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1. Introduction

The symmetric subgroup orbits in flag manifolds have been extensively studied. Their parametriza-
tion, in the most general form, is due to Matsuki [9-12] and Springer [17]. There are finitely many
such orbits. In addition, there is a natural topological ordering, called the Bruhat order, among the or-
bits: Orbits @ > O’ if the Zariski closure of O contains (O’. The Bruhat order can be described purely
algebraically in terms of the Matsuki-Springer parameter [10,15,16,5].

In this paper, we thoroughly characterize one family of symmetric subgroup actions on the Grass-
mannians of isotropic subspaces by complete sets of invariants, and we describe their Bruhat orders
by majorization relationships over diagrams of these invariants.

In Table 1, V is a vector space equipped with a nondegenerate sesquilinear form B; G is the subgroup
of GL(V) preserving the form B; H is a symmetric subgroup of G stabilizing two subspaces U and W
of V, where V=U@® W and U L W with respect to form B.
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Table 1
Symmetric pairs (G, H) and representation spaces V.
G H Vv Conditions
Spon (F) Spam (F) x Spap_om (F) [F2m g [F2n—2m O<m<n
On(F) O (F) x Op_m (F) Fm @ Fr—m O<m<n
0(p, @) 0(p1.41) x O(p — 1,9 — q1) RP1IH0 g RP-P1HI-01 0<pi<p, 0<q1<gq
U(p, q) U(p1,q1) x U(p — p1,9 —q1) CPirta g CP—P1Ha—q1 0<pi<p 0<qi<gq

Note: F is an infinite field; F is the algebraic closure of F.

A subspace S of V is said to be isotropic if S L S with respect to form B. Let Grg(r) denote the
projective variety of r-dimensional isotropic subspaces of V. Grg(r) is called an isotropic Grassmannian
or simply Grassmannian.

This paper focuses on the H-action in Grg(r) for the triples (G, H, V) in Table 1.

The symplectic case (G, H) = (Spy, (), Spo;n (F) x Span_om(F)) has been carefully investigated
[13,14]. Let S be an isotropic subspace of V =U @ W. In [13], P. Rabau and D.S. Kim construct an
integral 4-tuple

SNPySdPwSL 1 S
dim(s N U), dim(s N W), dim S L PuS S PwSH™ 1 (11)
SNHSSNW) 2 SN(PyS®PWS)~

to parameterize the H-orbit of S and to determine the partial order induced by the inclusion of
isotropic subspaces. In [14], P. Rabau uses the 4-tuple to describe the stabilizer of S under the H-
action and the codimension of an H-orbit. In this paper, we remove the fraction % from the last term
of (1.1) and denote the resulting 4-tuple by (ry(S), rw (S), a(S), b(S)). Then we determine the Bruhat
order in terms of the majorization relationship over a diagram of ry (S), rw(S), a(S) and b(S).

In Section 2, we give a general discussion of H\Gr¢ (r) for the triples (G, H, V) in Table 1. The first
main result is a parametrization of the H-orbits by a finite convex subset of an integral lattice.

Theorem 1.1. Let (G, H, V) be given as in Table 1.

(1) If G = Spy,(F) or O, (F), then the H-orbits in Gr¢(r) can be parameterized by an integral 4-tuple of
H-invariants (ry, rw, a, b) defined by (2.7).

(2) If G = 0(p, q) or U(p, q), then the H-orbits in Grg(r) can be parameterized by an integral 5-tuple of
H-invariants (ry,rw,a, by, bw), where by and by are defined in (5.2) and (6.2).

In general, the H-orbit of S € Gr¢ (r) is isomorphic to H/Hs, where Hs is the stabilizer of S in the H-action.
The structure of Hs is determined by Theorem 2.3. The dimension of Hs is given by Corollary 2.4.

The second main result we carry out is an explicit description of the Bruhat order in terms of our
H-invariants (ry,rw,a,b) and (ry,rw,a, by,bw). The Bruhat order follows a simple majorization
relation over diagrams of these H-invariants.

Theorem 1.2. Consider the Bruhat order over H\Gr¢ (r) for (G, H, V) in Table 1.

(1) When G = Sp,,(F) or O, (F), we make the following diagram:

a (1.2)
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The H-orbit parameterized by (ry,rw , a, b) is greater than the H-orbit parameterized by (rj;, 1}, ,a’,b’)
in the Bruhat order if and only if :

b>b, a+b>d +Vb, ry+a+b>ry;+d+0b, rwta+b>ry +ad +b'.

Note that each of b, a + b, ry +a+ b and rw + a + b is the sum of all nodes connected to a given node
via a descending path in diagram (1.2). The inequality a +b > a’ + b’ is redundant.

(2) When G = 0(p, q) or U(p, q), we make the following diagram:

—

a (1.3)
AN

The H-orbit parameterized by (ry,rw,a,by,bw) is greater than the H-orbit parameterized by
(ry, Ty, @', by, by, in the Bruhat order if and only if:

by = by, bw >by,. a+by+bw >d +by +by,
ry+a+by+bw >ry+d +by+by, rw+a+by+bw >ry +d +by +by.

Note that each of by, bw, a+ by + bw, ry +a+ by + bw and rw + a + by + bw is the sum of all
nodes connected to a given node via a descending path in diagram (1.3). The inequality a + by + bw >
a’ + by, + by, is redundant.

Therefore, in terms of the Bruhat order, the H-invariants we use provide the most natural way to
describe the H-action in Grg(r).

We also determine the inclusion order over the H-orbits of all isotropic subspaces. Two H-orbits
O and O’ have the inclusion order O = O’ if there exist S € O and S’ € O such that S O S'. The
third main result of this paper is an extension of P. Rabau and D.S. Kim’s work on the inclusion order
of symplectic case [13, Theorem 4.3] to the inclusion orders of the other cases. See Theorems 4.6, 5.6
and 6.5.

When G =0(C) or G =0(p, q), both G and H are disconnected. Let G be the identity component
of G. We illustrate in Sections 4 and 5 how an H-orbit in Grg(r) decomposes into (H N Gg) and Hyg
orbits.

Our view point is purely algebraic. We derive our theorem by analyzing the simultaneous isom-
etry of a set of subspaces using the tools presented in [8, Theorem 5.3]. It is unclear yet how our
parametrization should be identified with the Matsuki-Springer parametrization [1,9,10,17].

The H-orbits on isotropic Grassmannians play an important role in explicit construction of auto-
morphic L-functions [2]. The main motivation of this paper comes from representation theory. Recall
that functions on isotropic Grassmannian Grg(r) can be used to define certain degenerate principal
series Ip(v). The representation Ip(v) is one of the most intensively studied series of representations.
In case G/P is the Lagrangian Grassmannian and G the symplectic group, a preliminary investigation
by the second author gives a branching law for the unitary Ip(v)|y [3,4]. This branching law is mul-
tiplicity free and yields a Howe type L2-correspondence [6,7] between certain unitary representations
of G1 and certain unitary representations of G;. So the remaining question is to see if the degenerate
principal series in other cases will decompose in a similar fashion when restricted to H. A first step
is to understand how H acts in Grg(r), in particular how H acts on the open orbits in Grg(r). The
question of the structure of the open orbits is answered in Corollaries 3.4, 4.4, 5.4, 6.4.

Isotropic Grassmannian is a special case of partial flag variety. Another interesting example of sym-
metric group action on flag variety is the real semisimple group action on complex flag variety [18].
In this case, one often gets a finite number of open orbits and the structure of these open orbits has
broad implications in representation theory.
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2. Preliminary
2.1. Settings

Let

No:={0JUN=1{0,1,2,3,...}. 2.1)

Let IF be an infinite field, and V a vector space over F equipped with a nondegenerate sesquilinear
form B. Denote the orthogonal direct sum

Vv=UoWw

if V=U®W as vector spaces and U L W with respect to the form B, that is, B(u,w) =0 for
any ue€ U and w € W. Suppose dimV =n. Let G(V) or G(n) denote the isometry group of V that
preserves B:

G(V)=G(n) :={geGLp(V) | B(g(v), g(V')) =B(v,V') forv,v' e V}.

A symmetric pair (G, H) in Table 1 has the form (G(V), G(U) x G(W)) for certain sesquilinear form
B and certain decomposition V=U @ W.
For a fixed form B, let Grg(r) be the Grassmannian of r-dimensional isotropic subspaces of V.

