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Abstract

The edge-face-total graph r(G) of a plane graph G is the graph de.ned on the vertex set E(G) ∪ F(G) so that two
vertices in r(G) are joined by an edge if and only if they were adjacent or incident in G. In this paper we prove that
(1) the edge-face-total graph of a 2-connected plane graph is vertex-pancyclic and there exists a connected plane graph
G with cut vertices such that r(G) is non-Hamiltonian; (2) the line graph of a 2-connected plane graph with at most one
face of degree ¿ 4 is pancyclic.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction and results

We only consider simple graphs in this paper unless stated otherwise. For a plane graph G, we denote its vertex
set, edge set, face set, order, and the maximum degree by V (G), E(G), F(G), |G|, and �(G), respectively. Let L(G)
denote the line graph of a graph G. The edge-face-total graph r(G) of a plane graph G is the graph de.ned on the
vertex set E(G) ∪ F(G) such that two vertices are joined by an edge if and only if they are adjacent or incident in G.
Similarly, we may de.ne the vertex-edge-total graph on V (G)∪E(G) (for a general graph G), the vertex-face-total graph
on V (G) ∪ F(G), and the entire graph on V (G) ∪ E(G) ∪ F(G). A graph G is pancyclic if it has cycles of all lengths
ranging from 3 to |G|. We call G vertex-pancyclic (or edge-pancyclic) if, for every vertex v (or every edge e), there
exist cycles of all lengths ranging from 3 to |G| each of which contains v (or e). G is said to be panconnected if, for
every pair of distinct vertices, there exist paths of all possible lengths greater than or equal to the distance between the
vertices.
Fleischner [2] proved that the vertex-edge-total graph of every 2-edge-connected graph G with |G|¿ 3 is Hamiltonian.

A su<cient and necessary condition for a vertex-edge-total graph to be Hamiltonian was further established by Fleischner
and Hobbs [3]. Mitchem [8] .rst investigated Hamiltonian and Eulerian properties of entire graphs. Hobbs and Mitchem
[4] proved that the entire graph of a 2-edge-connected plane graph is Hamiltonian and the entire graph of a 2-connected
plane graph is Hamiltonian connected and pancyclic. Faudree and Schelp [1] strengthened this result to show that the
entire graph of a 2-edge-connected plane graph is panconnected. More recently, it is shown in [6] that the vertex-face-total
graph of every 2-connected plane graph is edge-pancyclic.
In 1975, Melnikov conjectured [7] that a plane graph G can be colored with �(G) + 3 colors such that any two

adjacent or incident elements in E(G) ∪ F(G) receive diBerent colors. Equivalently, the edge-face-total graph r(G) is
(�(G) + 3)-vertex-colorable. Two similar yet independent proofs, using the Four-Color Theorem, of this conjecture have
been published by Waller [11] and Sanders and Zhao [9]. A new proof of Melnikov’s conjecture independent of the
Four-Color Theorem appears in [12]. In this paper, we investigate Hamiltonian properties of edge-face-total graphs by
showing the following result.
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Theorem 1. If G is a 2-connected plane graph, then r(G) is vertex-pancyclic.

There exist in.nitely many connected plane graphs G with cut vertices such that r(G) is not Hamiltonian. Suppose that
T is a tree having a vertex adjacent to atleast three vertices of degree ¿ 2. It is easy to show that L(T ) does not contain
a Hamilton path. Thus r(T ) contains no Hamilton cycle.
Thomassen conjectured [10] that every 4-connected line graph is Hamiltonian. Lai [5] con.rmed this conjecture for

4-connected line graphs of planar graphs. There exist in.nitely many 2-connected planar graphs whose line graphs are
not 4-connected. However, we obtain the following result in this paper.

Theorem 2. If G is a 2-connected plane graph with at most one face of degree ¿ 4, then L(G) is pancyclic.

Corollary 3. If G is a plane triangulation, then L(G) is pancyclic.

Theorem 2 is best possible in the sense that there exists a 2-connected plane graph G with atleast two faces of degree
¿ 4 such that L(G) is not Hamiltonian. Let C= x1x2x3x1 and C′=y1y2y3y1 be two vertex-disjoint 3-cycles. Let G be the
graph obtained from C ∪ C′ by connecting xi and yi by a path of length atleast 3 for each i = 1; 2; 3, such that all these
paths are vertex-disjoint. It is easy to observe that G is a 2-connected plane graph with three faces of degree greater than
3 and L(G) does not contain a Hamilton cycle. This example also shows that the line graph of not every 2-connected
planar graph is Hamiltonian. Clearly, the line graph of a 4-connected planar graph is 4-connected and thus is Hamiltonian
from the result of [5]. However, it is unknown if the line graph of every 3-connected planar graph is Hamiltonian.
For a plane graph G, the unique unbounded face of G is called the outer face, and denoted by fout(G) (or simply

fout). The other faces of G are called inner faces. Let �(G) (or simply �) denote the number of inner faces of G. Thus
�(G) = |F(G)| − 1. The proofs of Theorems 1 and 2 are based on the following decomposition theorem of plane graphs.

