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Abstract

We study three operational models of name-passing process calculi: coalgebras on (pre)sheaves, indexed
labelled transition systems, and history dependent automata.

The coalgebraic model is considered both for presheaves over the category of finite sets and injections,
and for its subcategory of atomic sheaves known as the Schanuel topos. Each coalgebra induces an indexed
labelled transition system. Such transition systems are characterised, relating the coalgebraic approach to an
existing model of name-passing. Further, we consider internal labelled transition systems within the sheaf
topos, and axiomatise a class that is in precise correspondence with the coalgebraic and the indexed labelled
transition system models. By establishing and exploiting the equivalence of the Schanuel topos with a catego-
ry of named-sets, these internal labelled transition systems are also related to the theory of history dependent
automata.
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1. Introduction

Operational models of concurrent computation typically describe processes in terms of a state
space together with its possible evolution by performing atomic actions. Transition systems have
proved useful in modelling the kinds of processes involved in static networks, like those described
by CCS and related calculi. In these situations, processes evolve by communicating along named
channels. Modern systems, though, often contain an element of mobility and reconfiguration. In
languages such as the w-calculus, this dynamic structure is described in terms of the communication
of the channel names themselves: name-passing. This allows, for instance, one process to advise
another process to begin communicating on a particular channel. Not surprisingly, techniques and
models relevant to static networks are inadequate in the name-passing context. Thus, operational
models of name-passing process calculi have been investigated.

Cattani and Sewell [1] have observed that labelled transition systems are too generous a model
for name-passing systems. They have thus constrained the labelled transition systems that they
consider in two ways. The first is that the state space must be indexed, meaning that the names
available to each state are explicit and a notion of renaming of states is built-in. Second, the labelled
transition systems under consideration are required to satisfy certain axioms that are theorems of
the transition systems induced by m-calculus processes. For instance, input actions must occur in a
particular uniform way and transitions must be invariant under injective renamings.

The theory of coalgebras has arisen as a general abstract theory of systems. Coalgebras provide
a general way of describing the stepwise evolution of a system, together with an abstract notion of
bisimulation. Thus, for instance, it is possible to reformulate and generalise familiar notions such
as rule formats and modal logics. Fiore and Turi [6] have developed coalgebraic models for name-
passing, modelling the early and late kinds of bisimulation that arise. Coalgebras are considered in
a presheaf category; thus a renaming structure is imposed on states and the naturality of morphisms
ensures that evolution is invariant under these renamings.

Neither the transition system model nor the coalgebraic model is immediately suitable for im-
plementation because of the cardinality of the state spaces involved once all the renamings are
considered. Montanari and Pistore [§8] have introduced several notions of named-sets which often
provide finite descriptions of state spaces by recording certain features of canonical states. By re-
formulating the theory of automata in this setting they have been able to implement tools for the
verification of name-passing processes.

The theme of this paper is to compare and relate the above developments.

In Section 2, we recall the coalgebraic model of Fiore and Turi for early bisimulation. The carriers
of the coalgebras are presheaves over I, the category of finite sets of names and injections between
them, reflecting the idea that bisimilarity is invariant under injective renaming. We recall how a
labelled transition system arises from such a coalgebra and axiomatise the transition systems that
arise in this way. Subsequently, in Section 3, we relate these axiomatised transition systems with
those suggested by Cattani and Sewell. A major difference is that Cattani and Sewell were concerned
with a form of open bisimilarity, which is invariant under arbitrary renaming. Thus, it is necessary
to consider presheaves over F, the category of finite sets of names and all functions between them.
In Section 4, we revisit the presheaves of Section 2 to consider the implications of a sheaf condi-
tion. This leads us to the Schanuel topos, and we explain how this topos is the Kleisli category of
a monad on the category of presheaves on B, the category of finite sets of names and bijections
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between them. Recasting Section 2 in this light we are able to simplify our axioms on transition
systems. Lastly, in Section 5, we introduce a new notion of internal labelled transition system; that
is, a labelled transition system internal to the Schanuel topos satisfying certain conditions phrased
in its internal language. By exhibiting the Schanuel topos as equivalent to a category of named-sets
we connect these internal transition systems with the history dependent automata of Montanari
and Pistore.

2. Coalgebraic models over presheaves
2.1. Presheaves for name-passing process calculi

A key component of the fully abstract models of the m-calculus of Fiore et al. [4], and of
Stark [10] is the use of presheaves to index the domains of processes/states by the names that
they may use.

Fixing an infinite universe of names N/, a suitable indexing category I is the category of all finite
subsets of A/ and injections between them. Indeed, I is equivalent to the free symmetric monoidal
category with an initial unit on one generator, and as such has the appropriate structure for model-
ling name generation. Accordingly, thus, we will consider I in this vein, denoting the generator
(a singleton) as 1, the initial unit (the empty set) as ¥, and the tensor product (a chosen dis-
joint union) by @®. Importantly, it follows that every finite name-set C C¢ N comes equipped with
canonical maps

odc:C — (C®1) < 1:newe

given by oldc = (CZ(C@®¥) - (C® 1)) and newc = (1Z@ @ 1) — (C @ 1)). These maps in-
duce a notion of injective renaming as follows: for an injection: : C — D and ford € D \ im(z), we
let (d/vc), : (C @ 1) — D be the unique injective function making the following diagram

Copl
CV newc
C (d/ve) l
S
D

commute. Further, whenever (d/v¢), is a bijection we write (vc/d), for its inverse. Finally, as a
notational convention, we drop the subindex whenever : is an inclusion.

A presheaf (i.e., a set-valued functor) P : I — Set can be thought of as mapping each name-set
C C¢ N to a set of processes PC that use (some of) the names in C, and mapping each injective
renaming function: : C — D to a renaming function P : PC — PD on processes. We write [¢]p for
P:(p) when it is clear which presheaf we are referring to.
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2.2. Coalgebras for early bisimulation

The work of Fiore and Turi [6] provides a model of name-passing using coalgebras in Set!, the
category of presheaves over I and natural transformations. Early and late bisimulation are captured
in terms of coalgebraic bisimulation for particular behaviour functors.

We recall the relevant type constructors on presheaves.

e A type of names N—the inclusion functor I — Set.

e A dynamic allocation operator 8P, given by (8P)C = P(C & 1). An injection 1 : C — D maps
p € (8P)C to P & 1) (p).

e Non-empty covariant powerset g, acting pointwise as the non-empty covariant powerset func-
tor in Set.

e The unit type I—the constantly 1 presheaf (terminal in Set!).

e Product and sum, defined pointwise in the standard fashion.

e The exponential P€ with P2 C given (via the Yoneda lemma) by the set of natural transformations
I(C,—) x Q = P.
When Q = N, a finitary description is permitted, namely

PNC = PO’ x PIC® 1)
since a natural transformation« : I(C, —) x N = P iscompletely determined by the components
ac(ide,—):C—PC  and  a(cen(oldc,newc()) € P(C & 1)

that is, by its action on ‘known’ names and its action on a generic new name. An injection
1: C — D acts on a pair (f, p) € PVC to produce the pair (f/, p’) € PVD given by

e = {[z](fc), if ' =1c

[(c'/vc)]p, otherwise p=help. 0

e Pointwise partial exponentials N=P and = P given as follows.
(N=P)C is the set C=PC of partial functions from C to PC. For any injection: : C — D and
partial function f : C — PC, the partial function (N=~P)1 f : D — PD1is defined as the composite
R
p~clpcpp

where i® denotes the partial function defined at d € D iff d = 1c for some (necessarily unique)
¢ € C,in which case 1*(d) = c.

Analogously, 1=P)C = (1= PC) with I=Pif = (P)o f :1 = PDforall: : C — Dinland
f:1—PC.

A suitable behaviour endofunctor B, on Set! for early bisimulation is given by

B.P =N=((p"P") input
x N=(pT(N x P)) output
x N=(pT6P) bound output

x 1= (pTP) silent action.
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A Be-coalgebra is given by a presheaf P € Set! together with a natural transformation /2 : P > B.P

in Set!. A component ¢ (C €1) of such a natural transformation maps a process in PC to a
behaviour in B.P(C); that is, a tuple in

C=((pTPO)C x pTPC D))
x C=(p™(C x PO))
x C=(pTPC DY)
x 1= (pTPC)

indicating the capabilities of the process. For example, for p € PC, if hc(p) = (i,0,b,1), then i is a
partial function to be interpreted as follows. For some channel name ¢ € C, i is defined at c if p is
able to input on the channel ¢, in which case i(c) is a pair (¢, V) € (pTPC)C x (p*P(C ® 1)). Now
suppose a known name d € C was to be input, then p would continue as one of the processes in
the non-empty set ¢(d). For a fresh name d ¢ C, we use ¢ as a set of templates for the resultant
process, continuing as [d/v¢c]p’ € P(C U {d}) for some p’ € .

Just as a coalgebra X — p(Lab x X) in Set induces a transition relation over the state space
given by X, a coalgebra P > B.P in Set! induces a transition relation with state space given by the
elements of P, ie., theset [P =) . PC. We write C I p for an element (C, p) € [P.

The labels on the transitions are taken from the set

Lab = N x N)+ N xN) +1,

with input (written ¢?d), output (written c!d), and silent (written 7) actions respectively. Each label £
has associated with it some channels ch(¢) and data dat(¢), which for convenience we will consider
as sets; here they will have at most one element, as follows.

y4 |l cd |t
ch@) | {c} | {c}
dat(¢) | {d} | {d}

For a label ¢ and a function f between subsets of ' we write [ /]¢ for the obvious renaming.
Given a coalgebra % : P = BcP, a transition relation —>; C [P x Lab x [P is induced as
follows:

Crp 2, Ccrp e p emmbepod
Chp-5, CUL F [2/vclg <= q € ma(mihepe)

Ckp2%, Ccrp « dp)emhcpe )
Chp-5y CULEF [2/vclq <= g € m3(hep)e

Chp—Su Chp & p emhep)()

where ¢,d € Candz ¢ C.
We define early bisimulation for transition relations such as these.
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Definition 1. Consider two transition relations, —1 C [P x Lab x [Prand —2C [P, x Lab x [P,

for presheaves Py, P, € Set!.
A relation R C fPl X fP2 is an early bisimulation between —>| and —, if whenever
(C1 F p1) R (C3 = p) then the following conditions hold:

(1) V¢ € Lab,(C{ + p|) € [P\.
<C1I—p1—€>1 Ci+p
— ACY+ p)) € [Pr. Cr b pr—>2 Cy F
and (C{ F p)) R (C} - 1))
(2) Ve € Lab, (C} - p}) € [P
(GFm—cyFp
— 3C[ - p) e A CLF p—1 Cl F p
and (C{ F p)) R (C} 1= 1)),

An early bisimulation R that further satisfies

G CEp) RCEp) = C1=C
@ (CFp)R(CFp) = Vi:C— C'inL (C'F [p) R (C' F [1]p)

is called an I-indexed early bisimulation.

