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The problem is to determine all nonnegative measures on the Bore1 subsets of the 
complex plane with respect to which all polynomials are square integrable and with 
respect to which the Newton polynomials form an orthogonal set. The Newton 
polynomials do not belong to any classical scheme of orthogonal polynomials. The 
discovery that a plane measure exists with respect to which they form an 
orthogonal set was only recently made by T. L. Kriete and D. Trutt [Amer. J. 

Math. 93 (1971), 215-2251. A general structure theory for such measures is now 
obtained under hypotheses suggested by the expansion theory of Cesaro operators. 

It has recently been discovered [l] that nonnegative plane measures exist 
with respect to which the Newton polynomials form an orthogonal set. 
Examples of such measures which appear in the expansion theory for Cesaro 
operators [2] are supported in the half-plane to the right of some vertical line 
and satisfy a restrictive condition on the growth of the norms of the Newton 
polynomials. A determination is now made of all nonnegative measures, 
satisfying such conditions, with respect to which the Newton polynomials 
form an orthogonal set. The known examples of such measures [3] turn out 
to be extreme points of the convex set of such measures, normalized by the 
condition of unit total mass. Some interesting Hilbert space of analytic 
functions [4] appear in the problem of mean square polynomial approx- 
imation with respect to these extremal measures. 

If h is a given positive number, a unique Hilbert space J”‘(h) exists, whose 
elements are functions analytic in the half-plane z + I > - h, such that the 
Newton polynomials 

C-1)” 
z(z- l)... (z-n+ 1) 

1 . 2 ‘.. n 
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form an orthogonal set in the space and such that the square of the norm of 
the nth polynomial is 

h(h+ l)... (h+n- 1) 
1.2...n * 

The identity 

1 T(n/2 + h/2 + if) F(n/2 - h/2 + it)l’ df 

holds for all polynomials F(z). The norm-determining measure for -J-(h) is a 
fundamental example of a plane measure with respect to which the Newton 
polynomials form an orthogonal set. 

The set of all nonnegative measures on the Bore1 subsets of the complex 
plane, of total mass one, with respect to which the Newton polynomials form 
an orthogonal set, is a compact convex set in the weak topology induced by 
the continuous functions of polynomial growth. By the Krein-Milman 
theorem [5], the set is the closed convex span of its extreme points. Interest 
in the structural properties of extremal measures is generated by their 
appearance in the Stone-Weierstrass theorem [6] and in problems of 
bounded polynomial approximation [7]. A related extreme point problem is 
now studied. 

Motivation for the work is provided by an analogy with the theory of 
Pollaczek polynomials [B], which turns out to be essential. Let L, , L- , and 
D be the operators on polynomials defined by D takes F(z) into G(z) where 

G(z) = z[F(z) - F(z - l)], 

by L- takes F(z) into G(z) where 

d(z) = - [F(z + 1) - F(z)], 

and by L, takes F(z) into G(z) where 

G(z) = - zF(z - 1). 

Then the identities 

DL--L-D=-L-, 

DL+-L+D=L+, 

L-L, -L+L-= 1, 

and 

L+L-+L-L+-2D=1, 
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are satisfied, The Newton polynomial of degree n is an eigenfunction of D 
for the eigenvalue n. The operator L- takes the Newton polynomial of 
degree n + 1 into the Newton polynomial of degree n. And the operator L, 
takes the Newton polynomial of degree n - 1 into n times the Newton 
polynomial of degree n. 

If ,U is a plane measure with respect to which all polynomials are square 
integrable, detine an inner product on polynomials F(z) and G(z) by 

P’(z), G(z)) = (F(z) @z> C(z). 
The orthogonality of the Newton polynomials in L*(p) is equivalent to the 
formal self-adjointness of D with respect to the inner product. 

If the inner product is extended to an inner product on polynomials F(z, F) 
and G(z, 2) in z and .F by 

(F(z, F), G(z, F)) = j F(z, f) G(z, z) 4(z), 

then the identity 

(zF(z, Z), G(z, F)) = (F(z, Z), r%(z, f)) 

holds for all polynomials F(z, F) and G(z, F) in z and Z: The self-adjointness 
of D is equivalent to the identity 

(zF(z-l,i),G(z,F-1))-(F(z,F-l),zG(z-1,F)) 

= ((z - f) F(z, z), G(z, f)) 

for all polynomials F(z, 23 and G(z, 5) in z and 5. 
It is now shown that an equivalent identity holds for a larger class of 

functions if the measure satisfies an additional condition called regularity. 
The moments 1, of a nonnegative measure ~1 on the Bore1 subsets of the 

complex plane with respect to which the Newton polynomials form an 
orthogonal set are defined by 

I,= II 
z(z- I)... (z-n+ 1) *dP(z) 

1 .2--.n 

The moment-generating function for ,U is the formal power series C&z”. 
The measure p is said to be regular if it is supported in a half-plane 
z + F> - h and if its moment-generating function converges in the unit disk. 

