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Abstract

It is shown that if the parameters of an Eisenstein series on GL(2k) are chosen so that its
(integrated) L-function is the 2kth moment of the Riemann zeta function, then the (zkk) terms
in its constant term agree with (215‘) factors appearing in a conjectural formula for the 2kth
moment of zeta by Conrey, Farmer, Keating, Rubinstein and Snaith. When k=1, an
explanation for this phenomenon is found by deducing Oppenheim’s generalization of the
Voronoi summation formula from the Eisenstein series and representation theoretic
considerations. The possibility of eliminating the problematical “‘arithmetic factor” is
discussed.
© 2003 Elsevier Inc. All rights reserved.
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Introduction

There is reason to expect that the 2kth moment of the Riemann zeta function can
be related to the spectral theory of GL(k) or GL(2k). The work of Motohashi [27]
supports the idea of seeking such an approach, by finding an explicit formula for the
fourth moment of { involving special values of L-functions of Maass cusp forms for

*Corresponding author.
E-mail addresses: jbeineke@wnec.edu (J. Beineke), bump@math.stanford.edu (D. Bump).

0022-314X/$ - see front matter © 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2003.09.007


https://core.ac.uk/display/82445405?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

J. Beineke, D. Bump | Journal of Number Theory 105 (2004) 150-174 151

SL(2, 7). Still an automorphic attack on the higher moments of the zeta function has
proved an elusive goal.

Recently Conrey, Farmer, Keating, Rubinstein, and Snaith [9] gave conjectural
asymptotics for the higher moments. These conjectures are supported by heuristics
from Random Matrix Theory and Analytic Number Theory and by numerical
computation. They are also implied by an independent conjecture of Diaconu,
Goldfeld, and Hoffstein [11]. We will argue that these recent conjectures provide
clues as to how such an automorphic attack might be formulated. In fact, we will
argue for a close connection between the 2kth moment of zeta and an Eisenstein
series on GL(2k).

Once it is understood that such a connection may exist, even for the second
moment, it is not immediately clear how the classical results can be related to the
Eisenstein series on GL(2). The purpose of this paper is to present the evidence for a
link between the 2kth moment and the Eisenstein series on GL(2k), and to establish
a solid basis for this connection when k& = 1.

The second and fourth moments of { are well understood. Beyond the fourth
moment, there are recent conjectures, beginning with that of Conrey and Ghosh [10].
Although the moment of greatest interest is

T
| et )

recent authors, including Motohashi [27] and Conrey et al. [9] have emphasized that
it is better to consider an integral such as

T
/O o + i)+ Llow + i) (0rs1 — it) L (oo — i) b, 2)

since the asymptotics of such a moment reveal a structure not apparent in (1). If the
asymptotics of (2) are known, then the asymptotics of (1) can be deduced as a
limiting case.

The authors of [9] found that the dominant terms in (2) are (zkk) in number, and

each involves a product of k*> zeta functions. We will show that this identical

structure is exhibited in the constant term of a certain Eisenstein series on GL(2k).
Beginning with the second moment, Ingham [16] proved that if 0 <o <1 and O’;é%

then

(27[)2071

Sl 20)T*7% + O(T' % log(T)). (3)

T
/ (o + i) dt = C20)T +
0

We may compare this with the constant term of the classical Eisenstein series on
SL(2,7),

1 y T
Ea(z)fii(Za)“;l <|cz+d|2> , z=x-+1iy, y>0.
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The series is convergent if re(o) > 1 but has meromorphic continuation to all ¢. This
Eisenstein series is relevant to (3) because its L-function is

L(s,E;) = C(s+o’—%)((s— O'—|—%),
S0
LG +it,E;) = o +it){(1 — o +it) = z(1 — o+ it)|{(c + if) [,
where y(s) = n*~12r (I35 (%)71. On the other hand, the constant term

2e-1L(1—0)
I'(0)

We find that if the Eisenstein series is selected so that its L-function matches the
integrand on the left-hand side in (3), then the zeta functions in the two components
of its constant term match the two terms on the right-hand side of (3).

Assuming the conjectural asymptotics in [9], we will show in Section 1 that this
phenomenon extends to the 2kth moment. For example in the fourth moment of {
the largest terms are six in number, each a product of four zeta functions. These may
be seen in the analysis in Section 1.7 of [9] of the results of Motohashi [27]. We will
show that there exists an Eisenstein series on GL(4) whose L-function matches the
fourth moment, and whose constant term

1
/0 E,(x+iy)dx={(206))" +n {2 —20)y' . (4)

I 0 x y
1 1 1 1 01 =z
/ / / / E ,8 | dx dy dz dw
o Jo Jo Jo 0 01 0
0 0 0 1

consists of six terms, each involving a product of four zeta functions, which match
the six terms on the right-hand side of (1.7.6) in [9]. And we will check that this same
precise correspondence works for all k£ by exhibiting an Eisenstein series on GL(2k)
whose L-function and constant term, a sum of (%) products of k> zeta functions,
both match perfectly the 2kth moment and its conjectured asymptotics.