Fiore and Turi [6] show that B.-coalgebraic bisimulations between coalgebras (P, 1), (P, h2)
correspond to I-indexed early bisimulations for the induced transition relations ([P, —>p,),
( sz,—>;,2). We remark that for the m-calculus, early bisimilarity and I-indexed early
bisimilarity coincide.

2.2.1. I-indexed labelled transition systems
It is certainly not the case that every transition relation is induced by a B.-coalgebra. In order to
understand this coalgebraic model we characterise the transition relations that are induced.

Definition 2. An I-indexed labelled transition system (I-LTS) is a presheaf P € Set! together with a
transition relation — C [P x Lab x [P satisfying Conditions I1-16 of Fig. 1.

Notation. For a function f : C — D and C’ C C the notation f|c stands for the surjection
C’ — f(C") given by restricting the domain to C’ and the codomain to the corresponding image
AC) S D.

Conditions I5 and 16 together capture a dichotomy in the induced transition systems: a transition
is either allowed or disallowed. Transitions cannot depend upon extraneous names.

The introduced notion of I-LTS is justified by the following result.

Theorem 3. The mapping (2) associating a transition relation to a Be-coalgebra yields a bijective
correspondence between Be-coalgebras in Set' and I-LTSs over presheaves in Set!.
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I1. Channel is known and at most transmitted data is learnt:
Chp-5 C'Fp = ch(t) CC A C'=CUdat(l)
I2. If one name can be input, then so can any other: for all z € N:
Crp 2 cufdryp
— P eP(CU{z}). Crp5Culz}ty”

s . " B
I3. Bijective maps preserve transitions: for all D € I, with C U C’ & D:

Crp-5 C'Fp = BO)F Blolp 25 B(C) F 1Blolp

I4a. Knowing/forgetting input data preserves transitions:
Cl—pﬁ Cu{z}ryp
= CU{z}F[0=CU{z}p <& CU{}
I4b. Known output data must really be known:
CU{d}F [C—CU{d}]p <% Ccu{d}p = deC
15. Inclusion maps preserve transitions:
Crp-5 C'Fp A DNdat(t) =0
— CUDF [C—CUDlp - C"UDF [C"~C" U D)y
16. Inclusion maps reflect transitions:

CUDF[C—CUDlp - C'UDFp A DNdat(t) =0
— 3p € P(C Udat(0)).
[CUdat(/)—C'UD)p"=p AN Ckp L cu dat(¢) - p”

Fig. 1. Requirements on an I-indexed labelled transition system.
An I-LTS (P,—) induces a B.-coalgebra hiP— B.P whose components are given according
to the following definition: for C € I, p € PC and ¢ € C:
mhepye | —=3deN,Del,p e PD.CHp 4 DF p
m(hepe b «=3deC,Del,p ePD.CFp 5Dy
wyhepe § = 3ze N\C,DeLp ePD.CFHp-5DF p
mahep)() | <= 3IDel,p ePD.C+p—DF p

€)
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with

m(ich)c=<xdec. {p/GPC | CI—pﬂCI—p/},
{p/eP(CeBl) | c-p5 CU{z}l—[z/vc]p’forZ§£C})

nz(ﬁcp)CZ{(d,p/)ecXPm CI—pﬂCI—p/} @

7'[3(;!6‘]))6‘ = {p’ ePCo®l | Cl—piZ) CU{z} F [z/vc]p for z ¢C}

mahep0 = {p e PC | Cp-Scrpl.

In Appendix A we show that the transition relation (P, —>j) of (2) induced by a coalgebra
h: P — BeP is an I-LTS and, conversely, that the definition of (3) and (4) yields a natural family
of maps hic : PC — B.PC (C € I). Theorem 3 follows because these transformations are inverses of
each other.

In brief, Conditions Condition Il and I2 correspond to the well-formedness of the induced fam-
ily of maps 4. Conditions I3-16 correspond to the naturality of the induced family of maps, with
Condition I4a accounting for the action of the exponential that is used to model input, and
Condition I4b enforcing the separation between output and bound output. (This axiom system
corrects an oversight in that of [5].)

3. F-indexed labelled transition systems

The model considered above is concerned with describing early bisimulation. We now turn to a
finer notion. To formulate this, we require a different indexing category: let F be the category of fi-
nite subsets of A/ and all functions between them. Precomposition with the inclusion functor I — F
gives a forgetful functor | —| : Set¥ — Set!. Since the sets JX = doc g X(C) and [1X| are equal, a

transition relation -~ C [X x Lab x [X is also a transition relation - C [|X| x Lab x [|X], and
vice versa.

Definition 4. A relation R C fX1 X sz is an F-indexed early bisimulation between transition rela-
tions (fXj,—>1) and (fX2,->7) if it is an early bisimulation in the sense of Definition 1 and satisfies
the following additional conditions:

GG EPWRGCEp) = C=0C
@)CHFPRCEPp) =Vf:C—CCinF.(C'F[flp)R(C +[fIp).

Note that this definition slightly differs from Sangiorgi’s notion of open bisimulation [9], in which
distinctions are used to exempt names introduced by bound output transitions from being joined
by the renamings that are considered. However, we think that the above definition is still of interest
as it arises from the general theory of Fiore and Turi [6] and because, for the r-calculus, F-indexed
early bisimilarity is the greatest congruence that is an early bisimulation.
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Cattani and Sewell have developed a model of name-passing that is based on the above notion of
F-indexed early bisimulation. They consider a class of indexed labelled transition systems that are
required to satisfy certain axioms. These axioms are suggested according to experience and intui-
tion, but are not induced from mathematical structure as in the case of Conditions I1-16 for I-LTSs
(Fig. 1). However, our axioms essentially match up with theirs. The main difference highlights the
relationship between I-indexed and F-indexed early bisimulation.

Definition 5 (Cattani and Sewell). An F-indexed labelled transition system F-LTS is a presheaf

X e SetF together with a transition relation - C JX x Lab x (X satisfying Conditions F1-F4 of
Fig. 2.

Conditions F1-F4 are Conditions 1-4 of Cattani and Sewell rewritten in our notation. Further-
more, in Condition F4 we have only considered inclusion maps, while Cattani and Sewell consider
all injections in their Condition 4; in the presence of the other conditions these two conditions are
equivalent.

Notation. For A € N and a,z € N, we let [z/a] : AU {a} — AU {z} be the function given by
[z/a](x) = x for all x # a, and [z/a](a) = z. Further, for functions f; : 4; — B; (i = 1,2) with 4; and
A» disjoint and also B; and B, disjoint, we let fi + f> : Af U A» — By U B; be the function given by
(fi+ L)) = filx)forallx e 4; ( = 1,2).

Conditions F2a and F2b are not entirely relevant in the context of early bisimilarity. For instance,
consider the processes

pi = a(x). if x = a then a(a) else a{d))
+ a(x). if x = a then a(b) else a{d>) i=12),
+ a(x). if x = a then a({c) else a{d;)

where we write ‘ a(x).p’ for ‘input a name on channel g, binding it to x in p’; ‘ a(x)’ for ‘output the
name x on channel a’; and ‘+’ for nondeterministic sum. The state graphs of the p; (i = 1,2), with
the transition a?x representing all transitions for which x # a, are given by

[ ] [ ] [ ] [ ] [ ] [ ]
ala a!‘d a\ a!‘d atc a!‘d-

Py oo O

[ ] [ ] [ ] [ ] [ ] [ ]

a"a% T % x.
/ / a‘l’a \ \
Pe Pd, Pd,
\ \ o
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F1. Channel is known and at most transmitted data is learnt:

Chp % C'Fp = ch(t) CC A C'=CUdat(()
F2a. Input of new names induces input of old names: for all z € N\ C, d € C:

Crp % culelry = Crp & Cr /2y
F2b. Input of old names induces input of new names: for all z € N\ C:

crp & ory

= P" e X(CU{z}).Ckp % ou {2}y 9" A [d)2)p" =P

F3a. Injective renaming: for all+: ¢ — D, 8:dat(¢) \ C = D', with DN D’ =

Chp 2 CUdat(t) - p/

— iy " DUD 4B

F3b. Knowing fresh input data preserves transitions: for all z € M\ C:

Chkp < Cu{z}ryp

— CUlF[CCU{p & cufdry

F4. Inclusion maps reflect transitions:

CUDF[C—CUDlp % C'+yp

— dat({)N(D\C)=10
A " € X(C Udat(¥)).
Chkp % CUdat() Fp" A [CUdat(t)— ' =/
OR
dee C,ze D\ C, p’' e X(CU{z}).
C=ctz A CFp % U}k
NCULh O =

Fig. 2. Requirements on an F-indexed labelled transition system.

yielding an I-LTS (according to Definition 2) but not an F-LTS (according to Definition 5) as
it does not satisfy Condition F2b. If it did satisfy the condition then, for C = {a, b, c,d;,d>} and

z ¢ C,wemust havesome p), = [z/alpa, pj, = [z/alpp,and p, = [z/a]p., withC + p LY CU{z} - pl,
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Ckp = oy {z} F p,, and C - pa—?z> C U {z} - p. The only possibilities are (p; = py;» p, = Pa;»
p. = pa,) for i, j, k € {1,2}. Recall that F-LTSs admit renaming of states by all functions. In partic-
ular, we can then consider the retraction [a/z] : C U {z} — C. Now, we have that

la/z1pa; = pa [a/Z]de = Db la/z1pa, = pe-

Since i, j, k € {1,2} it follows that two of the states in {p,, pp, p.} are equal, which is not the case.