2.2. H-invariants in Grg(r)

Define the radical of a subspace S of V by

Rad(S):=SnSt=|v|ves, B(v,v)=0foranyVv eS}. (2.2)

So S is isotropic if and only if Rad(S) = S.

A flag of a vector space is a nested sequence of subspaces.

Now suppose S is an r-dimensional isotropic subspace of V, namely S € Grg(r). It induces a flag
Fu(S) of U and a flag Fw (S) of W, respectively:

Fu(S): {0} SSNUCRad(PyS) CPyS CRad(PyS)* NUC(SNU) NUCU, (2.3)
Fw(S): {0} S SNW CRad(PwS) CPywSCRadPywS)"NnWCSNW) nwcw. (24)

Here PyS :=(S+ W) NU is the projection of S onto the U-component with respect to the decompo-
sition V = U @ W. Likewise for Py, S.

The symmetric subgroup H = G(U) x G(W) of G consists of elements of GL(V) that preserve the
form B and stabilize the subspaces U and W. If h(S)= S’ for h€ H and S, S’ € Grg(r), then h sends
each subspace in Fy(S) (resp. Fw (S)) bijectively to its counterpart in Fy(S’) (resp. Fw (S’)). So the
dimensions of subspaces in the flags Fy(-) and Fw (-) are H-invariants.

For u e Py S, let u denote the element u+ Rad(PyS) in Then Rag&,is) has a nondegener-

Py
- Rad(PyS)*
ate sesquilinear form B induced by B:

PyS
Rad(PyS)”

oo

(0 0):=B(uv), foru,uw e (2.5)

Similarly, has a nondegenerate sesquilinear form (also denoted by B) induced by B.

Pw S
Rad(Pw S)
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Two vector spaces equipped with sesquilinear forms, L1 with form By and L, with form B;, are
called isometric, if there exists a linear bijection ¢ : L1 — Ly, called an isometry, such that By (u,u’) =
By (¢ (u), ¢(u')) for any u, w’ € L1. With this notation, the isometry class of (#Pis), B) is H-invariant
since H preserves B.

Ifud+w,u +w €8S such that u,u’ € U and w, w € W, then

B(u,u’) = —B(w,w). (2.6)
It immediately implies the following lemma.

Lemma 2.1. The isometry class of (ﬁzs), B) is the additive inverse of the isometry class of (%, B).

For example, if G(%) ~0(p, q), then G(%) ~0(q, p).
We are now ready to present a complete set of H-invariants in Grg(r) for symmetric pairs (G, H)
in Table 1. Denote

ry(S) :=dim(S N U), (2.7a)
rw (S) :=dim(S N W), (2.7b)

Rad(PyS Rad(Pw S SN (PyS OPwS)t
a(S) = dim 29PUS) _ i RaAPwS) _ iy SN PUS OPwS)™ (2.7¢)

SNU SNw SNU)OSNW)

PyS PwS S

b(S) :=dim — 2> —dim —2> _ —dim . (2.7d)

Rad(PyS) Rad(Pw S) SNPyS OPyS)+

Obviously, ry(S), rw (S), a(S) and b(S) are nonnegative integers and

ru(S) +rw(S) +a(S)+b(S) =dimS=r. (2.8)

Theorem 2.2. Let (G, H, V) be a triple in Table 1. Let r be an integer such that 0 <r < %dim V.For S e
Grg (r), the integral 4-tuple (ry (S), rw (S), a(S), b(S)) defined in (2.7) and the isometry class of(%, B)
defined in (2.5) form a complete set of H-invariants that uniquely determines the H-orbit of S in Grg(r).

Proof. The H-invariant part is clear. Let us show that these H-invariants uniquely determine the
H-orbit of S in Grg(r). Let S’ € Grg(r) satisfy that

(1) (ru(S),Tw(§"),a(s"),b(§") = (ru(S),rw(S), a(s), b(S));
(2) (#j’y), B) is isometric to (ﬁr’isy B).

We explicitly construct an element of H that sends S to S’. For a subspace P of a vector space P, let
P o Py
denote the set of subspaces P, of P such that P = Py & P».

(1) According to ry(S) =ry(S’), select a linear bijection ¢g: SNU — S’ NU.
(2) Select Uz e Rad(PyS) © (SN U) and U € Rad(PyS) & (§' N U). According to a(S) =a(S’), select
a linear bijection ¢; : Uy — Uj,.
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(3) Select Us € PyS © Rad(PyS). Then (Us, B) is isometric to (%, B). Likewise, select Uj e
Py S’ ©Rad(PyS’). Then (U%, B) is isometric to (#ﬁs) B). Since (ropbiss. B) and (gopss. B)
are isometric, we can select an isometry ¢, : Us — Ué with respect to the form B.

(4) Now according to PyS = (SNU) ® U, © Us, the linear map ¢ := ¢ @ ¢1 @ ¢ is an isometry from
PyS to PyS’. By Witt’s extension theorem, ¢ can be extended to an isometry hy of U, that is,
hy € G(U).

(5) Next, according to ry (S) =rw (S’), select a linear bijection ¢¥o:SNW — S'NW.

(6) Select W12 e PwS© (SN W). Define a linear map m W12 — Pw S’ as follows: Choose a basis
{wi,...,w} of Wq,; for each wj, choose u; € PyS such that u; +w; € S; then ¢(u;) € PyS’;
choose w; € Py S’ such that ¢ (u;) +w; € S’; define m(wi) :=wi. It is routine to check that ﬁ
is a well-defined linear injection and W{qz = lmme PwS © (S NW). Let y12: Wi2— W;,z
be the linear bijection defined by v 2(w) ::?p_;;(w). Then 2 is an isometry by (2.6).

(7) Now according to Pw (S) = (SN W) © W2, the linear map v := o & 12 is an isometry from
Py (S) to Py (S). By Witt’s extension theorem, ¥ can be extended to an isometry hy € G(W).

(8) Finally, h :=hy x hy is an element of H that sends S to S’. O

2.3. The stabilizer of S € Grg (r) in the H-action
Let Hs denote the stabilizer of S € Grg(r) in the H-action. Then every h € Hs is of the form
h= hU X hw,
where hy € G(U) stabilizes the subspaces in the flag Fy (S) defined in (2.3), and hy € G(W) stabi-
lizes the subspaces in the flag Fy (S) defined in (2.4).
Choose a basis By := {l, ..., Ogimy} of U such that:
(1) Each of the nontrivial subspaces in Fy(S), namely

SNU, Rad(PyS), PyS, Rad®PyS)*NnuU, (SNU)*NU, and U,

is spanned by the first few vectors of By.

1 . . .
(2) Note that RA:I)(L‘)?J 5 and RangI;L(’lf; S)ﬁu are nondegenerate with respect to their forms induced from

B. We may further assume that @; L PyS fori=ry +a+b+1,...,dimU —ry —a. Then

dimU-ry—a

RdPyS)" NU=PySo € Fi

i=ry+a+b+1
With respect to the basis By,
A1l * * * *
Azz A23 * * *
_ A33 0 * *
hy = Au % N (2.9)

A55 %

Age

Here

o Aq1 € GLy(s)(F) and Agg € GL; (5)(IF) uniquely determine each other;
e A € Gly(s)(F) and Ass € GLy(s) (IF) uniquely determine each other;
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o Az c G(—Rag(‘{,fjs))'
P
o AweG(RLY),

Note that hy is in the parabolic subgroup H(S, U) of G(U) that preserves the flag
{0} C(SNU) CRad(PyS) CRadPyS)*NUC(SNUY NUCU

and has the Levi factor GLys)(F) x GLgs)(F) x G(w). The G(w) factor of hy in

Rad(Py S) Rad(Py S)
. A3z 0
He vy is [0 ]