THEOREM 1. Let ,u be a nonnegative measure on the Bore1 subsets of the 
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complex plane, with respect to which the Newton polynomials form an 
orthogonal set, which is supported in the half-plane z + I> - k. Then the 
moment-generating function for p converges in the unit disk if, and only if, 
the identity 

i 
(x + iy) F(X - ;, y + fi) G(x - ;, Y - $)44x + 0~) 

- (x-iy)~(x--f,y-ii)G(x-f,y+$i)d~(x+iy) 
J’ 

= 2i ( yF(x, Y) G(x, Y) 44x + iy) 

holds for all functions F(x, y) and G(x, y) of x and y which are finite linear 
combinations of the functions exp(iay), a real, with bounded continuous 
functions of x as coeflcients. 

The norm-determining measure for J’(h) is an example of a regular 
measure. The regular measures of total mass one which are supported in the 
closed half-plane to the right of a given vertical line form a compact convex 
set in the weak topology induced by the continuous functions which are of 
polynomial growth in the half-plane. By the Krein-Milman theorem, the set 
is the closed convex span of its extreme points. A structural property of 
extremal measures is obtained by methods taken from the proof of the 
Stone-Weierstrass theorem. 

THEOREM 2. If p is an extreme point of the set of regular nonnegative 
measures of total mass one on the Bore1 subsets of the complex plane with 
respect to which the Newton polynomials form an orthogonal set, then the 
support of n is contained in the union of a sequence of vertical lines whose 
intersections with the real axis are congruent module one-halJ 

The analysis of such measures requires some information from the theory 
of Pollaczek polynomials. If h is a given positive number and if an inner 
product on polynomials is defined by 

2’-2hl-(2h)(F(t), G(t)) = 1’” F(t) e(t) r(h - it) T(h + it) dt, 
-m 

then the identity 

((h - it) F(t + i), G(t)) = (F(t), (h - it) G(t + i)) 

holds for all polynomials F(z) and G(z). These properties essentially charac- 
terize the inner product. 
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Assume that p is a nonnegative measure on the Bore1 subsets of the real 
line with respect to which all polynomials are square integrable. Define an 
inner product on polynomials by 

If the above identity holds for all polynomials F(z) and G(z) and if the 
constant function one has norm one, then the identity 

21-2hr(2h)p(E) = j T(h - it)T(h + it) dt 
E 

holds for every Bore1 set E. 
These results have an immediate application. 

THEOREM 3. Let ,u be a regular nonnegative measure on the Bore1 
subsets of the complex plane with respect to which the Newton polynomials 
form an orthogonal set. Assume that a real number h exists such that the 
support of p is contained in the union of the sequence of vertical lines which 
intersect the real axis at points n/2 - h/2 for nonnegative integers n, and 
that the line which intersects at -h/2 does contain a point of the support of 
p. Then h is nonnegative. If h is zero, then the mass of p is concentrated at 
the origin. If h is positive, then a positive number p exists such that for every 
real Bore1 set E the p-measure of the set of points of the form -h/2 + it with 
t in E is 

p 1 T(h/2 - it) T(h/2 + it) dt. 
E 

A generalization of the theory of Pollaczek polynomials is needed for a 
further analysis of the measures. 

THEOREM 4. Let h be a given positive number. Let o be a nonnegative 
measure on the Bore1 subsets of the real line with respect to which all 
polynomials are square integrable. Then the function 

f(1 -it)F(l +it) 
dz) = I_‘,” T(h + f - it) T(h + 4 + it) 

sech(lcz - rrt) da(t) 

is analytic and has a nonnegative real part in the strip -$ < y < f . The 
integral 

I +* IFWI’ T(h - it) T(h + it) 
T(f - it) r(f + it) dt) dt 

-co 

601/31/3-6 
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converges for every polynomial F(z). The identity 

I +O” F(t + i) G(t) 
T(h + 1 - it) T(h + it) 

T(f - it) T(f + it) v(t) dt 
-02 

T(h - it) T(h + 1 + it) - 
I 

+O” F(t) G(t + i) 
r(+ - it) I($ + it) v(t) dt 

-a, 

= - 2i 1 +m tF(t + $i) e(t + ii) do(t) 
-cc! 

holds for all entirefunctions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. 

