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Abstract

C. Thomassen showed that powers of certain cycles are counterexamples to Hajés’ conjecture. We prove
that powers of cycles and their complements satisfy Hadwiger’s conjecture, that is, every k-chromatic graph
has a k-clique as a minor.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Hadwiger conjectured that every k-chromatic graph G has a complete graph K; on k
vertices as a minor, that is, there are k connected subgraphs Aq, Aj, ..., Ax of G, such that
V(A; N Aj) = @ and there is at least one edge between V(A;) and V(A;),for1 <i < j <k.
This conjecture is maybe one of the most intriguing conjectures in graph theory. For more details
about the conjecture, the reader is referred to [4].

Recently, Thomassen in [3] has given some new classes of graphs which are counterexamples
to Hajos’ conjecture. These include some certain line graphs, powers of cycles, and complements
of Kneser graphs. If Hadwiger’s conjecture is false, then counterexamples can be found among
the counterexamples to Hajos’ conjecture. Reed and Seymour in [2] showed that Hadwiger’s
conjecture holds for line graphs. In this note, we prove that Hadwiger’s conjecture holds for
powers of cycles and their complements. For the complements of Kneser graphs, we give some
examples which satisfy Hadwiger’s conjecture too.
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Let xy be an edge of graph G. The edge contraction of xy is obtained be deleting x and y and
all incident edges from G and adding a new vertex u and an edge uv from u to v for each vertex
v that is a neighbor of x or y or both in G. A graph is a minor of G if it is either a subgraph of G,
or can be obtained from one by a series of edge contractions. The complement of G is the graph
with vertex set V(G) and edge set E(é) = E(K,) — E(G), that is, two vertices x1 and x, are
adjacent in G if and only if they are not adjacent in G. The p-th power of a cycle C,,, denoted
by C? . isthe graph with vertex set {1, 2, ..., n} in which two vertices i and j are adjacent if and
only if [i — j| (mod n) < p.Let A; and A; be two connected subgraphs; we use e(A1, A2) to
denote the number of edges with one end in A| and the other end in A;. The k-clique is a set of
k-vertices which are pairwise adjacent. For other notation we refer the reader to [6].

2. Powers of cycles

Theorem 1. Let CJ be the p-th power of Cy,. Then CY satisfies the Hadwiger’s conjecture.

Before we prove the theorem, we need some lemmas.

Lemma 1. Let C§+k+r be the p-th power of Cpyiyr for2 < k <r < p. Then C]la7+k+r has a

(p+ Lr +k —1)/2] 4+ 1)-clique as a minor:

Proof. Let A; = {i}jforl < i < p+1, A0 ={p+2,p+24+ [0 +k—1)/2]},
Ap3 = {p+3,p+3+10r+k—=1/2]} ..., Apr1vr1¢+k—12) = P+ 1+ L(r + k-
/2], p+ 14210 +k — 1)/2]).

Each A; induces a connected subgraph since r +k — 1 < 2p — 1. Ay, Ap,...,and A,
induce a (p + 1)-cliqueand A,y; for2 <i <1+ [(r +k —1)/2] inducea [(r + k — 1)/2]-
clique. Sincei — (p+i+1+|r+k—D2D)+p+r+k=[0r+k—-1)/2] < p for
2<i<1+|(r+k—-1)/2]and1 < j < p+1,wehavee(A;, Aj) > Ofori # j. Then we
obtaina (p + 1 + |(r + k — 1)/2])-clique as a minor.  [J

Lemma 2. For integers p,r, k satisfying2 <k <r < p, we have [r/k] < |[(r +k — 1)/2].

Proof. If k = 2, [r/2] < |(r 4+ 1)/2] whenever r is odd or even. If k > 3, [r/k] < [r/3] <
r+2)/3<|(r+2)/2] <|(r+k-1)/2]. O

Proof of Theorem 1. For the p-th power of the cycle C,,, if n < 2p + 1, C,f is isomorphic to
the complete graph K,,. If p + 1 divides n, the chromatic number of C} is p + 1, and K p+11san

induced subgraph of CY . Ifn = (p+1k+r,and 0 < r < k, the chromatic number of clis p+2.
We partition the vertex set as follows: V; = {i — D (p+2)+1,(—D(p+2)+2,...,i(p+2)}
forl<i<r,Viyj={r(p+2)+G-D(p+D+1,r(p+2)+(G—-D(p+D+2,....,r(p+
2)+j(p+D}forl < j <k—r.ColorV; with p + 2 colors such that vertex (i — 1)(p+2) +s
receives color s, and color V.4 ; with p + 1 colors such that vertex r (p +2) +(j — D(p+1) +¢
receives colorf, forl <s < p+2, 1<t <p+1.NowletA; ={i}forl <i < p+ 1, and
App={p+2,p+3,...,n}. Obviously, C,’,’ has a p + 2-clique as a minor.