Next we consider hy € G(W). In the basis By of U,

a+b
(SNU) © P Fiiy,1i =PuS.
i=1

For each @;,4; with i =1,...,a+ b, we select a vector in Py S, denoted Wy, 1;, such that @, 1; +
Wy, +i € S. It is easy to see that

a+b
(SN W) © P Fi, 4i =PwS.
i=1

The set {Wy,, +1, ..., Wr, +q+b} Can be extended to a basis Bw := {W1, ..., Wgimw} of W, such that:
(1) Each of the subspaces in Fy (S), namely
SNW, RadPwS), PwS, RadPwS)'nw, Snw)yrnw, and W,

is spanned by the first few vectors of By .
(2) w; LPyS fori=rw +a+b+1,...,dimW —ry —a, so that

dimW—ry —a

Rad(PwS) NW=PySo P M

i=ryw+a+b+1
Then with respect to the basis Bw,
B11 * * * * *
322 323 * * *
_ 333 0 * *
hw = Ba % N (2.10)

B55 %

Bes

Here

B11 € GLy, (s)(F) and Bgg € GL;,, (s)(F) uniquely determine each other;
B2y € GLgs)(IF) and Bss € GLg(s) (IF) uniquely determine each other;

Py S .
B33 € G(Rad(‘;/’ws))

Pw S)tnw
Baa € G(Ragmys) )
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o The conditions G, i + Wy, i €S fori=1,...,a+b and hy x hy € Hs imply that [322 gi] =
[ A2y A3 ]
Asz |
The hy is in the parabolic subgroup H(S, W) of G(W) that preserves the flag

{0} € (SN W) CRad(PwS) CRadPyw Sy nwWcSNnW)ytnwcw

and has the Levi factor GL,, s)(F) x GLg(s) (F) x G(W). The G(W) factor of hy
i« [ B33 O
is |0 b |-

Theorem 2.3. Let (G, H, V) be a triple in Table 1 and S € Grg(r). Then h € Hs if and only if h = hy x hw,
where hy € G(U) and hy € G(W) satisfy that:

(1) hy is of the form (2.9) with respect to the basis By of U.
(2) hw is of the form (2.10) with respect to the basis By of W.
(3) hy in(2.9) and hy in (2.10) are subjected to the constraint:

Az Az } [ By2 B3 }
= . 2.11
[ As3 Bs3 211
Corollary 2.4. The dimension of the H-orbit Os of S is

dim Os = dim G(U) + dim G(W) — dim Hs, (2.12)

and dim Hs equals to

1 1
[dimG(U) +dimG(W) — dimc<w> - dimG(wﬂ

Rad(Py S) Rad(Pw S)
. PyStnu . PwSHtNnw . PyS >
dimG| —2—— ) +dimG¢[ ——~2—— )| +dimG[ ————

+dim ( Rad(PyS) >+ m < Rad®ws) ) T\ Radpys)

Rad(Py S) PyS
SNU "Rad(PyS) /)’

1
2

N =

+ = [dimGL(S NU) + dimGL(S N W)] — dim HomF(

Proof. It suffices to find the dimension of Lie algebra of Hs. Let dim[A23] denote the dimension of
block A3 when h =hy x hy goes through all elements of Hs. Then

Rad(P
dim[A1;] =dimGL(SNU),  dim[Ag]= dimGL(M)

SNnuU
Rad(Py S) PyS
SNU ’"Rad(PyS) /)’

dim[A33] = dim Homp (

PyS

| » PyS):NU
dim[As3] _dlmG(m 7)

), dim[Ag4] = dim G( Rad(PyS)

The other terms can be obtained easily. By the Levi decompositions of H(S, U) and H(S, W), and the
constraints of h =hy x hy given by Theorem 2.3, it is straightforward to find dimHs. O
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3. Symplectic groups

Let B be a nondegenerate symplectic form over V ~F?", Let V = U ® W where dimU = 2m and
dim W =2n — 2m. Then

G=G(V)=Spy(F).  H=G(U)x GW) = Spyn(F) X Spp_ym (). (3.1)

We first recall some results in [13,14] regarding the H-invariants and the stabilizer in Gr¢(r) for
integer r with 0 <r < n. Then we shall study the Bruhat order of H-orbits in Grg(r).

3.1. The H-invariants in Grg(r)

For S € Grg(r), let ry(S), rw(S), a(S) and b(S) be defined in (2.7). Theorem 2.2 verifies the follow-
ing result of D.S. Kim and P. Rabau:

Theorem 3.1. (See [13, Theorem 4.3].) The Sp-type (ry(S),rw(S), a(S), %b(S)) is a complete set of H-
invariants that uniquely determines the H-orbit of S in Grg (r).

Let (ry(S),rw(S),a(S),b(S)) parameterize the H-orbit of S. Denote the H-orbit by O(ry(S),
rw (S),a(S), b(S)). The range of (ry(S), rw (S),a(S), b(S)) is as follows:

Theorem 3.2. (See [13, Theorem 4.3].) A 4-tuple (ry,rw,a,b) € Ng parameterizes an H-orbit in Grg (r) if and
onlyifbiseven, ry +rw +a+b=r, and

ry+a+ - <m, (3.2a)

NS NS

Tw4+a+=-<n—m. (3.2b)

3.2. The Bruhat order of H\Gr¢ (1)

The Bruhat order of the H-orbits in Grg(r) can be described by elementary linear algebra method.
The idea is that if © C Grg(r) and S’ is in the Zariski closure O, then for any subspace decomposition
V=R®IL,

/
PrS S di PrS

lim dimPgS > dimPgS’, lim dim > dim ) (3.3)
SeO SeO Rad(PgS) Rad(PrS")
We make the following diagram of H-invariants for S € Grg(r):
b(S)
\
a(s) (34)
VAN
ru(S) rw(S)

The Bruhat order of H\Grg(r) is characterized by a majorization relationship over diagram (3.4). De-
fine a partial order on the diagram, where nodes A > A’ if and only if there exists a descending path
from A to A’. For each node A, we add the values of all nodes no less than node A. The resulting
quantities are:
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b(S) = dim of a maximal nondegenerate subspace of Py S
= dim of a maximal nondegenerate subspace of Py S,

PySOPWS PyS
a(S) + b(S) = dim 292 OPwW> _ g PUS _ 4im
3 snu Snw

ry(S) +a(S) +b(S) =dimPyS,

rw(S) +a(S) +b(S) =dimPyS.

Theorem 3.3. The Bruhat order O(ry,rw,a,b) > O(r;, 1y, d', b") holds in H\Gr¢ (r) if and only if the fol-
lowing inequalities hold:

b=V, (3.5a)
a+b>d+V, (3.5b)
ryta+bzry+d+Vb, (3.5¢)
rwHa+b>rly, +d +b. (3.5d)

The inequality (3.5b) is implied by ry +rw +a+b=r=r, + 1, +a +b’,(3.5¢c) and (3.5d).

Proof. By (3.3), inequalities (3.5) are necessary for O(ry,rw,a,b) > O(ry,ry,,a’,b’). To show that
they are sufficient, we will prove several claims associate to some basic operations over the node
values of diagram (3.4) that preserve the inequalities in (3.5). These basic operations allow us to
change from (ry,rw,a,b) to (r;,ry,,a’,b’) whenever inequalities (3.5) hold.

Fix a basis {uq,...,uyy} of U and a basis {wq, ..., W,_om} of W such that:

o 11" o 171%™
[B(ui’uj)]ZmXZmZI:_‘l 0] ’ [B(wi’wf)](Zn—Zm)x(Zn—Zm):|:_1 0]

Let O(ry,rw,a,b) be an H-orbit. The following vectors form a basis Bs of an element S of
O(ry,rw,a,b):

U1 +wy and uy;+wy_q, fori=1,...,b/2,
Upioi +Wp i, fori=1,...,aq,

Upioq42i, fori=1,...,ry,

Wh2a+2i» fori:l,...,rw.

In the following arguments, we will define a subspace Sy for x € F spanned by all vectors in Bs
but a few vectors being replaced. It will be easy to verify that:

(1) The entries of the basis vectors of Sy given below are polynomials of x.
(2) Sx € O(ry,rw,a,b) for every x e F — {0}.

Then Sy is in the Zariski closure of O(ry, rw, a, b) since F is an infinite field. In particular, Sg € Grg (r).
If So € O(ry, 1y, a',b"), then O(ry,rw,a,b) > Oy, 1y, d,b’) in the Bruhat order. We assume that
the related H-orbits in the following claims always exist.
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(1) Claim: O(ry,rw.a,b) > O(ry,rw,a+2,b —2).
Applying (3.2) to O(ry,rw,a+2,b —2),

b b
rU+a+5<m—l, rW+a+5<n—m—1.