These properties essentially characterize such pairs of measures when h is 
positive. 

THEOREM 5. Let h be a given positive number. If ,a and v are 
nonnegative measures on the Bore1 subsets of the real line, with respect to 
which all polynomials are square integrable, such that the identity 

i 
tm (h - it) F(t + i) G(t) dv(t) 
--oo 

- 
I 

tao (h + it) F(t) C(t + i) dv(t) 
-cc 

= - 2i 
I 

ta, tF(t + ii) G(t + ii) dp(t) 
-m 

holds for all entire functions F(z) and G(z) of exponential type which are 
square integrable on the real axis, then a nonnegative measure o exists on 
the Bore1 subsets of the real line, which agrees with ,u on every Bore1 set 
which does not contain the origin, such that the identity 

v(E) + p 
i 

T(h - it) T(h + it) dt = 
i 

T(h - it) T(h + it) 
E T(f - it) T($ + it) cp(t> dt 

E 

holds for every Bore1 set E, where p is a nonnegative number and p(z) is 
definedfor o as in Theorem 4. 

Contiguous relations are used to extend these results to nonpositive values 
of h. Let h be a given real number and let p + and pu_ be nonnegative 
measures on the Bore1 subsets of the real line, with respect to which all 
polynomials are square integrable, such that the identity 
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I + m (h - it) F(t + i) G(t) dv-(t) 
-co 

- 
I 

+ Q, (h + it) F(t) G(t + i) dv-(t) 
-co 

= - 2i 
5 

+mtF(t+ji)C(t+fi)&-(t) 
-m 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. If ,u+ and V, are nonnegative measures 
on the Bore1 subsets of the real line defined by 

P+(E) = j (t2 + h2 + h + l/4) f&l-(r) 
E 

and 

v+(E) = I (tZ + hZ) h-(t) 
E 

for every Bore1 set E, then all polynomials are,square integrable with respect 
to P + and v, . The identity 

s +m(h+ l-it)F(t+i)G(t)dv+(t) 
-cc 

- 
I 

+ O3 (h + 1 + it) F(t) G(t + i) dv, (t) 
-cc 

= - 2i 
I 

+ao tF(t + Ji) C(t + fi) dp+ (f) 
-cc 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. 

Conversely if the identity for P+ and v+ is assumed to hold for all entire 
functions F(z) and G(z) of exponential type which are of polynomial growth 
on the real axis, then the identity for ~1~ and v- holds for all entire functions 
F(z) and G(z) of exponential type which are of polynomial growth on the 
real axis and which vanish at -ih. A uniqueness theorem follows. 

THEOREM 6. Let h be a nonpositive real number. Let ~1 be a nonnegative 
measure on the Bore1 subsets of the real line with respect to which all 
polynomials are square integrable. Then at most one nonnegative measure v 
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exists on the Bore1 subsets of the real line, with respect to which all 
polynomials are square integrable, such that the identity 

i 
tm (h - it) F(t + i) G(t) dv(t) 
--co 

- 
I 

+O” (h + it) F(t) G(t + i) dv(t) 
-m 

= - 2i 
i 

+ O” tF(t + ii) G(t + fi) dp(t) 
-m 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. 

Examples of such measures appear in the orthogonality problem for 
Newton polynomials. 

THEOREM 7. If h is a positive number and tf n is a nonnegative integer, 
then the identity 

I +mZ(n/2 + l/2 + h/2 - it) T(n/2 + lj2 + h/2 + it) 
--co 

x (h/2 - l/2 - n/2 - it) F(t + i) G(t) dt 

- 
I 

+m T(n/2 + l/2 + h/2 - it) T(n/2 + l/2 + h/2 + it) 
-cc 

x (h/2 - l/2 - n/2 + it) F(t) G(t + i) dt 

=-2i(n+ 1) 
J 

tm T(n/2 + h/2 - it) T(n/2 + h/2 + it) 
-co 

x tF(t + fi) G(t + fi) dt 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. 

An extreme point computation follows. 

THEOREM 8. The extreme points of the set of regular nonnegative 
measures on the Bore1 subsets of the complex plane, of total mass one and 
supported in the half-plane z + i> - 1, with respect to which the Newton 
polynomials form an orthogonal set, are the norm-determing measures for the 
space X(h), 0 < h < 1, and the measure with mass one concentrated at the 
origin. 