In summary, py is early bisimilar to p», but, considering the context a(d)).[—], we have that a(d)).p
is not early bisimilar to a(d)).p, so p and p are not related by any early bisimulation congruence.

Similar considerations apply to Condition F2a.

Conditions F2a and F2b serve to strengthen Condition I12. They not only require that ‘if one
name can be input then so can any other’, but also ensure that the input behaviour is parametric
in the input data. In addition, Conditions F1, F3, and F4 do not mention non-injective renamings,
and moreover are together equivalent to Conditions Condition Il and I3-16. Thus, we have the
following results.

Proposition 6.

(1) An F-LTS over X € Set¥ is an I-LTS over |X| € Set!.
(2) For X € Set¥, an I-LTS over |X| € Set! that satisfies Conditions ¥2a and ¥2b is an F-LTS over
X e SetF.

In the journal version of their paper, Cattani and Sewell have introduced a class Njp-LTS of
indexed labelled transition systems for presheaves over I. Conditions F1, F3, and F4 can be re-
considered as conditions on such systems, and indeed an N,;-LTS is a system that satisfies these
axioms.

Proposition 7. An indexed labelled transition system on a presheaf in Set! is an inj-LTS if and only
if it satisfies Conditions 11, 13-16.

4. From presheaves to sheaves: refining the model

We now return to the model of Section 2 based on injective renamings. We describe how the state
space can be refined by imposing a sheaf condition.

4.1. The Schanuel topos

Consider a presheaf P € Set!. For p € P(D) and an inclusion D € D/, we have [D— D'|p € P(D').
We have assumed that it does no harm to suppose that a process uses more names than it actually
does. Furthermore, it may be that D itself contains more names than p actually uses, that is to say,
perhaps there exists C € D and p’ € P(C) with [C<— D]p’ = p.
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We can also identify the names that p € P(D) uses by observing how the injections act on it.
For instance, if every automorphism of D that fixes (i.e., does not move) all of C C D also fixes p,
then we expect that p only uses the names in C. More generally, we have the following notion of
support.

Definition 8. For a presheaf P in Set! we say that a name-set C € D supports an element p € PD if
and only if, for all ¢, j : D — E in I, whenever t|c = J|¢ then [t]p = [J]p.

Given the intuitions discussed earlier, one would expect that if C supports p € PD, then p would
exist uniquely in PC. This is precisely the sheaf condition for the atomic topology:

(Sheaf condition) Whenever C C D supports p € PD, there exists a unique ¢ € PC with
[C— Dl]g = p.

That is, the statement “C supports p” defines a compatible family and the sheaf condition re-
quires that it has a unique gluing at C. For our purposes, this is a sensible condition to impose.
The full subcategory Sh(I°P) of presheaves satisfying this condition is known as the Schanuel
topos.

We briefly recall the analysis of the Schanuel topos given by Fiore [3]. Let B be the category of
all finite name-sets and bijections; i.e., the groupoid underlying I. For P € Set!, define a presheaf
(P) € SetB with

(P)C = {pEPC Y Co C C.V pg € P(Cy). }

[Co—>Clpp=p= Co=C

and, conversely, from Q € Set® generate a presheaf Q) € Set! by freely acting on the canonical
inclusion maps as follows:

0C = ) 0,  QuC.g) = ((C),00lc)q).

c'ce

For every O € SetB, we have that O, is actually a sheaf in Sh(I°P) and there is a canonical natural
isomorphism

0= (0) inSetB

mapping ¢ € O(Cy) to (Co,q) € (O1)Co. Also, for every P € Set!, we have a canonical natural epi-
morphism

op: (P),—»P inSet!
given by

(Co € C,p e (P)Cy) € (P),C +— P(Co— C)p € PC.
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Moreover, a presheaf P in Set! is a sheaf in Sh(I°P) if and only if ¢p is a monomorphism, and
hence an isomorphism.

For a sheaf P in Sh(I°?) and p e PC, we let supp(p) € C (the support of p) and
seed(p)e (P)(supp p) (the seed of p) determine the unique (supp p,seed p) € (P);C such that
(ep)c(supp p,seed p) = p. We note that supp(p) is the least support of p, and that

supp([:]p) = t(supp p)

forallpe PCandi1:C — DinL

The construction (—), extends to a functor Set® — Set!, left adjoint to the forgetful functor
| — | : Set! — SetB; the Schanuel topos is (equivalent to) the Kleisli category arising from this
adjunction. Thus, the sheaves in Sh(I°P) can be equivalently considered as presheaves in SetB.
Further, the maps P — P’ in Sh(I°P) are in bijective correspondence with the maps (P) — |(P')]|
in SetB; hence, in addition to acting naturally on bijections, they are permitted to reduce the
support.

4.2. B-indexed labelled transition systems

The early behaviour endofunctor B, on Set! restricts to an endofunctor on Sh(I°P) and it thus
makes sense to discuss B.-coalgebras in this full subcategory. In particular, we now ask which
transition systems over presheaves in Set® should be considered.

Definition 9. A B-indexed labelled transition system (B-LTS) is a presheaf Q € Set® together with a
transition relation --» € [Q x Lab x [Q, where [0 =) ceg 9C, satistying Conditions BI-B3 of
Fig. 3.

We have the following result relating the notions of indexed labelled transition systems intro-
duced.

B1. Channel is known and at most the transmitted data is learnt:

Crp -5 C'Fp = ch() CC A C' CCUdat(h)

B2. If one name can be input, then so can any other: for all z € NV:

c?

Chp 5 C'Fy = 3C"eB, P €Q(C").Crp 5 C"Fy

B3. Bijective maps preserve transitions: for all D € B and §: C U C’ Udat(¢) = D:

¢ (B¢
Chkp -=» C'Fp = BCF[Blolp - BC"+ [Blelp’

Fig. 3. Requirements on a B-indexed labelled transition system.
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Theorem 10. For sheaves P € Sh(I°P), B-LTSs over (P) and I-LTSs over P are in bijective correspon-
dence.

Details of the proof of Theorem 10 are given in Appendix B where we show that --+ and (—>)
as defined below are, respectively, an I-LTS and a B-LTS, and that (--+) =--+and (— ) = —.

The I-LTS induced by a B-LTS:
Let--» C [(P) x Lab x [(P) be a B-LTS with P € Sh(I°P). We define

--3 C foLabx/P

to be the least indexed transition relation satisfying the following.
If Co F p <25 )k p/and Gy € Cand €, € C U {d),
then C - [Co> Clp -=% C U {d} - [C)> C U {d}Ip'.
If Co F p <=5 C) - plandd € Cp € Cand C) C C,
then C - [Coe> Clp -5 C I [Ch—> C1p'.
If CoF p -5 Cj - p/.Co € Cand €, € C U {d}, and d ¢ C
then C - [Co> Clp -5 CU{d} F [C) C U {d}Ip'.
IfCo b p-<5 Cj+ p/yand Co € C and C) € C,
then C I [Co<> Clp —» C F [Cj=> Clp'.

The B-LTS induced by an I-LTS:
Let — C [P x Lab x [P be an I-LTS with P € Sh(I°P). We define

(—) € [(P) x Lab x [(P)

to be the least indexed transition relation such that:
IfCHp-5CFyp
then supp(p) F seed(p) (—) supp(p’) - seed(p).

5. Internal transition systems

So far, we have been concerned with relating coalgebras on variable sets (in Set! and Sh(I°P))
with indexed transition systems (I-LTSs, F-LTSs, and B-LTSs). Our motivation for studying such
transition systems was to understand the nature of the B.-coalgebras from a traditional point of
view. Having done this, then, it is possible to consider the classes of I-, F-, B-LTSs themselves as
models of name-passing. This is the direction pursued by Cattani and Sewell [1]. Another approach
is to work with internal transition systems — that is to say, transition relations taken as subobjects
of P x L x P, for an object of states P and a distinguished object of labels L. This is very much the
approach taken by Montanari and Pistore in their History Dependent Automata (HDA) [8].
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We now introduce a notion of internal labelled transition system, relating it to the other models
that we have studied, and to HDA. We fix a sheaf of labels L = (N x N) + (N x N) + 1in Sh(I°P),
respectively considering the components (and naming the injections) as input (in), output (out),
and silent action (tau). Since we will be using the internal language of Sh(I°P) we need structure
particular to this topos, namely, the map upp : P — 8P given by (upp)c(p) = P(oldc)p.

Definition 11. An internal labelled transition system (i-LTS) is a sheaf P together with a relation
~» C P x L x P in Sh(I°P) satisfying Conditions il-i3 of Fig. 4.

Proposition 12. Collectively, the conditions of Fig. 4 can be equivalently presented in elementary terms

¢
as follows, where we write C = p ~» p’ in place of (p,£,p’) € ~(C).

il. The channel is known:

CUDF [Ce>CUD]p -~ p = ch() € C

i2. Inclusion maps reflect transition derivatives:

C—CUD]e
cuDF[C—cuDl, Sy — 3 e PC.[C>CUDY = p!

i3. If one name can be input, then so can any other:

Cr p S o — Ve e N.3p" € PC U {e}).

in(c,e)
CU{e}F[C—CUfellp~" p"
Separately, each of Conditions il and i2 of Fig. 4 and Proposition 12 are equivalent;
Conditions i2 and i3 of Fig. 4 imply Condition i3 of Proposition 12, which in turn implies
Condition i3 of Fig. 4.

il. The channel is known:
Ve:P £:0L, y:0P.
(upp(z),£,y) € 6(~)
— dc:N,d:d0N.
¢ = din(upy(c),d) V €= dout(upy(c),d) V ¢ = dtau
i2. The map up reflects transition derivatives:
Ve:P, £:L, y:0P.
(upp(z),up.(£),y) € 6(~) = Fy' : P.upp(¥/) =y
i3. If one name can be input, then so can any other:
Vx:P, c,d: N, y:P.

(x,in(c,d),y) € ~ = Ve:N. 3y : P (x,in(c,e),y) € ~

Fig. 4. Requirements on an i-indexed labelled transition system, expressed in the internal logic of Sh(I°P).
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We can now relate the internal structures of this section with those already studied.
Theorem 13. i-LTSs and I-LTSs over sheaves in Sh(I1°P) are in bijective correspondence.