There is one aspect to this correspondence which remains problematical. This is
the arithmetic factor which occurs in the conjectural asymptotics of [9]. We will
discuss the arithmetic factor below in Section 2.

So far the connection that we have described between moments and Eisenstein
series appears as a simple coincidence between data associated with the Eisenstein
series and data associated with the moments. The complexity of this data is sufficient
that we do not believe it possible that it is coincidental. However our case will be
strengthened by exhibiting a direct connection between the second moment and the
Eisenstein series E,.

This connection comes about through a generalization, due to Oppenheim [28], of
the famous Voronoi [31] summation formula. Let us state Oppenheim’s formula in a
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smoothed version. If aeC let g,(n) be the classical divisor function, and let

w(n) =3 (%)z o)

d|n

be the symmetrical divisor function, so 7, = 7_,. Let ¢ be a continuous function with
compact support in (0, c0). In terms of standard Bessel functions [32] let

v(y) = /0OO ¢ (x)[—2m cos(sm)Ji_25(4m\/yX) — 27 sin(sm) Y _o5(47,/yX)
+ 4sin(sn) K _os(47/yX)] dx. (5)

We will show in Proposition 7 that y(y) — 0 rapidly as y — oo, and we will prove the
following theorem.

Theorem 1. If ¢ is smooth with compact support in (0, 00 ) and Y, is given by (5), then
for all s we have

Z T-1/2(n)$(n)
n=1
= S ’ X)X V2 dx + (2 - 25 ‘ x)x275 dx
() [ otw Paxrie-2) [ ploxd

Y ). (6)
n=1

We will prove Theorem 1 by associating with ¢ a smooth vector in a principal
series representation of SL(2,R). We will then consider an Eisenstein series on
SL(2, 7). Since the Eisenstein series is automorphic, its value at the identity equals its
value at a Weyl group element, and this relationship implies (6).

Although Oppenheim’s generalization of the Voronoi summation formula is most
relevant for our investigation, another generalization of Voronoi’s formula, due to
Wilton [34] deserves mention in this context. Wilton’s formula involves the Fourier
coefficients of Ramanujan’s t function, and as such is essentially a summation
formula for the Fourier coefficients of an automorphic form. This, of course is how
we view the coefficients t,_;/,: they are Fourier coefficients of Eisenstein series.
Wilton’s summation formula for Ramanujan’s t(n) was not unprecedented, since
Voronoi himself stated (and Hardy and Landau proved) a summation formula for
r(n), the number of representations of n as a sum of two squares. These coefficients
are, like 7(n), the Fourier coefficients of a modular form. See Berndt [4], Miller and
Schmid [26], and Wilton [33], for references to the literature of this problem.

A clear statement of the nature of the connection between Voronoi summation
with the ““Bessel distribution” in the representation theory of GL(2, R) may be found
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in Cogdell [7]. This essential insight explains exactly the reason for the appearance
of (6). Another representation-theoretic approach, including a Voronoi summation
formula for GL(3) is taken by Miller and Schmid [25,26].

It is our hope that the (thus far accidental) coincidence between Eisenstein series
on GL(2k) and the 2kth moment of zeta can be explained along these lines for
general k. Such a goal would obviously be highly desirable, and it seems to us that
the evidence in Section 1 suggests a particular construction. In view of that evidence,
we seek a representation of the standard L-function of an automorphic form on
GL(2k) in which the parabolic subgroup with Levi factor GL(k) x GL(k) plays a
distinguished role. Such a construction was given by Friedberg and Jacquet [13].
Their representation of the standard L-function unfolds to the so-called Shalika
model, a unique model which only exists for self-dual automorphic forms.
Fortuitously, the Eisenstein series of Section 1 is self-dual for

(a1 + it))* | (ox + in) | = {(o1 + it) L (0% + it){ (a1 — it)---{ (o — i).

We hope therefore that a generalization of the summation formula (6) involving
“divisor sums” associated with Shalika models can be found, and that such a
hypothetical summation formula will play a role in the theory of the higher moments
of (.

We have not yet described how the Oppenheim summation formula explains
Ingham’s estimate (3). For %<a<l we have

T
/ Ko +inPdi~2n Y 1o p(m)n'>. (7)
0

n<T/2n

Application of the Oppenheim summation formula to the right-hand side
immediately gives the two main terms on the right-hand side of (3).

When ¢ = %, relationship (7) appeared in Atkinson [1] and is discussed, for
example, in Ivi¢ [17], Jutila [18], and Matsumoto [22]. When %<a<%, this same
connection was used by Atkinson [2] and Matsumoto [21] to improve the error term
in (3). As these references show, this parallel runs deeper than this simple asymptotic
relation, but for our purposes, (7) is sufficient to explain (3).

At first sight (7) seems very mysterious. By the functional equation

(o + in)]* = y(0 — it){(o + it){(1 — o + i).