ORTHOGONALNEWTON POLYNOMIALS 259 

The problem is more complicated for a half-plane z + .F> - k where k > 1 
because a finite combination of the norm-determing measures for the spaces 
M(h) can be nonnegative without having all the coeffkients be nonnegative. 

A determination of moment-generating functions follows from the extreme 
point computation. 

THEOREM 9. A formal power series C A,z” is the moment-generating 
function of a regular nonnegative measure y on the Bore1 subsets of the 
complex plane, which is supported in the half-plane z + I> - 1 and with 
respect to which the Newton polynomials form an orthogonal set if, and only 
if, 

x&z”= 
i 

(1 -z)-(do(t) 

for a nonnegative measure o on the Bore1 subsets of the real line which is 
supported in the interval [0, I]. 

A convolution structure holds in the space of nonnegative plane measures 
with respect to which the Newton polynomials form an orthogonal set. 

THEOREM 10. Let p, and pp be nonnegative measures on the Bore1 
subsets of the complex plane with respect to which the Newton polynomials 
form an orthogonal set. Define the convolution p =p, * ,u2 to be the 
nonnegative measure on the Bore1 subsets of the complex plane whose value 
for a Bore1 set E is the ,ul X ,uu,-measure of the set of pairs (z, , zz) of complex 
numbers such that z1 + z2 belongs to E. Then the Newton polynomials form 
an orthogonal set with respect to p and the moment-generating function for p 
is the product of the moment-generating functions for p, and p, . 

The moment-generating function for the norm-determining measure of 
X(h) is (1 - z)-“. The norm-determining measures for the spaces J’(h) are 
well behaved under convolution. 

THEOREM 11. The convolution of the norm-determining measure for 
M(h 1) and the norm-determining measure for Jtr(h2) is the norm-determining 
measure for H(h, + h,). 

The nonnegative measures with respect to which the Newton polynomials 
form an orthogonal set are those with respect to which the operator D is self- 
adjoint. An interesting problem is to determine whether this situation is 
always derived from one in which the operators L, and L- are adjoints. 
This is the case for the measures in the closed convex span of the norm- 
determining measures for the spaces X(h). 
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THEOREM 12. Let ,L- be a nonnegative measure on the Bore1 subsets of 
the complex plane with respect to which the Newton polynomials form an 
orthogonal set. Assume that the moment-generating function for pu_ is of the 
form J(1 -z)-‘da-(t)f or a nonnegative measure o- on the Bore1 subsets of 
the nonnegative half-line with respect to which all polynomials are square 
integrable. Then a nonnegative measure p+ on the Bore1 subsets of the 
complex plane exists, with respect to which the Newton polynomials form an 
orthogonal set, such that the identity 

jzF(z- I)G(z)dpJz)=IF(z)[@+ l)-G(z)]dp+(z) 

holds for all polynomials F(z) and G(z). The moment-generating function for 

P+ is 

I 
(1 - z)-‘do+(t), 

where u+ is the nonnegative measure on the Bore1 subsets of the nonnegative 
half-line such that the identity 

j W + 1) da-(0 = jxW du+(t) 

holds for the characteristic function x of every real Bore1 set. 

Such a measure ,u+ is conjectured to exist without any hypothesis on the 
moment-generating function of p _ . The integral representations of the 
moment-generating functions are taken in the formal power series sense. 

Proof of Theorem 1. Since the support of p is contained in the half-plane 
z + I> k , the function cL is square integrable with respect to ,U when 
0 < c < 1. If the moment-generating function of ,u is assumed to converge in 
the unit disk, the expansion 

c==c (1 -c)“(-1)” 
z(z-l)...(z-n++) 

1 . 2 ... n 

is valid in the mean square sense. The self-adjointness of D implies the 
identity 

i 
za’-‘b’&(z) - j zh’b’-’ a$~ 

= 1 (z - f) a’b’dp(z) 
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when 0 ( a < 1 and 0 < b < 1. The desired identity follows for functions 
F(x, y) and G(x, y) of the form 13 exp(iuy) where a is real and 0 < c < 1. By 
the Stone Weierstrass theorem, every continuous function of real x in the 
half-line [-k/2, 00) which has limit zero at infinity is a uniform limit of 
finite linear combinations of the functions cX with 0 < c < 1. By the Lebesgue 
dominated convergence theorem, the identity follows when F(x, y) and 
G(x, y) are of the form f(x) exp(iuy), where a is real and f(x) is a bounded 
continuous function of real x. By linearity, the identity holds whenever 
F(x, y) and G(x, y) are finite linear combinations of the functions exp(iay) 
with bounded continuous functions of x as coefficients. 