Let Sy for x € F be constructed as follows:

Vector in Bs being replaced Replaced by vector

Up +Wp_q x(up +Wp_1) + Uz + Wan_2m

Then Sy € O(ry,rw,a,b) for xeF — {0} and So € O(ry,rw,a+2,b —2).
(2) Claim: O(ry,rw,a,b) > O@ry +2,rw,a,b —2).
Applying (3.2a) to O(ry +2,1w,a,b —2),

b
rU—i—a—i—Egm—l.

Let Sy for x € F be constructed as follows:

Vectors in Bs being replaced Replaced by vectors
Up_1 +WwWp Up_1 + XWp
up +Wp_q X2y + XWp_1 + Uz

Then Sy € O(ry,rw,a,b) for xeF — {0} and So € O(ry + 2,rw,a,b —2).
(3) Claim: O(ry,rw,a,b) > O@ry,rw + 2,a,b — 2). The proof is similar.
(4) Claim: O(ry,rw,a,b) > O@y +1,rw +1,a,b —2).

Let Sy for x € IF be constructed as follows:

Vectors in Bs being replaced Replaced by vectors
Up_1 +Wp Xup_1 +Wp
up +Wp_q up + XWp_q

Then Sy € O(ry,rw,a,b) for xeF—{0} and So € O(ry +1,rw + 1,a,b —2).
(5) Claim: O(ry,rw,a,b) > O@y +1,rw,a+1,b—2).
Applying (3.2a) to O(ry +1,rw,a+1,b —2),

b
rU+a+5<m—1.

Let Sy for x € IF be constructed as follows:

Vector in Bs being replaced Replaced by vector

up +Wp_g xX(up +wWp_1) + Uzp

Then Sy € O(ry,rw,a,b) for xeF — {0} and So € O(ry +1,rw,a+1,b —2).
(6) Claim: O(ry,rw,a,b) > O@y,rw +1,a+ 1,b — 2). The proof is similar.
(7) Claim: O(ry,rw,a,b) > O@ry +1,rw,a—1,b).

151
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Let Sy for x € F be constructed as follows:

Vector in Bs being replaced Replaced by vector

Up42q + Wpyog Up2q + XWp g

Then Sy € O(ry,rw,a,b) for xe F— {0} and So € O(ry +1,rw,a—1,b).
(8) Claim: O(ry,rw,a,b) > O(ry,rw + 1,a — 1, b). The proof is similar.

By Theorem 3.2, the set of 4-tuples (ry,rw,a, b) that parameterize H-orbits in Grg(r) consists of

the integer points in a convex set. If (ry,rw,a,b) and (r;,r,,d’,b") parameterize two H-orbits in
Grg(r) and they satisfy the inequalities in (3.5), we can find a sequence of 4-tuples

0 0 1 1 d d
(ru,rw,a,b)y = (r, iy, a®,b@), (1P, 1) a® D), (1P ) a @, b @)
=(ry. 1. . b’),

such that O(rgfl),rwl),a(i*”,b("*l)) > O(rg),rw,a(i),b<i)) by one of the above claims for i =
1,...,d. Then O(ry,rw,a,b) > Oy, 1y, d, b’) and the sufficient part is proved. O

Corollary 3.4. Let (G, H) be the symplectic symmetric pair in Table 1.
(1) When r < min(2m, 2n — 2m), the unique open H-orbit in Grg (r) is

0(0,0,0,1) ifris even;
0(0,0,1,r—1) ifrisodd.

(2) When min(2m, 2n — 2m) < r < n, the unique open H-orbit in Grg (r) is

0,r—2m,0,2m) ifm<n—m;
O@r—2n+2m,0,0,2n—2m) ifm>n—m.
Example 3.5. Let G = Spy,, g(F) and H = Sp,, (F) x Spyp, g (F). We describe the Bruhat order of the
H-orbits in the maximal isotropic Grassmannian Grg(2m + 4). Here n =2m + 4 and r = 2m + 4. By
Theorem 3.2, (ry,rw,a,b) € Ng parameterizes an H-orbit in Grg(2m + 4) if and only if the following
constraints hold:

b iseven; be{0,2,4,...,2m};
ry +rw +a+b=2m+4; a=0;
ru+a+i<m - ry=m-—5;
rwHa+i<m+a rw=m+4-15.

By Theorem 3.3, the Bruhat order of H\Grg(2m + 4) is:
0(0,4,0,2m) > 01,5,0,2m—-2) > 02,6,0,2m—4) > --- > O(m,m+ 4,0, 0).
Example 3.6. Let G = Spg(F) and H = Sp4(F) x Sp4(F). Then n =4 and m = 2. Consider the Bruhat

order of H-orbits in Grg(3), where r = 3. By Theorem 3.2, (ry,rw,a,b) € Ng parameterizes an H-orbit
in Grg(3) if and only if

b b
biseven; ry+rw +a+b=3; ru+a+5<2; rW+a+§<2.
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So b=0 or b=2. There are 6 H-orbits in Grg(3) parameterized by:
(ru.rw.a,b)€{(1,1,1,0),(1,2,0,0),(2,1,0,0),(1,0,0,2),(0,1,0,2), (0,0, 1,2)}.
By Theorem 3.3, the Bruhat order of H\Gr¢(3) is given by the following diagram:

0(,0,1,2)

/ \
0(1,0,0,2) 0(0,1,0,2)

~__ -
0(1,1,1,0)

/ \
0(2,1,0,0) 0(1,2,0,0)

3.3. The inclusion order of H-orbits

In [13], P. Rabau and D.S. Kim discuss an inclusion order on the H-orbits of isotropic subspaces in
all possible dimensions, that is, on

n
H\(U GrG(r)>.
r=0
The order is defined as follows:
O(ry,tw,a,b) = O(ry, 1y, d', b)

if there exist S € O(ry,rw,a,b) and S’ € O(ry;, 1Yy, a’,b’) such that S O S'. Obviously, this order is
different from the Bruhat order, as any two distinct H-orbits on a given Grg(r) have no “3=" relation.

Theorem 3.7. (See [13, Theorem 4.3].) For symplectic pair (G, H) in Table 1, two H-orbits satisfy
O(ry,rw,a,b) = Oy, 1y, a', b') if and only if

> >r b>b b>’ b b>’ P
TU/ru, rW/er =0, rU+a+§/rU+a+§v rW+a+§/rW+a+§'

For S € O(ry,rw,a,b), ry =dim(SNU), b is the dimension of a maximal nondegenerate subspace
of PyS, and ry +a+ g is the dimension of a maximal nilpotent subspace of PyS. Similarly for ry

and rw +a+ g
3.4. Dimensions of orbit and stabilizer

Let S € O(ry,rw,a,b) C Grg(r). The stabilizer Hs of S under the H-action is discussed in [14,
Section 5.1I]. The results are verified by Theorem 2.3.

Theorem 3.8. (See [14, Theorem 5.2].) The codimension of O(ry,rw,a, b) is
codimO(ry, rw, a, b)

b b
=ryrw +a(y +rW)+2rU<n—m—rW—a—§>+2rw<m—ru—a—5>+<;)

a
= —3ryrw — (ry +rw)(@+>b) +2ry(n —m) + 2rym + <2>
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By dim Grg (r) = 2nr — %rz + %r, we get the dimensions of O(ry,rw,a,b) and Hs:

dimO(ry,rw,a,b) =dimGrg(r) — codim O(ry,rw,a, b),

dimHs =dimH —dimO(ry,rw,a, b)

2 1 2n—2 1
=( m2+ >+< & 2m+ )—dimO(rU,rW,a,b).

The results coincide with those of Corollary 2.4.
4. Orthogonal groups on an algebraically closed field

Let F be an algebraically closed field with char(F) # 2. Let B be a nondegenerate symmetric form
over V >~ TF", Suppose V=U © W where dimU =m and dimW =n —m. Then

G =G(V) ~0,(F), H=GU) x G(W) =~ 0 (F) x Op_m(F). (4.1)
We consider the H-action on the isotropic Grassmannian Gr¢ (1) for 0 <r < [n/2].
4.1. The H-invariants in Grg(r)

Let S € Grg(r). Then % has a nondegenerate symmetric form B defined in (2.5). The isometry

class of (%, B) is unique as [ is algebraically closed. Theorem 2.2 implies the following result.