Lemma 4 (Lih et al. [6]). Let G be a 2-connected plane graph and P0 be an edge of G. Then G can be decomposed
into an edge-disjoint union of paths G = P0 ∪ P1 ∪ · · · ∪ P�(G) such that the following properties hold.
(1) Let Hi =P0 ∪ P1 ∪ · · · ∪ Pi for 06 i6 �= �(G). Then the path Pi+1, 06 i ¡ �= �(G), with end vertices xi+1 and

yi+1 passes through the outer face of the subgraph Hi and it moves from xi+1 to yi+1 in the clockwise direction along
the outer face of Hi+1.
(2) Pi+1 ∩ Hi = {xi+1; yi+1}.
(3) There is a path Qi+1 moving from xi+1 to yi+1 in the clockwise direction along the boundary of the outer face of

Hi such that Pi+1 ∪ Qi+1 forms an inner face of G.

Clearly, every Hi, 16 i6 �, in Lemma 4 is a 2-connected plane graph.

2. Proof of Theorem 1

Instead of proving Theorem 1, we prove the following stronger result. In the sequel, we use P=(e1; e2; · · · ; en) to denote a
path in the plane graph G with edges e1; e2; : : : ; en in the clockwise direction, where n¿ 1. Similarly, let C=[e1; e2; · · · ; en]
denote a cycle of G with edges e1; e2; : : : ; en in the clockwise direction.

Theorem 5. Let G be a 2-connected plane graph and e∗ = v∗w∗ ∈E(r(G)) \ E(L(G)). Then r(G) contains cycles of all
lengths ranging from 3 to |r(G)| each of which passes through the edge e∗.

Proof. Since e∗ = v∗w∗ ∈E(r(G)) \ E(L(G)), atleast one of v∗ and w∗ belongs to F(G). Without loss of generality, we
let w∗ = fout(G). The proof is divided into the following two situations.
Case 1: v∗ ∈F(G). Let v∗ = f1, where f1 is an inner face of G adjacent to fout(G). So v∗w∗ is an edge of r(G)

and v∗w∗ �∈ E(L(G)). We .rst decompose G into the form P0 ∪ P1 ∪ · · · ∪ P� guaranteed by Lemma 4 so that P0 is a
common boundary edge of f1 and fout(G). As we add the Pi’s, the inner faces of G can be simultaneously numbered as
f1; f2; : : : ; f�. Let Hi = P0 ∪ P1 ∪ · · · ∪ Pi for 06 i6 �.
We prove the result by induction on the inner face number �. In each induction stage we construct the cycles in a

systematic way such that, when the next path Pi is added, a speci.c property (?) is preserved.
When � = 1, G is the cycle [e1e2 · · · es], moving along the clockwise direction. Since G is the common boundary of

f1 and fout, we have V (r(G)) = {f1; fout ; e1; e2; : : : ; es} and E(r(G)) = E(L(G))∪ {f1fout} ∪ {f1ei; foutei|i= 1; 2; : : : ; s}.
In r(G), we construct a particular sequence of cycles Cn of length n, 36 n6 s + 2, each of which contains the edge
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f1fout. Let C3 = f1foute1f1, C4 = f1foute1e2f1, : : : ; Cs+2 = f1foute1e2 · · · esf1. Note that each Ci+1, i¿ 4, is obtained
from Ci by inserting a new vertex of r(G) prior to a .xed vertex of Ci. We call this type of construction a monotone
expansion of cycles.
Assume that the theorem holds for �=k¿ 1. Let G be a 2-connected plane graph with k+1 inner faces. We decompose

G into the form P0∪· · ·∪Pk∪Pk+1 as in Lemma 4. By the induction hypothesis, r(Hk)=r(P0∪P1∪· · ·∪Pk) is edge-pancyclic
through f1fout. We further assume that all the cycles in r(Hk) through f1fout are constructed by inductive stages and,
within each stage, by a monotone expansion of cycles. For m= |E(Hk)|+ |F(Hk)|= |E(Hk)|+k+1, let Cm= z∗

1 z
∗
2 · · · z∗

mz∗
1 ,

where z∗
1 =fout and z∗

m =f1, be the Hamiltonian cycle so constructed. Suppose that the path Pk+1 = (e′
1e

′
2 · · · e′

t ) is added
to Hk by Lemma 4, moving from e′

1 to e′
t in the clockwise direction along the boundary of the outer face of Hk+1. So

t¿ 1. By our assumption, fk+1 is the inner face of G formed by Hk and Pk+1. Then there exist some i ¡ j such that e′
1

is adjacent to the edge z∗
i and e′

t is adjacent to the edge z∗
j in G with the following property (?):

(?) z∗
i+1 is an edge of Hk adjacent to both e′

1 and z∗
i and incident to the face fk+1 in Hk+1.