Conversely, it will be shown that the moment-generating function for ,D 
converges in the unit disk if the identity is satisfied for all such functions. 
The identity 

I zaz-‘biz” &(z) - 1 rhzbi-‘(I - 1)” tip(z) 

= 
I 

(z - f) a’b”F a(z) 

is obtained inductively for positive integers n by differentiation with respect 
to b and using the Lebesgue dominated convergence theorem. By the same 
theorem, the identity holds in the limit b = 1. It follows that the identity 

I ZPflZ) d/l(z) -I Ftif(z - 1) &(z) 

= s (z - 5) 87(z) d,(z) 
holds for every polynomial f(z) when 0 < c < 1. When f(z) is the nth 
Newton polynomial, the identity reads 

s z(c’- ’ - 8) f(z) Q(z) = - n I cZf(z) u&(z). 
By the Lebesgue dominated convergence theorem, the identity can be written 

(1 - c) d/de 1 elf(z) f.&(z) = - n j ?.F(z) h(z). 

It follows that 

5 &=(z) c+(z) = k( 1 - C)“, 
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where k is independent of c. The identity 

1 c’f(z)Jiz) 6(z) = kc” 

is obtained on differentiating n times with respect to c using the Lebesgue 
dominated convergence theorem. By the same theorem, the identity 

I f(z) f(z) 44~) = k 

holds in the limit c = 1. It follows that 

j c'.f(z> &@I = (1 - cl" jf'4 f(z) 44z). 

Since 

X(1-e)“jl 
z(z- 1) ... (z-n+ 1) * 

1 . 2 . ..n Q(z) 

by Bessel’s inequality, the moment-generating function for ,U converges in the 
unit disk. 

Proof of Theorem 2. The identity 

1 = cos2(2zx - 27ch) + sin*(2zx - 2rh) 

is applied for real numbers h. Choose h so that the support of p is not 
contained in the union of the vertical lines which intersect the real axis in 
points which are congruent to h module one-half and so that the support of p 
is not contained in the union of the vertical lines which intersect the real axis 
in points which are congruent to h - i modulo one-half. Then a real number 
t exists, 0 < t < 1, such that 

1 - t = ( cos2(2~ - 2nh) dp(x + iy) 

and 

t = f sin’(2Ru - 2nh) dp(x + iy). 
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Let p+ and p- be the nonnegative measures on the Bore1 subsets of the 
complex plane such that 

(1 --t)~+(Ef=j~ cos~(27r.x - 27rh) fzp(x + iy) 

and 

w-Q.9 = j sin’(2rr-x - 2nh) &(x t @) 
E 

for every Bore1 set E. By Theorem 1, p+ and p _ are regular nonnegative 
measures with respect to which the Newton polynomials form an orthogonal 
set. By construction, .u+ and ,K have total mass one and 

p=(l-t)p+ ttp-. 

Since p is assumed to be an extreme point, p+ and p- are equal to p. It 
follows that the support of p is contained in the union of the vertical lines 
which intersect the real axis in points x such that 

1 - t = cos*(27LX - 27rh) and t = sin2(27rx - 27rh). 

These points are congruent modulo pne-half. 

Proof of Theorem 3. Let u be the nonnegative measure on the Bore1 
subsets of the real line such that the u-measure of every real Bore1 set E is 
the p-measure of the set of points h/2 + it with t in E. By Theorem 1, the 
regularity of ,u implies the identity 

I (h/2 - it) F(t + i) e(t) do(t) 

= 
I 

(h/2 + it) F(t) d(t + i) da(t) 

for all polynomials F(z) and G(z). If h is positive, the desired form of u is 
given by the theory of Pollaczek polynomials. 

When h is not positive, the case F(z) and G(z) equal to one in the identity 
gives 

I t do(t) = 0 

and the case P(z) = z and G(z) = 1 gives 

/- (t* - h/4) du(t) = 0. 



264 DE BRANGES AND TRUl-l- 

It follows that h is zero and that the mass of the measure o is concentrated 
at the origin. The mass of the measure p must also be concentrated at the 
origin, for otherwise ~1 is the sum of such a measure and a measure which 
satisfies the hypotheses of the theorem with h negative. It has been shown 
that no such measure exists. 