Let P be a sheaf. Given an i-LTS ~» on P, let
~> € [P x Lab x [P

be the least indexed transition relation satisfying the following.
IfFCUd) - [Ces CUd)lp s p,

c?d
then C+p~> CU{d} F p'.

t(c,
IfCH po'uv(fd)p/ and d € supp(p),

'd
then C - p 5, CF p.

d
1tC - p° Xy and d ¢ supp(p),

then C\ {d} F po 5, C - .
where pg € P(C \ {d}) is the unique element such with [C \ {d}<— Clpy = p,
existing since P is a sheaf and (C \ {d}) supports p.
IfCHpS p,
then C - p~5, C+ p.
Conversely, given an I-LTS — on P, let

CkH——j— C PCxLCxPC (Cel

be the least family of transition relations such that:
IfCHp-—5C'+pf
then CUC' - [Ce> CUCp —5[C'<> CUC]p'.
eliding the obvious translation of labels (which makes sense as a result of Condition I1).

The verification that this correspondence is bijective and actually yields i-LTSs and I-LTSs is
deferred to Appendix C.

5.1. Named-sets with symmetries

The idea of interpreting the notion of transition system inside the Schanuel topos is similar in
spirit to the idea of interpreting the notion of automaton inside a category of named-sets — that
is, the idea of History Dependent Automata due to Montanari and Pistore. In fact, the two notions
are essentially the same, since as we show below the category of finitely supported named-sets with
symmetries 1s equivalent to the Schanuel topos.

A variety of categories of named-sets have been proposed; see, e.g., [2,8]. Here, we consider
named-sets with symmetries as introduced by Pistore in his thesis [8, Chapter 7].
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Definition 14 (Pistore). A named-set with symmetries (X,H = {H,}xcx) is given by a set X, with each
element x € X equipped with a subgroup Hy € Sym(N) of the symmetric group Sym(\) on the
infinite set of names A.

For each x € X, H, is to be thought of as the group of permutations that fix x. This
can be made more precise, as follows. Recall that a left action of Sym(N) on a set 4 is a
function o : Sym(N) x 4 — A that respects the group structure (i.e., satisfies a(id,a) = a and
a(to,a) = a(t,a(o,a))). The stabiliser of a € Aisthe subgroup Stab(a) ={oc € Sym(N) | a(o,a)=a}
of all the permutations that fix a, and the orbit-stabiliser theorem exhibits a bijection between the
orbit of each a, Orb(a) = {@’ | 3o € Sym(N). a(o,a) = a'}, and the set of left cosets of the stabiliser
Stab(a). Thus, for a section of the quotient map 4— {Orb(a) | ae A} with image O C 4, we have a
bijection 4 = )" _,{o Stab(o) | o € Sym(N)}. In this vein, a named-set (X, H) can be thought of
as a representation of an action: X provides canonical members of the orbits and H, describes the
stabiliser of each x € X. This intuition will guide us in what follows.

From a named-set (X, H) one can recover a notion of support. Following Definition 8, we say
that a finite set C C N supports x € X if whenever two permutations o,0’ € Sym(N) agree on C
then they induce the same left cosets of H,. That is, C supports x in (X, H) if

Vo,0' € SymW). o|c = 0'|c = oHy = 0'Hy, %)

where, as above, we write o|¢ for the bijection given by restricting the domain of o to C.
Note that oH, = o'H, if and only if 0~'o’ € H,. Thus, an equivalent formulation of (5) is

Vo € SymWN\). o|¢c = id¢c = o € H,.

We restrict attention to those named-sets in which each element is supported by a finite set. In this
case, every element x € X admits a (necessarily finite) set

suppy (x) = ﬂ {C"| C'supportsxin (X,H) },
ccc
where C is a finite set supporting x

which is least among all finite sets supporting x in (X, H). (To see this show that the finite supporting
sets of an element are closed under intersection.)

Definition 15. The category fsNSet has as objects finitely supported named-sets with symmetries,
and morphisms

(m, K = {Ki}xex) : (X, H) — (X', H")

given by a function m : X — X’ together with, for each x € X, a left coset K, = o0,H,,, such that

Hy C o H!, .0, ~\. (Note that this makes sense, for if o/, . = o’H, _ thenalso o}, o' =o’H!, o’ ")

The identity morphism on (X, H) is (idx, H = {Hy}xex), and the composition of

/ / "
(m,{oxH,, Yxex) (m ’{GX’Hm’ x }X/EX/>

(X,H) : X', H')

(X// H//)
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is (m om, {Oxd;anr/;;/(mx)}XEX)' (Note that the definition is independent of the descriptions

of cosets used, in the sense that if oxH,,, = ©eH, and oy, H =71, H . . then also
/ /" _ / "
0x0,, me,(mx) = Ik Ty, me,(mx).)

It is important to note that, for a morphism (m, {oxH,, }xex) : (X,H) — (X’,H’) in fsNSet, if
C supports x in (X, H) then o, ~'(C) supports mx in (X', H’). Indeed, if Ty -1(c) = 1dg, -1y then
toy Ve = oy Y and, assuming that C supports x, we have 0,70, ! € H, from which it follows
that € H,, . as required.

The morphisms that we use are based on the informal discussion in Pistore’s thesis (although the
formal definition here is slightly different). The second component K of each morphism describes,
for each x € X, how the permutations in Hy correspond to the permutations in H,, .. Every permuta-
tion o, € Sym(N) defines a homomorphism by conjugation H, — Sym(\) given by 7 — o, l10y.
The condition Hy C 0.H,, xox_l ensures that the image of this homomorphism lies within H,, ..
Pistore remarks that some of these homomorphisms should be equated; we have used cosets to
achieve this.

These morphisms also have an interpretation in terms of the intuition of named-sets as represent-
ing group actions. Let (X, H) and (X, H') be named-sets regarded as Sym(/)-actions in the manner
outlined after Definition 14. Recall that a homomorphism of Sym(N)-actions (4,a) — (4',d) is
a function f : 4 — A’ that respects the actions (i.e., satisfying f(a(o,a)) = (o, fa)). Consider a
morphism of named-sets (m, K) : (X,H) — (X’,H’). From the viewpoint of actions, the first compo-
nent m is to be thought of as providing a mapping between canonical members of orbits. However,
since homomorphisms of group actions need not preserve canonical representatives of orbits, the
second component K of a morphism of named-sets provides a permutation to rectify this. That is,
if K, = oy H,,, then the named-set morphism is to be thought of as mapping x € X to the result of
the action of o, on mx.

The following result is the main step towards relating i-LTSs and HDA.

Theorem 16. The category fsNSet of finitely supported named-sets with symmetries is equivalent to
the Schanuel topos Sh(I1°P).

For a named-set (X, H) € fsNSet we define the presheaf (X, H) € SetB as follows:

e For C € B,

~ suppy; (x) = o~ '(0)
(X, H)C = { 6,0Hx) | ithx € X and o € Sym(\) }

It is interesting to note that if o~!(C) supports x then oH, = tH, implies that t='(C) also
supports x.
eForp:C — DinBand (x,J) € X(X,H)C,
XX, H)B(x,J) = (x,0J) € Z(X,H)D,

where o € Sym(N) is an extension of B (i.c., o|c = B).
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Observe that if o,0’ € Sym(N) are extensions of B then oJ =o'J. Indeed, since
0Tl 1) = o/rltq@, then for J = tH, we have, as t—}(C) supports x, that otH, = o'tH, as
required.

Note also that for any extension o € Sym(N) of B and any permutation T € Sym(/\) for which
J = tH,, we have that (o7)"}(D) = r‘l(o_l(D)) = t1(C) is least among the finite supports of x
in (X, H). Thus, the image of X (X, H)8 is within the codomain.

The above construction induces a functor %, : fsNSet — Sh(I°P) given on objects (X, H) as

o~ 1(C) supports x € X }

%(X,H)C = { (x, 0Hx) with x € X and o € Sym(\)

for C €1, and

Zi(X,H)i(x,0H,) = (x,70H,), where 7 is an extension of s(supp,x)
for:: C — DinI. That is, recalling the functor (=), : Set® — Sh(I°P) from Section 4,

(X, H) = (SX,H)),.

To each morphism

(m,K) : (X, H) — (X',H') in fsNSet

we associate a natural family of functions
{Zim,K) ¢ : 21X, H)C — (X', H)C}

defined by X(m, K) ¢ (x,0H,) = (mx,0K).

We must now show (i) that this definition is independent of the choice of o; (ii) that the image
falls within the codomain; (iii) that the family is natural. To proceed, for each x € X we suppose
that K, = o, H,,,, in accordance with the definition of morphism in fsNSet .

(i) The definition is independent of the choice of o. If o'H, = ¢”H,, then ¢’ 1o e H,. Since
(m, K) is a morphism in fsNSet , we know that ax_la’_la”ax € H,, .. Thatis,o’K, = o'0,H,,, =
o"oxH,, . = 0"K,.

(ii) The image of each function X,(m, K) is within the codomain (X', H')C. Because if o~ (C)
supports x in (X, H), then (00y)1(C) = 0, (671(C)) supports m(x) in (X', H"), as observed
after Definition 15.

(iii) The family is natural. Let: : C — D in I. On the one hand, we have that

Ef(maK)([l](xs GHX)) = El(maK)(xa TUH)C)
= (mx, t0Ky)

= (mx,to0:H,, ),
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where 7 is an extension of 7|(supp,,x). On the other hand,

[1(Z1(m, K) (x, 0Hy)) = [1](m x, 0Ky)
= [l(mx, 00, H,, )

= (m X, pUGxH,;,x)a

where p is an extension of | (o) (supp,, (mx))-
By the observation after Definition 15 we have that oy (Supp g (m x)) C suppy (x), and so every
extension 7 of |s(suppy,x) 18 also an extension of t|y(s, (supp,, (mx))) = tl(00,)(supp,, (mx))- Hence

[1(Z1(m, K) (x,0Hy)) = (mx, 100, H,, ) = Z1(m,K) ([1](x, 0Hy)).
Thus, the family X, (m, K) is natural.