In r(G), a monotone expansion of cycles Cl of length l, m + 16 l6 |r(G)|, each of which contains f1fout can be
constructed as follows:

Cm+1 = z∗
1 · · · z∗

i e
′
1z

∗
i+1 · · · z∗

mz∗
1 ;

Cm+2 = z∗
1 · · · z∗

i e
′
1fk+1z

∗
i+1 · · · z∗

mz∗
1 ;

Cm+3 = z∗
1 · · · z∗

i e
′
1e

′
2fk+1z

∗
i+1 · · · z∗

mz∗
1 ;

...

C|r(G)| = z∗
1 · · · z∗

i e
′
1 · · · e′

tfk+1z
∗
i+1 · · · z∗

mz∗
1 :

Note that the path Pk+2 will be added in the clockwise direction along the boundary of the outer face of Hk+1, and C|r(G)|
is obtained from Cm by inserting a consecutive segment e′

1 · · · e′
tfk+1. If the initial edge of the path Pk+2 is not adjacent

to any edge in {e′
1; e

′
2; : : : ; e

′
t}, then the property (?) holds by induction. Moreover it is evident that property (?) is

preserved if the initial edge of Pk+2 is adjacent to some edge in {e′
1; e

′
2; : : : ; e

′
t}.

Case 2: v∗ ∈E(G). Suppose v∗ = e1, where e1 is an edge on the common boundary of f1 and fout(G), as de.ned in
Case 1. For 36 n6 |r(G)|, we may take the same cycles Cn as in Case 1 since each Cn always contains the edge foute1.
The proof of Theorem 5 is complete.
To establish Theorem 1, suppose G is a 2-connected plane graph. For an arbitrary vertex v∗ ∈V (r(G))=E(G)∪F(G),

there exists a face w∗ ∈F(G) adjacent or incident to v∗ in G. This implies that v∗w∗ ∈E(r(G)) \ E(L(G)). By Theorem
5, r(G) contains cycles of all lengths from 3 to |r(G)| each of which contains the edge v∗w∗. Certainly, each of these
cycles contains the vertex v∗. Hence r(G) is vertex-pancyclic.
We conjecture that for each edge e∗ ∈E(L(G)), r(G) contains cycles of all lengths from 3 to |r(G)| each of which

contains e∗.

Equivalently, r(G) is edge-pancyclic.

3. Proof of Theorem 2

Without loss of generality, suppose that G is a 2-connected plane graph with the outer face of degree ¿ 3 and all inner
faces of degree 3. We use induction on the inner face number �. If �= 1, G is a 3-cycle [e1e2e3] with the unique inner
face f1. In L(G), we take C3 = e1e2e3e1. If �=2, let G=P0∪P1∪P2 be a decomposition guaranteed by Lemma 4, where
P2 = (e′

1 · · · e′
q) is a path moving from e′

1 to e′
q along the clockwise direction. Let f2 be the inner face of G formed by

P2 and H1 = P0 ∪ P1. We assume that e′
1 is adjacent to both e1 and e2 in G. Since f2 is of degree 3, we see that q= 2

and e′
2 is adjacent to both e2 and e3. So |L(G)| = |L(H1)| + q = 3 + 2 = 5. In L(G), we further let C4 = e1e′

1e2e3e1 and
C5 = e1e′

1e
′
2e2e3e1.

Assume that the theorem holds for �= k¿ 2. Let G be a 2-connected plane graph with k + 1 inner faces. By Lemma
4, G has a decomposition P0 ∪ P1 ∪ · · · ∪ Pk+1 such that the inner faces of G are numbered as f1; f2; : : : ; fk+1. Let
Hk = P0 ∪ P1 ∪ · · · ∪ Pk . By the induction hypothesis, L(Hk) is pancyclic. We further assume that all the cycles in
L(Hk) are constructed by inductive stages and, within each stage, by a monotone expansion of cycles. For n = |L(Hk)|,
let Cn = y1y2 · · · yny1 be the Hamiltonian cycle so constructed. Suppose that Pk+1 = ( Ke1 · · · Ket) moves from Ke1 to Ket in
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the clockwise direction along the boundary of the outer face of Hk+1. Thus fk+1 is the inner face of G formed by Hk

and Pk+1. Since fk+1 is of degree 3, we see 16 t6 2. By the induction hypothesis, there exists some i such that Ke1 is
adjacent to yi and the following property (#) holds.

(#) yi+1 is an edge of Hk that is adjacent to each edge in {yi; Ke1; : : : ; et} and is incident to the face fk+1 in Hk+1.

In L(G), a monotone expansion of cycles Cl of length l, n + 16 l6 |L(G)| = n + t, can be constructed as follows:
Cn+1 = y1 · · · yi Ke1yi+1 · · · yny1, : : : ; Cn+t = y1 · · · yi Ke1 · · · Ketyi+1 · · · yny1. Note that the path Pk+2 will be added in the
clockwise direction along the boundary of the outer face of Hk+1, and C|L(G)| is obtained from Cn by inserting a consecutive
segment Ke1 · · · Ket . If the initial edge of the path Pk+2 is not adjacent to any edge in { Ke1; : : : ; Ket}, then the property (#)
holds by induction. Otherwise, property (#) is preserved obviously. The proof of Theorem 2 is complete.
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