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Abstract

In this paper we extend our results of L. Casasus, W. Al-Hayani [The decomposition method for ordinary
differential equations with discainuities, Appl. Math. Comput. 13{2002) 245-251] to initial value problems
with several types of discontinuities, givimglevant examples of linear and nonlinear cases.
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1. Introduction

The Adomian decomposition metho8-5 is an gproximate analytical procedure to determine
the lution series to many functional equations. Although many different kinds of equations have
been studied1,6—8 there isleft a great deal of work to do regang) problems of convergence and
applicability of the method. We have already explored ifj the possibilities of this method in the field
of ordinary differential equations with Heaviside functions as driving terms.
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The main objective of this paper is to analyse first order initial value problems (IVP) with Heaviside
functions and other cases of discontinuities. We also make use of the so called Modified Tec®nique [
to improve the accuracy of the method.

Let us consider the general functional equation

y—N(y) = f, (1.1)

whereN is a nonlinear operator, is a known function, and we are seeking the solutipsaisfying
(1.1). We assume that for everly, Eq. (L.1) hasone and only one solution.
The Adomian technique consists of approximating the solutiod .dj s an mfinite series

o0
y= Z Yn, 1.2)
n=0
and decomposing the nonlinear operdtbas
o0
N(Y) =) An, (1.3)
n=0

whereA, are polynomials (called Adomian polynomials)y . . ., y, [2-5 given by

1 d >,
A= n [N Z,\yi , n=0,12,....
i=0 A=0

The proofs of the convergence of the se€S ; yn andd o2 5 An are given in §,10-14. Substituting
(1.2 and @.3) into (1.1) yields

o0 o0
Z Vn — Z An = f.
n=0 n=0
Thus, we can identify
Yo = f,
yn+1=An(y0,...,yn)’ n:0,1,2,....

Thus all components gfcan be calculated once tldg are given. We then define tiheterm gproximant
to the solutiony by ¢n[y] = Zi“;& Yi with limp_, oo dnlyl =y.

2. Decomposition method applied to an IVP
Consider the general IVP:
y+Ky—gy =1y, yO=e  0<t<T, 2.1)

wherek, A anda are real constantsg, is a (pasibly) nonlinear function oy and f is a function with
some discontinuity.
Applying the decomposition method as BHF, Eq. (2.1) can be written as

Ly = Af(t, y) — K%y + N(y), 2.2)
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whereL = % is the linearoperator andN (y) = g(y) is the nonlinear operator. Operating on both sides
of Eq. 2.2) with the inverse operator df (namely L[] = fé[-]dt) yields

y(t) =y + ALt y) — KLy + LTIN(y).
Upon using L.2) and (.3) it follows that

[e.e] o0 (e e]
Y Yn=yO +AL Tt y) — KLY Ty LY A, (2.3)
n=0 n=0 n=0

From Eq. £.3), the iterates defined usingalStandard Adomian method are determined in the following
recursive way:

Yo=yO) +ALH (t,y) =a+ 2Lt y),

Vi1 =KL lyn+ LA, n=0,12....
Using the Modified Technique, according thJ), the iterates are determined in the following recursive
way:

Yo=Y(0) =«,

yr=AL7Hf(ty) =KL lyo+ LT Ao,

yn+2 = —kZLilyn+1 + LilAn+1, n= 0, 1, 2, e
2.1. Linear case

Letg(y) = 0 andx = 1.

1. If we taker = 10 and the functiorf (t, y) is continuous, but not differentiable, for example

t+1 if t !
—_— p— <_’
2

2 -2
the maximum errors for < t < 1 of the Standard and Modified Adomian methods are given in
Table 1 wheren repregnts the number of iterations.

The estimated orders of convergence (EOC) of the Standard and Modified Adomian methods for
different values of the constakiare given inTable 2

Fig. 1 repreents both the exact solutiope(t) and our approximatiomp13(t) within the interval
O<t<l.

In this case, the mosparopriate method is the Modified one. kor 3, the application of the method
requires gproximants of orden > 15 if we want to arrive beyond the discontinuity {at %).

2. Takingk =1,A» =1 and

0 ift<1
f(t’y):{l ift>1

(Heavisde function) then the following maximum errors are obtained fer O< 2 (Table 3.
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Table 1
k=2 Standard Modified
n lYE®) — dn(D)llco lYE®) — dn(D o
8 162 x 10° 0.40x 1071
9 0.73 x 10° 0.41x 1072
10 029 x 10° 0.38 x 102
11 011 x 1P 0.29 x 102
12 036x 1071 0.14x 102
13 011x 1071 0.57 x 103
14 031x 102 0.20x 103
15 084 x 1073 0.60x 1074
Table 2
k Standard Modified
t=04 t=06 t=04 t=06
1 10574 1.0769 1.0695 1.1016
2 10729 1.1008 1.0806 1.0589
3 11463 1.2232 1.1482 1.2249
?
7 _.*'
6 N ‘;;.‘r
i " #
vy * f
A Fa
5 f *)‘.’ /
4 f "‘; ff
/ \ ’
?i Y g
3t f Bt
.f
2}
II
1 i i i L :
0 0.2 0.4 0.6 0.8 1

X

Fig. 1. Continuous lineyg (1), +: ¢13(t), A = 100,k = 2.