And, with re(s) sufficiently large,

o0

10 =)+ )1 =0 +s5) =0 —9) Y tepln)n > (8)

n=1

So taking s = i (even though (8) is then divergent) we may regard |{(¢ + it)|* as a
sort of generating function for the terms on the right-hand side of (7). But why the
cut-off after n = T'/2n? Very roughly, the reason is as follows. By Stirling’s formula,
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for fixed ce R we have

. 1/2—0+c¢ ¢ T

S f2memit, (N 12— i‘ (( | ‘_’___ ))
n (o6 —c—it)=n o exp| i tlog 5on | 7 t)).  (9)
Taking ¢ = 0, and substituting series (8), ignoring the fact that it is divergent, we
obtain a series of oscillatory terms. According to the principle of stationary phase,

the biggest contribution to an oscillatory integral will be where the oscillations cease.
We have

ailroe(ars) —5 1) =tos(55,)

This means that the point 1 = 2zn where the oscillations cease is outside the range of
integration if n> T /2x, so these terms are negligibly small and can be discarded. This
outline as we have explained it is of course not rigorous but it is the essential idea of
Atkinson [1]. In Section 7 we will translate this intuitive explanation into a rigorous
proof following Atkinson.

Although we are optimistic that a generalization of the Oppenheim summation
formula to “divisor sums”’ based on Shalika models may be possible and will reflect
the common structure between the 2kth moment of { and the constant term of the
Eisenstein series on GL(2k), the method by which such a formula will be applied is
less clear. We have explained this when & = 1 by means of (7). However, we do not
expect to find a straightforward generalization of Atkinson [1] or of (7) to higher
moments. It is worth noting that the method of Atkinson [2] and Matsumoto [21] is
very different from that of Atkinson [1], and it uses the Oppenheim summation
formula. Our view is that the Oppenheim summation formula is central to the second
moment of { but there is not a unique way of applying it.

In Section 1 we will discuss the similarity between the conjectural asymptotics of
the 2kth moment of zeta and the constant term of an Eisenstein series on GL(2k). In
Section 2 we consider the so-called ‘“‘arithmetic factor” which seems missing in this
parallel, and which is also problematical because it is not a global meromorphic
function when k£ >2. We will propose a possible method of avoiding it when k = 3.
In Section 3 we confirm that Theorem 1 is a smoothed version of Oppenheim’s
generalization of the Voronoi summation formula. Section 4 contains generalities on
principal series representations of GL(2, R) in the particular form in which we need
them, including the Bessel distribution giving a formula for the Whittaker function
at a Weyl group element. Section 5 discusses the Eisenstein series associated with a
certain smooth vector attached to ¢ in Theorem 1, and Section 6 deduces Theorem 1.
Finally Section 7 discusses (7) by extending Atkinson [1].

1. Eisenstein series on GL(2k) and moments of {

Let G = GL(2k), let P be the standard parabolic with Levi factor M = GL(k) x
GL(k) and let U be its unipotent radical. Let B be the standard Borel subgroup of
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upper triangular matrices, and let V" be the unipotent radical of Bn M, so that UV is
the unipotent radical of B. Let A be the adele ring of Q. Let

51
82k

be complex parameters. Let y, and § be the quasicharacters of By defined by

2k 2k P
1) =TT i, o) =T bl
i=1 i=1

when
N1 * *
b= & :
y'n

Let I(s) be the space of smooth functions f on Ga such that

(bg) = (6"21,)(b)/ (9).

The group Gp acts by right translation on I(s) affording a spherical principal series
representation.

Let W = Sy be the Weyl group of G and let Wp = S x Si be the Weyl group of
M. Let @ be the root system of G. If 1<i,j<2k, i#j let a(i,j) denote the root
corresponding to the one-parameter subgroup X;; of G consisting of unipotent
matrices whose only off-diagonal entries are in the i,/ position. Let

" ={o(i,j)| 1<i<j<2k},
Dy ={a(i,j) | 1<i<k,k+1<j<2k},
Oy ={a(i,j)e@|1<i,j<k or k+i<i,j<2k}, &), =Dynd".

Thus ¢* = ¢y P},. Every coset in W /Wp has a unique representative w such that
wdl, @', Let E be the set of these coset representatives. Thus |Z| = (2,5‘) This is the
same set = defined in [9, Section 3.1].

Let K =[], K, be the standard maximal compact subgroup of G where v runs
through the places of @, and K, = GL(2k, Z,) if v = p is a finite prime, K, = O(2k) if
v = 0. Let f; be the standard spherical vector in I(s), defined by f(bk) = 82y (b)
for be B, keK.
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If ye G let U" = UnyBy~'. If fel(s) then for we W the intertwining integral

M) = [ 0 ) d

A

is in I(ws). The integral is convergent if s€ Q, the domain defined by the inequalities
re(s; — Sit1) >%. As in [6] it has meromorphic continuation to all s. We have

M(s) [ = c(w) fous (10)

where

c(w) = H ey ().

>0
wo, <0

Here the product is over positive roots o such that wo is negative, and c,(s) is as
follows. We represent the root a by a vector (i,j) with 1<i<j<k, and then

i —s5)
210 Tli—5+1)
where (*(s) = n%/I'(s/2){(s). The action of W on the parameter s is by matrix
multiplication. Indeed, the integral in (10) decomposes as a product of local
integrals, each of which is evaluated by the formula of Gindikin and Karpelevich
[14], or its nonarchimedean analog (see [6,19]).