Proof of Theorem 4. The function (p(z) is clearly positive on the real 
axis. Since every polynomial is assumed to be square integrable with respect 
to rr the finiteness of the integral 

for polynomials F(z) is obtained by substituting the definition of (p(z) and 
making the obvious rearrangement of integrals. It follows that the integrals 
appearing in the desired identity are absolutely convergent. 

The desired identity is verified by substituting the definition of o(z) and 
making changes in the order of integration, which are permissible by 
absolute convergence. The problem is thereby reduced to the case in which ~1 
is the measure with mass one concentrated at some real point 1. Then 

r(1 -U)T(l + U) 
‘(‘)= I’(h++-iil)T(h+$+iA) 

sech(xz - nJ). 

Let r be a given number, 0 < r < f . By Cauchy’s formula, the identity 

I + Oz F(t + i) G(t) T(h + 1 - it)T(h + it) 

r($ - it) r(f + it) dt) dt 
-a, 

1-r 
= 

I 
F(t + ii) G(t + fi) 

I’(h + $ - it) T(h + f + it) 

-03 r(-it) r( 1 + it) 

x cp(t - ii) dt - ir 
I 

n F(A + fi + rei’) G(12 + fi + repi’) 
0 

x T(h + $ - iA - ire”) T(h + 4 + iA + ire”) 
Q-ire” - U) r( 1 + ire” + U) 

x cp(A - fi + re”)e” dt + 
I 

m F(t + fi) G(t + ii) 
A.+r 

X 
r(h + i - it) T(h + i + it) ptt _ fi) dt 

r(-it) r( 1 + it) 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. A similar identity is obtained by 
interchanging F(z) and G(z) and conjugating each side of the equation. Since 
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(p(z) is real for real z and periodic of period i, the desired identity can be 
written 

r 
I 

2n (-’ we” - U) F(A + ii + reit) (?(A + fi + rewit) 
0 

x 
T(h + f - id - ire”) T(h + f + iA + ire”) 

r( 1 - ire” - U) F( 1 + ire” + U) 

x P@ - fi + re”) ei’ dr 

= 2AF(A + fi) G(A + fi). 

By the definition of q(z), the desired identity can be written 

I 2X (A + r@) F(A + fi + re”) G(A + ii + repi’) 
0 

ire” dt 
X 

~(h + 4 - U - ire”) T(h + 4 + iA + ire”) 

r( 1 - iA - ire”) r( 1 + il + ire”) sin(nire”) 

= 2AF(A + ji) G(l + fi) 
T(h+j-iA)T(h+f+iA) 

r(l -iA)T(l + U) * 

It is sufficient to verify the identity in the limiting case r = 0, in which case it 
holds by uniform convergence of the integrand. 

Proof of Theorem 5. Let a be a nonnegative measure on the Bore1 
subsets of the real line which agrees with ,U on any real Bore1 set which does 
not contain the origin. The mass of CJ at the origin is for the moment undeter- 
mined. If q(z) is defined for u as in Theorem 4 and if p is a nonnegative 
number, the expression 

I 
+ O” (h - it) F(t + i) c(t) dv(t) 
-co 

- 
I 

+O” (h + it) F(t) c(t + i) dv(r) 
-m 

+P 
5 

+m (h - it) F(t + i) G(t) T(h - it) T(h + it) df 
-co 

-PI 
+03 (h + it) F(t) G(t + i) I”(h - it) T(h + it) df 
--03 
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vanishes. for all entire functions F(z) and G(z) of exponential type which are 
of polynomial growth on the real axis. 

But every function which is bounded and analytic in the upper half-plane 
is a bounded limit in the half-plane of entire functions of exponential type 
which are bounded in the half-plane. It follows that the expression vanishes 
when 

F(z) = and G(z) = 
I-(-f - iz) 
zyh - iz) g(z) 

for entire functionsf(z) and g(z) of exponential type which are bounded in 
the upper half-plane and vanish at fi. So the expression 

I 
+* h(t + i) 

I-<; - it) I-<; + it) 
T(h - it) T(h + it) W) 

-03 

+ 
5 

+ m h(t) 
qf - it) r<f + it) 
T(h - it) T(h + it) W) 

-a, 

J 
+a0 

+P h(t + i) i$ - it) r(; + it) dt 
-co 

+P 
i 

+ w  h(t) r(; - it) r(; + it) dt 
-ml 

- 
I 

+O” h(t + i) p(t) dt - j+m h(t) p(t) dt 
-cc -a, 

vanishes for every entire function h(z) of exponential type which is bounded 
on the real axis and vanishes at -fi. The choice of p and of the mass of IJ at 
the origin can be made so that the expression vanishes for all entire functions 
h(z) of exponential type which are bounded on the real axis. The resulting 
identity is applied when h(z) is an exponential. Since a bounded measure on 
the Bore1 subsets of the real line is uniquely determined by its ‘Fourier 
transform, the identity 

J 
qf - it) r(f + it) 

E T(h - it) T(h + it) 
dv(t) + p J r(f - it) r($ + it) dt 

E 

= 
I 

(p(t) dt 
E 

holds for every real Bore1 set E. The theorem follows. 