For both methods (Standard and Modified), the EOC are 1.082%d.9 and 1.0933 at = 1.1. So,
they have essentially the same value on both sides of the discontinuiig.l@we represent both the
exact solutionyg (t) and our approximatiopg(t) within the interval O< t < 2.

In this case, the method ipplicable until the valué ~ 2.
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Table 3
n Standard Modified
lYE(®) — dn(Dllo lYEM®) — dn(Dllo
5 0.20 x 10° 0.19 x 10°
6 069 x 1071 0.67x 1071
7 020x 1071 0.20x 1071
8 052 x 1072 0.52 x 1072
9 012 x 1072 0.12 x 1072
10 024 x 1073 0.24 x 10°3
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Fig. 2. Continuous lineyg (1), +: ¢g(t), A = 10,k = 1.
Table 4
Standard Modified
t=009 t=11 t=09 t=11
1.0929 1.1044 1.0929 1.1161

3. Lettingk = 1,A =1 andf(t,y) = §(t — 1), the Dirac deh function att = 1. The EOC a& given in

Table 4

So, they have essentially the same value on both sides of the discontigitygives both the exact

soluiion ye (1) and our approximatiotg(t) for the interval O<'t < 2.
Again, in this case, the method is applicable for the vakugs2.2.

4. Nowwetakek = 1,A =1l andf(t,y) =46 (t — %) +8t—-—D+6 (t — %) Dirac ddta fundion at

t= % 1, 2. The EOC of he Standard method are givenTiable 5
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Fig. 3. Continuous lineyg (t), +: ¢g(t).

Table 5
t=04 t=0.6 t=09 t=11 t=14 t=16
1.0227 1.0715 1.0847 1.0936 1.1062 1.1157

06§ *

0.4+ *s

",
o

02+t

For the Modified method, the EOC reduces by 10%FIgs. 4and5, we depict theexact solution
Ye (1) by a continuous line and our approximatiggs(t) by +.

The validity of the approximatiogs(t) only till the second discontinuity can be easily noticed in
Fig. 5
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Fig.5.A=1,k=2,0<t <17.
2.2. Nonlinear case
Letg(y) = y? anda = 1. In this case thaonlinearterm is
o0
Ny=g(y)=y*=>_ An,
n=0
and the Adomian polynomials can be derived as folloWH:
yo=(Yo+ Y1+ Y2 +ys+--)?
= Vg +2yoy1+2Yoy2 + Vi +2YoY3 + 21¥2
—_
Ao Ar Ao Az
+2YoYa + 2Y1Y3+ Y3 + 2YoY5 + 2y1Ya + 22y +- - (2.4)
Ay As
After collecting and rearranging terms in E8.4) we get the following Adomian polynomials:
n
An=Zyiyn_i, n>i,n=0,1,....
i=0

1. Ifwetakek =1,A»=1and

0 ift<1
“L”:{1 ift>1

the EOC for both Standard and Modified methods is 1.0098 at 1.1. Fig. 6 repregnts both the
numeric solutionyy (t) with a very small error and our approximatiopgs(t) forO <t < 2.
For all values of. the method is jpplicable in this case, whdn< 1.5.
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Fig. 7. Continuous linep15(t), +: ¢14(t).

2. Takingk = 1, A = 1 andf(t,y) = § (t — %) Dirac delt function att = 3. For both methods,
Standard and Modified, the EOC is 1.000Q at 0.6. In Fig. 7 we show our approximationg; s(t)
andga(t) for0 <t < 1.

For any value of the method is pplicable in this case, whén< 2.3.

3. Finally, we takek = 1,» = 1 andf (t,y) = § (t — %) +8 (t - %) the Dirac déa function at

t = . 3. Fig. 8repreents our approximationss(t), ¢14(t) for 0 <t < 0.6.
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Fig. 8. Continuous linep15(t), +: ¢14(t).

3. Conclusionsand futurework

1. As in [1], the size of the jump (given b¥) does not affect the convergence of the method, which
behaves equally well on both sides of the discontinuity. In the nonlinear problems with large values
of A, soméimes a corputation with more digits is required in order to avoid unstable oscillations.

2. The error in the Modified Technique is always smaller than the error of the Standard Adomian method

for all the values ok.
3. We are already improving the method for the most difficult cases, as the nonlinear problem with

g(y) = Y2 In this IVP, adirect application of the decomposition method with= 3, does not

converge even for small values of the parameterlike ﬁ).
4. In the nonlinear cases, it may be of interest to consider the approximation of multiple solutions.
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