We consider the Eisenstein series

E*(g,S)={ 11 C*(si—sj+1)}E(g,S)» E(g,s)= Y f(9).
1<i<j<2k

Bo\Gg
Also, let
E}k\d(gﬂg): H C*(Sl_sj—i—l) EM(g,S)7
% e by,
Ex(g:s)= >, 09
ye(BNM)g\Mg

This function is essentially a pair of GL(k) Eisenstein series on the Levi subgroup
M = GL(k) x GL(k). Let

1<i<k
k+1<j<2k
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Proposition 1. (i) The constant term
/ E(ug,s) du = Z c(w)En (g, ws).
Ua\Un wlel
(ii) The constant term

/ E*(ug,s) du = Z Z(ws)En(g, ws). (11)
Uo\Ua

wleZ

Proof. The integral in (i) equals

/ f(y " oug) du
yEUu\GQ/Bu Ua\Ua seU \U@

D S B (R
7eUg\Go/Bg ¥ Ua\Ua

The integrand is invariant when u is changed on the left by an element of U}. Hence
this equals

> / S ug) du.
VE U@\G@ /B@ U’A\\U/\

We factor y=7y;'w, where wePg\Gg/Bg and 7y,e(PgnwBgw )\Pq/Ug.
According to the Bruhat decomposition, w can be chosen so that w—' e 5. For these
values of w, we have M n BcwBw~!. Hence y, can be chosen from (BAM)g\Mg.

Now replacing u by y;'uy, and noting that y; normalizes U, while y, Ut "y = U",
we get

Sy st
wo JUNUL g e(BaM)g\Ba

This proves (i).
To prove (ii), note that by (i) and (10) the left-hand side of (11) is

Z H C(si—si+1) H C(si—s5) pEm(g, ws).

wleE | a=a(ij)>0 a=a(i,j)>0
wo>0 wa <0

In the second product, replace o by —a, thus switching 7 and j, and use the functional
equation. The two products may thus be combined giving

Z{ 11 C*(Si—sj+1)}EM(g,ws).

wleE \ aew ot
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Absorbing the k(k — 1) zeta functions in the normalizing factor of Ej, (g, ws), what
remains is Z(ws). O

To make the comparison with Conrey et al. [9], first let kK = 2 and choose s; = uy,
§» = Uy, s3 = —vy and s4 = —vy. The L-function L(E,%+ it) of E(g,s) is

(E+it+u)l(+it+w) (S +it —v)(E+it — va),

and applying the functional equation of { in the last two factors we get the argument
of [9] (1.7.1). On the other hand, the factors Z in Proposition 1(ii) are the same as
their six factors Z, except for the missing zeta function in the denominator, which is
the “arithmetic factor” that we will discuss in the next section. If k is general, taking
s; to be o; in the notation of [9], our Z(ws) are exactly the (Zlf) products of k? zeta
functions that occur in the right-hand side of their (3.1.14). Our w is their ¢!

(Applying w to s is the same as applying its inverse to the indices.)

2. The arithmetic factor

In addition to the k? zeta functions, each of the (%) terms in the asymptotics
conjectured by Conrey et al. [9] also involves a certain Euler product, which is only
an L-function when 2k <4. This is the “arithmetic factor” A4; defined in their (3.1.8).
This factor does not appear with the (zkk) terms in our (11), which otherwise perfectly
match their terms.

Moreover the arithmetic factor is problematical for another reason. As a function
of their parameters o, the arithmetic factor does not have analytic continuation
everywhere but has a natural boundary if k>3. This may already be seen in a
classical result. If re(6) >1 — 1/k then Carlson proved (see [30, Section 7.9])

T o0
/ C(a+it)2kdt~[2dk(n)2n2” T,
0

n=1

where di(n) is the number of ways of expressing n as a product of k factors.
Moreover

S dem)?n =) T Petr™).
n=1 4

where Py is a Dirichlet polynomial. We have

Pi(x)=1, Pyx)=1-x> P3(x)=1-9x"+16x> —9x* +x°,



160 J. Beineke, D. Bump | Journal of Number Theory 105 (2004) 150-174

and in general

Pi(x) = (1 — x)*! ki(k; 1>2xk.

-0

S

Estermann [12] considered a class of Dirichlet series including the Euler product
[, Pr(p~). He proved that it is absolutely convergent for re(s)>1 and has

meromorphic continuation to re(s) >0 but if k>3 it has a natural boundary on the
line re(s) = 0. In the notation of [9],

H Pir(p™) = Ar(0;s, ...,8, =8, ..., —S).
4

This natural boundary is somewhat disturbing, so let us consider how, at least for the
sixth moment, it may be possible to eliminate the arithmetic factor. Estermann’s
discovery that the arithmetic factor does not have analytic continuation may not be
an insurmountable difficulty, but it raises the question whether (1) is really the most
natural object to consider. We suggest a possible alternative.