Finally, we must verify that the construction X, is functorial. The identity morphism
(idy,H = {Hy}xex) is mapped to X,(idy, H) and, for each x € X and o € Sym(\), we have that
2(idx, H) (x,0H,) = (x,0H,). Thus, the identity of named-sets is mapped to the identity of sheaves.

Consider the composite (m om,(K' oK) = {Ux(’;anr/;;/(mx)}xeX) of named-set morphisms
(m,K = {oxH,, Jxex) and (m',K' = {ovH), }vex’). In Sh(I°P), for some x € X and o € Sym(N),
we have

E!(msK)C(-xa JHX) = (mxs OOXH,;1x)
so that X/(m',K)c(Z/(m,K)c(x,0Hy,)) = (m' (mx), 00,0 H” ). This is precisely the value of

Sy(m' om,K' o K)c(x,0H,). Thus, composition is preseﬁvezi and we have a functor
Y, : fsNSet — Sh(I°P).

We show in Appendix D that this functor is essentially surjective (i.e., that for every P € Sh(I°P)
there exists (X, H) € fsNSet such that (X, H) = P) and full and faithful. Thus, Theorem 16 is

proved.

5.2. History dependent automata

We remarked in Section 4 that the operators on Set! introduced in Section 2 restrict to Sh(I°P); it is
now routine to translate them into operators on fsNSet. It is also straightforward to
interpret the Conditions il1-i3 in fsNSet , and, in this way, obtain a class of HDA that correspond
to Be-coalgebras. An example of such an interpretation was provided in the Proceedings of
CMCS’04 [5].

6. Concluding remarks
6.1. Rule formats

Throughout the present work we have not considered how the coalgebra, transition system, or
automaton is initially defined. In practice, transition relations are often defined over terms using



544 M. Fiore, S. Staton | Information and Computation 204 (2006 ) 524-560

structural induction over rules. There are various rule formats for calculi such as CCS that guar-
antee bisimilarity to be a congruence for the induced transition system. It is well-known (and was
recalled in Section 3) that early bisimilarity is typically not a congruence for name-passing calculi.
In this context, though, we have developed a format for rules inducing F-LTSs. Within this format,
F-indexed early bisimilarity is seen to be a congruence.

6.2. Minimisation

An application of final coalgebra semantics is the use of minimisation techniques to determine,
for instance, whether processes are bisimilar. We have a framework for understanding partition
refinement techniques in a coalgebraic setting. It can be shown that the partition refinement proce-
dure will terminate if performed on a coalgebra whose state space is a finitely presentable sheaf in
Sh(I°P). This latter condition on the state space translates to the requirement that the first compo-
nent of the named-set representing the sheaf is finite. The second component of such a named-set is
thus a finite family of infinite permutation groups. The finite support requirement, however, ensures
that each of these groups has a finite description. Thus, the framework of named-sets is convenient
from a practical point of view. Indeed, problems of minimisation for name-passing systems have
already been investigated as related to history dependent automata [2].

6.3. Further related work

Gadducciet al.[7] have obtained a result analogous to our Theorem 16 for a variant of named-sets
similar to that considered by Ferrari et al. [2]. One important difference in this variant of named-
sets is that finite descriptions of support and groups, as mentioned in the previous paragraph, are
explicitly given.
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Appendix
A. Proof of Theorem 3
A.1. The I-LTS induced by a B.-coalgebra

We explain how the transition relation —j induced by a B.-coalgebra 4 satisfies the conditions
in Fig. 1.
)
Condition I1 is guaranteed by definition. For example, if C F pc—'d>h C'+ p’ is induced by
P’ e m(m(hep)e)d then C’' = C. Since w1 (hcp) is a partial function C — ((p1TPC)¢ x ptP(C ® 1)),
we have ¢ € C — the channel is known. We have d € C since mi(mi(hcp)c) is a function

(C — pTPC).So certainly C' = C U {d} — the data is learnt. Again,if C I p c—?z>h C’ + p/isinduced
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by g € m(m1(hcp)c) then we know z ¢ C,and we have C' = C U {z} and p’ = [d/v]q. We havec € C
since 71 (ke p) is a partial function C — ((ptTPC)C x ptP(C & 1)).

Condition I2 is guaranteed by the careful use of partial exponentials and non-empty powersets, as
follows. Suppose we are concerned with the behaviour of p € PC. Recall that the input component
isof type N=(pT PV, s0, at stage C € I, we have an element i of type C — (pTPCO)¢ x ptP(C @ 1).
That is, on each channel ¢ € C there must be either no input communication (the partial function i
is undefined at ¢) or input of every name: on inputting a known name d € C we proceed as a state
in the non-empty set 71 (ic)d € o+ PC, and on inputting a fresh name z ¢ C we proceed as a state in
the non-empty set (™ P)[z/v](m2(ic)) € T P(C U {z}).

Condition I3 captures the naturality of 4 with respect to bijective renamings. Indeed, sup-
pose that C + p idn, C' + p’ is induced by (d, p’) € ma(hc p)c (so C = C’). Consider a bijection
B:C = D.Since & is natural, we have hp([Blp) = [Bl(hc p). Inparticular, from the definitions of the
various type constructors, 3 (hp(IB1p)) (Be) = [Bl(ma(he p)e). So (Bd.[B1p') € ma(hp(IB1p) (o).

inducing D + [B]p Wh D + [B1p'. The other kinds of transition behave in a similar manner. Thus,
Condition I3 is satisfied by the induced transition system.

Condition I4a is essentially a result of the structure of the exponential. Recall (1) that for
(@, %) € (pTPNC and z € N\ C we have that

(PN (C— CU{z}) (9. ¥))z
= (9T Pz/vI(¥) (A])
= {P[z/vlg e (CU{z}) | q € ¥}.

We will prove the left to right direction of Condition I4a; the opposite direction is proved by follow-

ing the same steps in reverse. Suppose that C + p C—?Z>h C U {z}  p/isinduced, forz € C (otherwise
the result is trivial). This must have been induced by P[v/z]p’ € m(m1(hcp)c). By (A.l) above, we
thus have that

P =z/vlv/zlp’ € m((TPN(C— C U () (mhcp)e))z -

Further, since 4 is natural, we also have that

(PN (C = C U z)(mihep)e) = mi(hcuy (PC— C U {z])p))c.

Hence
P € m(m(hcum (PC = CUz)p)e)z

and Condition I4a is satisfied by the induced transition.
Condition I4b is a result of the naturality of 4. For if

CUd) - [Cs CUd)p <%, cutd) - pf
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is induced, we must have (d, p’) € m2(hcuay([C— C U {d}]p))c. Since 4 is natural,

(d,p') € m2(hcuay(P(C— C U {dhp))c
= (TN x P))(C— CU{d})(ma(hcp)c)
=1 (e PC—>CU{d}Hg) € C x P(CU{d}) | (e,q) € ma(hcp)c } .

So d € C, as required by Condition I4b.
Just as Condition I3 captures the naturality of 4 with respect to bijective renamings, Condition I5

captures the naturality with respect to inclusion maps. For instance, if C - p S, CH P isinduced,
it must be by p’ € w4 (hc p)(). Since h is natural, we have that

P(C— CUD)p' € (p7P)(C— C UD)(ms(hc p)()
= ma(hcup(PC=> C UD)p)0)

andthus CUD + [C— CUD]p —T>h CUDF [C— CUD]p is induced. The other kinds of tran-
sition are similar; thus Condition I5 is satisfied by the induced transition system.
Condition 16 also results from the naturality of 4.

(1) Suppose for instance that

CUDF[CCUDIp-5,C'UDF p'
is induced, withz ¢ CUD. Then C’UD = CUD U {z} and

[veun/z1p’ € m3(hcup(IC < C U D]p))c.
Since / 1s natural, we have that
73(hcup(P(C— C U D)p))
= (N=p™8P)(C— C U D)(m3(hc p)
= (p™P((C—>CUD)®1) om3(hcp) o (C— CUD)R

and, since this partial function is defined at ¢, it follows that ¢ € C. Moreover,

[veup/z1p’ € m3(hcup(P(C— C UD)p))c

= (p"P((C— CUD) ®1)(m3(hcp)c)

= {[(C>CUD)®1lq | g € m3(hep)c }.
So there exists g € m3(hcp)c € pTP(C @ 1) with

[(C— CUD)®1lg = [veup/z1p'.
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Finally, considering the diagram

[z/vc]

Col - CU{z}

(C—CUD) @1i

(CUD)dl——CUDU{z}
[z/vcup]

in I, it follows that p” = [z/vclq € P(C U {z}) satisfies

[CU{z}<>CU UDIY =p and CFp-5,CU)F p.

(2) Now, suppose that

CUDHK[C—CUDIp24, cuD p

this time withd € C \ D. Then (d, p') € m» (hCUD([C — CUD] p))c. Since 4 is natural, we have
that

(d,p') € m2(hcup(P(C— C UD)p))c
= (p*WV x P)(C— CUD)(ma(hcp)ec)
= {(e,(C—CUD)q) € Cx (CUD) | (e,q) € m(hcpc } .

Thus,we have p”” € PCwith[C— CUD]p"=p and (d, p") € ma(hcp)c.SoC + p id);, Crp’
is induced by the coalgebra.

Condition 16 is proved similarly for the other kinds of transition.
A.2. The Be-coalgebra induced by an I-LTS

We show that the definition (3—4) inducing a B.-coalgebra h from an I-LTS —> makes sense
and yields a natural transformation.