Theorem 4.1. The 4-tuple (ry(S), rw (S), a(S), b(S)) defined in (2.7) is a complete set of H-invariants that
determines the H-orbit of S in Grg (r).

Let (ry(S),rw(S),a(S),b(S)) parameterize the H-orbit of S in Grg(r), and denote the H-orbit by
O@y(S), rw(S),a(S), b(S)). The next theorem determines the range of this 4-tuple. It is similar to
Theorem 3.2. The proof is skipped.

Theorem 4.2. A 4-tuple (ry,rw,a,b) € Né parameterizes an H-orbit in Grg (r) if and only if:

M ry+rw+a+b=r.
(2) The following inequalities hold:

2ry +2a+b <m, (4.2a)
2ry +2a+b<n—m. (4.2b)
Let {uy,..., up} and {wq,...,wWp_p} be orthonormal bases of U and W, respectively. Choose

i e F such that i + 1 = 0. The following vectors span a subspace of O(ry,rw,a,b) provided that
(ry,rw, a, b) satisfies the conditions in Theorem 4.2:

uj +iw;, j=1,....b;
Upij 1 +iUpyoj +Wpioj 1 +iWp 05, j=1,...,q (43)
Uy 2q42j—1 +1Up42042), j=1,...,1y; )

Wpi2042j—1 + iWp 12012, ji=1,...,tw.
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4.2. The Bruhat order of H\Gr¢ (1)

The Bruhat order of the H-orbits in Grg(r) is similar to that of the symplectic case. We make the
following diagram of H-invariants:

b(S)
\
a(s) (44)
VAN
ru(S) rw(S)

The Bruhat order of H\Gr¢(r) is characterized by the majorization relationship over the diagram. For
each node A in the diagram, we define a quantity by adding the values of all nodes connected to node
A via descending paths. So we get b(S), a(S) + b(S), ry(S) +a(S) + b(S), and ry (S) + a(S) + b(S).

Theorem 4.3. The Bruhat order O(ry, 1w, a, b) > O(ry;, 1y, @', b’) holds in Grg (r) if and only if the following
inequalities hold:

b>b, (4.5a)
a+b>d +V, (4.5b)
rg+a+b>ry+d+b, (4.5¢)
rw+a+b>ry +d+b. (4.5d)

The inequality (4.5b) is implied by (4.5c) and (4.5d).
The proof is similar to that of Theorem 3.3 and we omit it here.

Corollary 4.4.

(1) Ifr < min{m, n — m}, the unique open H-orbit in Gr¢ (r) is O(0, 0, 0, 1).
(2) fmin{m,n —m} <r < [n/2], the unique open H-orbit in Grg(r) is

O©,r —m,0,m) ifdimU < dimW,
Or—n+m,0,0,n—m) ifdimU > dimW.

Example 4.5. Let G = Og(F) and H = 04(F) x O4(F). Then n =8 and m = 4. Consider the Bruhat order
of H\Grs(3), where r = 3. By Theorem 4.2, (ry,rw,a,b) € Ng parameterizes an H-orbit in Grg(3) if
and only if

ry +rw+a+b=3; 2ry +2a+b <4, 2rw +2a+b < 4.

Adding the last two inequalities and using the first equality, we have a < 1. The possible 4-tuples
(ry,rw,a,b) are:

(2,1,0,0), (1,2,0,0), (1,1,0,1), (1,0,0,2), (0,1,0,2), (1,1,1,0), (0,0,1,2).
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By Theorem 4.3, the Bruhat order of H\Gr¢(3) is given by the following diagram:

0(0,0,1,2)
/ \
0(1,0,0,2) 0(0,1,0,2)
\ /
0(1,1,0,1)
\
0(1,1,1,0)
/ \
0(2,1,0,0) 0(1,2,0,0)

Comparing with the case G = Spg(F), H = Sp4(F) x Sp4(F) and r =3 in Example 3.6, there is one
additional orbit in the orthogonal case.

4.3. The inclusion order of H-orbits

The inclusion order O(ry,rw,a,b) = O(ry, 1), d’,b’) holds if there exist S € O(ry,rw,a,b) and
S" € O(ry, 1y a’,b') such that S 2 S'. This order for the case (G, H) = (Op(F), Om(F) x Op_m(F)) is
determined by the same inequalities as in the symplectic case (cf. Theorem 3.7).

Theorem 4.6. The inclusion order of two H-orbits O(ry,rw,a, b) = O(ry, 1}, @', b’) holds if and only if

ry=ry. rw=ry,  bx=b,
2ry+2a+b>2r; +2d +V,
2ryy +2a+b>2ry +2d +b. (4.6)

Proof. Suppose O(ry,rw,a,b) = Oy, 1y, d’,b'). Let S € O(ry,rw,a,b) and S' € O(ry,1y,,d', b))
satisfy that S O S’. Then

e SNUDSNU;

e Every maximal nondegenerate subspace of PyS’ is contained in a maximal nondegenerate sub-
space of PyS;

e Every minimal nondegenerate subspace of U that contains Py S contains a minimal nondegener-
ate subspace of U that contains Py S’;

e Similar arguments hold on the W component.

By homogeneity property of orbits, we may assume that S is spanned by the vectors in (4.3). Taking
dimensions, we get inequalities (4.6).

Conversely, suppose (ry,rw,a,b) and (rj;,r},,a’,b’) satisfy inequalities (4.6). Let S € O(ry,rw,
a,b) be spanned by the vectors in (4.3). If a > d’, it is easy to find a subspace S’ C S such that
§" e Oy, 1y, d,b'). Otherwise, a < a’. By a reduction process, we may assume that r; =0, rj, =0,
b’ =0 and a = 0. Then (4.6) implies that 2min{ry,rw} + b > 2a’. Again, it is easy to find a subspace
S’ of S such that 5" € O(ry,1,,.d',b')=0(0,0,d’,0). O

4.4. Dimensions of orbit and stabilizer

Given S € O(ry,rw,a,b), Theorem 2.3 and Corollary 2.4 provide the structure of Hs as well as
the dimensions of O(ry,rw,a,b) and Hs.
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Theorem 4.7. For S € O(ry,rw,a, b),

dim O(ry, rw, a, b) = dim H — dim Hg = (?) + (” _2m> — dim Hs,

and dim Hs equals to

1 /m n—m 2 . 2 m—2ry —2a n—m-—2ryw —2a
)+ () e () ()]
b m-—2ry—2a—>b n—m-2rw—2a—>b
+ (2) _ab+ ( ”2 ) + ( 2W ) (4.7)

4.5. Decompose an H-orbit into H N Go and Hq orbits
When F = C, the identity components of G and H are, respectively:
Go = SO (F), Ho = SO (F) x SOy (F).

Let I, be the n x n identity matrix. Denote the matrices
IF:=I, and I, :=1Iy_1 ® (—=Iy). (4.8)

The group G has two connected components, namely Go and I Go. For tq,t2 € {+, —}, let Hg denote

the connected component of Iﬁ,} &) I,[.,Z_n1 in H. Then H decomposes into two (H N Gp)-cosets and four
Ho-cosets as follows:

H NGy H;(HQGO)

VRN - L
HT H- HY H*

Theorem 4.8. An H-orbit O(ry, rw, a, b) in Grg (r) always decomposes into 1 or 2 (H N Gg)-orbits. Moreover,

O(ry,rw,a, b) decomposes into 2 (H N Gg)-orbits if and only if both equalities in (4.2a) and (4.2b) hold, if

and only ifr+a=n/2.

Proof. The number of (H N Gp)-orbits in the H-orbit of S € O(ry, rw,a, b) equals to
[H:(HNGo)Hs] e{1,2}.