Proposition 2. Suppose a = (a1, ay,a3) and b = (by,by,b3) are given. Assume that
o + a; and o + b; have real parts =1. Then

1 1 T, T, 1
C(3a+al +ay +az + it + itz)

Tl,l%znloo ?1?2 0 0
X (30 + by + by + by — ity — it) "' {(0 + a1 + i) (0 + az + it)){ (o + a3 + it))
X C(G+b1 - il])C(O'+b2 - itl)C(o—i-b; - ill)
X é’(20 +a+a+ ilz)C(z(T +a +a3+ itz)C(2o +ax +as + ilz)

X (20 + b1 + by — it7){(20 + by + b3 — it7){ (20 + by + b3y — ity) dt, dty

IT5: ITL {20 +ai+by)
C(6o+a1 +a, +az+ b +b2+b3)'

We conjecture that if we take ¢ around % and the a;, b; small, the term on the right-

hand side will be one of (2,5‘) in the asymptotics of the left-hand side, paralleling those
found for the sixth moment by Conrey et al. [9]. Note that since 2¢ and 3¢ are farther
to the right this is something like the sixth moment. If this conjecture is true, this
variant may be a more natural object to consider than the sixth moment itself, since
it eliminates the arithmetic factor, replacing it with a factor having meromorphic
continuation.
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Proof. For p a fixed prime let

allc1+k2+2 a12q+k2+2 a§1+k2+2

ko+1 ky+1 ky+1
o) 0 o3
A 1 1 R
Ga(p lvp 2) - 0!2 az OCZ ) o =p .
1 2 3
o1 O 03
1 1 1

This is a Schur polynomial in o;,o, and a3. Extend o,(n,n,) to all n; and n, by
multiplicativity. We have

Z oa(ny,m)n; " 'ny ™

_ st an)l(si + a)l(s1 +a3)l(s2+ ar + a3){(s + a3 + a1){(s2 + a1 + a2)
{(s1+s2+a1+ar+a3)

(12)

Indeed, both sides are Eulerian, and locally this is (9.17) on Bump [5, p. 155]. See [29,
Exercise 7.28, pp. 458, 503]; [20, Example 7, p. 78] for a more general statement. Also

{(B3s+ay +ay+az + by + by + b3) Z aa(nhnz)ab(nl,nz)(mng)*s
np,ny

3

=11 IT ¢Cs+a+by). (13)

i=1 j=I

This follows from the Cauchy identity. See [29, p. 322].
By (12) the integrand on the left-hand side of the formula in the proposition is

—o—it)  —20—it) —o+it —20+it;
g oa(ny,m)n " "'n, 2 E op(my, my)m; "' m, 2.
ny,ny ny,ny

Proceeding as in [30, Theorem 7.1], it is elementary that the diagonal terms n; = m;
give the asymptotic value, which is evaluated by (13). [

3. The Oppenheim summation formula

In [28] is proved a generalization of the Voronoi summation formula, which we
now review. We will confirm that it is consistent with our Theorem 1.
Let

Dl—2s(x) = Z (71_2S(I’l).

n<x
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As usual, the last term is only counted half if x is an integer. In its original form the
formula asserted, provided that s is real and se (1,3)

(2 - 29)
2—2s

1

Dy55(&) = {(25)¢ + 62_2‘Y—§C(2S— 1) + 4125(8), (14)

where

A1—25 l $ Z 01— n'” 1{COS(S?E J2 25 47[\/

n

=1
+ sin(sn)[ Yooy (4m\/n) + (2/7) Ky_ay(47\/né

We will show in this section that Oppenheim’s summation formula implies the
smoothed version in our Theorem 1, when %<s<%. However in Oppenheim’s
formula the assumption that re(s) <% is essential, because the series 4;_,; will not be
convergent otherwise. The smoothed version does not have this limitation and we
will give a proof of it for all s in Section 6.

Note that 7, 1 5(n) = a1_a,(n)[n~"/*. Write

Both ¢ and @ have compact support in (0, co). Integrating by parts,

© (2-25) 5, 1
/0 ®(x) {C(2s)x+2_—zsx2 2 - 540 - 1)} dx

= {(2s) /0 ) ()12 dx 4+ (2 - 25) /0 : ¢ (x)x"> dx.
We consider now
/000 &(x)A1-25(x) dx.
First the K-Bessel contribution is —27~! sin(sm)t,_1»(n)n~"/? times
[ Koy 32 0+ (5= 5) 5000 d

Integrating by parts, this is

1

3 /0 : [4n\/nxXK)y 5 (4n/nx) + (2 — 25)Ka o5 (dmy/nx)|x 1 2p(x) dx.  (15)

Using the formulas [32, p. 79]
zK)(z) — vK\(2) = —zK\11(2), zK(z) + vK,(z) = —zK,_1(2),
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contribution (15) equals
4sin(sm)t,_1/2(n) /0DC K _o5(4n/nx)d(x) dx.
The J and Y contributions are handled similarly using [32, pp. 45, 66]:
2J(z) = vJy(z) = — z2dy1(2),  2JL(2) +vJy(2) = zJ,-1(2),
zY)(z) +vY,(z) =zY,_1(2),

and the summation formula follows.