Of principle concern for well-definedness is the input component, where the function space
and non-empty powersets are used in a particularly intricate manner. For C € I, p € PC, and
¢ € C, suppose that 1 (hcp)c is defined. Then, by definition and using Condition I1, there is some

d € N and p’ € P(C U {d}) with C - pﬁ) CU{d} F p'. So, by Condition I2, for any d’ € C, we

have p” € PC with C+ p LY Ckp’. So m(m(ilc p)c) as described is indeed a total function
C— pTPC. On the other hand, also by Condition 12, for any z ¢ C we have p” € P(C U {z})

with C + p e CU{z} = p”.So [v/z]p” € nz(nl(hc p)c) and thus the induced nz(m(hc p)c) is in-
deed a non-empty subset of P(C & 1). So (hc p) is a partial function of type C — (T PC)C x

©TP(C ®1)). Analogously, one establishes that nz(hcp) n3(hcp) and 714(hc p) are respectively
partial functions of type C — p*(C x PC), C =~ p*P(C @ 1), and 1 = pTPC. Thus, each map
hc : PC — B.PC (C € 1) is well-defined.
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We now proceed to establish the naturality condition for the family of maps izc : PC — B.PC
(Cel).Foralli: C - Dinl and p € PC, we need to establish the following identities:

mi(hp(Pip)) = (9 PNt o mi(hep) o oF (A2)
m(hp(Pip)) = (p* (N x P)i o ma(hep) o if (A3)
w3(hp(Pep)) = (98P o w3(hep) o if (A4)
w4(hp(Pip)) = (9+ P o ma(hep) (A5)

Let us first consider (A.4) for 1 a bijection C = D. We need to establish that

73 (hp(Pep)) (i) = (98P (3 (he p)e)
= {P(l elhp | pe ﬂs(hcp)C}

for all ¢ € C. We show each inclusion in turn:

(D) Let p/ € m3 (ch pc € T P(C @ 1). Then, there is a transition

Crp-2 CUz) - [2/vely

for some z ¢ C. Applying Condition I3 to this transition with respect to the bijection
(z'/vp) o (vp/z),~1 : CU{z} — D U {Z’} for some z’ ¢ D, we obtain the transition

D [1p Y DU} F [ /vpll(vp /21 llz/velp-

Since (vp/z),-1 o (z/vc) =1 @ 1 the above transition amounts to the following one

Dr1p S DU} - 12 upll @ 11p

showing that [ ® 1]p’ € 73 QhD([z] p) (1c) as required.
Note that if (pT8P)i(w3(hcp)c) is defined then so is n3(hcp)c and, consequently, also
3 (hD (Prp)) (1¢) is defined.

(C) Let g € m3(hp([1]p)) (tc) € T P(D @ 1). Then, there is a transition

(10)!z

DF[ilp— DU {z} F [z/vplq

for some z ¢ D. Applying Condition I3 to this transition with respect to the bijection
('/ve) o (ve/z), : DU {z} — C U {2’} for some 2’ ¢ C, we obtain the transition

CH L p =87 CU ) F 2 /vellve /20l vplg
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Since 101 =idc and (vc/z), 0 (z/vp) =1~ ' @1 the above transition amounts to the

following one:
CH piz; CUlZ}F I /vl @ 11g

showing that e l]lg € J'r3(7ch)c. Asg=[® 1L ®1]g, we are done.

5

Note that if 3 (hD 0z p))(lc) is defined then so is m3(hcp)c and, consequently, also
(98P (r3(he p)e) is defined.
One establishes (A.2), (A.3), and (A.5) with respect to bijections in a similar manner:
Condition I3 is the key to naturality with respect to bijections.
Finally, we consider naturality with respect to inclusions. The case of input (A.2) is the most com-
plex. Recall the action of the exponential (1): (f”,¢") = OV (C— CUD)(f.q) € (O(C U D))CUD X
O((CUD) & 1) where

1o _ J Q(C—>CUD)(f(@)), ifdeC
f@= O((CU{d}> CUD)o (d/vc))q, otherwise

and
¢ =0((C—>CUD)@®l)gq.
For disjoint C,D € I and p € PC, we must show that:
1. Force CUD, m (ZCUD([C% C EJ D]p))c is defined iff ¢ is in C and m(;ch)c 1S deﬁngd.
2. For ¢,d € C we have p’ € mi(m1(hcup(IC < C U D]p))c)d iff there exists p” € mi(i(he p)e)d €
gTPC such that [C— CUD]p" = p.
3.Forc e Candd € D we have
p e m(m (ZJCUD([C;) CUDI]p)c)d € p™P(C UD)
iff there exists p” € m2(mi(he p)c) € pTP(C @ 1) such that
[CU{d}— CUD]d/vclp” =p'.
4. For ¢ € C, we have
P € m@mi(hcup(IC— CUDIp)c) € ptP((CUD) ® 1)
iff there exists p” € m(m (Zc pc) € pTP(C @ 1) such that

[(C—>CuD)y el =p.
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First, we show (1). Suppose that m (ZCUD([CC—> C UD]p))c is defined for ¢ € C U D. Then, by
definition and Condition I1, there is a transition of the form

CUDF[C—CcuUDpS cupuld)rp.

Since CUD = CU (D N{d})U(D\ {d}), Condition 16 ensures that there exists p” € P(C U {d})
such that [C U {d}— CU{d}UD]p” = p’ and

CUDNd)F[CsCUMDN{dDlpZb cutd) - p'.

If d ¢ D, or otherwise by Condition I4a, C - p 4 cu {d} F p". Thus, by Condition I, we have
¢ € C and, by definition, | (hc p)cis defined. Conversely, suppose that (hc p)cis defined forc € C.
Then, by definition and Condition I, there is a transition of the form

crpZ cuiarp

where, because of Condition 12, we can assume that d = ¢ without loss of generality. Thus, by
Condition I5, the above transition induces the following one:

CUDF[C—CUDIp-5 CUDF[C—CUD]Y

from which it follows by definition that (ZzCUD([C — CUD] p))c is defined.
We now show (2). Suppose we have p’ € (1 (hcup([C < C U D]p))c)d for ¢,d € C. As above,
there is a transition CUDF [C— CUD]p 24 cupr p’ and, by Condition 16, we have

p’ € PCsuchthat[C— CUD]p” = p’andC }+ p o p". Thus, we obtain p” € m1(m (he p)o)d
as required. Conversely, suppose we have p” € m(mi(hcp)c)d for c,d € C. Again as

above, there is a transition CF p-—>CF p’ and, by Condition I5, we have the
transition CUD - [C<> C UD]p <% CUD F [C— C U D]p" showing that

(€ CuDIp" € m(m(hcup(C—C UDIp)c)d

as required.
Case (4) can be shown in a similar manner.
Case (3) is particularly specific to the input behaviour. Suppose we have

P oem (m (heup([C= C U D]p))c)d
for ¢ € C and d € D. This must have been induced by a transition

CUDF[C—CcUDpZ4cuDrp.
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Now,D= (D \ {d}) U {d},so by Condition 16, we have p” € P(C U {d}) with[C U {d}— C U D]p" =p’
andCU{d} - [C— CU {d}]pjﬁ) C U {d} + p”.ByConditionI4a,wehave C - pﬁ) cul{dy+ p.
This yields [ve/d]p” € w2 (1 (he p)c) with

[C U {d}= C UDI[d/vcllve/dlp” = [C U {d}=> CUD]p" = p/

asrequired. Conversely, let p” € mp(m; (ch p)c) forc € C. Thismust have been induced by a transition

Crp B CUFIz/velp”
with z € C. For any d € D, applyi?g Condition I3 with respect to the bijection (d/v¢) o (vo/z) :
CU{z} >CU{d},wehave C I p i C U {d} F [d/vc]p”. By Condition I4a, we can know the fresh

name d and the transition will still occur. Thatis, C U {d} F [C— C U {d}]p 2oy {d} &+ [d/vclp”.
Finally, by Condition I5, we have

CUDF[CCUDIp-4 CUDF[CU{d)= CUDId/velp".
This yields
[C U {d}<> CUDI[d/vclp € m (m (heup([C— C U D]p))c)d

as required.
Turning now to output transitions, we will prove (A.3) for inclusions (C < C U D), where C and
D are disjoint. For ¢ € C, suppose that

(9T x P)(C = CUD)(ma(hcp)e)
is defined and let (d, p’) be in it. Then, also nz(ﬁcp)c is defined, and p' = [C— C UD]p" for

d,p”) e nz(fch)c. It follows that C + p sl C + p”.By ConditionIl,d € C,sothatd ¢ D.Further
Condition I5 gives

CUDF[C—CUDIp-% cUDF[C—CUDIp.

Hence nz(ZzCUD([C%C UD]p)c is defined and (d,p’) = (d,[C—>CUD]p”) is in it as
required by (A.3). Conversely, for ¢ € C U D, suppose that

m2(hcup([C = C U Dlp))e
is defined with (d, p’) in it. This must be because

CUDF[C—CUDIp-% cuDt p.

By Condition 16 we have p” € P(C U {d}) with [CU{d}<> CUD]p” = p’ and, in addition,
CU{d}F[C—CU{d}]p <l C U {d} + p”. By Condition I4b, then, d € C. So nz(ich)c is defined
with (d, p”) in it. Thus, also

(9T x P)(C— CUD)(ma(hcp)e)

is defined with (d, p’) = (N x P)(C— CUD)(d, p”) in it as required by (A.3).
One establishes (A.4) and (A.5) with respect to inclusions in a similar manner.
Thus, our definition yields a Be-coalgebra 4 : P = B.P in Set!.
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B. Proof of Theorem 10
B.1. The I-LTS induced by a B-LTS

For a B-LTS --» over a sheaf P € Sh(I°P), we note that --+ < [P x Lab x [P satisfies Condi-
tions Condition I1-16 of Fig. 1.

Condition B1 ensures that the channel is known beforehand, and the definition ensures that ex-
actly the data is learnt. Thus, Condition I1 is satisfied. Condition B2 guarantees that a resumption
exists for every input if it exists for one, and Condition Bl ensures that the resumption is at the
correct stage. Thus, Condition 12 is satisfied. Condition B3 implies Condition I3.

Conditions 14-16 are guaranteed by the use of minimal supports in the definition in conjunction
with Condition B1, as we now illustrate.

Suppose that CU {d} - [C— C U {d}]p —c—!cfn CU{d} F p/, as in the premise of Condition I4b.
This must have been because Cy + py <4, Cy = po’ for some Cy, Cj and pg € (P)(Co), po’ € (P)(Cy)
withd € Cp € CU {d} 2 Cj and [Co— C U {d}]py = [C— C U {d}]p, [Cj— CU{d}Ipo’ = p’. By
definition of (P), Co = supp(pp). Also, supp(po) = supp([Co— C U {d}]pp). Now C supports

[Co— C U {d}]po, but Cy is the minimal such and so Cy C C. Thus, d € C, and Condition 14b
is satisfied. .