So [H: (HN Gg)Hs] =2 if and only if (H N Go)Hs = H N Gy, if and only if Hs C Gy. Theorem 2.3
implies that the Levi factor of Hs is isomorphic to

GLy, x GL, x GLg x G(b) x G(m — 2ry —2a —b) x G(n —m — 2rw — 2a — b),
where for K € {GL;,, GL-,,, G(b)}, the K-component of H is diagonally embedded in a matrix group
K x K, and the GLs-component is diagonally embedded in a matrix group GLq x GLg x GLg x GLg. So
Hs C Go =S0, (F) if and only if
m-—2ry —2a—b=0, n—m-—2ry —2a—b=0. (4.9)

These are equivalent to the equalities in (4.2a) and (4.2b).
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It remains to prove the last statement. If both equalities in (4.2a) and (4.2b) hold, the sum of these
two equalities produces r+a =n/2. Conversely, if r+a =n/2, then both equalities in (4.2a) and (4.2b)
must hold. O

Corollary 4.9. An open H-orbit of Grg(r) decomposes into 2 open (H N Go)-orbits if and only ifr =n/2, in
which n is even and Gr¢ (1) consists of maximal isotropic subspaces of V.

Theorem 4.10. The (H N Gg)-orbit of S € O(ry, rw, a, b) decomposes into 1 or 2 Hg-orbits. Moreover, it
decomposes into 2 Hg-orbits if and only if b = 0 and at least one of the equalities in (4.2a) and (4.2b) holds.

Proof. The number of Hg-orbits in the (H N Gp)-orbit of S equals to
[HNGo:Ho(HNGo)s]=[HNGo:Ho(Hs N Go)] €(1,2}.

Moreover, [H N Gg : Hyo(Hs N Gg)] =2 if and only if Hy(Hs N Gg) = Ho, if and only if Hs N Gy € Hp.

By the structure of Hs described in Theorem 2.3, Hs N Gy C Hy if and only if b =0, and at least one

of the equalities in (4.2) holds. O

Corollary 4.11. An H-orbit O(ry,rw,a, b) in Grg(r) decomposes into 1, 2, or 4 Hg-orbits. It decomposes
into 4 Ho-orbitsifand only ifb=0andr +a=n/2.

5. Real orthogonal groups
Let V :=RP™ be equipped with a nondegenerate symmetric bilinear form B of the type I, &

(=Ig). Let V.=U © W be an orthogonal decomposition such that B|y is of the type I, x (—Ig;) and
B|w is of the type Ip_p, x (—=Ig—q,). Denote

G=G(V)x=O0(p,q), H=GU) x G(W)=0(p1,q1) x O(p — p1,q4 — q1). (5.1)
We shall discuss the H-orbits in Grg(r) for 0 <r < min{p, q}.
5.1. The H-invariants in Grg (r)

By Theorem 2.2, the H-orbit of S € Grg(r) is determined by the H-invariants ry(S), rw(S), a(S)
and b(S) defined in (2.7) and by the isometry class of (Rad(PUS) , B). According to (2.6), we can denote

by (S) := the dimension of a maximal positive definite subspace of Py S
= the dimension of a maximal negative definite subspace of Py, S, (5.2a)
bw (S) := the dimension of a maximal negative definite subspace of Py S

= the dimension of a maximal positive definite subspace of Py S. (5.2b)

Then b(S) =by(S) +bw(S) and

Pus . Pws 3
G(Rad(PUS)> =0(by (5). bw (). G(w) =0(bw (5).bu(9)).

The following result is obvious.
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Theorem 5.1. The 5-tuple (ry(S), rw (S), a(S), by (S), bw (S)) is a complete set of H-invariants that deter-
mines the H-orbit of S in Grg (1).

We say that (ry (S), rw (S),a(S), by (S), bw(S)) parameterizes the H-orbit of S, and the H-orbit is
denoted by Oy (S), rw (S), a(S), by (S), bw (S)).

Theorem 5.2. A 5-tuple (ry, rw,a, by, bw) € Ng parameterizes an H-orbit in Grg (r) if and only if the 5-tuple
satisfies all constraints below:

(1) ry+rw+a+by+bw=r.
(2) The following conditions hold:

ru+a+by <p1, (5.3a)
ry +a+bw <4, (5.3b)
rw +a+bw <p-—p1, (53¢)
rw+a+by <q—qi. (5.3d)

Proof. First we prove the necessary part. Suppose that (ry,rw,a, by, bw) parameterizes an H-orbit
in Grg(r). Obviously, ry +rw +a+ by +bw =r. Let ST be a maximal positive definite subspace
of PyS. Then every vector v € Sq := Rad(PyS) ® St satisfies that (v,v) > 0. Let U~ be a maximal
negative definite subspace of U. Then S;NU~ ={0} and S; + U~ C U. So

(ru +a+by) +q1 =dimS; +dimU~ =dim(S; @ U™) <dimU = p1 +q1.

This leads to (5.3a). Similarly for (5.3b), (5.3¢), and (5.3d).

Next we prove the sufficient part. If a 5-tuple (ry,rw,a,by,bw) meets all the constraints
in Theorem 5.2, we find an isotropic subspace S € Grg(r) whose H-orbit is parameterized by
(ry.Tw,a, by, bw). Let {uT,...,u;q,u;,...,uq*]} and {WT,...,w;,pl,wl_,...,wqiq]} be orthogonal
bases of U and W, respectively, such that

B(uf,uf) =1, B(u;,u;):—l, B(w/,w/) =1, B(w,,w,)=-1. (54)
Let S be the subspace of V spanned by the following basis vectors:

b
{uf +w |l

_ +bw + _ + — a
GUle w2 ey e W wy

+ — v + — w
U{ubu+a+i F iy YW i T W ari i (5.5)
Then S € Grg(r) and the H-orbit of S is parameterized by (ry,rw,a,by,bw). O

5.2. The Bruhat order of H\Gr¢(r)

Construct the following diagram of H-invariants for S € Grg(r):

by ($) bw (S)
NS
a(s) (5.6)
VAN

ru(S) rw(S)
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The Bruhat order of H\Grg(r) can be characterized by the majorization relationship over this diagram.
For each node A in the diagram, we define a quantity by adding the values of all nodes connected to
node A via descending paths. Then we get

by (S) = dim of a maximal positive definite subspace of Py S,

bw (S) = dim of a maximal negative definite subspace of Py S,

PySOPwS . PyS . Py S
=dim =dim

a(S) 4+ by (S) + bw (S) = dim SAU SAW’

ru(S) 4+ a(S) +by(S) +bw (S) =dimPy (S),

rw (S) +a($) 4+ by () +bw (S) = dimPy ().

Theorem 5.3. The Bruhat order O(ry, rw, a, by, bw) > O(ry, 1y, a', by, by,) holds in Grg (r) if and only if
the following inequalities hold:

by > by, (5.7a)

bw = by, (5.7b)

a+by +bw =d +by + by, (5.7¢)
Tu+a+bu+bw>rb+a/+b/u+bl s (5.7d)
rw+a+by+bw =1y +d +by +by. (5.7e)

Inequality (5.7c) is implied by (5.7d) and (5.7e).

Proof. The proof is similar to that of Theorem 3.3. The necessary part is obvious by (3.3). It remains
to prove the sufficient part. We will prove some claims associate to several basic operations on the
node values of diagram (5.6) that preserve the order defined by inequalities (5.7). These operations
allow us to change from (ry,rw,a, by, bw) to (1,1, d, by, b)) whenever inequalities (5.7) hold.

Fix an orthogonal basis {u;,....,u} .uy,....u;} of U and an orthogonal basis {w},...,wj)_, .
Wi, ...,W,_g } of W that satisfy (5.4). Let (ry,rw,a, by, bw) be a 5-tuple that meets the constraints

in Theorem 5.2.
In the following arguments, we will define a subspace Sy for x € R spanned by all vectors in (5.5)
but one vector being replaced. It will be obvious that:

(1) The entries of the basis vectors of Sy given below are polynomials of x.
(2) Sxe O@y,rw,a,by,bw) for every x e RY.

Then So is in the Zariski closure of O(ry,rw,a,by,bw). If So € Oy, 1. a', by, by,), then
O(ry,rw,a,by,bw) > O(ry, 1y, ', by, by,) in the Bruhat order.

(1) Claim: O(ry,rw,a,by,bw) > O@y,rw,a+1,by —1,bw).
Applying (5.3b) and (5.3c) to (ry,rw,a+1,by —1,bw),

ru+a+byw <q1—1, rw+a+bw <p-p1—1
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Let Sy be constructed as follows:

Vector in (5.5) being replaced Replaced by the vector

ulo+wy A+u5 +ug +wh 4+ (140w,

Then Sy € O(ry,rw,a,by,bw) for xeR* and So € OCy,rw,a+1,by — 1, bw).
(2) Claim: O(ry,rw,a,by,bw) > O@ry +1,rw,a,by — 1, bw).
Applying (5.3b) to (ry +1,rw,a,by — 1,bw),

ry+a+bw <q;—1.