4. Principal series representations

Let seC, and let V; be the space of functions f : GL(2, R) - C which satisfy

A0 )=

and such that the restriction of f to K = SO(2) is a smooth function. We do not
assume that /" is K-finite. The group GL(2, R) acts on ¥V by right translation. Thus if
geGL(2,R) let (ws(g)f)(x) = f(xg). The space V; is the space of smooth vectors in
an even principal series representation of 7, : GL(2, R) »End (V).

Let
-1
wo = | .

It follows from the theorem of Shalika [29] that there exists a unique linear
functional A : V;— C such that for fe V;

A(ns(l T)j) — PA(S).

For re(s)>1 we may define such a functional by

[ o! D))

The Whittaker function associated with a fixed f'e Vj is

A

A1 1(9), (16)

2

Wy(9) = Alms(9)f) = / k f (WO ( : T)c]) e 2™ dx. (17)

-0
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We will denote by #" the space of all functions W}. It is the space of smooth vectors
in the Whittaker model of n,. We have

(") = [ (et ))e s (18)

which follows by a change of variables from

o e el e
A= [ n(m(" T )o) e (19)

Again this integral is convergent if re(s)>%7 and we have fi,se Vi_s. Thus M :
Vs— Vi_s is an intertwining operator. It is known that both the Whittaker integral
and the intertwining integral (19) have meromorphic continuation to the entire s
plane. That is, one may fix a smooth function on SO(2)/{+ 7}, which then extends
uniquely to a function satisfying (16) for any s. Then both (17) and (19) are
meromorphic functions of s. However we will not need this fact. For our purposes
we only need integrals (17) and (19) in the case re(s) >%, where both are absolutely
convergent.

Now we wish to choose the function f so that y~'/2W,(* |) = ¢(y) where ¢ is a
prescribed function. We assume that ¢ is smooth and compactly supported in
(0, c0). For this particular /" the values of Wy (* ) will be zero when y <0. We define
a smooth function f; 4 € Vs by

K . 1
fooo ¢(Ll) us_l/2e2mxu du if g= (yl * )Wo( x>>
2

If fie Vi let

1

bl

2
*

0 ifg—<y1 )
Y2

According to the Bruhat decomposition, every element of GL(2,R) is expressible
uniquely in one of these forms.

Jsg(g) = (20)

Proposition 3. The function f; 4 is smooth and satisfies (16).

Proof. It is clear that f;, satisfies (16). It follows from this that smoothness is
equivalent to the smoothness of its restriction to SO(2). We have (assuming

sin(0) #0)
(o o )= (" )" )
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with y; = sin(0) ', y, = sin(), * = cos() and x = cot(6). So

COS(G) sm(@) — —2s * s—1/ niu cot(0)
fm(—sin(@) cos(0)> = sin(0) /0 ()~ 0 g

The issue is smoothness where sin(0) = 0, but the Fourier transform here is a rapidly
decreasing function of cot(0), so f; 4 is smooth at these points. [

Let Wiy = Wy with f = fi 4.

Proposition 4. We have

W (y )Z{ﬁqﬁ(y) if y>0,
s 1 0 if <.

Proof. Since ¢ is compactly supported in (0, co) both cases are contained in

()= Viloo)

which we prove. Using (18) and the definition of f; 4 the left-hand side equals

v / /0 d(u) w1 2P ™y =2 dx = \/|y[ ()
—©

by Fourier inversion. [

If f; = f;,» we will denote the function fi_s defined by (19) as f; s

Proposition 5. We have f, 4(I) = fi_s.4(I) = 0. Moreover

feoto) = | " b2 dx Q1)

and

(2= Do) =02 =29 [ a2 (22)

Proof. We have f; 4(I) = 0 by definition. On the other hand,

Aol =/ / ()t =12 dy dx.
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By the Fourier inversion formula, this is the value of ¢(u)u*~'/? at u = 0. However

this smooth function has compact support strictly to the right of 0 so fl,w(l ) =0.
The first formula (21) follows immediately from (20). As for (22),

fiosg(mo) = /_: fso <W0<1 T)Wo> dx
=L ()
= /Z |X|72st‘¢ <Wo<1 _);l)> dx.

Replace x by —x~! in this identity to obtain

o ® ) 1
Sizs.o(wo) = [ |x|2(571>f5_¢ (W0< T)) dx

0 0
_ / |x|2(371) / ¢(u)us—1/2e2nixu du dx.
— 0 0

Although we began by assuming that re(s) > 1, this integral is convergent for all
values of 5. Indeed, ¢(u)u'~'/? is compactly supported and smooth, so its Fourier
transform is Schwartz class. To evaluate this integral, we may therefore assume that
I<s<1. In this case,

/ |26 D27 e — 22725 () sin(s) F(2s — 1).

o0

Proceeding formally at first if we interchange the order of integration and obtain
- o0
Fiose(wo) =227 " sin(ns) (25 — 1) / ¢ (u)u'>= du.
0
Now using the functional equation of { in the form
21=sgs cos(%)l"(s)((s) ={(1—ys),

we obtain (22). The interchange of the order of integration may be justified by tilting
the line of integration with respect to x off the real axis into the upper half-plane at a
positive angle in both the positive and negative directions. [J

We now recall a formula of Cogdell and Piatetski-Shapiro [8] for the action of
the Weyl group element wy, on the Whittaker model. If We#"; then this
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formula asserts that for = = n; we have

W((y 1>W°) -/, J"W)W(u 1)‘”’

where the “Bessel Function” (introduced by Gelfand and Kazhdan)

vl [Jos—1(4m\/ut) — Jy_o5(4my/u1)] if u>0,

Jo) = _sin(n(s -1

i Ly 1 (4n\/Ju]) — I —as(4n/Ju])]  if u<O0.

