f)(x) = T,B)/o ste P,_Hf(x)?

then
P, 0 5 0 P f(0) ds
atk (jﬁf)(x) - F(ﬂ)/ atk s
B /+°° _OF P f(x) ds
E0)) At +s)k s
and this implies that
ok p, 1 +oo kP ds
‘ S| < —f sPe™ ’—”; -,
ot ny LB Jo o+ )"l ,

since f € B;’," q(yd). Now due to the fact that the definition of B;’,‘, q(yd) is independent
on the integer k > o that we can choose, let us take k > o + B8 and [ > g, then
k+1>oa+28 > o+ B, this is k + [ is an integer greater than o + S. Let us see now

that
1
+ 1 7
(/ °°<k+z (oz+[5)‘ ‘ ) ﬂ) < 400,
0 pv) 1

In fact, taking t; = t, = #/2 in (35), we get
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Using again that (a+b)? < C,(a?+b%)ifa,b > 0,q > 1,butsince (a+b)"/9 < al/9+b'/4
ifa,b>0,g > 1,

kp 4
< f+°°t<k—<a+ﬁ)>q /[sﬁ TPus I ds
re | Jo 0 s + )k s

p’y
g 1
oo PP f ds\ dr |’
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kp 4 q
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e | Jo t a(s_}_%)" oy S t
=1+1L
Now, using Lemma 2.4 and since 8 > 0
_ 4 1
k 1
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re | Jo 0 d(s + 5k oy t
[ 400 L Tl
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1
— < +o00,
py) U
since f € Bg’q(yd).

On the other hand, using the Hardy inequality, since k > o + 8 and Lemma 2.4 we get
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since f € Bg’q(yd). Thus Jg f € Bzi}ﬂ(yd) and moreover,
175l gots < Capllflzg,.

(i) Letk > o + B + 1 a fixed integer, let f € Fl‘j‘,q (v4) and let us consider h = Jg f.
Let us consider two cases:
(a) If B > 1. By the change of variable u = ¢ + s and using Hardy’s inequality, we get

1
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Hence again by the change of variable u = ¢ 4- s and using Hardy’s inequality, we get
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On the other hand, using againe™ < 1,

19 < c /.+OO tq(kf(a+ﬂ))71 (/t sﬂfl 8th+sf(x) ds)q d
—I'B) Jo 0 At + )k
_ C /+oo sa(k—a)=1 (ﬁ /tsﬁ—l I Prys f(x) ds)q ds
r'B)ge Jo 8 Jo At + )k ’

Now, as 8 > 0, fot sPlds = %, then using Jensen’s inequality for the probability
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In both cases we have,
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