Let Sy be constructed as follows:

Vector in (5.5) being replaced Replaced by the vector

+ — 2yt 2yy— —
u, +wWy A+ x)uy + (1 —x7)ug, +2xw,

Then Sy € O@ry,rw,a,by,bw) for xe Rt and So e O(y + 1,rw,a, by — 1, bw).
(3) Claim: O(ry,rw,a,by,bw) > O@y,rw +1,a,by — 1, bw). The proof is similar.

The next three claims are similar to the above three:

) Claim: O(ry,rw,a,by,bw) > O@Gy,rw,a+1,by,bw — 1).

) Claim: O(ry,rw,a,by,bw) > O@Gy +1,rw,a,by,bw — 1).

) Claim: O(ry,rw,a,by,bw) > O@y,rw +1,a,by,bw —1).

) Claim: O(ry,rw,a,by,bw) > O@Gy +1,rw,a—1,by, bw).
Let Sy be constructed as follows:

(4
(5
(6
(7

Vector in (5.5) being replaced Replaced by the vector

+ - + - + - + -
ubu+u + ubW+a + wa —+a + wbu+u “bu —+a + “bw+u + X(wbw+u + Wbu+a)

Then Sy € O(ry,rw,a,by,bw) for xeRT and Sog e O(y + 1,rw,a—1,by, bw).
(8) Claim: O(ry,rw,a,by,bw) > O@ry,rw +1,a —1, by, bw). The proof is similar.

These claims associate to some basic operations on the node values of diagram (5.6) that preserve
the order defined by inequalities (5.7). The last part is similar to that of the proof of Theorem 3.3. O

Theorem 5.3 together with Corollary 5.8 implies the following result:

Corollary 5.4.

(1) Whenr < min{p1,q — q1} + min{qq, p — p1}, the open H-orbits in Gr¢ (r) are not unique, and they are
given by:

0(0,0,0, by, bw),

where by +bw =r1,0< by <min{p1,q —q1} and 0 <bw < min{q1, p — p1}.
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(2) When min{p1,q — q1} + min{qq, p — p1} < r < min{p, q}, there is a unique open H-orbit in Grg(r)
given by:

O(T—bu —bw,o,o,bu,bw) ifdimU > dim W,
O,r—by —bw,0,by,bw) ifdimU <dimW,

where by = min{p1,q —q1} and by = min{q1, p — p1}.

Example 5.5. Let G =0(5,5) and H=0(2,3) x 0(3,2). Then p=5,q=5,p1=2,q1=3,p—p1 =3,
q—q1 = 2. Let r = 4. We consider the Bruhat order of H-orbits in Grg(4). By Theorem 5.2, an H-orbit
O(ry,rw,a, by, by) satisfies that:

ry +rw +a+by +by =4, ru+a+by <2, rv+a+bw <3,

rw+a+bw <3, rw+a+by <2.

Then (ry,rw,a, by, bw) could be one of the following 5-tuples:

0,0,0,1,3), (0,0,0,2,2), (0,1,0,1,2), (1,0,0,1,2), (1,1,0,0, 2),
(1,2,0,0,1), (2,1,0,0,1), (1,1,0,1,1), (2,2,0,0,0).

By Theorem 5.3, we obtain the following Bruhat order of H\Gr¢(4):

0(0,0,0,2,2) 0(0,0,0,1,3)
\ e \
0(1,0,0,1,2) 0(0,1,0,1,2)

~__ _—
0(1,1,0,0,2)

0(1,1,0,1,1)

/ \
0(2,1,0,0,1) 0(1,2,0,0,1)

~__ _—
0(2,2,0,0,0)

There are two open H-orbits in this case.
5.3. The inclusion order of H-orbits
The inclusion partial order “»=" for real orthogonal case is determined as follows:

Theorem 5.6. There exist S € O(ry,rw,a, by, bw) and S" € O(r;, 1y, d, by, by,,) such that S © ' if and
only if the following inequalities hold:
ry =1y, rw =Ty, by > by, bw > by,
ry+a+by>ry+d+by,  ry+atbw =ry+d+by,

/

rw+a+by >ry +d +by,  rw+a+bw>ry +d +by.

The theorem can be proved by a similar reduction process as in the proof of Theorem 4.6.
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5.4. Dimensions of orbit and stabilizer

Theorem 2.3 characterizes the structure of the stabilizer Hs of S € O(ry,rw,a, by, bw) € Grg(r).
Corollary 2.4 implies the following result.

Theorem 5.7. For S € O(ry,rw,a, by, bw),

dim O(ry.rw. a, by by) = dim H — dim Hg = (p] +‘“> n (p_pl t4-n

—dimHs,
2 2

and dim Hs equals to

1/p1+aq 1(p+q—p1—¢ 3y, by +bw
= - Trw —a(by +b
2( 2 >+2< 2 R R W albu +bw)
_1(pi+q1—2ry—=2a\ 1/p+q—p1—q1—2rw—2a
2 2 2 2
41— 2ry—2a—by —b q—pi—q1—2rw —2a—by —b
+(P1 q1 U2 1] W>+(p q—p1—qQ 2W u W). (58)

Formula (5.8) is similar to formula (4.7), because dimg O(p, q) = dim¢ Op+4(C) and dimg GLs(R) =
dimc GL;(C). A direct consequence of (5.8) is the following corollary.

Corollary 5.8. If both O(ry, rw,a, by, bw) and O(ry,rw, a, by, by,) exist and by + bw = by, + by, then
dimO(ry, rw.a, by, bw) =dimO(ry, rw, a, by, byy).

5.5. Decompose an H-orbit into H N Gg and Hy orbits

We assume that p,q, p1,q1, P — P1,q — g1 > O for simplicity. Denote the matrices I;} := I, and
Iy :==1I—1 ® (—I1). Then G = O(p, q) has 4 connected components in Hausdorff topology, namely the
Go-cosets of

I3 @12 forty,ty e+, —).

In particular, SO(p, q) = GOU(I; EBIq‘)Go. Similarly, H=0(p1,q1) xO(p—p1,q—q1) has 16 connected
components, denoted by

ng = (Igl (&) 1221 D I?,pl D Ithl)Ho fortq,ty,t3,tg € {+, —}.

Obviously, Hii = Hp. Then H and H N Gy decompose into cosets as follows:

H
7 N
HNGo HI7(HNGo) HIZ(HNGo) HII(HNGo)  (59)
RN
Ho HZZ HIZ HII

Fix an orthogonal basis

+

{uf,...,um,

ul’,...,uq’l}u{WT,...,WJr Wi wW )
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of V that satisfies (5.4). Let S € O(ry,rw,a, by, bw) be the canonical subspace spanned by the vec-
tors in (5.5). The number of (H N Gp)-orbits in the H-orbit of S equals to

[H:(HNGo)Hs] €{1,2,4}.

In fact, [H : (H N Gg)Hs] = 4/m, where m is the number of (H N Gp)-cosets of H that intersect Hs.
The number m can be determined by (ry, rw,a, by, bw) as follows. Recall the constraints (5.3):

ry +a+by <p1, ry+a+bw <qi,

rw+a+bw <p—pi, rw+a+by <q—q.

Lemma 5.9. The following statements hold:

(1) Hs intersects H;{ (H N Go) if and only if

ru+a+by<py or rw+a+bw <p-—pi.
(2) Hs intersects H{} (H N Go) if and only if

ry+a+bw<q1 or rw+a+by<q—q.

(3) Hs intersects H,, (HN Go) ifand only ifa <.

Proof. The necessary part can be done by investigating the possible sign combinations in the Levi
factor of h € Hg.
The sufficient part can be proved by the following explicit construction:

is not a component in the basis (5.5) of S. So w}__ e S+

(1) If rw +a+bw < p — p1, then w}_ p

and

b1

Ip, ®Ig, @1, , ®lg_q, € HsNHT S HsN[H{T(HNGo)].

Similarly, ry +a+ by < p1.

(2) The argument is similar to the preceding one.