Forthelastcasen = (p+1)k+randk <r < p,wewriten = (p+[r/k))k+ @ —k([r/k]—
1)). As in the above cases, let s = r — k([r/k] — 1), [V1| = --- = |Vs| = p+ [r/k] + 1,
Vstl = - = |Vl = p+ [r/k1. So x (C}) < p + [r/k] + L.

Now we show that C£ admits a (p + [r/k] + 1)-clique as a minor. By Lemma 2, we show that
itadmitsa (p+1+ | (r+k—1)/2])-cliqueas aminor. Let A; = {i, p+i,2p+i, ..., (k—1)p+i}
forl <i < p.LetApy =1{kp+1},andlet Apyp = {kp +2,kp+2+ [(r +k — 1)/2]},
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Apia=1kp+3,kp+3+1r+k—=1/2]}, ..., Apriti+h-1y2) = thkp + 1+ [(r +k —
1)/2],kp + 1 4 2[(r + k — 1)/2]}. Proceeding as in Lemma 1, we can check that C} has a
(p+1+|(r+k—1)/2])-clique as aminor. O

3. Complements of power of cycles

We define a graph G;f with vertex set {i : 1 <i < k},andedgeset {ij :d <|j—i| <k —d}
for positive integers k, d and k > 2d. Obviously, the complement of C/ is isomorphic to G/ +
Now we consider G;f. Ifd =1, GZ is the complete graph Kj. So we may assume d > 2. Define a
coloring of GZ as the following: c(i) = |i/d] for0 <i < k—1.1Itis easy to see that ¢ is a proper
coloring, and the chromatic number of GZ is at most [k/d]. Let ged(k,d) = s, k' = k/s, and
d' = d/s. Note that G, is an induced subgraph of G{ and x(G{,) < x(G{) < Tk/d] = [K'/d"].
In what follows, we assume gcd(k,d) = 1,and k = pd +r (0 < r < d), we need to find a
(p + 1)-clique as a minor of Gz. Since [k/d] = 2 or 3, it is trivial; we assume that p > 3.

Lemma 3. G%pﬂ has a (p + 1)-clique as a minor.

Proof. Let Ag = {0}. We split the proof into two cases according to the parity of p.

Case 1. p is even. Assume p = 2s. Let Ayj—1 = {4i — 3,4i — 1}, Ay; = {4i — 2,4i} for
1 <i < s.Each A; induces a connected subgraph, V(A; N A;) = ¥ and e(A;, Aj) > O for
i#j.

Case 2. p is odd. Assume p = 25 + 1. If s = 1, G}, | = G7, and let Ay = {1,3},
Ay ={2,5}, A3 ={4,6}.If s > 2,let Ay = {1, 3}, A» = {2, 5}, A3 = {4, 6}, and for other A;’s,
let Ay; = {4i — 1,4i 4+ 1}, Agiy1 = {4i,4i + 2} for2 <i < s. Like in Case 1, each A; induces
a connected graph and e(A;, Aj) > Ofori #j. O

Lemma 4. G¢ has a (p+ D-clique as a minor, wherek = pd+r,1 <r <d,d >3 and p > 3.
k q

Proof. Let A; = {id* (id + Dd,....,((i + 1)d — )d} for 0 < i < p—1, A, =
{pd?, (pd+1)d, ..., (p—1)d+r}.Obviously, |A;| =d for0 <i < p—1,and |Ap| =r,and
each A; induces a connected subgraph. Now we show that e(A;, A;) > 0for0 <i < j < p.

Case 1.i # pand j # p.Ifd < id*> — jd*> < pd +r — d, then id” is adjacent to jd?. If
0< (- j)d2 < d, since (id + 1)d € A;,d < (i — j)d2 +d < 2d, then we have (id + 1)d
is adjacent to jd2. If pd +r —d < (i — j)d* < pd +r, —d < (i — j)d*> — (pd +7r) < 0,
andd < (i — j)d>+ 2d (mod pd + r) < 2d, then (id + 2)d is adjacent to jd?*. So we have
e(A,', Aj) > 0.