Sm( (s — ))

167

This formula was stated in [8, p. 57] when = is unitary, so that either s = % + it with ¢
real, or s is real in (0, 1). In their notation, ir = s — 1/2. A proof may be found in [3,

Theorem 4.4 and Appendix 1].

We will prove (23) without assuming unitaricity for the particular Whittaker
function W; 4. The proof'is close to that of Baruch and Mao (which was explained to
us by Moshe Baruch) except that the compact support of ¢ allows us to dispense

with their convergence factor.
We have [32, pp. 64, 78]

cos(nv)Jy(z) — J_y(2)
sin(7mv)
o L(z) - 1.,(2)
K(z)= - E( sin(mv) )

Using these relations and standard trigonometric identities,

Y,(2) =

)

T ) = —2m+/ulcos(ms)J| _os(4m\/u) + sin(ms) Y1_p5(dn/u)]  if u>0,
() = 4/ |ul sin(ms) Ky o (4 /Tu]) if u<0.

Theorem 2. Assume that re(s)>1. If W = W, then (23) is valid.

(24)

Proof. We apply (18) to the function m,(wo)fs¢, then use the definition of f;4

obtain

o ( (y 1 ) W“)
I=s ” 1 X _mix
|y| / fu/) Wo | wy |e Xy Jx

= /:fw)((l —chl)(xl X)Wo(l —)lcl>>e_2mxydx

0 )
|y|1—s / /0 |x|—Zs¢(u)us—l/2672ni(xy+x’]u) du dx.
—
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Since ¢ is compactly supported, it is not hard to justify interchanging the order of
integration. We then combine the positive and negative contributions of x to write
the inner integral as

2/V X~ cos(2n(xy + x'u)) dx.
0

Then using (24) and Gradshteyn and Ryzhik [15, 3.871, p. 470], which is applicable

when re(s)e (3, 1), we obtain (23). For re(s)>1, the result follows by analytic

continuation. Note that Y, is denoted as N, in [15]. O

5. Eisenstein series

Let ¢ be as in Theorem 1 and let f; 4 be as in Section 4. Assuming re(s)> 1, we
consider the Fourier expansion of the Eisenstein series

Eglg.5) =509 Y frar0).

o\

Proposition 6. If re(s) > 1 we have

/01 E¢(<1 T)g,5>ezm‘ﬂx dx =ty 1 pp(n)n~1/? W‘"d)((n 1)9) 25)

if n#0, while

/01 E¢<(1 T)gvs>dx = ((25)f5.9(9) + {25 = Dfis4(9)- (26)

Proof. Assuming n#0 we have

! I x —2ninx
/ E, g,s |e ™" dx
0 1

— 1 : 1 x —2zinx
= 55(23) /0 g\:rfuq’(p(y( 1>g>e dx.

Let ceZ and let I'e = {(“ Z) eI'} be the subset of I' with prescribed c. If n#0 then
the contribution of I', vanishes when ¢ = 0 so we may write this as

o [ 5wt )

c#0 \e/T o

=20y

c>0 d mod ¢
amod ¢

ad=1(mod c)
(d,e)=1
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Sl e

To evaluate this we may use (16), and also make a variable change x—x — d/c to
obtain

A *© -1 I x ,
((25,) Z Z e2nmd/ccf2s / fs,d) << | ) < | )g> 872mnx dx.
¢>0 dmod ¢ -

(d.0)=1

According to Ramanujan’s identity

C(2S) Z Z €2nind/6672s _ 01—25(”)~

¢>0 dmod ¢

(d,c)=1

Also the variable change x —n~'x shows that

Fal(y ) ("))

Since 61_o,(n)n’~" =1,y o(n)n~"/?, we have proved (25).
Next we prove (26). The contribution of ¢ = 0 is {(2s)f; 4(g). The contribution of
¢#0 is evaluated like (25) and we obtain

EPYE S (PR (G DE

(d,c)=

= {(29) Z o) >fi-4(9),

c>0
where ¢ is Euler’s phi function. We have

(29) 3 (e = ¢(2s— 1),

c>0

This proves (26). O

6. Proof of Theorem 1

Let ¢ have compact support in (0, co) and define y, : R—C as in (5).
Proposition 7. For any s then y,(y) = O(y™) as y— oo, for all N.

