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The Erdős–Faber–Lovász conjecture for dense hypergraphs
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Abstract

A hypergraph, having n edges, is linear if no two distinct edges intersect in more than one vertex, and is dense if its minimum
degree is greater than

√
n. A well-known conjecture of Erdős, Faber and Lovász states that if a linear hypergraph, H, has n edges,

each of size n, then there is a n-vertex colouring of the hypergraph in such a way that each edge contains vertices of all the colours.
In this note we present a proof of the conjecture provided the hypergraph obtained from H by deleting the vertices of degree one is
dense.
© 2007 Published by Elsevier B.V.
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In 1975 Paul Erdős [1] wrote:
Faber, Lovász and I conjectured that if |Ak| = n, 1�k�n and |Ak ∩ Aj |�1, for k < j �n, then one can colour the

elements of the union
⋃n

k=1Ak by n colours so that every set has elements of all the colours. It is very surprising that
no progress has been made with this problem and I offer 50 pounds for a proof or disproof.

This conjecture dates back to 1972, see [2]. To start with we need some definitions. A hypergraph, H, consists of a
finite family EH = {E1, . . . , En} of non-empty sets, whose union is VH. The elements of EH are called the edges
and the elements of VH are called the vertices of the hypergraph. The degree of a vertex x is the number of edges
containing it. We denote by �(H) and �(H), the minimum and maximum degrees, respectively, of H. A hypergraph
H is dense if �(H) is greater than

√
n.

Let H = (VH,EH) be a hypergraph. A (proper) k -vertex colouring of H is a surjective map of VH into a set
{1, . . . , k} of colours such that in every edge all vertices have distinct colours. The (vertex) chromatic number �(H)

of H is the smallest k such that there is a k-vertex colouring of H. A hypergraph H is linear if no two edges intersect
in more than one vertex. In this setting the original Erdős–Faber–Lovász conjecture reads:

Conjecture 1 (EFL). If H is a linear hypergraph consisting of n edges, each of size n, then �(H) = n.

The results on the problem are very few, for the history of the problem we refer the reader to [3, p. 160].

E-mail addresses: abdon_sanchez@hacienda.gob.mx, abdon.sanchez@inegi.gob.mx, nodbasa18@gmail.com.
1 Now at Secretaría de Hacienda y Crédito Público.

0012-365X/$ - see front matter © 2007 Published by Elsevier B.V.
doi:10.1016/j.disc.2007.09.026

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82441668?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/disc
mailto:abdonprotect LY1	extunderscore sanchez@hacienda.gob.mx
mailto:abdon.sanchez@inegi.gob.mx
mailto:nodbasa18@gmail.com


992 A. Sánchez-Arroyo / Discrete Mathematics 308 (2008) 991–992

Consider a linear hypergraph, H, having n edges each of size n. Observe that, in each edge there is at least one vertex
of degree one. If we can properly colour the vertices of degree at least 2 with n or fewer colours, then certainly we can
colour all the vertices of H with n colours, which is the minimum number required. Finally, given such a hypergraph
H, we first delete all the vertices of degree one from it. Then we are left with a linear hypergraph with n edges of size
at most n − 1 and with minimum degree at least two. Thus Conjecture 1 is equivalent to the following:

Conjecture 2. If H is a linear hypergraph consisting of n edges, each of size at most n, and �(H)�2, then �(H)�n.

We now state our result as follows (thanks to Colin McDiarmid for this formulation):

Theorem 3. Consider a linear hypergraph H consisting of n edges each of size at most n and �(H)�2. If H is dense
then �(H)�n.

Proof. We colour the vertices in descending order of degrees, and we assume that we have coloured all vertices of
degree greater than r. To colour a vertex x of degree r in H, we consider an edge E that contains x, and answer the
question: how many vertices of E are coloured? Observe that there are n − r edges not incident to x. If a vertex y of E
has a colour, then it has degree at least r. Thus, by the linearity of H, there are at most (n − r)/(r − 1) vertices in E
that have been assigned a colour. Now the same conclusion holds for each edge incident to x. Thus there are at most
r((n− r)/(r − 1)) vertices adjacent to x that have a colour. Finally, there is a colour available for vertex x if n is strictly
greater than r(n − r)/(r − 1). Thus, if H is dense, we can colour vertex x. �

References
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