Suppose that CUD F [C<— CUD]p --» C'"UD I p/, as in the premise of Condition I16. Sup-
pose that £ = c¢!d and that d ¢ C U D. Then we must have C’ UD = C U D U {d}, and there must
exist Co, C;y and py € (P)(Cp), po’ € (P)(Cy) with Co € CUD, and C;y € CUD U {d}, and

[Co— CUD]py =[C—CUD]p, [Ch—CUDU{d}p) =p
1d .
and such that Cy F po < Cy F po’. By definition of (P), Cy = supp(po) = supp([Co— C U Dlpy).
We know C supports [Co— C U D]pg; but Cp is the minimal such and so Cyp € C. So, by

Condition B1, C; € C U {d}. Since d ¢ C, we have, by definition and the fact that [Co— Clpo = p,
that

ld
CHp-5,CUd} - [C)— C U {d)]p).
Thus, Condition 16 is satisfied in this case.
B.2. The B-LTS induced by an I-LTS

For an I-LTS — over a sheaf P € Sh(I°P), we note that (—>) C [(P) x Lab x [(P) satisfies
Conditions BI-B3 of Fig. 3.

Suppose that Cy = po (_e>> Cy = pj)- Then there must exist C, C" and p € P(C), p’ € P(C') with

Co = supp(p), C; = supp(p’), po = seed(p), p, = seed(p’), and such that C - p Lo p. Let
C"=CyuU(Cndat®)) and D=C\ C". So Dndat(¥) =¥ and C = C” UD. By Condition I1,
C’ = CUdat(¢) = C” UD Udat(¢). By Condition 16, we have p” € P(C" U dat(¢)) with

C" F [Cos C"po — C" U dat(e) F p”
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and [C” Udat(¢) — C']p” = [Cy— C'lp;. So C" U dat(¢) supports p’, but Cj is the least support,
so Cy € C" U dat(¢). Since P is a sheaf we have p” = [Cj— C” U dat(¢)]p;. In summary, we have

C" - [Co—> C"py —= C" U dat(f) F [C)— C” U dat()]p).

Clearly C; € C” U dat(¢) = Cop U (C N dat(£)) U dat(¢) = Cp U dat(£). So it remains for us to show
thatch(¢) € Cy. By ConditionIl,ch(¢) C C”,ie.,ch(¥) € Cp U (C Nndat(¥)).If ch(¢) + dat(¢), then
ch(?) € Cy as required. Suppose that ch(£) =dat(¢); our reasoning will depend on the
form of ¢. If €=, then the result is trivial. If ¢ =d?d, then, by Condition I4a,
Co - po LN CoUdat(®) -+ [C(’)% Co Udat(¢)]p’; so by Condition I1, ch(¢) C Cy. If £ = d!d, then,
by Condition 14b, d € Cy; so ch(£) = {d} C Cy. Thus, Condition Bl holds.

Condition B2 follows from Condition I12. Condition B3 follows from Condition I3.

B.3. The bijective correspondence between B-LTSs and I-LTSs

First, we show that — = (—),. To see that — € (—),, suppose that C - p Lok p. We

will concentrate on the case ¢=c!d. Then, by definition, supp(p) seed(p) (id> )y supp(p’) -seed(p’).
If d € supp(p), then, since supp(p) € C, we have d € C and, by Condition Il, C' = C; so

cld cld

Ct p(—) CF p'. Otherwise, if d & supp(p), in order to check that C + p (— ), C’' I p’ is in-
duced we must show that d ¢ C. Suppose that d € C; then by Condition Il,

ld
CH[C\ {d}= Clisupp(p) = C \ {d}](seed(p) — C U {d} F- p/
so by Condition I4b, d € C \ {d}, which is absurd; so d ¢ C. The cases for input and silent actions
are proved in a similar manner; thus — C (—),.

Conversely, to see that —> D (—),, suppose that C - p (—£>)y C' + p'. By definition of (—> ),
and of (P), no matter what form ¢ takes, we must have C' = C U dat(¢) and

¢
supp(p) - seed(p) (—) supp(p) - seed(p").
This, in turn, must have been induced by some D, D', g € P(D), ¢’ € P(D') with D |- ¢ S pr q
and

supp(p) = supp(q), seed(p) = seed(q)
supp(p’) = supp(q’), seed(p’) = seed(q’).

We consider the case £ = c!d for d ¢ C, so that d ¢ supp(p) € C. By Condition I4b, d ¢ D. So, by
Condition 16, and since P is a sheaf,

supp(p) - seed(p) <4 supp(p) U {d} - [supp(p’) < supp(p) U {d}]seed(p’).

By Condition I5, considering d ¢ C, we have C - p <, CU{d} + p'. The cases for £ = t and
¢ = cld with d € C are proved in a similar way. The case for £ = ¢?d requires separate attention,
however. In this case, since d € (D \ (D N {d})) and P is a sheaf, Condition 16 gives
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supp(p) U (D N {d}) - [supp(p) < supp(p) U (D N {d})]seed(p)
% supp(p) U (d} F [supp(p') — supp(p) U {dIseed(p).

Now, either d € D or Condition I4a applies; either way,

supp(p) U (D N {d}) - [supp(p) — supp(p) U {d}]seed(p)
2 supp(p) U {d} - [supp(p)) = supp(p) U {d}]1seed(p’).

Whether d € C or d ¢ C, Condition I5 gives, by considering C \ {d},
CU(d} - [C— C U {d}][supp(p) < Clseed(p) <% C U {d} I p.

Hence, by Condition I4a, C + p oy {diFp Ckp oy {d} F p’ as required.

: ¢ ..
Finally, we note that --» = (--»). Indeed, suppose that Cy - p --» C; - p'. Then, by definition,
no matter what form ¢ takes,

CoF p -+» CoUdat(e) - [C)— Co U dat(0)]p'.

Thus, we have Cy - p (- ! +) Cy F p'. The converse is equally simple to prove.

C. Proof of Theorem 13

Throughout this appendix we use the formulation of Conditions il-I13 presented in
Proposition 12.

C.1. The I-LTS induced by an i-LTS

First, we show Condition Il. We will focus on output transitions; Condition Il is shown for

. . . .. Id
other modes of communication in a very similar manner. Suppose that C - p ,f,,l C'+p.lfdecC,

t(c,
then we have ¢’ = C and C - pOHJECd)p/. Thus, as out(c,d) € L(C), we have that ¢,d € C, as re-

quired. On the other hand, if d ¢ C, then we have C = C’ \ {d} and C' + [C— C']p Ofu\tfgc’d) p'. Thus,
as out(c,d) € L(C), we have ¢,d € C' and so C' = C U {d}. Moreover, by Condition il, ¢ € C as
required.

Condition 12 follows from Condition i3 in a straightforward manner. Conditions I3 and IS5 are
satisfied because ~ is a subfunctor.
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0
Suppose C + p «C/}Zl C U {z} F p/, as in the left hand side of Condition I4a. This must have been
induced by C U {z} - [C— C U {z}]p mmf’z) p’ Let C' = C U {z}. Then we have

in(cz)

CUEZJF[C—CU[C—Clp ~ p.

SoCU{z} F[C—CU{z}lp «Clzl C U {z} + p’ is induced. The other direction of Condition I4a is

also a result of the definition; thus Condition I4a is satisfied. Similarly, suppose that
CU{d} - [CCUdYp S cUld) - pf

as in the premise of Condition I4b. This must be because

out(c,d) ,
CU{d F[C—CcUld)lp ~7 p

and d € supp([C — C U {d}]p); since C supports [C— C U {d}]p we have d € C and Condition I4b
is satisfied.

We will show that Condition I6 is satisfied for input transitions; other modes of communication
are handled in a similar way. Suppose that

d
CUDF[C—CUDlp~3 C'UDF pf
is induced, and d ¢ D. It follows that we have C’' UD = C U {d} U D and that

in(cd ,
CU{d}UDF[C— CUd}UDIp~"p.

By Condition il we have ¢ € C, and so in(c,d) € L(C U {d}). By Condition i2, then, we have
P’ € P(CU({d}) with [CU {d}— CU({d}UD]p” = p’ and, as ~ is a subshealf, it follows that we

) 2 ..
have CU{d} F [C— C U {d}]p Iﬂfd)p”. SoCkp «c»I C U {d} + p” by definition.
Thus, Condition 16 is satisfied.

C.2. Thei-LTS induced by an I-LTS

We now show that the induced i-LTS —j is indeed a subsheaf satisfying Conditions il-i3.

To see that —j is a subfunctor of P x L x P, suppose that C - p _e)i p’. This transition must
be induced by the I-LTS, and by Condition Il we have C = C’ U dat(¢) with g € P(C’) such that
p = [C'— Clq and that

C'+q-5CFp.
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Consider: : C — Din 1, and observe that: = ( C tle 1(O)¢C D ). By Condition 13,

(C) F Tilelg <Y ey U ndat@) F [ilelp.

Let D' = D\ 1(C); so i(dat(¢)) N D’ = #. Note that dat([:]¢) = i1(dat(¢)), and that [1|¢]¢ = [(]¢. By
Condition I5,

(CHUD F [1(C")y—1(C) UD/][1|C/]q
ﬂ 1(CHYUD Ui(dat(®)) F [1(C") Ui(dat(®))—1(CHYUD U z(dat(ﬁ))][z|c]p’

and so

1(C"YU D" Ui(dat(®)) - [1(C")—1(C") U D U(dat@)]lt|c'1g

S5 1(C) Un(dat() = 1(C') U D' U (dat(e)]lrlc1p

is induced. But :(C") U D’ Ui(dat(¥)) = D, so
/ [} /
D [IC"—Clg —>ilp".

Since [C' < Clg = p, we have D - [1]p [—l]éi []p/, and so —j is a subfunctor of P x L x P.
Now we show that —j is in fact a subsheaf of P x L x P. Suppose that D C C supports

Ckp —€>i p'. So we have ¢,q' € P(D) with p = [D<> Clgq, p' = [D— C]q/, and we know that
ch(¢) Udat(¢) € D. We must show that D+ ¢ —Z>i ¢'. By Condition Il, we must have C’ with
C = C’ U dat(?) such that this transition is induced by C’ - p” Ny p forsome p” € P(C") with

[C’— C]p” = p. Since both C’" and D support p, we have r € P(C' N D) with [C'ND< Clr = p,
and [C'ND< D]r = gand [C' "D~ C'lr = p”. So we have
C'HICND=Clr-5Cryp.
Since dat(¢) € DC C=C"'udat(¢), we have D= (C’ N D)Udat(¥). Since
(C'\ (C' N D)) Ndat(t)= 4,
Condition 16 gives ¥’ € P(D) with [D— C]¥' = p’ and
C'NDFr—5Dr7.