Case2.Oneofiand jis p,say j = p. pd+r—d =—-d € Ap. Ifd < id*+d < pd+r—d,
ie. 0 <id?> < pd+r—2d,wehavee(A;, A;) > 0; otherwise we have either 0 < id*> +d < d
orpd+r—d<id*+d < pd+r.For0 < id>+d <d, (id + 1)d is adjacent to —d, and for
the case pd +r —d < id> +d < pd +r, (id + 2)d is adjacent to —d.

Then GZ hasa (p + 1)-clique as aminor. [J

Theorem 2. Hadwiger’s conjecture holds for G;f.

Proof. If ged(k,d) = s > 2, let kX' = k/s, and d’ = d/s. Since G, is a minor of G¢, G,
has a X(G;f,/)-minor and so does G;f. If ged(k,d) = 1, by Lemmas 3 and 4, the theorem is
straightforward. O



D. Li, M. Liu / European Journal of Combinatorics 28 (2007) 1152—1155 1155
4. Remarks

C. Thomassen pointed out that all Kneser graphs satisfy Hajés’ conjecture while some
complements of certain Kneser graphs are counterexamples to this conjecture. We do not know
whether Hadwiger’s conjecture holds for the complements of all Kneser graphs. For some
classes, the conjecture holds. In what follows, we give some examples. Suppose thatn > k > 1
are integers and let [n] = {1, 2, ..., n}. Then Kneser graph K (n, k) has as vertices the k-subset of
[n]. Two vertices are adjacent if the corresponding k-subsets are disjoint. Suppose that k divides

n,andletn = pk. Observe that (}) = p (’,Z:ll) Let M = (Zj) A Baranyai partition (see [5])

of the complete hypergraph ([’;]) is a family of M partitions of [n] such that for any given i,
1<i<M A ={AL A} ... AP}and Al UA?U---UA? =[n]and |A]| = = |Al| =k
and that each k subset of [#] occurs among the A',.’ ’s exactly once. Obviously, a Baranyai partition
is a clique partition of K (n, k) since each A; for 1 < i < M induces a p-clique of the graph.
Then we have that the chromatic number of the complement of K (n, k) is at most M. By the
Erdos—Ko—Rado theorem in [1], the independence number of K (2, k) is M. Then the chromatic
number of the complement of K (n, k) is M and the complement of K (n, k) has an M-clique as
an induced subgraph. For such a class of Kneser graphs, Hadwiger’s conjecture holds.

The Petersen graph is the graph with vertex set {x;,y; : 0 < i < 4} and edge set
{xixiy1 : 0 < i < 4} U {yoy2, y2y4, Yay1, ¥Y1¥3, y3yo}. It is well known that the Petersen
graph has clique number two. The chromatic number of the complement of the Petersen graph
is five. Let A; = {x;yi+1} for 0 < i < 4. Then the complement of the Petersen graph has
a 5-clique as a minor. K (7, 2) has a clique partition as follows: By = {{Il, 2}, {3, 4}, {5, 6}},
By = {{1,3},{2,4},{7,6}}, B3 = {{3,2},{6,4},{5,7}}, Ba = {{1,5},{7,4},{2,6}}, Bs =
{{1,7},{2,4},{3,6}}, Bs = {{1,6},{7,3},{2,5}}, and B = {{1,4},{7,2},{3,5}}. By the
Erdos—Ko—Rado theorem, the independence number of K (7, 2) is 7. Then the chromatic number
of the complement of K(7,2) is 7. Let A; = {l,i + 1} for1 < i < 6, and A; =
V(K(, 2))—Ul.6:l A;.Itiseasy tosee that V(A;NA;) =@ ande(A;, Aj) > 0. Then Hadwiger’s
conjecture holds for the complement of K (7, 2). Furthermore, for the complement of K (n, 2), let
p = |n/2]. The chromatic number of the complement of K (n, 2) is (g) /p, and it has a minor
of size n as follows: A; = {l,i + 1}forl <i<n-—1,and A, = V(K (n,2)) — Ul'.':_ll A;.

Let [n/k| = p. p divides (}), and let M = (}) /p. We wonder whether the Kneser graph
K (n, k) admits a p-clique partition A; for 1 <i < M.
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