Proof of Theorem 6. By the remarks which precede the statement of the 
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theorem, it is sufficient to consider the case in which h + 1 is positive. The 
hypotheses imply that the identity 

i 
+ c0 (h + 1 - it) F(t + i) C(t)@* + h2) dv(t) 
-co 

- 
I 

+m (h + 1 + if) F(t) G((t + i)(t’ + h2) dv(t) 
-‘xl 

= - 2i 
I 

+* tF(t + ii) c(t + ;i)(t’ + h2 + h + l/4) dp(t) 
-03 

holds for all entire functions F(z) and G(z) of exponential type which are of 
polynomial growth on the real axis. By Theorem 5, a nonnegative number p 
and a nonnegative measure d on the Bore1 subsets of the real line exist such 
that u agrees with ,U on every Bore1 set which does not contain the origin and 
such that the identity 

( 
E 

(t2 + h2) dv(t) + p j T(h + 1 - it) T(h + 1 + it) dt 
E 

= 
I 

T(h + 1 - it) F( h + 1 + it) 
r(j - it) r(t + if) ~0) dl 

E 

holds for every Bore1 set E, where o(z) is defined for u as in Theorem 4. 
An application of Cauchy’s formula as in the proof of Theorem 4 will now 

show that p and the mass of u at the origin must be chosen so that 

T(h - iz) T(h + 1 + iz) 
r<$ - iz) r<f + iz) 

(p(z) - pZ-(h - iz) Z-(h + 1 + iz) 

is analytic in the strip 0 < y < f, The only possible singularity is a simple 
poleat-ihif-~<h(Oandati(h+l)if-l<h<-~.Whenpandthe 
mass of u at the origin are not chosen so as to remove this singularity, the 
desired identity does not hold for all polynomials F(z) and G(z), but instead 
a different identity holds in which there is an added real multiple of 

F(i - ih) G(-ih) - F(-ih) @i - ih). 

A similar situation holds in the limiting cases h = 0 and h = - $. The choice 
of p and of the mass of u at the origin are to be made so as to remove this 
extra term. This completes the proof of uniqueness when -1 < h Q 0, and 
hence in all cases in which h is not positive. 
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Proof of Theorem 7. By Cauchy’s formula, 

I 
+ co T(n/2 + l/2 + h/2 - it) T(n/2 + l/2 + h/2 + it) 
-a2 

X (h/2 - l/2 - n/2 - it) F(t + i) c(t) df 

= 
I 

+O” T(n/2 + h/2 - it) T(n/2 + 1 + h/2 + it) 
-02 

+ (h/2 - 1 - n/2 - it) F(t + ii) e(t + fi) dt 

and 

I +m T(n/2 + l/2 + h/2 - it) T(n/2 + l/2 + h/2 + it) 
-03 

x (h/2 - l/2 - n/2 + it) F(t) @t + i) dt 

= 
I 

+ m T(n/2 + 1 + h/2 - it) T(n/2 + h/2 + it) 
-m 

x (h/2 - 1 - n/2 + it) F(t + ii) @t + fi) dt. 

The desired identity now follows from the recurrence relation T(z + 1) = 
zf(z) for the gamma function since 

(n/2 + h/2 + it)(n/2 + 1 - h/2 + it) 

- (n/2 + h/2 - it)(n/l + 1 - h/2 - it) = 2(n + 1)it 

for all real t. 

Proof of Theorem 8. Regularity of the norm-determining measure for the 
space ,/Y-(h) is verified by a straightforward calculation using the identity of 
Theorem 7. The measure has total mass one and is supported in the half- 
plane z + i > - 1 if h > 1. The measure with mass one concentrated at the 
origin is obviously regular. 