Proof. We make use of the asymptotic expansions (Watson [32, p. 199])

1 1
Jy(z) = \/%COS <Z V- Zn) 712
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204949 1 1 -3/2 -5/2
Sy sin{z—zsvnr—m)z + 0(z779),

2. 11\
Y\,(z)_ﬁsm (z—zvn—zn>z
200+ D +3) 1 L\ 3 s
+ \/;fcos Zogvm—gn)z + 0(z777),

and K,(z) ~+/2/(nz)e *. The term in brackets in (5) is therefore

\/i {—cos(\/xy + 251 — 3m/4)x /Ay 1A

- wsm(\/x_y —3m/d)x Ty 0((xy)5/4)] '

Now let us consider

(x) cos(y/xXp + 2sm — 3m/4)x~ /4 dx.
0

The variable change x = > makes this
2 / (1) cos(uy/y + 2sm — 37'6/4)141/2 dut.
0

This is the Fourier transform of a smooth function, evaluated at ,/y, hence is of
rapid decay as y— co. The second term is similarly of rapid decay. This leaves us
with the error term which is dominated by the convergent integral | B (x)x™* dx
times y~>/4. This proves that the integral is O(y~>/*). Taking more terms of the
asymptotic expansion gives better error terms. [

We may now prove Theorem 1. We have the Fourier expansion of the Eisenstein

series
! 1 x .
E¢(g,s):Z/ Ey L )98 )e T X
0

neZ

This is clear if re(s)>1 and we at first assume that s is in this region. By
Propositions 4-6, it follows that E4(7,s) is the left-hand side of (6). On the other
hand by Propositions 5 and 6 and Theorem 2, Eg(wy, s) equals the right-hand side of
(6). Of course they are equal since E,(wo,s) is automorphic, and the theorem is
proved when re(s) > 1. The general case follows by analytic continuation, since using
Proposition 7 it is not hard to see that both sides of (6) are entire functions of s.
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7. The second moment and the divisor problem

We will use the method of Atkinson [1] to explain relationship (7).

Matsumoto [21] obtains a better error term than Ingham [16], at least when 0'<%,
and Ingham’s error term is better than the term we obtain by the method that we will
use. Matsumoto’s result can be written

(2n)26—1

5o (2 20) T2 + O(T" 1449 Jog(T)?).

T
/ (o + i[> dt = C(20)T +
0

His method, adapted from Atkinson [2] is based on a more subtle application of the
Oppenheim summation formula. This work is continued in [23,24].

We think the original approach of Atkinson [2] is still useful in giving the crucial
relationship (7) quite simply. Atkinson’s proof is repeated in [30].

Theorem 3. If 1 <o <1 we have

T
}/ (o + it)|* dt — 2 Z To1)2 (n)n'/2=e| = o(T2>1/2).
0 n

<T/2n

Proof. First we note that

T 1 potetiT
‘/ |C(‘7+it)|2dl——./ (o +5) (0 — ) ds| = O(T'/*).
0 2i J,

+e—iT

Indeed, rewriting fOT (o +ir)>de =1 LTT (o + it)|* dt, this difference consists of
the constant residue n{(2¢ — 1) plus the contributions of two short integrals

1 ot+etiT
Z/ (o4 8) (0 —s5)ds = O(T'/**%).
+iT
We have
1 o+e+iT 1 0 o+etiT s
J— — d = — o — -5, . d.
2 Joioit (o +s)le—s)ds 2inz::lf 1/2(n) /ﬁgiT " x(oc —s)ds

If n>T/2n, using (9) and Lemma 4.3 of Titchmarsh [30, p. 61], the nth term

here is
—1/2—0—¢ T1/2+£
0 ”l—T .
log|5—
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Since Y 1,4 /2(n)n‘]/2‘“‘8< co we may discard these terms. We are left with the
problem of estimating

1 o+e+iT "™
5 X ) [ e sds
a

n<T/2n +e=iT

Using (9) we have

o+etiT
/ 1’171/27“'}((0' _ S) ds = 0(n71/2T1/2+1;).

+iT

Now by Theorem 1 or a Tauberian theorem

Z Te-1/2 (n)nl/z"7 ~{(20)x,

n<x

and by partial summation it follows that

Z 7:,,,1/2(n)n_1/2 = 0(x%). (27)
n<x
Therefore
1 o+e+iT .
5 X ) [ e - g ds= o(17),
L niTom il

Thus we may move the path of integration back into the critical strip and
approximate fOT (o + it)|* dt by

1 iT
> Z Te—1/2(n) / n 25y (0 — 5) ds.
! n<T/2n —iT

We would like to change the limits to —ico and ico. By Titchmarsh’s Lemma 4.3,

i 12 T°-1/2
2o —syds = O ————— ).
/,»T e ) ds (ﬁlog(T/znn)>

applying (27) again, the error in changing the limits is O(7°~'/?). We consider
therefore

1 ion
% Z Tg_1/2 (1) / nV2Sy (g — s) ds.
n<T/2n —loo

Since

1 [ A
3 / x~V27y (g — it) dt = 2nx'/*77 cos(2nx),
— 0
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and since cos(2nn) = 1 when n is an integer, we get

2n Z Tg,l/z(n)nl/z’”. O
n<T/2n
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