Now 7/, ¢’ present two gluings of p’ at D; the sheaf condition requires a unique such and so »’ = ¢'.

SoDtgq —€>i ¢’ is induced, and it follows that — is a subsheaf.
We now show that Conditions il-i3 are satisfied.
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Suppose that CUD + [C— CUD]p —Z>i p’ is induced, as in the premise of Condition il, and
suppose that £ = in(c,d). By definition, and by Condition Il, we have C” and ¢ € P(C") with
CUD = C"U{d}, and

_ /" 1" .y /
[C—>CUDlp=[C"—=CUD]g and C'Fg— C"U{d}}F p.

By Condition I4a,

C" U} - [C" e C" U {d}lg 24 " Ud) + .

Now, both C and C” support [C<> C U D]p; since P is a sheaf we have p” € P(C N C") with
[CNC"—C"U{d}]p" =[C"— C" U{d}]q.ConditionI6 givesusqg” € P((C N C") U {d}) for which

CcncHuldi-FICnC"— «nculdp” LS CcncHuldy-4".

Applying Condition I4a again gives CNC" I p” LY (CNC”")YU{d}F ¢q", and by Condition II,
ce CNC” soc e C asrequired.
Condition il is proved for the other modes of communication in a similar way; for output, Con-

dition I4b is required.

. o C—CUDt .
Turning now to Condition i2; suppose that CUD + [C— C U D] p[ L)—L;iD] p’. For clarity, we

suppose that £ = out(c, d), but the other cases are handled in a very similar manner. By assumption
we must have d € C, and by definition (using Condition I1) there must exist C” and ¢ € P(C”) with

CUD = C"U{d), [C— CUD]p = [C"<> CUD]g, and C" - ¢ % C" U {d} F p'. Now, both C
and C” support [C < C U D]p;since P is a sheaf, we have p” € P(C N C")with[CNC"— Clp”" = p
and [CNC"— C"]p"” = ¢q.Since d € C, we know thatd ¢ C” \ (C N C”); thus Condition 16 gives
us ¢’ € P(CNC")U{d}) such that (CNC"YU{d}— CUD]q = p'. For

¢"=1CNCU{d})=Clg' € PC)

we have [C<— C U D]q” = p/, and so Condition i2 holds.
Condition i3 results from Condition 12, as follows. Suppose that

Crp™y

is induced. By definition, and by Condition Il, we have C’ and g € P(C’) with C = C" U {d},
c? ...
p=[C">Clg,and C' I ¢ M o p’. By Condition I2, for every e € N we have p” € P(C' U {e})
e . ..
such that C' ¢ —> C' U {e} + p".If d € C’, or otherwise by Condition I5,

CHp% CUle} F[C' Ufe} CU{e)]p”
and hence
CUfel - [C> C U felp M) [C U fe) > C U {e}]p”

is induced, as required.
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C.3. The bijective correspondence between i-LTSs and 1-LTSs

The equality ~ = (~); follows straightforwardly from the definitions and Condition II
To prove — = (—j),, Conditions I4a and I4b are also needed. For instance, suppose that
Ckp il CU{d} F p’ with d ¢ supp(p). In this case, then, C \ {d} supports p, so, since P is a
sheaf, we have p” € P(C \ {d}) with [C \ {d} < C]p” = p.Ifd € C, ConditionI4b givesd € C \ {d},
which is absurd; so d ¢ C. Now, by definition, we have CU {d} - [C— C U {d}]p o%? p'. So, by

definition, C + p idm CU{d} + p/, as required.

D. Proof of Theorem 16

We start by showing that %, : fsNSet — Sh(I°P) is essentially surjective. Recalling that every
P € Sh(I°P) decomposes up to isomorphism as (P), with (P) € Set®, we need only show that for
every O € SetB there exists ¢ O € fsNSet such that = § 0= 0.

Define | § O] to be the quotient set ( /Q) ~ where ~ is the equivalence relation with (C, p) ~ (D, q)

if and only if there exists 8 : C — D in Bsuch that [8]p = g.
To each (D,q) € [Q associate the subgroup Sp 4) of Sym(N\) consisting of all the permutations
that restrict to automorphisms on D and fix ¢ € OD. That is,

G(D,q) = {G € Sym(N)

o|p is an automorphism
such that [o|plg = ¢

Forasections :|§ Q| — [O of the quotientmap [O — | ¢ O|, define a named-set with symmetries
¢, 0 by

$.0 = (1401, & = (Saley o) )-

This named-set is finitely supported. Indeed,
for s[C, p] = (D, q), we have that D is least among the finite supports of [C, p] in fs 0

as we now show:

(1) D supports [C, p] because every o € Sym(N) such that o|p = idp is clearly in S(p ).

(2) Assume that £ C N is a finite set supporting [C,p] in §, O, and suppose that there is a
d € N which is in D but not in E. Then, there is 0 € Sym(N\) such that (i) o|g = idg and
(if) o(d) ¢ D.By assumption and (i), it follows that o € S(p 4). Hence, o|p is an automorphism,
contradicting (ii).

We now exhibit an isomorphism between Q and = , O in SetB.
Define a mapping OC — %(§, O)C as follows

p (IC.pl, 0@y ) (D.))
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where (D,q) = s[C, p] and o € Sym(N\) is such that o(D) = C and [o|p]lg = p. (Note that, as
(D,q) ~ (C, p), such a o always exists. Note also that, for T € Sym(N) such that (D) = C and
[t|plg = p, we have that (6~'7)|p = o~ !|c 7|p is an automorphism on D that fixes ¢, so that
oS(ng) = TS Further recall from above that 0~'(C) = D is least among the finite supports
of [C,p]in § O.)

We show that (D.]) is injective. To this end, let p, p’ € QC be such that

(IC,p1, 0C g ) = (IC, P, 'Sy ).

where (D,q) = s[C,p] =s[C,p'], and o(D) =0o'(D) =C and [o|plg = p, [0Iplg = p’. Then,
oo’ € S and so ol co'|p = (67 '0")|p is an automorphism such that [o~!|c][¢'|plg = ¢.
Hence,

p = lolplg = [0'Iplg = P’

as required.

We show that (D.1) is surjective. Let ( [D,q], 0Gpg) ) € E(fs 0)C, so that o~!(C) is least among
the finite supports of [D,¢] in fs Q.1If (D',q') = s[D,q] then, as D’ is the least support of [D, ¢] in
¢, 0, it follows that D" = o~ 1(C). Thus, we have o|;y : D' = C in B, and [o]p]¢’ € OC maps to
([C.lolp1d], oCw gy ) = (D41, 0Cwg) ) = ([D.q], 0Cpg )-

We show that (D.1) is natural. For (C, p) € fQ, (D,q) =s[C,pl,and B: C = C’ in Bwe need to
show that

([C.18Ip]. 'Sy ) = (IC.pl, 106y )

where o/(D) =C’ and [o'|plg =[Blp, o(D)=C and [o|plg=p, and t|c = B. Clearly,
[C'.[Blp] = [C, p]. As for the identity o' S(p4) = 10S(pg), note that the automorphism

dlp e =p7"1 o lc

(oo p=(D——=C — C———D)

1s such that

[(c~1e71o)Iplg = [0~ Y cllr e lo’Inlg
= [o7 Yl MIBIp
=[o7 Y clp
=4q

Thus, o't~ 1o’ € S(p,) and we are done.

We have thus established that the functor X, : fsNSet — Sh(I°P) is essentially surjective. It re-
mains to be shown that it is also full and faithful.

To see that ¥ is full, consider some « : ¥/(X,H) — X)(X’,H’) in Sh(I°P), and let (',J;) =
supp,, (x) (x, Hy) foreach x € X; define m(x) = x" and let K, = J,. We must show that the pair (m, K) is
a valid morphism of named-sets. Suppose Ky = o H, .; we will show that H, C o, H, o1 Consider

mx> mx-x

some o € Hy. Then ag(supp, ), 0Hy) = asupp, ) (x,Hy). The action of X(X,H)
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and naturality of a gives asupp, ) (X, Hx) = [0]supp, )] (@suppy ) (¥, Hx)). That is to say,
[olsupp,; ) 1(mx,Ky) = (mx,Ky). We know that o extends olsupp, ). and so (mx,o.H,, )=
(mx,00xH,, ). So oy H,, . = ooy H,, .. Thus, o*x_]o*o)C € H), .,and we have shown that Hy C UXH,/nxo*x_l.
Thus, the pair (m, K) is a valid morphism of named-sets.

Wesstill have to show that Xy (m, K) =«. Consider (x, cHy) € (X, H)C.Wehave X (m, K) ¢ (x, cH,)
= (mx,0Ky).Since o extends o1, wehave Xy(m, K) ¢ (x, 0Hy) = [0];-1(¢)1(m x, Ky). Since Zy(X, H)
maps inclusions to inclusions, and suppyx € C, and « is natural with respect to the inclusion maps,
we have Xy(m,K)c(x,0H;) = [o] o1 (@e-1(0) (X, Hy)). Since « is natural with respect to the bijec-
tion Olo-1(c)» W have X\(m,K)c(x,0H,) = ac([o],-1c)1Cx, Hy)). The action of X,(X,H) gives us
Yi(m,K)c(x,0H,) = ac(x,cH,). So X)(m,K) = «, and X is full.

To see that X, is faithful, consider two maps of named-sets (m,K), (m’,K’) : (X,H) — (X',H')
and suppose that X,(m,K) = X,(m’,K’). That is, for all C € I and (x,0H,) € X,(X,H)C, we have
(mx,0Ky) = (m' x,0K}).In particular, by taking o = idyr, we have (mx,Ky) = (m’ x,K) forallx € X.
Som =m' and K = K/, and X, is faithful.

Thus, the category fsNSet of finitely supported named-sets with symmetries is equivalent to the
Schanuel topos Sh(I°P), and Theorem 16 is proved.
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