Consider an extreme point P of the set of regular nonnegative measures of 
total mass one which are supported in the half-plane z + I> - 1. By 
Theorem 2, a number h, 0 < h < 1, exists such that P is supported in the 
union of the vertical lines which intersect the real axis in points which are 
congruent to -h/2 modulo one-half. By Theorem 3, h can be chosen so that 
the vertical line through the point -h/2 contains a point of the support of ,u. 
The mass of ~1 is concentrated at the origin if h is zero and if the support of p 
contains no point of the vertical line which intersects the real axis in the 
point -$. Otherwise h can be chosen positive. 

For each nonnegative integer n, let pn be the nonnegative measure on the 
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Bore1 subsets of the real line such that, for every Bore1 set E, the #“-measure 
of E is ‘the p-measure of the set of point n/2 - h/2 t it with t in E. By 
Theorem 3, a positive number p exists such that 

,u,,(E) = p j T(h/2 - it) T(h/2 t it) dt 
E 

for every real Bore1 set E. The identity of Theorem 1 implies that the identity 

I - (h/2 - n/2 - if) F(t + i) G(t) &(t) 

- 
I 

(h/2 - n/2 t if) F(t) G(t t i) c+,(t) 

= - 2i 
1 

fF(t t ii) G(t t ii) dp- I(t) 

holds for all polynomials F(z) and G(z) if n is positive. 
By Theorems 6 and 7, the identity 

n! p,(E) = p 
I 
E T(n/2 + h/2 - it) T(n/2 + h/2 t it) dt 

holds for every Bore1 set E when h < 1 or n > 1. When n = 1 and h = 1, an 
additional nonnegative measure with mass concentrated at the origin might 
appear as an added term in ,u,, but it is zero because p is assumed to be an 
extreme point. It follows that ,U is a positive multiple of the norm-determining 
measure for J”(h). Since ~1 has total mass one, it is the norm-determining 
measure for X(h). 

By the Krein-Milman theorem, the set of regular nonnegative measures 
with total mass one which are supported in the half-plane z + I; > - 1 is the 
closed convex span of its extreme points. It follows that the norm- 
determining measure for H(h) is an extreme point of the s&t when 0 < h < 1. 
The measure with mass one concentrated at the origin is obviously an 
extreme point. 

Proof of Theorem 9. The set of regular nonnegative measures of total 
mass one which are supported in the half-plane z t i > - 1 is a compact 
convex set. By the Krein-Milman theorem, the set is the closed convex span 
of its extreme points. By Theorem 8, the extreme points are the norm- 
determining measures for N(h) when 0 < h < 1 and the measure with mass 
one concentrated at the origin. The theorem now follows from a computation 
of moment-generating functions of these extremal measures. The moment- 
generating function of the norm-determining measure for .,f .(h) is (1 - z)~. 
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The moment-generating function of the measure with mass one concentrated 
at the origin is 1. 

Proof of Theorem 10. The theorem is a consequence of the identity 

Sn(z + w) = c S,(z) S,-,(w), 
where S,(z) is the nth Newton polynomial. Summation is from k = 0 to 
k= n. 

Proof of Theorem 11. The convolution ,D of the norm-determining 
measure for Ju”(h,) and the norm-determining measure for X(h& is 
supported in the half-plane z + Z> - h, - h,. By Theorem 10, ,u is a regular 
measure whose moment-generating function is the product (1 - z)-*‘-~* of 
the moment-generating functions (1 - z)-~’ of the norm-determining measure 
for ,K(h,) and the moment-generating function (1 - z)-~~ of the norm- 
determining measure for .H(h,). So the moment-generating function of ,u is 
equal to the moment-generating function of the norm-determining measure of 
N(h, + h2). By the proof of Theorem 1, two regular measures which have 
the same moment-generating functions are equal because they have the same 
Fourier transforms. 

Proof of Theorem 12. It is clearly sutlicient to give a proof in the case 
that ,L- is the norm-determining measure for K(h) for some positive number 
h. Then u- is the measure with mass one concentrated at h. Choose P+ to be 
h times the norm-determining measure for X(h + 1). The theorem is proved 
by verifying that the identity 

(ZF(Z - 11, G(z)), I (h) = W(z), G(z + 1) - G(z)). I (h+ 1) 

holds for all polynomials E;(z) and G(z). By linearity it is sufficient to verify 
the identity in the case that F(z) is the mth Newton polynomial and G(z) is 
the nth Newton polynomial for some nonnegative integers m and n. Each 
side of the identity is zero unless n = m + 1, in which case zF(z - 1) = 
- nG(z) and G(z + 1) - G(e) = -F(z). The desired identity holds because 

n /I G(Z)lt: ih) = h(h + ;).::‘$ + n)= h IIF(z)~&~+~,. 
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