(3) If a <, then at least one of by, by, ry, rw is greater than 0. Suppose by > 0. Then S has a basis
vector uf +wj in (5.5). Let L € GL(V) have —1 eigenspace span{ulﬂwf} and +1 eigenspace
span{uf,wj }*. Then

Le HsNHX CHsN[HII(HNGp)]

. 7+ _ R +7 . .
since H,, ™ = H, T H_. Similar for the other cases. O

Lemma 5.9 leads to the following result.
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Theorem 5.10. The number N of (H N Gg)-orbits in an H-orbit is given below:

N G H H-orbit Conditions

4 0(2a, 2a) O(a,a) x O(a, a) 0(0,0,qa,0,0)

2 O(p, 2a) O(p1.a) x O(p — p1,a) 0(0.0.4,0,0) p1=2ap—pi1=ap>2a
0(2a,q) 0(a,q1) x O(a,q —q1) 0(0,0,a,0,0) q12a,9q—q1 20,9>2a
O(p.q) 0(p1,q1) X O(p — p1,4 —q1) O(ry,rw,a,by,bw) ry +a+by =p1,
(=9 rw+a+bw =p-—p1,

ry +a+bw =q1,
rw +a+by =q—q,
ry +rw +by +bw >0

1 all the other situations.

Theorem 5.10 and Corollary 5.4 imply the following decompositions of open H-orbits into open
(H N Go)-orbits.

Corollary 5.11. An open H-orbit in Grg () always decomposes into 1 open (H N Gg)-orbit except for the case
p = q =r, in which the unique open H-orbit

{O(O,r—pl—ql,O,m,q]) ifpr+aqi1 <r,
O(p1+q1—r,0,r—q1,r—p1) ifpr+qi>r,

decomposes into 2 open (H N Gg)-orbits.

Proof. Let O(ry,rw,a,by,bw) be an open H-orbit in Grg(r). By Corollary 5.4, we have a =0 and
by +bw > 0. According to Theorem 5.10, O(ry, rw,a, by, bw) decomposes into 1 or 2 open (HNGp)-
orbits, and it decomposes into 2 (H N Gg)-orbits if and only if

ry +by = p1, rw +bw =p—p1, ry +bw =1q1, rw+by=q—q.

These together with r =ry +rw + by +bw imply that p =q =r. In such case, Corollary 5.4 gives the
unique open H-orbit. O

Similarly, the number of Hg-orbits in the (H N Gg)-orbit of S € Grg(r) equals to
[HNGo:Ho(HNGo)s|=[HNGo:Ho(Hs NGo)] €{1,2,4}.

According to (5.9), [H N Go : Ho(Hs N Gg)] = 4/¢ where ¢ is the number of cosets in (H N Go)/Hp =
{Ho,H__, H]::, HZT} that intersect Hs. This can be determined by the 5-tuple (ry,rw,a,by,bw)
and the sign combinations of the Levi factor of h € Hs. We omit the details here as there are many
cases involved.
6. Unitary groups

Suppose that V := CP*1 is equipped with a nondegenerate Hermitian form B of the type I, &

(—=Ig). Let V.=U © W be an orthogonal decomposition such that B|y is of the type I, x (—Ig,) and
Blw is of the type Ip_p, x (—Iq—q,). Denote

G:=G6(V)=U(p,q), H:=GU) xGW)=U(p1.q1) xU(p—p1.9—4q0)- (6.1)
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We consider the H-orbits in Grg(r) for 0 <r < min{p, q}. Most results in this section are similar to
those in Section 5. Their proofs are hence skipped. In counting the dimensions, the subspaces of V
and the related quotient spaces refer to complex vector spaces, but all groups and orbits refer to real
ones.

6.1. The H-invariants in Grg (r)

Define

by (S) := the dimension of a maximal positive definite subspace of Py S
= the dimension of a maximal negative definite subspace of Py, S, (6.2a)
bw (S) := the dimension of a maximal negative definite subspace of Py S

= the dimension of a maximal positive definite subspace of Py S. (6.2b)
Then b(S) = by (S) + bw(S), and the following result is true:

Theorem 6.1. The 5-tuple (ry(S), rw (S), a(S), by (S), bw (S)) is a complete set of H-invariants that deter-
mines the H-orbit of S in Grg (r).

Denote the H-orbit of S € Grg(r) by O@ry(S),rw(S),a(S),by(S),bw(S)), where (ry(S), rw(S),
a(S),by(S), bw (S)) parameterizes the H-orbit.

Theorem 6.2. A 5-tuple (ry, rw,a, by, bw) € Ng parameterizes an H-orbit in Grg (r) if and only if the 5-tuple
satisfies all constraints below:

(1) ry+rw +a+by +by =r.
(2) The following conditions hold:

ry +a+by < p1, (6.3a)
ry +a+bw <qq, (6.3b)
rw+a+bw <p-—pi, (6.3c)
rw+a+by<q—qi. (6.3d)

Let G’ :=0(p,q), H :=0(p1,q1) x O(p — p1,9 — q1). Let V’ with a real symmetric form B’ be
the natural representation space of (G’, H'). Let Gr¢/ (r) be the r-dimensional isotropic Grassmannian
of V'. Apparently, there is a one-to-one correspondence between H\Grg(r) and H'\Grg (r) for every
0 < r < min{p, g}. So the Bruhat order and the inclusion order here are the same as those in Section 5.

6.2. The Bruhat order of H\Grg (1)

Construct the following diagram of H-invariants for S € Grg (r):

by ($) bw ($)
NS
a(s) (6.4)
VAN

ru(S) rw(S)
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The Bruhat order of H\Grg(r) can be characterized by a majorization relationship over this diagram,
as in the real orthogonal case.

Theorem 6.3. The Bruhat order O(ry,rw, a, by, bw) > Oy, 1y, d', by, byy,) holds in Grg (r) if and only if
the following inequalities hold:

by > by, (6.5a)

bw > by, (6.5b)

a+by +bw =d +by + by, (6.5¢)

ry +a+by +bw =1y +d +by +by, (6.5d)
rw +a+by +bw >ry, +d + by +bly. (6.5e)

Moreover, inequality (6.5c) is implied by inequalities (6.5d) and (6.5e).
Corollary 6.4.

(1) Whenr < min{p1,q — q1} + min{qq, p — p1}, the open H-orbits in Grg (r) are not unique, and they are
given by

0(0,0,0, by, bw),
where by +bw =r1,0< by <min{p1,q —q1} and 0 <bw < min{q1, p — p1}.

(2) When min{p1,q — q1} + min{q1, p — p1} < r < min{p, q}, there is a unique open H-orbit in Grg(r)
given by

O(r—bu—bw,o,o,bu,bw) ifdimU>dimW,
O,r —by —bw,0,by,bw) ifdimU <dimW,
where by = min{p1,q — ¢1} and by = min{q1, p — p1}.

6.3. The inclusion order of H-orbits

Theorem 6.5. There exist S € O(ry,rw,a, by, bw) and S" € O(r;, 1}, @', by, by,,) such that S > ' if and
only if the following inequalities hold:

ry =1y, rw =Ty, by > by, bw > by,
ru+a+by>ry+d+by, ru+a+bw =1y +d +by,
rw+a+by >ry +d +by,  rwHa+bw >ry +ad +by.

6.4. Dimensions of orbit and stabilizer

Theorem 2.3 gives the structure of O(ry,rw,a, by, bw). Corollary 2.4 together with the real di-
mensions

dimU(p,q) = (p+¢)* and dimGL,,(C)=2r3

gives the following explicit formulas of dimO(ry,rw,a, by, bw) and dimHs for any S € O(ry, rw,
a,by,bw).
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Theorem 6.6.

dimO(ry,rw,a, by, bw) = (p1 +q1)* + (p — p1 +q — q1)*> — dim Hs

and

dimHs = (p1+q1 +1w)*+ (P —p1+q—q1 +1v)* —2(p +qQr +2r2
— 4ryrw +2a* + (by +bw)(a + by +bw), (6.6)

wherer=ry +rw +a-+by +bw.

Corollary 6.7. If both O(ry, rw,a, by, bw) and O(ry,rw,a, by, b)) exist and by + bw = b, + b}, then
dimO(ry,rw,a, by, bw) =dimO(ry, rw, a, by, by,).
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